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Abstract
We study gap decay for the supercritical almost Mathieu operator on both sides of the Liouville

threshold. Write L = log λ, β = β(α), x = 2β/L, and let ρ be the liminf of − log |Gm|/(L|m|).
For 0 < x < 1 we prove ρ ≤ 1 − x. At β-attaining convergents and every fixed positive integer D,
the gap with label −Dqn sgn δn has width at least cDκ

1−D
n /P ′

n(En), where δn = qnα− pn and
κn = (2πqn)2λqn |δn|2. The proof keeps the energy-dependent Feshbach self-energy, constructs
a common covariant well family with a globally gapped continuation, and resolves the fixed-D
avoided crossing by relative tunnelling estimates. Liu–Shi’s theorem and IDS-preserving Aubry
duality give 1/C ≤ ρ ≤ 1−x < 1 for 0 < x ≤ 2/C, with an absolute constant C. This contradicts
their stated expectation of the sharper upper gap bound in that overlapping range; it does not
contradict their theorem. Equality ρ = 1 − x remains open. Above the threshold, our earlier
polynomial lower subsequences give ρ = 0 for finite β > L/2, and a surplus argument covers
β = ∞. The equality line x = 1 remains open. The reductions use rational top-band Green
decay, translated Wannier frames and exact finite-box counts. No computation enters a proof.

AI disclosure. AI models assisted the exploration, checking and drafting. The authors are
responsible for the claims; the process is described in Section 7.
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1 Gap decay on both sides of the Liouville threshold
NEW. For a supercritical almost Mathieu operator, positive Liouville exponent changes the
gap-decay picture even below the threshold 2β = log λ. We prove an upper bound on the normalized
decay rate, ρ ≤ 1−2β/ log λ, below that threshold. Together with the polynomial lower subsequences
established in version 1.0.0 of this paper [15], this gives quantitative gap-width results on both sides.
The equality line and the matching lower bound below it remain open.

KNOWN (normalization and gap labels). We use hopping one:

(Hλ,α,θu)(j) = u(j + 1) + u(j − 1) + 2λ cos(2π(jα+ θ))u(j). (1)

Throughout, λ > 1, L = log λ, and α is irrational. Its convergents are pn/qn, and

δn = qnα− pn, bn = − log |δn|
qn

, β = lim sup
n

log qn+1
qn

= lim sup
n

bn. (2)

The common spectrum is Σλ,α. The integrated density of states N labels a bounded gap Gm by
N |Gm = {mα}, m ̸= 0; see [5, 4]. We normalize the gap exponent as

ρ(λ, α) = lim inf
|m|→∞

− log |Gm|
L|m|

, x = 2β
L
. (3)

A closed gap contributes +∞. Bounded spectral diameter gives ρ ≥ 0.

KNOWN (rational scales). Let Pn be the monic Chambers polynomial and En the top of the
rational phase union. Set

Λn = λqn , ℏn = 2πqnΛ1/2
n |δn|, κn = ℏ2

n. (4)

The derivative P ′
n(En) is positive; see Lemma B.1.

Rational top band −→ Translated wells −→ Common ladder
P (E∗) = 2Λ + 2 one well per |δ|−1 sites spacing of order ℏ/P ′

∗

D levels above E in every well =⇒ N(E) = 1 −D|δ|
=⇒ a gap with label m = −Dq sgn δ.

Figure 1: The single-scale mechanism, with the scale index omitted and P ′
∗ = P ′(E∗). The common

well count is proved before the infinite-volume IDS limit.
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NEW. The following is the new result of version 2.0.0.

Theorem A (Fixed-label-multiple gaps below the threshold). Suppose 0 < β < L/2. Fix an integer
D ≥ 1. There is cD > 0, depending only on D, such that, on any subsequence of convergents with
bn → β, for all sufficiently large n,

|G−Dqn sgn δn | ≥ cDκ
1−D
n

P ′
n(En) . (5)

The threshold in n may depend on λ, α, β,D. In particular, for every ϵ > 0, eventually on that
subsequence,

|G−Dqn sgn δn | ≥ exp
(
−
[
(D − 1)(L− 2bn) + L+ ϵ

]
qn
)
. (6)

Consequently ρ(λ, α) ≤ 1 − x for 0 < x < 1.

No uniformity in growing D is asserted here. The order of limits is first n → ∞ at fixed D, then
D → ∞.

NEW (combination with a KNOWN estimate).

Corollary B (A positive rate strictly below the Diophantine rate). There is an absolute constant
C ≥ 4 such that for λ > 1 and irrational α with 0 < x ≤ 2/C,

1
C

≤ ρ(λ, α) ≤ 1 − x < 1.

Here C can be any sufficiently enlarged constant in Liu–Shi’s Theorem 1.3 [34]. Its numerical value
is not specified.

KNOWN (version 1.0.0 of this paper). We retain the results on the other side, including
their proofs.

Theorem C (Polynomial lower subsequences). Suppose L/2 < β < ∞.

1. If β < 3L/2, for every β′ ∈ (L/2, β) and ϵ > 0 there are infinitely many labels m with

|Gm| ≥ |m|−
β′+L/2
β′−L/2 −ϵ

.

2. If 3L/2 ≤ β < ∞, for every ϵ > 0 there are infinitely many labels m with

|Gm| ≥ |m|−
β+L/2

L
−ϵ.

In both cases ρ = 0. The labels can be chosen as m = −Dqn sgn δn at the top of the spectrum.

KNOWN (version 1.0.0 of this paper). The scale estimate behind the preceding theorem
permits growing D.

Theorem D (Gaps at one Liouville scale). There are absolute constants c0, c1 > 0 with the following
property. Fix ξ ∈ (0, L]. For all sufficiently large n with bn ≥ L/2 + ξ, every integer

1 ≤ D ≤
⌊
min

{
c1
ℏn
,Λne

−ξqn

}⌋
(7)
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has a gap with

N |Gm = 1 −D|δn|, m = −Dqn sgn δn, |Gm| ≥ c0ℏn

P ′
n(En) . (8)

For each η > 0 the width bound is at least Cη exp(−(bn + L/2 + η)qn) eventually, with Cη > 0
independent of bn, D. Equivalently it is exp(−(bn + L/2 + o(1))qn), uniformly in bn. The first cap
is smaller when bn ≤ 3L/2 − ξ and n is large.

The change at 3L/2 records comparison precision, not a claimed spectral transition. The separate
surplus argument in Section 4 covers β = ∞.

1.1 Relation to earlier work

KNOWN. All noncritical allowed gaps are open by Avila–You–Zhou [4, Theorem 1.1]. Our results
concern widths. Liu–Shi [34, Theorem 1.3] prove exponential gap upper bounds at sufficiently
small dual coupling. Section 2.2 proves the label-preserving duality passage and quotes their
Remark 1.4(4) exactly. Theorem A is contrary to the expectation in that remark on the nonempty
overlap 0 < x ≤ 2/C. It does not contradict their theorem, and it does not prove ρ = 1 − x.

KNOWN IN A SPECIAL CASE (Diophantine frequencies). Ge–You–Zhou [20, Theo-
rem 1.1] prove ρ = 1 for Diophantine α; earlier estimates are due to Leguil–You–Zhao–Zhou [32].
These statements do not settle every frequency with β = 0. Avila–You–Zhou [4, Theorem 6.2]
also give rational-gap estimates in a different label range. At critical coupling, Krasovsky [30,
Theorems 3–4] obtains polynomial inherited-gap bounds with approximation and parity hypotheses.
Polynomial Liouville-gap phenomena themselves are therefore known.

KNOWN (the reduction mechanisms). Wilkinson [38] develops projected Hamiltonians near
rational magnetic flux. Helffer–Sjöstrand [23, Section 5.1] give a rigorous one-step reduction with
translated reference wells; their iterated results have additional arithmetic hypotheses. The orbital
displacement is the Rammal–Wilkinson correction [37, 8]. Gram orthogonalization and interaction
matrices are standard multiple-well tools [22, Sections 2.1–2.2 and 3.2]. The IDS limit is classical [5].

NEW (the quantitative combination). Below the threshold we retain the full energy-dependent
self-energy. A specified continuation removes remote physical wells and produces one covariant
family. A relative walk estimate resolves gaps of order κ1−D at each fixed D. A common spectral
margin and total Schur error then give an exact integer count in every long box. Above the threshold
the retained proof uses common Mathieu windows with growing D. Neither argument claims priority
for its individual mechanisms.

1.2 Reading the proof

NEW / KNOWN (proof organization). Section 2 gives the fixed-D reduction and the Liu–Shi
comparison. The earlier above-threshold conclusions and surplus proof remain in Sections 3–4.
The phase diagram separates the new gap bound from known spectral and transport statements.
Appendices A–H retain the earlier machinery. Appendices I–L prove the new continuation, self-
energy estimates, covariant model theorem and IDS assembly. Appendix M states every companion
import with its source.
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2 The fixed-D reduction and the literature comparison
The small-κ comparison used above the threshold does not resolve the gaps needed here. In fact
its relative coupling error in (49) grows like exp((L/2 − b+ ξ/2)q)Eq when b < L/2. We retain the
self-energy as an operator and control its variation.

Lemma 2.1 (Fixed D suffices). Suppose 0 < β < L/2. If (6) holds for every fixed D ≥ 1 and every
positive ϵ, on a subsequence with bn → β, then ρ ≤ 1 − 2β/L.

Proof. Put xn = 2bn/L and mn = −Dqn sgn δn. The asserted bound gives

− log |Gmn |
L|mn|

≤ 1 − xn + xn

D
+ ϵ

LD
.

At fixed D, take n → ∞ and then ϵ ↓ 0. Thus ρ ≤ 1 − x+ x/D. Now take arbitrarily large fixed D.
No interchange of limits or growing-D estimate is required.

2.1 What the proof must preserve

The nearest-neighbour path connecting cells D apart has D edges and D − 1 intermediate denomi-
nators of size κ. Its coupling has order κ1−D. A norm error tending to zero can still exceed it. The
proof in Appendices I–L provides relative estimates instead.

First a weighted inverse is constructed on the full complementary space, including patches
crossing a hard frame edge. A clamped continuation gives the same inverse for a genuine one-well
physical operator. Exact covariance fixes a single crossing centre in all charts. Differentiating an
exact residual identity gives the small phase derivative of the self-energy, including boundary cells.
A mean-value argument with controlled frame events then supplies the full quadratic diagonal
estimate. Finally the common gap window has a uniform spectral margin. The comparison with
each physical box uses a total row-and-column error independent of its number of wells.

2.2 Liu–Shi, duality and the overlapping scope

Liu–Shi’s Theorem 1.3 in arXiv:1708.01760v3 [34] gives an absolute constant C such that, for
irrational α with 0 ≤ β < ∞ and 0 < |µ| ≤ e−Cβ,

|Gm(µ)| ≤ |µ||m|/C (|m| ≥ m∗(µ, α)).

Their Remark 1.4(4) says exactly:

We expect the optimal decay in (1.4) to be C|λ||m|.

The coupling in that quotation is their subcritical coupling. The statement is an expectation of a
sharper gap upper bound.

In the hopping-one normalization, Aubry duality preserves the density of states after energy
scaling:

Nλ(E) = N1/λ(E/λ), |Gm(λ)| = λ |Gm(1/λ)|. (9)

One way to see the first identity is to write the operator with the two magnetic-translation
generators. Fourier interchange exchanges them and preserves their canonical trace. All density-
of-states moments of Hλ/λ and H1/λ agree. Their measures have compact support, so polynomial
approximation proves equality of measures. The distribution functions agree by continuity. This
supplies label preservation, rather than only spectrum scaling. Liu–Shi use 2 times the rotation
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number for their labels; since N = 1 − 2 rotation number, their integer sign is reversed. Its absolute
value is unchanged.

With µ = 1/λ their theorem therefore yields

|Gm(λ)| ≤ λe−L|m|/C when L ≥ Cβ.

Taking the normalized liminf proves ρ ≥ 1/C. Enlarge C to at least four, which weakens neither its
applicability here nor the conclusion. The overlap with Theorem A is exactly

0 < β < L/2, L ≥ Cβ, equivalently 0 < x ≤ 2/C.

This proves Corollary B. If the sharper bound expected in the quotation held throughout that scope,
the same argument would give ρ ≥ 1. Our strict upper bound is contrary to that expectation on
this overlap. The proved Liu–Shi bound remains compatible with our result. Neither their remark
nor our theorem supplies the missing inequality ρ ≥ 1 − x.

3 From a single scale to polynomial gaps

3.1 The arithmetic conversion

The continued-fraction inequalities give

1
qn+1 + qn

< |δn| < 1
qn+1

, 0 < bn − log qn+1
qn

<
log 2
qn

. (10)

In particular lim sup bn = β. Put

Dn =
⌊
min{c1/ℏn, e

(L−ξ)qn}
⌋
, mn = −Dnqn sgn δn.

For 0 < ξ < L, when bn ≥ L/2 + ξ, both quantities inside the minimum tend to infinity. Rounding
therefore changes their logarithm by o(1). For bounded bn,

log |mn| = min{bn − L/2, L− ξ} qn +O(log qn), (11)
− log |Gmn | ≤ (bn + L/2 + η)qn +Oη(1). (12)

The minimum must be retained near the cap switch. The factor 2πqn in ℏn shifts its exact location
by O(log qn/qn).

Proof of Theorem C from Theorem D. Suppose first L/2 < β < 3L/2, and fix β′ ∈ (L/2, β). Choose
ξ > 0 smaller than β′ − L/2 and with β + 2ξ < 3L/2. Infinitely many n satisfy bn ≥ β′, and all
sufficiently large n satisfy bn ≤ β + ξ. On this subsequence the first cap is active. Dividing (12)
by (11) gives

− log |Gmn |
log |mn|

≤ bn + L/2 + η

bn − L/2 + o(1) ≤ β′ + L/2
β′ − L/2 + η

β′ − L/2 + o(1).

Choose η sufficiently small and then n sufficiently large to obtain the first assertion.
Now let 3L/2 ≤ β < ∞. Choose ζ > 0 small and restrict to infinitely many scales with bn > β−ζ.

Eventually bn < β + ζ. Equations (11)–(12) bound the quotient by

β + ζ + L/2 + η

min{β − ζ − L/2, L− ξ}
+ o(1).
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Let ζ, ξ, η be sufficiently small. This gives any exponent strictly greater than (β+L/2)/L, including
β = 3L/2. Equivalently, diagonalize these fixed-slack choices along the subsequence.

In either case |mn| → ∞, so there are infinitely many distinct absolute labels. The lower
subsequence implies ρ ≤ 0. All bounded gaps have length at most 4 + 4λ, which implies ρ ≥ 0.
Hence ρ = 0.

3.2 The count that creates the gap

Drop the index n for a fixed scale. Let Bt = Hλ,p/q,t, let E∗ be the top of its phase union, and write
P ′

∗ = P ′(E∗). Near phase zero choose a real Wannier function wt for the top band. Define the even
dipole and its energy shift by

d(t) = ⟨wt, XDtwt⟩, Dt = diag v′(mp/q + t), s(t) = εd(t), ε = α− p/q. (13)

Every well is translated into this same chart. Their common energy origin is E∗ + s(0).
Let µ0(κ) < µ1(κ) < · · · be the common Mathieu reference levels constructed in Appendix F.

Their separation is at least cMℏ below a fixed energy less than the separatrix. For

WD = [µD−1 + cMℏ/4, µD − cMℏ/4], e = P ′
∗(E∗ + s(0) − E), (14)

the global reduction proves the following statement. If D satisfies (7), every sufficiently long Dirichlet
box whose ends lie midway between wells has exactly KD eigenvalues above E for every e ∈ WD,
where K is its number of wells. The box length is K/|δ| +O(1).

Taking the box limit gives

N(E) = 1 −D|δ| (e ∈ WD). (15)

The DOS measure has support Σλ,α. Thus the open interior of the interval in (14), transported
back to energy E, contains no spectrum. Its length is at least cMℏ/(2P ′

∗). Since 0 < D|δ| < 1, there
is spectrum on both sides. Finally,

(−Dq sgn δ)α = −D sgn δ p−D|δ|,

so the gap label is −Dq sgn δ. This proves (8) once the exact box count is established.
The count is squeezed between two self-adjoint comparison counts, each equal to KD. Frame

truncation and coupling errors have already been paid inside those operators. There is no residual
spectral error to remove by volume normalization. Appendices D and E prove these assertions,
completing Theorem D.

4 The rational surplus and the earlier thresholds
This argument is independent of the top-band reduction. It also handles β = ∞. Write P = Pp/q,
R = 2λq + 2, and

U(p/q) = {E : |P (E)| ≤ R}, I ′(p/q) = {E : |P (E)| ≤ R− 4}.

The first set is the rational phase union. The second is a rescaled dual phase intersection. It is not
the intersection of the supercritical fixed-phase spectra.
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Classical identity (Avron–van Mouche–Simon and Chambers duality). For every reduced p/q,

sq := |U(p/q)| − 4(λ− 1)
= |{E : R− 4 < |P (E)| ≤ R}|

=
∑

2q band ends

∫ R

R−4

dt

|P ′(E(t))| . (16)

Proof. Chambers duality is Pλ(E) = λqP1/λ(E/λ). Avron–van Mouche–Simon [6, Theorem 1] give
the dual phase-intersection measure 4(1 − 1/λ) in the hopping-one convention. Scaling by λ gives
|I ′| = 4(λ− 1). Their erratum [7] concerns the continuum Mathieu example and leaves this discrete
theorem intact.

For every t ∈ [−R,R], Chambers realizes P (E) = t as a Hermitian fibre spectrum. The q
monotone inverse branches therefore cover [−R,R], with touching endpoints permitted. Removing
[−R+ 4, R− 4] in their image leaves two pieces per branch. Change variables by t = |P (E)|. At
a touching endpoint the integral is improper and integrable; endpoints have zero measure. This
proves (16).

Proposition 4.1 (Markov lower bound for the rational surplus). For every reduced p/q,

sq ≥ 8(λ− 1)
q2(λq + 1) ≥ 4(λ− 1)q−2e−Lq. (17)

Proof. For a phase-union band B of length ℓ, Markov’s polynomial inequality rescaled from [−1, 1]
gives

sup
B

|P ′| ≤ 2q2R/ℓ.

The two end pieces in B have total image length eight, so their total length is at least 4ℓ/(q2R).
Sum over bands and use |U| ≥ 4(λ− 1) to obtain (17).

Avila–Last–Shamis–Zhou [2, Proposition 5.1] already give quantitative rational band-end strip
bounds with exponential rate L after dual scaling. The surplus mechanism and that rate have
a close published predecessor. Formula (17) makes the following deduction independent of the
unpublished derivative estimates.

For η = |α− p/q|, the window argument of Paper A [16, Lemmas 2.5–2.6] gives

dH(U(p/q),Σλ,α) ≤ ϵq, ϵq = (8 + 4πλ)√η + 4πλη. (18)

The irrational measure is |Σλ,α| = 4(λ − 1) for every irrational frequency. For this noncritical
statement one can cite Jitomirskaya–Krasovsky [25, Theorem 2]; Avila–Krikorian [1] also cover the
critical completion.

Proposition 4.2 (Capped gap measure and a tail label). With sq and ϵq as above,∑
m̸=0

min{|Gm|, 2ϵq} ≥ sq − 2ϵq. (19)

If sq ≥ 16ϵq and M = ⌊sq/(8ϵq)⌋, some |m| > M satisfies

|Gm| ≥ sqM

8m2 ≥
s2

q

128ϵqm2 . (20)
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Proof. The measure of U \ Σλ,α is at least sq. Its portions beyond the two spectral extremes have
total length at most 2ϵq. Inside a bounded gap (a, b), every point of U lies in the ϵq endpoint
strips. Their total length is at most min(b− a, 2ϵq). The bounded gaps have distinct integer labels.
Countable additivity proves (19).

The 2M labels with 0 < |m| ≤ M contribute at most 4Mϵq ≤ sq/2. Since 2ϵq ≤ sq/8, the
uncapped tail has measure at least sq/4. If all its gaps were less than sqM/(8m2), summing the
two signs and using

∑
r>M r−2 ≤ 1/M would contradict that bound. Finally M ≥ sq/(16ϵq).

Theorem 4.3 (The surplus range, including infinite β). If β > 2L, then for every 2L < β′ < β and
L < h < β′/2, infinitely many labels satisfy

|Gm| ≥ C|m|−K(h,β′), K(h, β′) = 2 + max
{

0, 4h− β′

β′ − 2h

}
,

where C > 0. In particular ρ = 0 for β = ∞ as well.

Proof. On infinitely many scales bn ≥ β′, (18) gives ϵqn ≤ C1e
−β′qn/2. Equation (17) implies

sqn ≥ che
−hqn . Thus Mn ≥ ce(β′/2−h)qn → ∞. The label supplied by (20) obeys

|Gm| ≥ ce(β′/2−2h)qn |m|−2, |m| ≥ ce(β′/2−h)qn .

If β′ < 4h, substitute the upper bound on qn from the second inequality into the negative exponential
in the first. Otherwise discard the nonnegative exponential. This proves the formula. For β = ∞
choose any β′ > 4h and obtain exponent two with a constant. The bounded spectral diameter
proves ρ ≥ 0, as before.

Proposition 4.4 (Even denominators and small excess). Let βe be the limsup of bn along indices
with even qn, with value zero if this set is finite. If βe > L, then for every L < β′ < βe, L < h < β′

and ϵ > 0, infinitely many labels satisfy

|Gm| ≥ Cϵ|m|−2−max{0,(2h−β′)/(β′−h)}−ϵ.

The same conclusion, and hence ρ = 0, holds with β in place of βe if a β-attaining subsequence has
a rational gap with excess exn = |Pn(cn)| −Rn = eo(qn).

Proof. For even q, the central rational closure gives P (0) = σR, P ′(0) = 0, with σ = (−1)q/2.
The closure is classical (Bellissard–Simon [9]); the polynomial value is also given by Lamoureux–
Mingo [31]. Paper C [18, Corollary 7.2] fixes our normalization. The initial branch from zero to the
point E4 > 0 where σP (E4) = R − 4 lies in U . The near-spectrum derivative bound of Paper A,
Proposition 3.3(2), applies on it eventually. If K = sup |P ′′| ≤ Cq2ehq, then

4 = R− σP (E4) ≤ KE2
4/2, sq ≥ 2E4 ≥ cq−1e−hq/2.

Apply Proposition 4.2 with ϵq ≤ Ce−β′q/2. This gives

M ≥ cq−1e(β′−h)q/2, |Gm| ≥ cq−2e(β′/2−h)q|m|−2.

The same power conversion as above gives the assertion; powers of q = O(log |m|) are absorbed by
the arbitrary ϵ.

For the excess variant first put the critical point in the derivative domain. If the rational gap
has length w and diameter bound D0 = 4 + 4λ, real-root factorization gives

(log |P |)′′ = −
∑

j

(E − ej)−2 ≤ −q/D2
0.

10



Integrating to the more distant endpoint shows

qw2

8D2
0

≤ log(1 + ex /R) ≤ ex /R.

Thus w → 0 exponentially when ex = eo(q). The gap and its critical point are near Σλ,α by (18).
On an adjacent end piece the bound |P ′′| ≤ K is therefore valid. If v = |P ′(x)|, reaching P ′(c) = 0
takes distance at least v/K. Integrating v −Kt along that segment gives

|P ′(x)|2 ≤ 2K(|P (c)| − |P (x)|) ≤ 2K(ex +4).

The inverse-derivative integral then yields sq ≥ 4/
√

2K(ex +4) = e−(h/2+o(1))q. The previous
argument applies on the stipulated same resonant subsequence.

These are sufficient conditions. No converse estimate on the actual surplus is established here.
Nor does this proof identify the individual labels of rational campaign gaps with their minimal
rational representatives at an irrational frequency. If a rational gap has width w > 2ϵq, its central
core lies in an irrational gap of width between w − 2ϵq and w + 2ϵq. This is an absolute width
statement about the containing gap. It does not, by itself, identify its exact integer label.

5 The arithmetic picture and certified finite checks

5.1 A phase diagram with phase conditions

Put x = 2β/L. Denote the upper Abel-averaged fastest exponent at phase θ by α+
u (θ) and its

supremum over phases by αworst. Paper C also defines an exponent uniform over launch sites, αunif
u ,

which bounds that supremum. These quantities agree in the exact-law regime specified below.
The typical fastest exponent and the two packing dimensions of every nonzero spectral measure

are max{0, 1 − 2/x} at almost every phase, by Paper A [16, Theorems A and C]; the value is zero
at x = 0. The packing entries concern spectral measures, not the packing dimension of the spectral
set. At β = ∞ these values are one at every phase. Paper A gives the finite-positive-β law used
here. Its β = ∞ transport and packing endpoint is due to Jitomirskaya–Zhang [29, Corollary 3],
and its β = 0 fastest endpoint to Damanik–Tcheremchantsev [14]. Paper A sharpens earlier packing
estimates of Jitomirskaya–Liu–Tcheremchantsev [27]. The typical transport framework for general
supercritical type I operators is developed in Paper B [17].

Table 1 keeps the phase quantifiers visible. “AL” means Anderson localization and “SC” purely
singular continuous spectrum. Completely resonant phases satisfy 2θ ∈ αZ + Z. The phase 1/4 is
not completely resonant for irrational α.

The a.e.-phase AL and all-phase SC statements use Avila–You–Zhou [3, Theorem 1.1] for 0 <
β < ∞, with strict inequalities at L = β. The endpoint spectral-type assertions at x = 0 and x = ∞
use the classical endpoint results recalled in Avila–You–Zhou (Remark 1.2 of arXiv:1512.03124).
Liu [33, Theorem 1.1] proves completely resonant AL for L > 2β. At 1/4, even qn imply a phase
resonance at qn/2 with error |δn|/2; its exponent is at least 2βe. The absence-of-point-spectrum
part of Jitomirskaya–Liu [26, Theorem 4.2 and the remark after Theorem 1.1] therefore gives SC
when L < 2βe. Its localization half has additional frequency hypotheses; we do not use that half for
this entry.

The transport bounds are from Paper C, Theorem 7.5 and Corollaries 5.6 and 7.6. The phase-1/4
lower bound uses even denominators and βe, not even indices. Without βe = β, retain that lower
bound with βe and the typical all-phase lower bound separately. The exact worst-phase formula is

11



x Spectral type at a.e. phase Specified exceptional phases αworst ρ

0 AL AL at completely resonant
phases; SC at a dense set of
other phases

0 1 if α is
Diophantine

(0, 1) AL AL at completely resonant
phases

[0, x/(x + 2)] [0, 1 − x];
ρ ≥ 1/C if
x ≤ 2/C

1 AL No equality-line classification
from the cited strict criterion

[0, 1/3] Open

(1, 2) AL SC at 1/4 if βe = β [1 − 1/x, x/(x + 2)] if
βe = β

0

2 Not classified by the strict
arithmetic transition

SC at 1/4 if βe = β 1/2 if βe = β 0

(2, ∞) SC at every phase Same all-phase statement 1 − 1/x if βe = β 0
∞ SC at every phase Same all-phase statement 1 0

Table 1: Established statements and explicit open entries. Every bracket in the transport column is
a pair of proved bounds. The gap column uses Theorems A, C and 4.3, and Corollary B. No exact
gap law is asserted at x = 1.

then not supplied by these imports. A conditional parity-free mechanism in Paper C requires its
own wide-band hypothesis; it is not a consequence of the gap theorem here.

At a finite scale,
log κn

Lqn
= 1 − 2bn

L
+ 2 log(2πqn)

Lqn
. (21)

Thus x = 1 does not force κn = O(1). Fixed margins on either side of one give exponential smallness
or largeness along the corresponding scales. The logarithmic correction matters at the equality line.

5.2 The known transport geometry

For even q, put σ = (−1)q/2 and let 0 < η ≤ 1/4. In one period of the local phase drift, the launch
set

|cos 2π(qθ + jδ) − σ| ≤ ηΛ−1/16

has cardinality q
√
η/(2κ)(1 +O(Λ−1)) +O(1). This is the quadratic turning-point width divided

by the mesh |δ|. Its logarithm has rate (b− L/2)q only when the main count diverges. Continuous
window length is not an exact test for occupancy by one lattice cell.

Paper C’s nearby-phase burst theorem applies with its scale condition b ≥ h/2 + (h− L) and
time interval e(h/2+(h−L))q ≤ T ≤ |δ|−1. It gives a polynomially small fastest tail. At the resonant
time its radius has exponent b− h/2, approaching the preceding geometric exponent as h ↓ L.

The confinement estimate of Paper C, Proposition 6.4, is a uniform square-root upper bound
on a cosine sublevel arc, plus its collars. At a generic phase a particular arc can be narrower.
In Paper A’s notation Jn = 3 + Chq

5/2ehq|δ| is greater than three; it is 3 + o(1) on b ≥ L + γ
if h − L < γ. Alternatively ∥Sq + S−q + Rq∥ ≤ 3 eventually there. These bounds match the
turning-point exponential radius. Below b = L, the coarse norm bound permits a larger confinement
upper bound; it does not prove that this enlargement is attained by the dynamics.

5.3 What the numerical checks certify

All numbers in this subsection are inherited from the independent verification reports D77 and D80.
They are interval certificates or exact finite-matrix counts. We do not rerun those campaigns here.
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No number is used in a proof.
For the Mathieu gaps GD(κ) of Appendix F, D77 encloses a crossing G1 = 2G2 in

κ∗ ∈ [1.4260784738 ± 6.60 · 10−11].

This certifies a crossing, not global uniqueness. Ten independent checks of the rational phase-union
prediction give the intervals in Table 2. Here the parent is p/q, A is the following continued-fraction
coefficient in the verified family, w is the measured rational width, and P ′ is the parent derivative
at the measured location. This tests widths conditional on locations.

Parent λ A |m| Enclosure of log(w|P ′|/GD)

2/3 5 699 3 [0.0001979253, 0.0001979254]
3/5 5 2000 10 [0.0000162096, 0.0000162097]
3/5 2 600 15 [−0.0005267205,−0.0005267204]

8/13 5 385 78 [0.0039697174, 0.0039697175]
8/13 2 77 52 [0.0172042988, 0.0172042989]
5/8 2 200 16 [0.0003463309, 0.0003463310]
3/5 5 60 15 [0.0091106244, 0.0091106245]
2/3 5 69 3 [0.0034522615, 0.0034522616]

8/13 2 385 13 [0.0005374229, 0.0005374230]
2/3 5 149 6 [0.0008759784, 0.0008759785]

Table 2: Certified finite rational Mathieu collapse from D77, Section 5. There are ten cases and
eight distinct integer labels. These data do not prove an irrational gap law.

D80 tests the translated construction itself on boxes containing several wells. All three cases
have parent 5/13. Case G uses λ = 2, θ = 0.0377, ℏ = 0.1 and three wells. H uses the same coupling
and phase, ℏ = 0.005 and two wells. OOS was registered before its independent measurement:
λ = 3, θ = 0.0193, ℏ = 0.1 and three wells. The arithmetic uses δ = ℏ/(2πqλq/2).

Case Inclusive box Counts for D = 1, . . . , 6 Maximum level error

G [731, 222520] 3, 6, 9, 12, 15, 18 [0, 0.000282844609]
H [14638, 2971820] 2, 4, 6, 8, 10, 12 [0, 0.000314943324]
OOS [256912, 3351000] 3, 6, 9, 12, 15, 18 [0, 0.000013630460]

Table 3: D80 finite-box certificates. Errors are in units of 2ℏ/P ′
∗ after the common dipole shift. Each

row includes three interior fractions of each counting window and midpoint counts after moving
both ends by −1000 or +1000 sites.

The ground-cluster projector assigns each translated anchor class the per-well share
G: [0.9558209196836182962179037231977 ± 1.93 · 10−32],

OOS: [0.98136338757751036956774744137 ± 3.53 · 10−30].
The tables and the display above report the independent certificates, including the corrected cluster-
projector weights. The original single-eigenvector weight prediction, residual-growth prediction and
factor-30 switch prediction for the ratio of a gap to the derivative proxy TP1 failed; TP1 is not a
measured transport exponent. At q = 21 and λ = 5, the literal TP1 interval also failed, and the full
original gap-switch calculation remains uncertified. These finite checks do not establish asymptotic
complementarity. The accompanying Numerical Record, §§1–3, preserves the registrations, their
certified comparison intervals, the corrected projector interpretation and the still uncomputed
full-period test.
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5.4 New finite certificates below the threshold

The three new independent checking campaigns certify finite rational widths, finite rounded-span
Green columns, and finite rounded-span complementary spectra. These are different experiments.
They do not certify exact infinite-support Wannier functions or an irrational asymptotic theorem. The
accompanying Numerical Record, §§4–6, gives the fuller intervals and preserves failed registrations.
No new computation was used to produce the intervals printed here.

The rational-width campaign independently certified 19 of 64 submitted widths and four registered
out-of-sample widths. The latter use λ = 5, parent p/q = 13/21, and extensions (13A+8)/(21A+13).
Their certified fibre counts are D above the centre, fixing rational IDS 1 −D/(21A+ 13).

A D Outward enclosure of log(rational gap width)

20 2 [−68.974899318838,−68.974899318837]
20 3 [−101.720353379131,−101.720353379130]
40 2 [−67.646792273466,−67.646792273465]
40 3 [−99.079273854345,−99.079273854344]

Table 4: Finite rational certificates at the two registered D values. They are not irrational-transfer
certificates.

For the continuation experiment define the finite-span statistic

ρc = E∗ − supσ(QIHIQI |Ran QI
)

m0
.

The exact dyadic frame coefficients define the tested span. At λ = 5, parent 13/21, offset y = 3/10,
the independently certified enclosures are

b family ρc

.28 continued and box [66.310252694963, 66.323516071840]

.33 continued and box [49.271919945713, 49.281775315240].

Each family was certified separately; the repeated enclosure does not assert exact equality of their
spectra. Every case also passed the strict test ρc > 1.000001. Here the numerical clamp is the
specified C1 cubic clamp, whereas the analytic construction uses a fixed C∞ clamp.

The Green-column campaign independently certified six original rounded-span boxes and two
new ones. It measures a cell-boundary tail-rate statistic, rather than the full infinite-volume Schur
norm. Its exact window convention and all eight outward intervals are in Numerical Record §5.

The rational D = 5 slope registration within 0.25 of 2(D − 1) failed in its tested family.
The universal corrected-increment residual bound 0.0061 was also too small; a certified value
has magnitude greater than 0.006597244239. The safe original-sample bound is 0.00660. In the
continuation campaign the original universal no-twofold-drop and finite-q continued/box agreement
predictions failed in some preasymptotic cases. The later registered out-of-sample bands passed.
These successes do not retroactively change failed registrations and no finite sample proves a limiting
constant.

6 Conjectures
This section contains no further theorem. The global gap rate in (3) must be distinguished from the
ratio between adjacent satellites at one rational scale.
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Conjecture 6.1 (The lower half of the gap law). For 0 < x = 2β(α)/L < 1,

ρ(λ, α) ≥ 1 − x.

Together with Theorem A, this would give ρ = 1 − x.

The upper half is proved: for arbitrarily large fixed D, the common avoided-crossing window
gives a lower bound on selected gap widths. The lower half remains open. It asks for upper
bounds on every sufficiently large labelled gap. That requires a multiscale induction controlling
all large labels, rather than only the subsequences Dqn. We prove neither a two-sided fixed-D
asymptotic nor an O(log qn/qn) remainder for the normalized rate. The available bound on the
Chambers-polynomial derivative, P ′

n(En) ≤ Chqn exp(hqn) for every fixed h > L, gives only an o(1)
exponential remainder; it supplies no polynomial bound on P ′

n(En)/λqn .

Conjecture 6.2 (The missing dynamical upper bound). If 1 < x < 2, then

αunif
u ≤ 1 − 1/x.

Together with the known lower bound this would give the exact worst exponent when βe = β. A
parity-free exact formula additionally requires a parity-free lower mechanism.

A band-edge spectral comparison alone does not establish this conjecture. Position commutators,
launch-state estimates, complementary-energy bounds and control between resonant scales are also
needed.

Conjecture 6.3 (Complementarity). The gap and worst-transport arithmetic laws are

ρ = (1 − x)+, αunif
u = αworst = (1 − 1/x)+,

with the appropriate endpoint interpretations. Equivalently, the proposed functions satisfy αworst(x) =
ρ(1/x).

The vanishing gap half for x > 1 and the upper gap half below one are theorems. The lower gap
half below one, the equality line x = 1, and the other equalities remain open in the ranges described
above. Below one, zero fastest exponent is a weaker conjecture than dynamical localization. Literal
all-phase dynamical localization is false: Jitomirskaya–Simon [28] give dense sets of phases with
no point spectrum. In the supercritical regime these have SC spectrum, precluding dynamical
localization.

A stronger quantitative ladder beyond the second cap of (7) is another open problem. A proof
would have to retain both the inverse-polynomial function and the cosine potential inside a uniform
quantization theorem. We do not import a general perturbation-stable Harper theorem under
the name of the Mathieu ladder. Such a theorem would have additional parameter-uniformity
obligations.

7 Discussion
The proof begins with the highest rational band, where convexity and Chambers’ formula provide a
contour with a large discriminant. The stable Floquet line then gives localization per physical site.
That localization is what makes translations, Gram summation and hard frame cutoffs controllable
as the denominator grows.

15



The orbital term moves the common energy origin of the wells. It does not change the count
between consecutive clusters. Its Wannier form is a Brillouin-zone average; it is not, in general, its
value at Bloch momentum zero. The off-diagonal first-order terms are suppressed by tunnelling.
The remaining comparison has two independent relative errors. The two caps on D control those
errors separately. Keeping them separate is essential near b = L/2.

The final integer count is the bridge from a local well calculation to an irrational gap. Correct
covariance gives one symbol in every well. The common Mathieu windows give the same number D
in both comparison operators. Their equality forces an exact count KD in each box. No inference
from two agreeing numerical box spectra is used in this passage.

The theorem gives a lower bound along a sequence of labels. The endpoint β = L/2, bounds
for all large labels and a matching dynamical law remain open. The change of exponent at 3L/2
records the precision of the quadratic comparison.

Below the threshold the relative tunnelling scale replaces the small-curvature Mathieu spacing.
The continuation is periodic at both far ends and retains only the selected physical well. Its exact
covariance makes the full diagonal constant common to all offsets. Keeping the self-energy and
estimating its first phase derivative is sufficient for the quadratic model hypothesis; no cubic Taylor
assertion across frame jumps is needed.

How this work was done

The authors developed the results and proofs with assistance from AI models from more than one
developer. They take responsibility for every claim. The authors chose the question, directed the
work and decided which lines to pursue; the models did most of the exploration, derivation and
drafting. Both authors contributed equally.

The source work proceeded through separate research sessions on gap sizes, the arithmetic
picture, the polynomial remainder, top-band analyticity and the global reduction. Each was followed
by a separate session instructed to refute the submitted argument and inspect its primary sources;
these checks are D76–D80 in the working archive, and their repairs take precedence. The initial
global-frame argument failed its check; the translated-well construction presented here replaced it.
A further refutation-first audit of the assembled manuscript (D81) required repairs to Appendix F,
to the companion table and to several attributions; this version makes them.

The new below-threshold gap argument, the complementary Green-function estimate and the
corrected covariant continuation were developed in separate research sessions, each followed by an
independent refutation-first check whose replacement estimates are incorporated here.

Priority and literature searches were AI-assisted; an unsuccessful bounded search is not a priority
certificate. No computation is used in any proof.

8 Methods and conventions
We use the physical shift (Su)(j) = u(j − 1), so Scδ0 = δc, and Xδj = jδj . Reflection is
(Ru)(j) = u(−j). The potential is v(t) = 2λ cos 2πt. All inner products are conjugate-linear in the
first argument. Analytic continuations of matrix entries are taken before any conjugation used on
the real axis.

Chambers’ formula, in the uniform Bloch gauge, is

det(E −Bt(k)) = P (E) − 2 cos k − c(t), c(t) = 2Λ cos 2πqt. (22)

Here Bt(k) has cyclic hopping factors e±ik/q. The sign of k is fixed so that [A,X](k) = −iq∂kA(k).
The physical shift or its adjoint can be used as the cyclic hopping matrix; this declaration fixes the
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orientation in the orbital formulas. All energy spectra and all width estimates are invariant under
reversing k.

Six inputs organize the retained above-threshold proof. (I1) is Chambers’ identity. (I2) is
the near-spectrum derivative estimate in Paper A, Proposition 3.3(2). (I3) is the complex-energy
extension of Paper B’s growth and rational-product lemmas, proved in Appendix A. (I4) is the
Aubry–Perron maximal-site fact at B0(0), proved in Appendix C. (I5) is the common uniform
Mathieu ladder, derived from one-well quantization in Appendix F. (I6) comprises the continuous
IDS, full DOS support, and the convention N = {mα}; see Avron–Simon [5] and Avila–You–Zhou [4,
Section 1].

For fixed ξ ∈ (0, L) we set τ = ξ/100. Only finitely many derivatives and resolvent products
occur. Let C∗ dominate their exponential-loss coefficients. We choose h > L only after that list is
fixed, so that

C∗(h− L) < min{ξ, τ, L}/10000. (23)
The notation Eq = eo(q) in the appendices denotes a positive quantity bounded by CqCeC(h−L)q for
one of this finite list of constants. Each occurrence can be bounded by an arbitrarily small fixed
exponential loss by this choice and a subsequent large-q threshold. It never hides dependence on
b,D, the well or θ. To obtain a literal o(1) in an exponent, diagonalize the fixed-loss choices and
their thresholds. The extension of Theorem D to ξ = L, if desired, follows by applying any smaller
margin and restricting to its single permitted label D = 1.

Dirichlet compression to an interval I is denoted by a subscript I. Eigenvalues are counted with
multiplicity. Strict inequalities in counting windows are used only away from the enclosing clusters.
Schur norms always include both row and column sums. Weighted Schur estimates are proved with
their spatial weights before the corresponding norm is simplified.

The below-threshold proof uses (I1)–(I4) and (I6), with the enlarged one-band range proved in
Lemma I.1. Its new inputs are proved in Lemmas I.2, I.3, Proposition J.2 and Theorem K.1. It
retains the energy-dependent self-energy instead of invoking (I5). Every fixed-D constant is chosen
before the convergent threshold.

A Complex energies and rational transfer products
This appendix proves the extension of Paper B, Lemmas 2.4–2.5, used below. It does not assert
that the complex-energy Lyapunov exponent equals its real spectral value.

For z ∈ C, put

A(z, t) =
(
z − v(t) −1

1 0

)
, A(ω)

r (z, t) = A(z, t+ (r − 1)ω) · · ·A(z, t).

On the spectrum of the supercritical almost Mathieu operator, the Lyapunov exponent equals
L = log λ, by Bourgain–Jitomirskaya [10, Corollary 2], after matching the coupling convention. This
spectral identity is the AMO instance of the growth input in the companion papers.

Lemma A.1 (Uniform complex neighbourhood). For each h > L there are a bounded open
neighbourhood UC

h of Σλ,α and Ch < ∞ such that

∥A(α)
r (z, t)∥ ≤ Che

hr (z ∈ UC
h , t ∈ T, r ≥ 0).

After enlarging Ch, every sufficiently large convergent p/q satisfies

∥A(p/q)
r (z, t)∥ ≤ Che

hr (0 ≤ r ≤ q, z ∈ UC
h , t ∈ T). (24)

The same estimates hold for subblocks.
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Proof. Choose h1 ∈ (L, h). At each E0 ∈ Σλ,α, the infimum formula for the Lyapunov exponent
gives an integer r0 with

1
r0

∫
T

log∥A(α)
r0 (E0, t)∥ dt < h1.

The finite product is jointly continuous in complex z and real t. Its determinant is one, so its norm
never vanishes. The strict averaged inequality persists on a compact complex neighbourhood K0 of
E0.

Rotation by r0α is uniquely ergodic. The continuous functions t 7→ log∥A(α)
r0 (z, t)∥, z ∈ K0, form

a compact family in the uniform norm. A finite uniform approximation to that family makes the
Birkhoff convergence uniform in both variables. For all sufficiently many blocks, their summed
logarithmic norms are at most mr0h. Splitting r = mr0 + s leaves a uniformly bounded remainder.
This proves the bound on K0. A finite cover of Σλ,α gives UC

h and one constant.
For the rational comparison, each one-step error has norm at most d = Lip(v)|δ|. A term with j

such errors in a product of r ≤ q factors contains at most j + 1 irrational subblocks. Its total norm
is bounded by Cj+1

h eh(r−j)dj . Consequently

∥A(p/q)
r ∥ ≤ Che

hr(1 + Chde
−h)r ≤ Che

hr exp(Ch Lip(v)e−h),

because q|δ| < 1 for convergents. No step uses realness of z. Starting phases cover all subblocks.

Corollary A.2 (Polynomial derivatives and the top contour). For fixed r ≥ 1, on a fixed smaller
complex neighbourhood,

|∂r
z∆t(z)| ≤ Cr,hq

rehq, |P (r)(z)| ≤ Cr,hq
rehq.

A fixed-radius complex neighbourhood of E∗(pn/qn) lies in UC
h for all sufficiently large n.

Proof. Differentiate the product. Each derivative inserts ( 1 0
0 0 ) at a distinct position. There are at

most qr ordered choices and at most r + 1 rational segments. Apply (24) and bound the trace by
twice the norm. The Chambers correction is independent of energy. Finally (18) gives convergence
of the rational top edge to max Σλ,α; compact containment in the open complex neighbourhood
supplies the fixed radius.

For real energies this is also exactly the derivative input (I2) of Paper A, Proposition 3.3(2).
Before using it on a whole rational band, (18) puts the whole phase union in its neighbourhood. It
is never applied at an unanchored critical point far from the spectrum.

B The rational top band, Green decay and flatness

B.1 Convexity and an isolated inverse branch

Fix a sufficiently large convergent and put Λ = λq, R = 2Λ + 2. Let Iq = [aq, E∗] be the top
phase-union band and let P ′

∗ = P ′(E∗).

Lemma B.1 (Top-band geometry). The polynomial is convex on the final monotonicity interval,
and

P ′
∗ = max

Iq

P ′ ≥ 2R
|Iq|

≥ Λ + 1
λ+ 1 , |Iq| ≥ chq

−1e−(h−L)q. (25)

All roots of P −R other than E∗ lie at distance at least |Iq| from E∗.
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Proof. For each w ∈ [−R,R], Chambers’ formula realizes P − w as the characteristic polynomial of
a Hermitian fibre. Rolle’s theorem gives real critical points with critical modulus at least R. The
zeros of P ′′ interlace those of P ′. Hence P ′′ > 0 to the right of the last critical point, which is at or
below aq. Integrating P ′ on Iq gives 2R ≤ |Iq|P ′

∗. The spectral diameter is at most 4 + 4λ, proving
the second inequality. The derivative upper bound in Corollary A.2 proves the band-length lower
bound. The other roots belong to lower monotone bands, hence are no larger than aq.

Set
r = |Iq|

4q , Cr = {z : |z − E∗| = r}. (26)

Initially assume 0 ≤ 2Λ − c(t) ≤ 1.
Lemma B.2 (Contour and top inverse). On Cr,

|P (z) −R| ≥ 3
4rP

′
∗ ≥ 3R

8q , |∆t(z)| ≥ Λ
2q .

For |w − R| ≤ R/(8q), P (E) = w has exactly one root in |E − E∗| < r, and this root lies in
|E − E∗| < r/2. It is simple and analytic in w.
Proof. Factor P (z) −R = (z − E∗)

∏
j<q(z − ej). On either radius r or r/2, each other factor is at

least its value at E∗ times 1 − 1/(4q). Their product is at least three quarters of its value there.
The radius-r bound follows. On radius r/2 the bound is at least 3R/(16q) > R/(8q). Rouché’s
theorem gives one root counting algebraic multiplicity on each circle. That root is therefore simple.
Since |R− c(t)| ≤ 3, subtraction gives the discriminant estimate eventually.

B.2 The decay is per physical site

Let Gt(x, y; z) = ⟨δx, (Bt − z)−1δy⟩.
Lemma B.3 (Periodic Green function). For z ∈ Cr,

|Gt(x, y; z)| ≤ Kqe
−Lq |x−y|, Kq = 128C2

hq
2e2(h−L)q, Lq = L− log(8q)

q
. (27)

Proof. The cell monodromy has eigenvalues µ, µ−1 with |µ| ≥ |∆t(z)| − 1 ≥ Λ/(4q) > 1. Let Ψ+
span its stable line and Ψ− its unstable line. The reciprocal sine of their Hermitian angle is the
norm of the unstable spectral projection. The formula

Πu = Mx − µ−1

µ− µ−1

and (24) give
(sin∠(Ψ+,Ψ−))−1 ≤ 8qChe

(h−L)q.

For 0 ≤ j < q, propagate the stable solution backwards from x+ q. A determinant-one 2 × 2 matrix
has inverse with the same operator norm. Thus

∥Ψ+(x+ j)∥
∥Ψ+(x)∥ ≤ Che

h(q−j)|µ|−1 ≤ 4qChe
(h−L)qe−hj .

The Green-function Wronskian formula bounds its kernel by this quotient times the reciprocal
sine. Every further complete cell contributes |µ|−1. Writing y − x = mq + j gives (27) for
x ≤ y, with the displayed enlargement of constants. For complex energy use transpose symmetry
Gt(x, y; z) = Gt(y, x; z) to cover x > y. Hermitian symmetry at complex z is not asserted.

The rate in (27) measures actual site distance, including the displacement inside a cell. No
ordering of the sampled potential values is assumed.
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B.3 Complex Bloch strips

Fix τ ∈ (0, L) and set ηq = (Lq − τ)q.

Lemma B.4 (Analytic fibre data). For | Im k| ≤ ηq and z ∈ Cr, the fibre resolvent exists and

∥(Bt(k) − z)−1∥ ≤ K ′
q := 2Kq

1 − e−τ
.

There is exactly one simple eigenvalue Et(k) inside Cr, with |Et(k) − E∗| < r/2. It satisfies
P (Et(k)) = 2 cos k + c(t). Its Riesz projection Πt(k) and reduced resolvent St(k) = Qt(k)(Bt(k) −
Et(k))−1Qt(k) are analytic, with

∥Πt(k)∥ ≤ rK ′
q, ∥St(k)∥ ≤ 2K ′

q, ∥∂kBt(k)∥ ≤ 2eL/q. (28)

Proof. The uniform-gauge fibre resolvent is the sum of full-line kernels with weight eikd/q, where
d is the physical displacement. Its absolute value is bounded by Kqe

−τ |d|. Both Schur sums are
bounded by K ′

q. Absolute convergence permits multiplication by Bt(k) − z and proves the resolvent
identity. Chambers and Lemma B.2 select one root since |2 cos k + c(t) −R| ≤ R/(8q) for large q.
Riesz calculus gives the first two estimates: the contour has length 2πr and |z − Et(k)| ≥ r/2. The
hopping derivative gives the last.

All these estimates extend to

Φfr = {t : 0 ≤ 2Λ − c(t) ≤ M ′}, M ′ = Λe−ξq/2,

after replacing ηq by η′ = ηq − log 4. Indeed M ′ = o(R/q), which preserves the contour inequalities.
The scalar estimates apply on every phase component. A frame anchored at zero will be used only
on the component about zero.

Proposition B.5 (Frozen orbital flatness). At a simple top-band point write D = ∂tB, K = ∂kB
and S = St(k). The top diagonal entry of the first-order polynomial symbol in Appendix G is

Gtt(k) = qP ′(Et(k))
2i

(
tr(ΠDSK) − tr(ΠKSD)

)
. (29)

Define Stop = −Gtt/P
′(Et(k)). For every fixed j ≥ 0 and ε > 0, eventually

sup
k∈R

∣∣∣∂j
k

(
Stop(k) − Stop(0)

)∣∣∣ ≤ Cj,εe
−(L−ε)q.

For j ≥ 1 the derivative of the constant is read as zero.

Proof. On the real axis the orbital formula is Gtt = qP ′(Et) Im⟨u,DSKu⟩. Taking the difference
with its conjugate gives (29). The right-hand side is its analytic continuation. For a rank-one
idempotent, even when it is not orthogonal, | tr(ΠA)| ≤ ∥Π∥∥A∥. Equation (28) bounds the trace
expression after cancellation of P ′ by Eq. It is periodic under the uniform-gauge covariance. Its
Fourier coefficients are therefore bounded by Eqe

−η′|m|. Sum the nonconstant coefficients for j = 0
and sum |m|je−η′|m| for each fixed j ≥ 1. Choose h − L and the strip slack arbitrarily small to
obtain the asserted rate. This uses the Fourier series directly and does not lose half the strip through
a Cauchy derivative bound.

The normalization has no extra factor q in Stop = −Gtt/P
′. The global proof below uses the

Wannier dipole directly, so it does not require this proposition as a separate input. At t = 0 its
Wannier value is the zone average d(0) = −(2π)−1 ∫ Stop(k, 0) dk, in the present gauge. In general
this is not −Stop(0, 0).
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C Translated Wannier frames and self-adjoint compression
Fix b ≥ L/2 + ξ and the slack choices of Section 8. Set

tfr = e−ξq/4

2πq , Φ0 = [−tfr, tfr], η′ = ηq − log 4, η′′ = η′ − 2τq, a = L− 4τ.

Then 2Λ − c(t) ≤ M ′ on Φ0.

C.1 Exact translated coordinates

For ν ∈ Z, let aν ∈ {0, . . . , q − 1} solve paν + ν ≡ 0 (mod q). Put

cν,j = jq + aν , tν,j = τν + jδ,

τν = θ − ν/q + aνε, Jν = {j : |tν,j | ≤ tfr}.
(30)

Lemma C.1 (Covariance and well density). For c = cν,j and t = tν,j,

S−cHSc = Bt + V ε
t , V ε

t (m) = v(mp/q + t+mε) − v(mp/q + t). (31)

Each Jν is an interval of consecutive integers. Centres in different wells have distance at least
1/(3|δ|) eventually. With yν = −τν/δ, the physical well bottoms are exactly

xν = qyν + aν = ν − qθ

δ
. (32)

Thus their density is |δ| per physical site.

Proof. Expand (c + m)α + θ. The terms jp + (paν + ν)/q are integers; the remaining phase is
mp/q + t+mε. This proves (31), including the term aνε.

The affine phase τν + jδ proves the interval assertion. If two centres belong to different wells,
then

|j − j′| |δ| ≥ 1/q − 2tfr − 2|δ| ≥ 1/(2q)

for large q. Hence |c− c′| ≥ 1/(2|δ|) − q ≥ 1/(3|δ|). Here q|δ| → 0 on the exponentially resonant
scales under consideration. Substitution of yν gives (32). Consecutive bottoms are separated by
1/|δ|, with their spatial order reversed when δ < 0.

Translated wells and modular-inverse coordinates are classical; compare Helffer–Sjöstrand [23,
Section 5.1, especially (5.1.7)–(5.1.17)]. Here the exact coordinate identity fixes the phase shift
needed for uniformity in q.

C.2 A single valid local chart

Lemma C.2 (Aubry–Perron normalization and Wannier decay). There is a real family wt ∈ ℓ2(Z),
t ∈ Φ0, such that

1. the translates Smqwt are an orthonormal basis of the full-line top-band subspace of Bt;

2. Rwt = w−t and, for 0 ≤ ℓ ≤ 3,
|∂ℓ

twt(n)| ≤ Eqe
−a|n|; (33)
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3. if Êm(t) is the m-th Fourier coefficient of Et(k), then

Btwt =
∑
m

Êm(t)Smqwt, |Êm(t)| ≤ (r/2)e−η′|m| (m ̸= 0). (34)

These coefficients are real and even in m. Their first four phase derivatives are bounded by
Eq(2πqΛ)ℓe−η′|m| for m ̸= 0.

Proof. At t = k = 0, finite rational Aubry duality transforms B0(0) to a matrix with positive
hopping λ and diagonal 2 cos(2πpℓ/q). Adding a scalar makes it irreducible and nonnegative. Its
top Perron vector has strictly positive components. The modulus of its inverse Fourier transform is
maximal at original site zero, by the triangle inequality. Consequently

γ0(0) := (Π0(0))00 ≥ 1/q.

This assertion is used only at B0(0).
Let γt(k) = (Πt(k))00, analytically continued as a matrix entry. Riesz differentiation gives

∥∂tΠt∥ ≤ 4πλr(K ′
q)2. Its k-Fourier coefficients are bounded by rK ′

qe
−η′|m|. On the smaller strip

| Im k| ≤ η′′, the nonconstant part is at most 4rK ′
qe

−2τq. With (23) and |t| ≤ tfr, both this variation
and the real-phase variation are eventually less than 1/(4q). Thus γt(k) stays in the disc of radius
1/(2q) about the positive number γ0(0).

The principal square root is therefore analytic, and

ut(k) = Πt(k)δ0
γt(k)1/2

is a normalized top Bloch vector for real k. Uniform-gauge covariance gives ut(k + 2π) = U∗ut(k),
Uss = e2πis/q, and realness gives ut(−k) = ut(k) on the real axis. The inverse Bloch transform

wt(n) = 1
2π

∫ 2π

0
eikn/qut(k)(n mod q) dk

is consequently real. The integrand is periodic in k. Bloch unitarity proves the orthonormal basis
assertion. Shift its contour to the appropriate side of | Im k| = η′′ to get (33); η′′/q ≥ L − 4τ
eventually. Finitely many phase derivatives add finitely many resolvents and bounded derivatives of
Dt, all covered by (23). Reflection fixes the normalization at zero and gives Rwt = w−t.

Multiplication by Et(k) in the Bloch representation proves (34). The function is even and real for
real k. The Fourier estimate follows by contour shifting. Phase derivatives follow by differentiating
the analytic top inverse in Lemma B.2 and c(t) up to four times; Cauchy bounds on a fixed fraction
of its discriminant disc give the stated, deliberately coarse bounds.

This frame is not asserted to remain anchored at the same physical site on every component of
Φfr modulo 1/q. Lemma C.1 translates each well before the local construction is applied.

C.3 The global Gram matrix

Let F = {(ν, j) : j ∈ Jν} and define

ŵf = Scfwtf
, Wβ =

∑
f∈F

βf ŵf , Γf ′f = ⟨ŵf ′ , ŵf ⟩.
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Lemma C.3 (Overlap cancellation and global orthogonalization). Put

g∞ = exp
(

−L− 6τ
3|δ|

)
, g1 = |δ|e−(L−5τ)q + g∞.

Then ∥Γ − 1∥ ≤ g1 ≤ 1/4 eventually. The closed span V = RanW has orthogonal projection

Π = WΓ−1W ∗, UV = WΓ−1/2 : ℓ2(F) −→ V

unitary, and ∥Γ−1/2 − 1∥ ≤ g1, ∥Γ−1∥ ≤ 4/3.

Proof. For equal phase, ⟨Snqwt, wt⟩ = δn0. For n ≠ 0, use a mean-value integral in the phase before
summing spatially:

|⟨Snqwt′ , wt⟩| ≤ Eq|t′ − t|(1 + |n|q)e−a|n|q.

For n = 0, normalized real vectors give ⟨wt′ , wt⟩ − 1 = −∥wt′ −wt∥2/2. The elementary convolution
estimate used here is ∑

x

e−a|x−d|e−a|x| ≤ (|d| + 1 + 2/(1 − e−2a))e−a|d|.

In one well t′ − t = (j′ − j)δ. Its off-diagonal Schur sums are at most |δ|e−(L−5τ)q. Between wells
the physical separation is at least 1/(3|δ|); summing over the distinct integer centres gives at most
g∞. The row and column constants are independent of the number of wells. This proves the norm
bound.

Spectral calculus on [3/4, 5/4] gives the inverse and square-root bounds. The identities follow
from W ∗W = Γ. This is the usual Gram orthogonalization used in multiple-well analysis [22].

C.4 The matrix and its quantization convention

The local Taylor bound is
|v(x+ y) − v(x) − yv′(x)| ≤ 4π2λy2. (35)

Let M = W ∗HW . In a well define the column-frozen matrix

htb(j′, j) = Êj′−j(tj) + δjj′s(tj), s(t) = ε⟨wt, XDtwt⟩.

Set its entries between different wells to zero and put hs = (htb + h∗
tb)/2.

Proposition C.4 (Self-adjoint band compression). The function d(t) = s(t)/ε is real analytic and
even on Φ0, with |∂ℓ

td| ≤ Eq for ℓ ≤ 3. Moreover

∥M − htb∥ ≤ η1 := |δ|e−(L−6τ)q + δ2Eq + Cg∞, (36)
∥M̃ − hs∥ ≤ η2 ≤ |δ|e−(L−7τ)q + δ2Eq, M̃ = Γ−1/2MΓ−1/2. (37)

The latter is the matrix of ΠHΠ|V in an orthonormal basis.

Proof. Use (31) and expand V ε
t = εXDt + ρt with |ρt(m)| ≤ 4π2λm2ε2. In one well let n = j′ − j,

t′ = t+ nδ. The frozen part of Mj′j is∑
m

Êm(t)⟨Snqwt′ , Smqwt⟩.
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At n = 0 this is exactly Ê0(t). At n ≠ 0, subtract Ên(t), use the overlap bound in Lemma C.3, and
convolve the two exponential tails. Its Schur sum is at most |δ|e−(L−6τ)q after absorbing polynomial
factors.

The diagonal first-order term is exactly s(t). For n ≠ 0, its absolute entry is at most |ε|Eq(1 +
|n|q)2e−a|n|q. The Taylor remainder has entries bounded by ε2Eq(1 + |n|q)3e−a|n|q, including the
diagonal. Their Schur sums give the two terms in (36). Cross-well entries are at most a constant
times the overlap tail, hence cost Cg∞.

Reflection changes the signs of X and Dt simultaneously: RXR = −X and RDtR = −D−t.
Lemma C.2 implies d(−t) = d(t); its derivatives are bounded by the summable site tails.

For orthogonalization use ∥M∥ ≤ ∥Γ∥∥H∥, valid for a nonorthogonal frame. Thus

∥M̃ −M∥ ≤ 3g1(3 + 2λ).

Taking the Hermitian part of the bound against htb proves (37). Every subsequent min–max
statement uses hs, which is self-adjoint.

For a(t, k) =
∑

n ân(t)eink with real even coefficients, define the symmetric quantization on the
lattice tj = τ + jδ by

Opτ (a)(j′, j) = 1
2
(
âj′−j(tj) + âj′−j(tj′)

)
. (38)

Then hs =
⊕

ν Opτν (Et(k) + s(t))|Jν . In particular

Opτ (g(k)) = g(S), Opτ (u(t)g(k)) = 1
2(ug(S) + g(S)u).

This mean of row- and column-frozen quantizations is the declared convention throughout. No
Weyl-quantization identity is silently substituted for it.

D Global exclusion, boundary weights and exact box counts
Write Q = 1 − Π. The physical translates of every well now belong to one global frame.

D.1 Excluding the complementary subspace

Set
M ′′ = 4

9π2 Λe−ξq/2, m0 = M ′′

2P ′
∗

≥ e−(ξ/2+h−L)q

Cq
. (39)

Lemma D.1 (Complement exclusion). For all sufficiently large q,

QHQ ≤ (E∗ −m0)Q. (40)

The same form inequality holds for vectors supported in a box with ends midway between well bottoms
and orthogonal to the frames of its internal wells.

Proof. Put ℓc = ⌈(q|δ|)−1/2⌉, ℓ = ℓcq. Choose a squared partition
∑

a χ
2
a = 1 with support intervals

Ia of at most 4ℓ sites, overlap at most three, and Lipschitz constants at most π/ℓ. Discrete IMS has
error at most 3π2/ℓ2 ≤ 3π2|δ|/q. Freezing the phase on a patch costs at most

drifta ≤ 16πλ
√

|δ|/q.

Let ja be its centre cell.
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If some translated coordinate satisfies |tν,ja | ≤ tfr/2, all cells meeting the patch belong to Jν for
large q. Indeed their phase drift is at most 3ℓc|δ|, which is much less than tfr. Freeze the reference
Bta at ca = cν,ja and write fa = χaψ. Its other bands lie below E∗ − |Iq|, so

⟨fa, Hfa⟩ ≤ (E∗ − |Iq| + drifta)∥fa∥2 + |Iq|∥Πafa∥2, (41)

where Πa is its frozen top-band projection.
We give the joint Bessel estimate, including its support factors. For z = ca +mq define

ga,m = (χa − χa(z))Szwta + χa(z)Sz(wta − wta+mδ).

The second term is defined only when its coefficient is nonzero; then both phases lie in the chart.
Orthogonality to the translated frame implies ⟨Szwta , χaψ⟩ = ⟨ga,m, ψ⟩. With ζq = Eq

√
|δ|/q, the

tails and the mean-value phase bound give

|ga,m(x)| ≤ Cζq(1 + |x− z|)e−a|x−z|(1Ia(x) + 1Ia(z)
)
. (42)

For fixed x, the first support term has at most three patches. In the second, each centre belongs to
its unique well and to at most three patch supports. Summation over the distinct integer centres is
bounded by the summable exponential envelope. Both Schur sums of the synthesis kernel are at
most Cζq, including the column sum over x. Therefore

∑
a of this type

∥Πaχaψ∥2 ≤ Eq
|δ|
q

∥ψ∥2. (43)

The support factors in (42) are essential; an unrestricted sum of envelopes over all patches would
not justify (43).

On the other patches, the frozen phase has distance at least tfr/3 from q−1Z throughout the
patch. Thus 2Λ − c ≥ M ′′. Convexity on the top branch yields the sharp drop M ′′/P ′

∗ from E∗.
Below that branch the drop is at least |Iq| ≥ 2R/P ′

∗. Hence

⟨fa, Hfa⟩ ≤ (E∗ − 2m0 + drifta)∥fa∥2.

Summing the two patch types gives an error bounded by

C
√

|δ|/q + C|δ|/q + |Iq|Eq|δ|/q.

It is o(m0) uniformly on b ≥ L/2 + ξ, after (23). Also 2m0 ≤ |Iq|. This proves (40). There is no
additive e−q floor.

For a supported box vector, every patch of the first type that meets the box is associated with
an internal well. The patch length is o(1/|δ|) and the ends lie in the middle of the forbidden region.
The same orthogonality and sums therefore apply using only the internal frames.

D.2 Coupling and the actual boundary weight

For f = (ν, j) let df = dist(j,Z \ Jν) ≥ 1 and ∆bd = diag(e−η′df ).

Lemma D.2 (Interior coupling and omitted translates). There is a decomposition

QHWβ = Q
∑

f

βf (zin
f + zbd

f )
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with ∥∥∥∥∥∥
∑

f

βfz
in
f

∥∥∥∥∥∥ ≤ cin∥β∥, cin = |δ|Eq, (44)

∥∥∥∥∥∥
∑

f

βfz
bd
f

∥∥∥∥∥∥
2

≤ 16r2e−η′⟨β,∆bdβ⟩ + Cr2g∞∥β∥2. (45)

Proof. Use (34) in (31). For j +m ∈ Jν subtract the retained frame vector, which is killed by Q.
This leaves

zin
f =

∑
m̸=0, j+m∈Jν

Êm(tf )Scf +mq(wtf
− wtf +mδ) + Scf (εXDtf

+ ρtf
)wtf

,

zbd
f =

∑
j+m/∈Jν

Êm(tf )Scf +mqwtf
.

The first family has envelope |δ|Eq(1 + |x− cf |)2e−a|x−cf |. Schur summation over distinct centres
gives (44). In the second family only |m| ≥ df occurs, so

∥zbd
f ∥ ≤ 2re−η′df , |zbd

f (x)| ≤ rEqe
−2τqdf e−a|x−cf |.

Within one well use weighted Cauchy–Schwarz and
∑

f in well∥zbd
f ∥ ≤ 8re−η′ . This gives the first

term in (45). The convolution of the physical-site envelopes between distinct wells has Schur sum at
most Cr2g∞, which gives the second.

Define

h− = hs − η2, h+ = hs + η3 +Wbd,

η3 = η2 + 16c2
in

3m0
+ Cr2g∞

m0
,

Wbd = 64r2e−η′

m0
Γ−1/2∆bdΓ−1/2 ≥ 0.

(46)

Lemma D.3 (Two-sided form comparison). On V the compression is at least UV h
−U∗

V . On the
whole physical space,

H ≤ UV h
+U∗

V Π + (E∗ −m0/2)Q. (47)

In rescaled units the errors satisfy

P ′
∗η2
ℏ

≤ e−(L/2−8τ)q + e−(b−L/2)qEq, (48)

P ′
∗c

2
in

m0ℏ
≤ e−(b−L/2−ξ/2)qEq, (49)

P ′
∗∥Wbd∥ ≤ e−(L−ξ/2−3τ)q. (50)

Proof. The lower assertion is Proposition C.4. Write a vector as UV β + y, y ∈ RanQ, and apply

2 Re⟨y,QHUV β⟩ ≤ m0
2 ∥y∥2 + 2

m0
∥QHUV β∥2.

Insert Lemmas D.1 and D.2, with coefficients Γ−1/2β, whose squared norm is at most 4∥β∥2/3. The
constants in (46) dominate the resulting terms.
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For the sizes use P ′
∗ ≤ Chqe

hq, r ≤ (λ+1)/q, P ′
∗r ≤ CΛEq, and e−η′ = 32qΛ−1eτq. Equations (37)

and (39) give (48)–(49); the same substitutions give (50), after the prescribed slack. All omitted
interwell tails are smaller uniformly in b.

The whole norm ∥Wbd∥/ℏ need not tend to zero when b > 3L/2. Its distance from the low-energy
part of a well must be retained.

Lemma D.4 (Boundary leakage with the correct rate). Let K(d∗) = {f : df ≥ d∗}. Then

P ′
∗∥1KWbd1K∥ ≤ e(ξ/2+3τ)q(Ce−η′d∗/2 + Cg∞

)2
. (51)

For the inner region |2πq
√

Λ tf | ≤ 4, its right-hand side is smaller than every fixed power of ℏ,
uniformly in b ≥ L/2 + ξ.

Proof. Let Γ0 be the direct sum of the well blocks. In each block use the weighted Schur algebra
with weight eη′|j−j′|/2. Lemma C.3 gives ∥Γ0 − 1∥weighted = o(1). The convergent binomial series
gives the same bounded weighted norm for Γ−1/2

0 . Since dj is 1-Lipschitz,

e−η′dg/2 ≤ e−η′df /2eη′|g−f |/2.

Both restricted Schur sums show ∥∆1/2
bd Γ−1/2

0 1K∥ ≤ Ce−η′d∗/2. Analytic functional calculus and
the interwell Gram bound give ∥Γ−1/2 − Γ−1/2

0 ∥ ≤ Cg∞. Finally P ′
∗64r2e−η′

/m0 ≤ e(ξ/2+3τ)q,
proving (51).

The inner region lies at distance

d∗ ≥ e(b−ξ/4)q

8πq
from the frame boundary. Since η′ is of order q, its leakage has rate

exp
(
−ce(b−ξ/4)q), (52)

with the still smaller interwell term retained in (51). There is no extra factor q in the exponent
of (52). For any fixed N , e(b−ξ/4)q dominates Nbq uniformly for b ≥ L/2 + ξ. As ℏ = 2πqe−(b−L/2)q,
the asserted comparison follows.

D.3 Arbitrary intervals and whole-well boxes

Classical input (IDS limit; Avron–Simon). For fixed irrational α and fixed phase, every
sequence of intervals IN ⊂ Z with |IN | → ∞ satisfies

#{eigHIN
≤ E}

|IN |
−→ N(E) (E ∈ R),

independently of the positions of the intervals.

Proof. For each fixed k, finite propagation bounds the difference between trHk
I and

∑
j∈I⟨δj , H

kδj⟩
by a constant depending on k and ∥H∥, independent of I. The latter diagonal is a continuous
trigonometric polynomial of θ + jα. Unique ergodicity gives its interval average uniformly in
the starting point. Thus all moments of the normalized counting measures converge to the DOS
moments. Uniform compact spectral support and polynomial approximation imply weak convergence.
Continuity of the irrational IDS gives convergence of the distribution functions at every E. This
recovers the classical IDS passage [5] in precisely the moving-box form needed here.
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Choose box ends at the integer parts of the midpoints between the xν in (32), with spatial
orientation reversed if δ < 0. A box I containing K consecutive wells has

|I| = K/|δ| +O(1). (53)

Every frame centre in it is at distance at least 1/(3|δ|) from its exterior. Choose cbox > 0 slightly
smaller than a/3 and set gbox = exp(−cbox/|δ|), decreasing cbox further when needed to absorb
polynomial and m−1

0 factors.
For each well let Γν be its Gram block and define

h−
ν = hs,ν − η′

2, h+
ν = hs,ν + η′

3 +Wbd,ν ,

Wbd,ν = 64r2e−η′

m0
Γ−1/2

ν ∆νΓ−1/2
ν ,

η′
2 = η2 + Cgbox,

η′
3 = η3 + Cgbox + C(P ′

∗)−1e(ξ/2+3τ)qg∞.

(54)

Constants may be enlarged once, independently of K.

Proposition D.5 (Exact box sandwich). For E > E∗ −m0/2,∑
ν in I

#{eig h−
ν > E} ≤ #{eigHI > E} ≤

∑
ν in I

#{eig h+
ν > E}. (55)

If both per-well counts equal D at every well, then the middle count is exactly KD, and N(E) =
1 −D|δ|.

Proof. Truncate the internal frame vectors by 1I . Their Gram and compression matrices differ
from the internal blocks of Γ and M in Schur norm by at most Cgbox. The tail entries contain
the distances from both centres to a box end. Summing them over the distinct physical centres is
independent of K; there are only two ends.

Orthogonalize the truncated frame. A box vector orthogonal to it is orthogonal to the original
internal frames, because it vanishes outside I. Lemma D.1 applies. In the coupling calculation all
retained frozen translates still belong to internal wells and are killed by the box complementary
projection. The omitted truncation term costs Cgbox before squaring. Retain its square divided
by m0 and its mixed terms until absorption: gbox/m0 = o(1) and (cin + re−η′)/m0 = o(1), so an
enlarged Cgbox covers them. No constant grows with K.

Separating the well Gram blocks from the full Gram matrix costs Cg∞. Conjugation of the
boundary weight costs at most the last term of η′

3 in (54). Thus the form comparison of Lemma D.3
holds in the box with these already enlarged operators. Interlacing for its compression gives the lower
count. The form majorant is block diagonal with complementary block at most E∗ −m0/2 < E,
giving the upper count by min–max. This proves (55).

If both sums equal KD, the integer inequalities force equality exactly. Let K → ∞ at the fixed
scale. Equation (53) and the classical IDS input above yield 1 −N(E) = D|δ|.

The final gap inference uses full DOS support. For completeness, if a nonnegative continuous
function supported in an interval has DOS integral zero, then the phase average of its nonnegative
diagonal matrix element is zero. That element is continuous in phase, hence vanishes at every phase.
Covariance gives the same assertion at every site. The positive operator is zero, so its support misses
the common spectrum. This proves the required support statement for the minimal continuous
AMO family.
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E Common well windows and completion of the scale theorem
Let T (k) = 2 − 2 cos k, T (S) = 2 − S − S∗, and

U(t) = 2Λ(1 − cos 2πqt), F (y) = P ′
∗
(
E∗ − P−1

top(R− y)
)
.

The inverse is the one selected in Lemma B.2. On each well use

zj = 2πq
√

Λ tν,j = ℏ sgn δ (j − yν), Iin = {j : |zj | ≤ 3.5}, Iout = {j : |zj | ≥ 3}.

The frame extends to |z| =
√

Λe−ξq/4 → ∞.
Define the rescaled self-adjoint operators

Aν = P ′
∗(E∗ + s(0) − hs,ν), A(±)

ν = P ′
∗(E∗ + s(0) − h±

ν ). (56)

The superscript follows h±
ν , so A(+)

ν is the lower rescaled comparison. Chambers gives exactly

Aν = Opτν (F (T (k) + U(t))) − P ′
∗(s(t) − s(0)). (57)

This is the actual top inverse branch; no branch is recovered from a collapsed polynomial spectrum.

E.1 Inverse curvature and a two-region count

Cauchy bounds on a fixed fraction of |y| ≤ R/(8q) give

f := sup
|y|≤2M ′

|F ′′(y)| ≤ Eq/Λ. (58)

Indeed |F | ≤ P ′
∗r/2 there, and P ′

∗r ≤ ΛEq, for example by Markov’s inequality on Iq. We have
F (0) = 0, F ′(0) = 1. For the nonnegative real arguments used below, convexity gives F (y) ≥ y and
1 ≤ F ′(y) ≤ 1+2fy within the relevant interval. On a complex disc only the bound |F ′(z)−1| ≤ f |z|
is used; no ordered complex inequality is intended.

Lemma E.1 (Two-region min–max). Suppose a self-adjoint matrix A on an interval containing Iin
has

sup
j

∑
n

|A(j, j + n)|n2 ≤ CA

and its restriction to Iout has form lower bound six. For e ≤ 5 and sufficiently small κ,

#{eigAIin < e} ≤ #{eigA < e} ≤ #{eigAIin < e+ 16CAκ}. (59)

Proof. Choose χ2
in+χ2

out = 1, with χin = 1 on |z| ≤ 3, supported in |z| ≤ 3.5, and Lipschitz constants
at most four in z. Their lattice Lipschitz constants are at most 4ℏ. The IMS double-commutator
Schur norm is at most 16CAκ. The map Jψ = (χinψ, χoutψ) is an isometry into the doubled space,
and

A ≥ J∗(AIin ⊕ 6I)J − 16CAκ.

Compression to the image of this isometry can only raise the ordered lower eigenvalues. Below
e+ 16CAκ < 6, the doubled-space count comes entirely from the first block. This proves the upper
inequality. The lower one is ordinary interlacing for the inner compression.

Lemma E.2 (Far barrier and row moments). Both A(±)
ν satisfy Lemma E.1 with CA = 4, uniformly

in every well and b ≥ L/2 + ξ.
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Proof. For | Im k| ≤ 1, expand

F (U + 2 − 2 cos k) = F (U + 2) − 2 cos k F ′(U + 2) +O(f).

Its nearest off-diagonal coefficients have absolute value at most 1 + 2fM ′ + 2f , and the remaining
coefficients are at most 15fe−|n|. As fM ′ → 0, the off-diagonal row sums and second moments are
at most 2.01 + o(1), even after the symmetric row/column average.

The diagonal average of F (T + U) is at least 2 + U . Evenness of s and (13) give

|P ′
∗(s(t) − s(0))| ≤ |δ|EqU(t). (60)

On Iout, U ≥ 8.9 eventually. Subtracting the row sum leaves a form barrier at least 8.7. The scalar
comparison errors in (54) are o(1) in rescaled units. So is the whole norm of P ′

∗Wbd,ν by (50). Its
second row moments are o(1) as well, by the weighted Gram series. The barrier remains above six,
and the moments below four.

The Mathieu operator hκ,y = T (S) + κ(j − y)2 satisfies the same lemma with CA = 2.

E.2 Relative comparison inside the well

Proposition E.3 (The two relative errors). On Iin, for either sign,

(1 − ηr)hκ,yν |Iin − ηa ≤ (A(±)
ν )Iin ≤ (1 + ηr)hκ,yν |Iin + ηa, (61)

where

ηr ≤ C(f + Λ−1 + |δ|Eq), (62)
ηa ≤ C

(
fκ+ P ′

∗η
′
2 + P ′

∗η
′
3 + P ′

∗∥1IinWbd,ν1Iin∥
)
. (63)

For some c > 0, ηa/ℏ ≤ e−cq uniformly in b. One may choose any sufficiently small positive c below
min{ξ/2, L/2 − 8τ} after the rate losses.

Proof. For the symbol write

F (T + U) = F (T ) + UF ′(T ) + U2ϱ(t, k), ϱ =
∫ 1

0
(1 − r)F ′′(T + rU) dr.

On the complex unit strip in k over Iin, |ϱ| ≤ Cf . First take pure multiplier inequalities on the full
line, then compress. Since 0 ≤ T (S) ≤ 4,

T (S) ≤ F (T (S)) ≤ (1 + Cf)T (S).

For g = F ′(T (S)) the declared symmetric quantization gives

1
2(Ug + gU) = U1/2gU1/2 + 1

2 [U1/2, [U1/2, g − 1]].

The first term is between U and (1 + Cf)U . The function U1/2 is ℏ-Lipschitz per cell. The Fourier
coefficients of g − 1 have second moment O(f), so the double commutator has norm at most Cfκ.

The coefficients of ϱ are bounded by Cfe−|n|. On the inner region U ≤ 12.3 and Uj+n ≤
2Uj + 2κn2. Schur’s quadratic-form estimate then bounds the quantized U2ϱ by CfU + Cfκ in
absolute form. The cosine Taylor bound gives

(1 − 1.1/Λ)z2
j ≤ U(tj) ≤ z2

j = κ(j − yν)2.
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The dipole contributes the relative term in (60). Adding the scalar errors and the compressed
boundary weight proves (61)–(63).

For the sizes, fκ/ℏ = fℏ → 0 exponentially. Equations (48)–(49) control the scalar errors
divided by ℏ. The box and interwell tails are smaller than every power of ℏ, as is the inner boundary
leakage by Lemma D.4. This proves the stated uniform rate. We have used compression of F (TZ);
it is not identified with F (TIin).

The term |δ|Eq in (62) need not be e−(L−ξ/2)q. At b = L/2 + ξ with small ξ such an upper bound
would be false. Its contribution is controlled with the other cap.

Proposition E.4 (One count in every offset). Let c1 be sufficiently small for the Mathieu ladder (67)
of Appendix F. For every integer D satisfying (7), every well ν and every e ∈ WD from (14),

#{eigA(+)
ν < e} = #{eigA(−)

ν < e} = D. (64)

The threshold in q is independent of b,D, ν and θ.

Proof. Apply Lemma E.1 first to A = A
(±)
ν , then use (61), and then apply it to the full-line Mathieu

operator. The count is squeezed between its counts at

x± = e± (2ηre+ 2ηa + 128κ).

Here e ≤ CM (D + 1)ℏ and the cap makes e stay below the fixed cutoff of the Mathieu input in
Appendix F. Crucially,

D(f + Λ−1) ≤ e−(ξ−o(1))q, (65)

D|δ|Eq ≤ c1|δ|Eq

ℏ
= c1

2πqe
−(L/2−o(1))q. (66)

The second cap on D proves (65); the first proves (66). Hence (D + 1)ηr = o(1) uniformly. Also
ηa/ℏ = o(1) and κ/ℏ = ℏ = o(1). The points x± therefore stay inside

[µD−1 + cMℏ/8, µD − cMℏ/8]

with strict interior margins for large q. The Mathieu input (67) gives exactly D levels below each,
whatever the offset yν . This proves (64). All errors were uniform over the declared parameters.

Completion of Theorem D. For E corresponding to the interior of WD, its rescaled energy is bounded
and |s(0)| ≤ |δ|Eq. Equations (25) and (39) show E > E∗ −m0/2 eventually. Proposition E.4 applies
to the already enlarged box operators (54). Proposition D.5 therefore gives (15). The argument in
Section 3 proves the label and the width with c0 = cM/2, or a smaller absolute constant.

Finally
c0ℏ
P ′

∗
≥ Che

−(b+L/2+(h−L))q.

The finite derivative list permits h−L as small as desired. Diagonalize the corresponding thresholds
for the o(1) formulation; every bound is uniform in b. If b ≤ 3L/2−ξ, then c1/ℏ = c1e

(b−L/2)q/(2πq) ≤
e(L−ξ)q eventually, proving the cap assertion. No parity condition entered the construction.
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F The uniform Mathieu ladder: a one-well argument
This is input (I5), stated in the form used by the comparison. The semiclassical facts are classical.
We give the one-well reduction, the oscillator endpoint and the twist bookkeeping, since a fixed-index
expansion alone does not control a growing ladder.

Classical input (uniform scalar Mathieu ladder; one-well quantization). There are absolute
cM , CM , c1, ℏ0 > 0 such that, for 0 < ℏ < ℏ0, κ = ℏ2, the simple eigenvalues ej(κ, y) of

hκ,y = 2 − S − S∗ + κ(j − y)2 on ℓ2(Z)

have y-independent reference levels µj(κ) with

|ej(κ, y) − µj(κ)| ≤ cMℏ/8,
µj+1 − µj ≥ cMℏ, µj ≤ CM (j + 1)ℏ.

(67)

These estimates are uniform for all y ∈ R and all levels in a fixed compact energy interval
below four, in particular for all j ≤ c1/ℏ with µj ≤ 3.5 after decreasing c1. The same common
windows separate the union over offsets.

Proof. Fourier transformation. Use û(k) =
∑

j uje
ijk. Position becomes −i∂k and hopping becomes

2 − 2 cos k. Writing û = eiykg gives

−ℏ2g′′ + (2 − 2 cos k)g, g(π) = e−2πiyg(−π), g′(π) = e−2πiyg′(−π). (68)

Thus the offset is solely a circle twist. Integer changes of y do not affect the spectrum.
A well separated from the seam. Fix energies 3.5 < e+ < 4. The allowed set for V (k) =

2 − 2 cos k ≤ e+ is a closed interval strictly inside (−π, π). Choose collars between it and the seam
where V − e+ has a fixed positive lower bound. Extend V smoothly outside (−π, π) to a confining
potential Ṽ with no additional well or critical value below e+. Let P̃ℏ = −ℏ2∂2

k + Ṽ on the line and
let µj be its eigenvalues below e+.

Dirichlet and Neumann realizations on (−π, π) bracket every twisted realization in quadratic-form
order, because

H1
0 (−π, π) ⊂ {g ∈ H1 : g(π) = e−2πiyg(−π)} ⊂ H1(−π, π).

The bracket is independent of the twist. Cutting the line at the same seam gives the same brackets
for P̃ℏ below e+; the two exterior pieces have a strictly higher form lower bound.

Exponential independence of the boundary condition. Choose a real even Lipschitz weight ϕ, zero
on a fixed neighbourhood of the allowed set for energies at most e+, increasing through the forbidden
collars, and constant with the same positive value near both endpoints. Take that neighbourhood
slightly larger than the allowed set, so that all transitions of ϕ occur in a fixed strictly forbidden
region. Require |ϕ′|2 ≤ (V − e+)/2 wherever ϕ is nonzero. Multiplication by eϕ/ℏ preserves each
twisted boundary condition; boundary terms also vanish for the Dirichlet and Neumann realizations.
The eigenfunction equation therefore gives, for an eigenfunction g with eigenvalue E,∫ (

ℏ2|(eϕ/ℏg)′|2 + (V − E − |ϕ′|2)e2ϕ/ℏ|g|2
)

= 0.

The negative part lies where ϕ = 0 and is bounded by normalization. Positivity on the forbidden
collars bounds the weighted mass and scaled derivative there uniformly for E ≤ e+. On an outer
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collar where ϕ ≥ c > 0, the unweighted mass and scaled derivative are at most Ce−c′/ℏ. Use
the same argument for the confining line realization. Cutting off before the seam now changes
norms, scalar products and Rayleigh quotients by at most Cℏ−Me−c′/ℏ. The subspace below e+ has
dimension O(ℏ−1), so the estimates remain exponential after summing over that subspace. Cut-off
line eigenfunctions lie in H1

0 (−π, π) and bound the Dirichlet levels from above; cut-off Neumann
eigenfunctions extend by zero to the line, where Ṽ = V on their support, and bound the levels µj

from above. Dirichlet/Neumann bracketing and min–max therefore give

|ej(κ, y) − µj(κ)| ≤ Ce−c′′/ℏ, (69)

uniformly in y, for all indices in the smaller energy window µj ≤ 3.5. The same bracketing excludes
extra levels there.

Uniform spacings within the line well. For 0 < e < e+, let ke = arccos(1 − e/2) and use the
action

A(e) = 1
π

∫ ke

−ke

√
e− 2 + 2 cos k dk. (70)

It extends smoothly to zero, with A(e) = e/2 +O(e2). Its derivative satisfies 0 < ℓ− ≤ A′ ≤ ℓ+ on
[0, e+] (decrease e+ slightly if necessary). Away from zero the two turning points are simple. The
one-dimensional Bohr–Sommerfeld construction with the two Airy connection phases gives

A(µj) = ℏ(j + 1/2) +O(ℏ2) (71)

with an error uniform on compact regular energy intervals. The regular Mathieu action and
its higher-order quantum actions are recorded in Hezari–Zelditch [24, Section 3.4]; the uniform
one-dimensional quantization theorem is Helffer–Robert [21, Theorem 3.14 and Corollary 3.15].

To include the bottom, use the nondegenerate minimum V (k) = k2 + O(k4). For the fixed
confining scalar well, apply Helffer–Robert [21, Theorem 4.5 and Remark 4.9] near the Morse
minimum, and [21, Theorem 3.14 and Corollary 3.15] on overlapping compact regular intervals. The
near-minimum expansion is uniform above a fixed finite index. For each of the remaining finitely
many indices, oscillator perturbation gives µj = (2j + 1)ℏ +Oj(ℏ2); since A(e) = e/2 +O(e2), it
gives the same action formula. Sturm ordering fixes the index from the ground state and identifies
the indexing on the overlap. The principal action is smooth through zero and the Schrödinger
subprincipal symbol vanishes. Consequently

sup
j

|A(µj) − ℏ(j + 1/2)| ≤ Cℏ2

throughout the chosen fixed window below the separatrix.
These results are applied to P̃ℏ. Its potential Ṽ agrees with V on the circle and remains above

e+ outside it. It has one well below e+, a nondegenerate minimum, compact low-energy sublevels
and regular closed orbits at positive energies. The normalized action gives period 2π. These are the
scalar one-well hypotheses being used, with no q parameter. Uniformity is over j up to a constant/ℏ,
not just fixed j.

Subtracting adjacent action equations gives A(µj+1) − A(µj) = ℏ + O(ℏ2). The bounds
0 < ℓ− ≤ A′ ≤ ℓ+ then give

µj+1 − µj ≥ ℏ/(2ℓ+) ≥ cMℏ

for small ℏ and cM ≤ 1/(2ℓ+). This step is valid even though the individual remainders need not
vary smoothly with j. Inverting the action also gives µj ≤ CM (j+ 1)ℏ and at least c1/ℏ levels below
3.5, after fixing a sufficiently small c1. Finally (69) is less than cMℏ/8 for small ℏ. This proves (67)
and the common-window assertion.
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The analytic work imported in this argument is the standard scalar one-well quantization
theorem, including its Morse-minimum version; the twist conclusion is the explicit bracketing and
forbidden-region argument above. Neither cited source is described as stating the lattice-offset
statement verbatim. In particular the input does not assert stability for an arbitrary q-dependent
quantized symbol.

F.1 Classical characteristic values

The same Fourier transformation identifies the union of the offset spectra with the Floquet spectrum
of the Mathieu equation. Let aD, bD be its characteristic values. Translation by π/2 changes the
sign of the Mathieu parameter if required by convention. Then

GD(κ) = κ

4
(
aD(4/κ) − bD(4/κ)

)
> 0. (72)

The endpoints occur at offsets zero and 1/2. The classical fixed-D asymptotics are

GD(κ) = 2κ1−D

((D − 1)!)2 (1 +OD(κ−1)) (κ → ∞), GD(κ) ∼ 2
√
κ (κ → 0).

See the standard Mathieu expansions [35]. The leading phase-space count below the separatrix is
8/(π

√
κ), obtained by integrating the width of {κj2 + 2 − 2 cos k ≤ 4}. None of these fixed-index

formulas replaces the uniform argument above.

G The conserved polynomial and its first-order structure
These results explain why a norm bound alone misses the edge ladder. The global proof above
selects the branch directly in energy space.

G.1 Residue regrouping of Paper A

Paper A, Proposition 3.3, gives

P (H) = V + Sq + S−q +Rq, V (j) = 2Λ cos 2π(qθ + jδ), ∥Rq∥ ≤ Chq
5/2ehq|δ|. (73)

The remainder is self-adjoint of range q. Under the unitary residue map (Uu)r(m) = u(r +mq),

V + Sq + S−q = U∗

q−1⊕
r=0

HΛ,qδ,qθ+rδ

U . (74)

Indeed shifts by q preserve a residue class, and the potential there is 2Λ cos 2π(qθ+ rδ+mqδ). This
is an immediate regrouping of the companion result, not a new operator estimate.

All summands have the same phase-independent irrational spectrum Σ′
q. Spectral mapping gives

dH(P (Σλ,α),Σ′
q) ≤ ∥Rq∥.

If µ is the DOS measure of H and N ′ the IDS of a summand, then

N ′(t− ∥Rq∥) ≤ µ({E : P (E) ≤ t}) ≤ N ′(t+ ∥Rq∥).
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To see this, compress to long boxes, apply min–max, and pay the rank O(q) boundary discrepancy
between a compressed polynomial and the polynomial of a compression. Every residue class has
density 1/q, so there is no extra factor q in the DOS.

For b ≥ c > 0 choose h − L < c to make the available error small relative to Λ. Absolute
smallness follows on b ≥ L+ ε with h− L < ε. If Bq = Chq

5/2ehq|δ| denotes the upper bound, then

Bq

2ℏ = Ch

4π q
3/2e(h−L/2)q → ∞.

Thus that bound supplies no resolution of the level spacing. This is not a lower bound on the
actual remainder and proves no impossibility for a finer analysis. The transformed frequency is
exactly qδ = q2(α − p/q). Its reciprocal has a continued-fraction carry in general; no semigroup
renormalization identity is asserted.

G.2 An explicit second-order remainder

Write P (E) =
∑

n cnE
n and, for the frozen full-line operator Bt, define

Gt = 1
2
∑

n

cn

∑
a+b=n−1

(
[Ba

t , X]DtB
b
t +Ba

t Dt[X,Bb
t ]
)
. (75)

It is periodic, real symmetric, and has range at most q − 1. Let Oprow(G) freeze its entries at the
row phase ϕj = θ + jε.

Proposition G.1 (First-order expansion). For fixed h > L, eventually and uniformly in θ,

Rq = εOprow(G) +R2, ∥R2∥ ≤ Chq
4ehqδ2. (76)

Consequently on b ≥ L/2 + ξ, with an appropriate fixed h− L < ξ, ∥R2∥ = o(ℏ) uniformly.

Proof. Differentiating the rational magic formula P (Bt) = Sq +S−q +c(t)I gives dP (Bt)[Dt] = c′(t)I.
Symmetrize the insertion of X−j into the polynomial derivative. The commutators left over are (75),
and

dP (Bt)[(X − j)Dt] = c′(t)(X − j) + Gt.

The first term has zero row j.
As in the row proof of Paper A, replace the rational potential only on [j − q, j + q] by the

actual one. The resulting diagonal perturbation is W = ε(X − j)Dt + W2 on this window, with
∥W∥ ≤ 4πλ|δ| and ∥W2∥ ≤ 4π2λδ2. The first derivative on row j sees no entries outside the window.

Choose the fixed smooth energy cutoff fq = χP from the proof of Paper A, Proposition 3.3.
Its support lies in the derivative neighbourhood, and it equals P near both comparison spectra.
Rational spectral continuity and ∥W∥ → 0 justify that assertion uniformly in the row. The derivative
bounds imply ∥fq∥Hr ≤ Cr,hq

rehq. Fourier inversion and Duhamel give

∥dfq(B)[W2]∥ ≤ Cq2ehq∥W2∥, ∥fq(B +W ) − fq(B) − dfq(B)[W ]∥ ≤ Cq3ehq∥W∥2.

Thus each row of the error in (76) has ℓ2 norm at most Cq3ehqδ2. Each entry has that bound, and
both a row and a column have at most 2q + 1 entries. Direct banded Schur summation gives the
claimed q4 bound; no symmetry of row freezing is assumed.

Finally
∥R2∥

2ℏ ≤ Chq
3e(h−L/2−b)q,

which decays for the stated fixed margin. This proves sufficiency, not necessity at or below
b = L/2.
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Although every frozen Gt is symmetric, its row quantization need not be. Taking the Hermitian
part of the full first-order comparison costs no more than ∥R2∥, since P (H) is self-adjoint. Such a
comparison still concerns P (H) and does not recover individual inverse branches or their IDS labels
by itself.

G.3 Orbital and frame entries

For simple fibre eigenvalues Ex and normalized eigenvectors ux, write D = ∂tB, K = ∂kB. Divided
differences with repeated nodes are understood by continuity.

Proposition G.2 (Band-frame symbol). In the band frame,

Gxy = iq

2
∑

z

P [Ex, Ez, Ey](DxzKzy −KxzDzy). (77)

In particular

Gxx = −qP ′(Ex)
∑
z ̸=x

Im(DxzKzx)
Ex − Ez

, (78)

Gxy = −iq
(
c′(t)⟨ux, ∂kuy⟩ + 2 sin k⟨ux, ∂tuy⟩

)
, x ̸= y. (79)

Every simple phase-union edge has vanishing off-diagonal entries in (79).

Proof. The fibre map obeys [A,X](k) = −iq∂kA(k). Differentiate the powers in (75) and insert the
spectral decomposition between their factors. The resulting scalar sums are precisely the second
divided differences, proving (77). All fibre eigenvalues have the same P -value 2 cos k+ c(t). Hence a
divided difference at three distinct nodes is zero, while P [Ex, Ez, Ex] = P ′(Ex)/(Ex −Ez). The diag-
onal commutator gives (78). For x ≠ y only the repeated nodes z = x, y remain. Hellmann–Feynman
gives P ′(Ex)Dxx = c′(t) and P ′(Ex)Kxx = −2 sin k; differentiation of eigenvectors yields (79). At
a phase-union edge, sin k = 0 and c′(t) = 0. Some other critical points are saddles; the converse
characterization is not asserted.

For a simple edge Ea define

Sa = q
∑
z ̸=a

Im(DazKza)
Ea − Ez

, σa = εGaa = −εP ′(Ea)Sa.

The E-space orbital correction is −εSa, a recovery of the Rammal–Wilkinson term [37, 38, 36]. It is
only the orbital part of the edge displacement: the Landau zero-point term is proportional to |ε|
and supplies a separate one-sided contribution. The safe bound is |Sa| ≤ q∥D∥∥K∥/ga = O(g−1

a ),
where ga is the simple-band isolation. At the top edge this is subexponential. No uniform O(1)
bound for all nearly touching bands, no asymptotic P ′ ∼ qehq, and no nonzero universal orbital
lower coefficient are claimed.

At an edge with P (Ea) = σR, the signed shifted P-space centre is σR+ σa, not σ(R+ σa). A
single-band spectral correspondence at a negative edge would require that convention and its own
branch proof. The main theorem uses only σ = +1.
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G.4 Closed gaps: the recovered Dirac model

At a central cone with q ≡ 0 (mod 4), P (0) = R and P ′(0) = 0. Let Π0 be the rank-two crossing
projection. The degenerate polynomial calculus gives

Π0GΠ0 = iqP ′′(0)
4 [Π0DΠ0,Π0KΠ0]. (80)

Chambers’ quadratic expansion has perpendicular Pauli velocities

vk =
√

2/|P ′′(0)|, vt =
√

8π2q2Λ/|P ′′(0)|.

Thus (80) has eigenvalues ±2πq2√
Λ. After multiplication by ε, they are ± sgn(δ)ℏ. The block is

nonzero; cancelling an inverse gap in a simple-band formula does not make its degenerate extension
vanish.

Quantizing the two linear Pauli directions and squaring gives oscillator levels (2j + 1)ℏ with the
spin correction ±ℏ. Consequently the leading Dirac model has one zero mode and pairs

ED = ±2
√
ℏD/|P ′′(0)|, D ≥ 1.

This is the known Dirac Landau fan of Harper systems; see Claro [12, (4)–(6)] and Bellissard–
Barelli [8, Section 1.3]. Since P is even, the paired model energies have the same P-value. Exact
degeneracy of a finite scalar Jacobi matrix, an exact zero eigenstate of the full irrational operator,
and an all-order anharmonic formula do not follow. Its satellite-gap transfer remains a separate
problem. None of this degenerate model is needed for the top simple edge proof.

H Two classical limits with their quantifiers

H.1 A fixed-curvature Mathieu limit

Proposition H.1 (Fixed κ limit and the upper-edge sign). Fix κ > 0. Let Λ → ∞ and ω =√
κ/(2π

√
Λ) > 0 be irrational. For any phase put

TΛ = 2Λ + 2 −HΛ,ω,θ.

On a bounded energy window whose upper endpoint is in a model gap, its spectrum converges in
Hausdorff distance to

⋃
y σ(hκ,y), with error Oκ(Λ−1/6). Every fixed model gap inside the window is

approached by a gap of the same limiting width. Its upper-edge label for HΛ,ω,θ is −D, with IDS
1 −Dω. The reflected bottom gap has label +D.

Proof. The potential of TΛ is W (m) = 2Λ(1 − cos 2π(θ +mω)), and its kinetic term is 2 − S − S∗.
Its bottoms are mk = (k− θ)/ω, separated by 1/ω. Their offsets modulo integers are dense, because
1/ω is irrational. Near a bottom,

|W (m) − κ(m−mk)2| ≤ κ2(m−mk)4

12Λ .

At distance at least M from every bottom, W ≥ (4/π2)κM2.
Take M = Λ1/6. A low-energy normalized model eigenvector can be cut off within distance M

with residual O(M−1), uniformly over its compact offset circle and the finitely many levels in the
fixed window. Choose a true well with offset error η ≤ M−2, after integer translation of the offsets.
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Its phase mismatch contributes Oκ(ηM), and the quartic contributes Oκ(M4/Λ). The normalized
cutoff is therefore a quasimode of TΛ with error Oκ(Λ−1/6).

For the reverse inclusion choose a squared partition with bounded overlap, with each well cutoff
equal to one within radius M and supported within radius 2M ; require every well cutoff and the
exterior cutoff to have discrete gradient at most C/M . Enlarge supports by one site when evaluating
the nearest-neighbour commutators. The operator sum of their squared commutators is O(M−2);
diagonal terms commute with the cutoffs. The Taylor estimate is used on radius 2M , which changes
only its constant, and the exterior starts at distance at least M from every bottom. A quasimode of
TΛ in the fixed window has exterior mass tending to zero, since the exterior form lower bound is
κM2/π2. Averaging the squared localized residuals gives at least one well whose normalized residual
has size O(M−1). Comparing its potential with the quadratic model adds Oκ(M4/Λ). This proves
the reverse spectral approximation and the asserted rate. Compactness of the window and uniform
model tails make both inclusions uniform. Neighbouring model-band witnesses locate the endpoints
of each fixed gap.

To label the gap, take t strictly inside a fixed model gap. On the exterior, TΛ − t is positive.
Its elimination contributes a Schur correction of norm at most C/(κM2) on the union of the well
windows, including all inter-window terms. The model’s own positive exterior tails justify that
its large Dirichlet restrictions have exactly D levels below t, uniformly in the offset. The quartic
and Schur errors are smaller than the fixed distance from t to the union of model spectra. Thus a
finite collection of complete windows has exactly D negative directions per well after the errors, by
homotopy and min–max. Partially cut boundary windows cost a bounded number for fixed Λ and
vanish in the box limit. There are ω wells per site, so NTΛ(t) = Dω. Energy reversal gives

NHΛ,ω
(2Λ + 2 − t) = 1 −Dω.

Gap labelling identifies the upper label as −D. Reflection gives +D at the bottom.

This is a fixed-κ, fixed-window statement. Its constants need not be uniform as κ → 0 or ∞, or
as D grows. It therefore does not replace Appendix E. It is a self-contained application of classical
separated-well ideas; no firstness is claimed for the scaling mechanism.

H.2 Fixed-period strong coupling and the Sudler product

Write SN (ω) =
∏N

j=1 |2 sin(πjω)|, with S0 = 1. Rational labels in the next proposition mean
minimal representatives modulo Q.

Proposition (Classical fixed-period perturbation calculation). Fix reduced p/Q with odd Q,
and 1 ≤ d = |m| ≤ (Q− 1)/2. The width of its rational phase-union gap obeys

wm(λ) = 2λ1−dSd−1(p/Q)−2(1 +Op,Q,m(λ−1)) (λ → ∞). (81)

Proof. Divide the Q-site fibre by λ and put ϵ = 1/λ. The unperturbed diagonal is f(ϕj) = 2 cos 2πϕj ,
ϕj = jp/Q + θ, with hopping ϵ. A crossing between sites at shortest lattice distance d has
2ϕj = −dp/Q (mod 1). It contains exactly two resonant levels with opposite nonzero slopes; all
other levels are separated by a positive constant for this fixed rational.

Eliminate the other sites in a small fixed crossing neighbourhood. The off-diagonal Feshbach
entry is

T = ϵd
d−1∏
i=1

(E − f(ϕj+i))−1(1 +O(ϵ2)) +O(ϵQ−d).
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The first path is the unique shortest arc; the second arc has relative size ϵQ−2d = O(ϵ). Backtracking
adds at least two hops. The estimates and their local energy and phase derivatives follow from the
convergent nonresonant resolvent series.

At the corrected crossing θ0, the derivative of the sum of the two diagonal entries is O(ϵ2),
while their difference has nonzero derivative. This small common slope assertion is used at θ0, not
throughout the fixed neighbourhood. Retain the common quadratic Taylor term there. Optimizing
the two avoided-crossing branches in θ then gives width 2|T |(1 +O(ϵ)); the phase displacement is
O(|T |) and its quadratic contribution is a relative O(ϵ) or smaller error. Dependence of the effective
matrix on energy has derivative O(ϵ2) and does not change that leading term.

At the crossing,
|E∗ − f(ϕj+i)| = 4| sin(πip/Q) sin(π(d− i)p/Q)|,

so their product is exactly Sd−1(p/Q)2. Worst Bloch phase changes the answer only by the
complementary-arc relative error. Finite classical ordering excludes any unrelated gap closing
outside the finitely many equivalent crossing neighbourhoods; their gap index satisfies k ≡ ±dp
(mod Q). This fixes |m| = d. Multiplying the normalized width by λ proves (81).

The sine-product structure is classical. Fedotov [19, Theorem 2.5] gives a related small-coupling
lower bound with a finite label range and its own frequency-dependent smallness hypotheses. Its
printed coefficient is half the dual fixed-rational asymptotic coefficient here. This calculation supplies
no uniform remainder as Q grows and no irrational label anchoring by itself. Applying it recursively
to the transformed operator is the heuristic Law R, not a theorem proved in this paper.

I Complementary Green decay and a genuine one-well continuation
This appendix proves the complementary inverse used below the threshold. The rational inputs
are Lemmas A.1–B.4; the raw orbitals and exact translated coordinates are those of Appendix C.
The proof of Lemma D.1 supplies the form exclusion and its support-sensitive Bessel sum. No
semiclassical quantization input from Appendix F is used here.

I.1 Range, constants and weighted algebra

Fix 0 < ξ ≤ L/4, τ = ξ/100, and a convergent with

b ≥ 4ξ, d = |δ| = e−bq, ϵ = δ/q, s = L− ξ, a = L− 4τ.

For this appendix there is no upper bound on b. Use the slack convention (23) after counting all
derivatives and products. Constants below may depend on λ, ξ, never on a well, offset, box position
or number of wells. As in Section 8, Eq denotes a fixed polynomial times an arbitrarily small fixed
exponential loss.

Lemma I.1 (The one-band inputs in the enlarged range). The coordinate, Wannier, Gram and
raw-compression statements of Appendix C hold when b ≥ 4ξ, with the same forms of their estimates.
Lemma D.1 and its forbidden-end box version also hold in this range.

Proof. The top-band contour and the anchored rational orbitals are independent of δ. The translated-
coordinate identity is exact. In the Gram proof, the same-well phase difference is nδ and the interwell
distance is at least 1/(3d). Thus its geometric sums require only exponentially small d and qtfr → 0,
not b > L/2. The same observation applies to the potential Taylor formula and raw compression.
Their displayed errors are retained, rather than divided by the small-curvature spacing ℏ.

39



For the complement proof, ℓc = ⌈(qd)−1/2⌉ satisfies ℓcd = o(tfr) and ℓcq = o(d−1). Keep both
support factors in (42). The drift, IMS and joint Bessel errors are respectively bounded by

C
√
d/q, Cd/q, Eqd/q.

By (39), m0 ≥ exp(−ξq/2 − o(q)). In particular the drift-to-m0 ratio is exp(−(b/2 − ξ/2)q+ o(q)) =
o(1). It is b > ξ with slack that is needed here. All three errors are o(m0) for b ≥ 4ξ. The
forbidden-midpoint geometry is unchanged. This proves the asserted extension directly from the
stated proofs. No extension of a transport or all-band theorem is involved.

For kernels on physical sites define

∥K∥s = max
{

sup
x

∑
y

|K(x, y)|es|x−y|, sup
y

∑
x

|K(x, y)|es|x−y|
}
.

The first-moment norm ∥K∥s,1 inserts 1 + |x − y| in both sums. Both are submultiplicative. A
Lipschitz weight ω of slope at most s gives ∥eωKe−ω∥ ≤ ∥K∥s.

We will also use a rectangular synthesis bound. If distinct integer centres c carry |gc(x)| ≤
Ge−a|x−c| and |Ccc′ | ≤ Ce−ϱ|c−c′|, then, for s < min(a, ϱ) and a− s ≤ 1,∥∥∥∥∥∥

∑
c,c′

Ccc′ |gc⟩⟨gc′ |

∥∥∥∥∥∥
s

≤ 27CG2

(a− s)2 min{1, ϱ− s}
. (82)

Indeed the rectangular orbital kernel and its adjoint each cost at most 3G/(a− s); the centre kernel
costs at most 3C/min{1, ϱ − s}. Multiplying the three Schur bounds proves the formula. First
moments cost further fixed powers of the strict slope gaps. The two orbital denominators must both
be retained.

Put M ′ = Λe−ξq/2 and

R = {z ∈ C : |z − E∗| ≤ m0/4}, g(ϕ) = 2Λ − c(ϕ), R = 2Λ + 2.

The root-isolation product in Lemma B.2 gives, after enlarging q0, |P (z) −R| ≤ 1.01P ′
∗m0/4 on R.

I.2 Frozen references, including partial frames

Here are the four frozen estimates needed in the patch construction.
First, the contour and complex Bloch strip extend to g(ϕ) ≤ R/(32q) by reducing the strip by

log 4. In the proof of Lemma B.2, the phase term then costs at most R/(32q) + 2, leaving a strict
contour margin. Write K ′

q = Eq for the enlarged fibre-resolvent bound. Riesz calculus and contour
shifting in the uniform Bloch gauge give

∥(z −Bϕ)−1(1 − Πϕ)∥s + ∥Πϕ∥s ≤ Eq. (83)

The reduced resolvent is analytic even if z meets the top band, since that band is removed. The
fibre entry multiplied by its Bloch factor is periodic; it is this integrand that is shifted.

Second, if also g(ϕ) ≥ M ′/2, choose s0 = L− 3ξ/4. On | Im k| ≤ s0q,

|P (z) − P (Eϕ(k))| ≥ g(ϕ) + 2 − 2 cosh(s0q) − |P (z) −R| ≥ c g(ϕ).
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The joining segment remains in the root-isolation disc, where |P ′| ≤ e1/4P ′
∗. Hence |z − Eϕ(k)| ≥

c g(ϕ)/P ′
∗. Splitting off the top-band Riesz term gives

∥(z −Bϕ)−1∥s ≤ CξK
′
q

(
1 + rP ′

∗
g(ϕ)

)
≤ exp(ξq/2 + o(q)). (84)

The strict strip margin is s0 −s = ξ/4. At g ≍ M ′ the actual edge Floquet rate is L−ξ/2+O(1/q). A
rate such as L−5τ is unavailable there. The prefactor in (84) pays for the small energy denominator.

Third, if g(ϕ) ≥ R/(64q), the monodromy argument of Lemma B.3 applies with multiplier at
least Λ/(128q). Its inside-cell propagation and angle bound give

|(z −Bϕ)−1(x, x′)| ≤ Eq exp
(

−
(
L− log(128q)

q

)
|x− x′|

)
. (85)

The reverse direction at complex energy uses transpose symmetry.
Fourth, a partial top-band frame needs a compressed inverse, not rows deleted from a full

inverse. Let Tt = (Ên−m(t))m,n∈Z be the top-band Laurent matrix. For g(t) ≥ M ′/2, convexity
gives Ê0(t) ≤ E∗ − g(t)/P ′

∗, so that

Re(z − Ê0(t)) ≥ cM ′/P ′
∗.

At cell slope ϱc = (L− 7ξ/8)q, the off-diagonal Schur norm divided by this diagonal bound is at
most

Cq
rP ′

∗
Λ e−(3ξ/8−τ)q = o(1).

This follows from (34) and rP ′
∗ ≤ ΛEq. Every compression to a subset M ⊂ Z preserves the bound.

The diagonal Neumann series therefore proves

|((z − Tt)−1
M)mn| ≤ C

P ′
∗

M ′ e
−ϱc|m−n|. (86)

Lifting by (82) gives a physical-site norm at slope s of at most exp(ξq/2 + o(q)).

I.3 The full-frame parametrix

Lemma I.2 (Full complementary Green decay). Let Π be the full global translated-frame projection
and Q = 1 − Π. For every z ∈ R,

Y (z) = Q(z −H)Q+ Π

is invertible, and, with G(z) = Y (z)−1 − Π,

∥Y −1∥s + ∥G∥s ≤ A, A = Cλ,ξq
Cλ,ξe(ξ/2+Cλ,ξ(h−L))q. (87)

Increasing this constant once, for each fixed k ≥ 0, ∥∂k
zG∥s ≤ k!Ak+1. The real-energy forbidden-

midpoint box version holds with the same form of constants.

Proof. Use the squared partition in Lemma D.1, with patches of length O(ℓcq), overlap at most
three and first differences O((ℓcq)−1). Enlarge each patch by a fixed multiple of ℓcq. It meets the
frame of at most one well. The phase variation on it is O(

√
d/q) = o(tfr).

On an interior patch freeze the full top-band projection; its complementary inverse is (83). On a
patch meeting a hard frame edge freeze the retained interval of the top-band frame. This partial
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projection Π′
a need not commute with Ba. It is a subprojection of the invariant full top-band

projection Πa, however. The complement splits exactly into the lower bands and the compression of
the top-band Laurent matrix to the omitted indices. Their inverses are (83) and (86); include Π′

a

on the retained subspace. On a patch with no nearby frame, the phase is at least tfr − O(
√
d/q)

from the phase lattice. Use (84) or (85). Thus the frozen operators

Ya = (1 − Pa)(z −Ba)(1 − Pa) + Pa

have two-sided inverses Ra with supa ∥Ra∥s ≤ exp(ξq/2 + o(q)).
We record the projection mismatch to justify using a nonlocal Π. The Gram proof in Lemma C.3,

now with the frame weight e(L−5τ)q|j−j′|, gives a same-well row and column sum d e−τq/2 after
absorbing the geometric moments. Cross-well terms are smaller than e−c/d. The binomial series for
Γ−1/2 and the Neumann series for Γ−1 converge in that algebra. Synthesis with both denominators
in (82) gives a projection kernel and its first moment bounded by Eq.

For a frozen patch centred at ca, the difference between a raw vector at ca +mq and its frozen
reference has envelope

|mδ|Eqe
−a|x−ca−mq|.

On the enlarged patch use |m| ≤ |x − ca − mq|/q + Cℓc before summation. This costs at most
Eq

√
d/q, including its first moment. Missing interior reference vectors and other wells have tails

e−cℓcq after the strict slope loss. The Gram nonlocal part has the same required bound. Therefore,
on each fattened patch N+

a ,

∥1N+
a

(Π − Pa)∥s + ∥(Π − Pa)1N+
a

∥s ≤ Eq

√
d/q.

The frozen potential drift obeys |H(x, x) −Ba(x, x)| ≤ C|ϵ||x− ca|, or the same formula with the
patch centre. Its unbounded distance factor is absorbed by the first projection moment.

For clarity the exact difference identity, with Da = H −Ba and ∆a = Π − Pa, is

Y − Ya = −(1 − Pa)Da(1 − Pa) − ∆a(z −H)Q− (1 − Pa)(z −H)∆a + ∆a. (88)

Both occurrences in the last compression terms contain H. Nearest-neighbour locality permits a
one-site enlargement in the mixed term; the remaining far part has the extra frozen projection tail.
The preceding estimates prove

∥Y ∥s,1 ≤ Eq, ∥χa(Y − Ya)∥s + ∥(Y − Ya)χa∥s ≤ Eq

√
d/q.

Set R0 =
∑

a χaRaχa. Direct multiplication gives

Y R0 − 1 =
∑

a

χa(Y − Ya)Raχa +
∑

a

[Y, χa]Raχa,

R0Y − 1 =
∑

a

χaRa(Y − Ya)χa +
∑

a

χaRa[χa, Y ].

For the commutator sums use
∑

a |χa(x) − χa(x′)| ≤ C|x− x′|/(ℓcq). Bounded overlap and the first
moment give, for both residuals,

∥Y R0 − 1∥s + ∥R0Y − 1∥s ≤ exp(ξq/2 + o(q))
√
d/q = exp(−(b/2 − ξ/2)q + o(q)) < 1.

Choose the individual residual bounds below 1/2. The two Neumann inversions close in the
Schur algebra and give a common inverse. On RanQ, G = (z − QHQ)−1; on Ran Π it vanishes.
Consequently ∂k

zG = (−1)kk!Gk+1.

42



For a forbidden-end box, interior truncations have stronger exponential tails. At an end the
frozen far-phase operator lies strictly below real z. The inverse of z −Ba is entrywise nonnegative,
and its Dirichlet half-line inverse is bounded by the full-line inverse: the heat-kernel path expansion
simply kills paths leaving the interval. This proves the required frozen bound at the end. The
same two residual estimates close with fixed enlarged constants, independently of box length. This
positivity argument is used only for real energy.

I.4 A clamped physical phase

Fix an odd C∞ function Ψ with

Ψ(v) = v (|v| ≤ 1/4), 0 ≤ Ψ′ ≤ 1, Ψ(v) = 3/8 (v ≥ .45).

Such a function exists by choosing its smooth nonnegative derivative on [1/4, .45] with integral 1/8,
equal to one near the left end and zero near the right. Put ψ(u) = Ψ(qu)/q and define

(Hc
yf)(m) = f(m+ 1) + f(m− 1) + v(mp/q + ψ(ϵ(m− qy))) f(m). (89)

Retain exactly

J(y) = {j : |δ(j − y)| ≤ tfr}, Wyej = Sjqwδ(j−y), Γy = W ∗
yWy, Πy = WyΓ−1

y W ∗
y .

Let Qy = 1 − Πy. The operator agrees with the true affine local chart for |m− qy| ≤ 1/(4d). The
retained centres have distance at most qtfr/d = o(d−1) from qy. Outside the agreement interval
the frozen local phase has distance at least 1/(4q) from q−1Z, hence g ≥ 2Λ. The two far tails are
exactly periodic, at frozen phases ±3/(8q). Translation and reflection give

Hc
y+1 = SqHc

yS
−q, RHc

yR = Hc
−y, (90)

and the same identities for the frame projections. The physical operator is smooth in y; only J(y)
has events.

Lemma I.3 (The continued complement, Lemma Sc). For every y ∈ R and z ∈ R,

Y c
y = Qy(z −Hc

y)Qy + Πy

is invertible. Its inverse and Gc
y = (Y c

y )−1 − Πy satisfy (87) uniformly in y. For real energy,
QyH

c
yQy ≤ (E∗ −m0)Qy.

Proof. Apply the preceding parametrix with the same patches. Interior and edge patches meeting
the frame lie wholly in the agreement interval. All frozen references are unchanged. Outside that
interval the phase is far from the phase lattice and uses (85). Inside it there is only the phase
component about zero, so the no-nearby-frame classification is unchanged. The global drift estimate
follows from the 1-Lipschitz property of ψ:

|Hc
y(x, x) −Bϕa(x, x)| ≤ C|ϵ||x− xa|,

with the analogous anchor formula on near-frame patches. It remains valid off the patch and thus
controls the first moments in (88). Same-well Gram and missing-frame terms are identical; there
are no other-well terms. Both parametrix residuals therefore have the same small bounds.

For the form inequality, use Lemma I.1’s patch proof. All inside-frame cells meeting an interior
patch are retained. Every other patch is at phase distance at least tfr/3 from the phase lattice; the
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clamped region is farther away. Keep the joint Bessel support factors. The three errors are still
o(m0).

The periodic far tails explain why a one-well inverse is possible: their essential spectra lie at
least cΛ/P ′

∗ below E∗. One cannot obtain this conclusion by retaining a finite frame while leaving
the unmodified irrational operator on the entire line. That modification would be finite rank at the
compression level and would leave remote physical wells in its essential spectrum. Here the physical
operator itself has been continued before it is compressed.

J The common Feshbach family and its corrected estimates
For the remainder of the below-threshold proof restrict to

4ξ ≤ b ≤ L/2 − η, η > 0. (91)

All constants are uniform in this range, after fixing λ, ξ, η. Set T = tfr/d, so J(y) = Z∩ [y−T, y+T ].
In this appendix X denotes a self-energy matrix; the position operator occurs only inside the already
defined dipole s(t).

J.1 The pencil and its common centre

Let Cy = Γ−1/2
y , W̃y = WyCy, and

zj = QyH
c
yW̃yej , Xy(E)jj′ = ⟨zj , G

c
y(E)zj′⟩.

For real E ∈ R define the Hermitian Feshbach matrix

F c
y (E) = W̃ ∗

yH
c
yW̃y +Xy(E).

For complex energy the entries continue analytically in E with the real orbitals fixed. Lemma I.3
makes this a genuine family.

Put

Eref = E∗ + s(0), e = P ′
∗(Eref − E),

Ay(e) = P ′
∗(Eref − F c

y (E)), c(e) = A0(e)00,

u = e− c(e), h(y, u) = Ay(e(u)) − c(e(u)).
(92)

The invertibility of e 7→ u is proved below. The exact pencil identity is

h(y, u) − u = Ay(e) − e = P ′
∗(E − F c

y (E)). (93)

The full common constant is subtracted, including the band average, the exact potential remainder,
the Loewdin correction and the self-energy at offset zero.

Covariance (90) carries the Gram matrix, its inverse square root, the sources and the comple-
mentary inverse to their shifted counterparts. Therefore

F c
y+1(E)j+1,j′+1 = F c

y (E)jj′ , h(y + 1, u)j+1,j′+1 = h(y, u)jj′ . (94)

Its diagonal is one function U(j − y, u), with U(0, u) = 0. Reflection makes U even. The common
centre is exact, rather than a separately chosen energy for each translated well.
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J.2 Quantitative locality with nonlocal projections

Lemma J.1 (Local comparison). Let Hi be bounded self-adjoint nearest-neighbour operators on
ℓ2(Z), with off-diagonal entries of modulus at most one, allowing zero entries and Dirichlet direct
sums, and let Pi be orthogonal projections. Suppose Yi = Qi(z − Hi)Qi + Pi are invertible with
∥Y −1

i ∥s ≤ A, ∥Pi∥s ≤ AP . Let K be a site set, ρ ≥ 2, 0 < σ ≤ s/2, and

ω(x) = σ
(
ρ− min{dist(x,K), ρ}

)
.

Assume D = H1 −H2 has both endpoints of its entries at distance at least ρ− 1 from K, ∥D∥ ≤ CD,
and ∥eω(P1 − P2)eω∥ ≤ C∆. Then

∥1K(Y −1
1 − Y −1

2 )1K∥ ≤ Ce−2σρ+2σA2(1 +AP )2(1 + |z| + ∥H1∥ + ∥H2∥)(CD + C∆).

For Gi = Y −1
i − Pi, add e−2σρC∆.

Proof. Write ∆ = P1 − P2 and B1 = z −H1. Direct expansion gives

Y1 − Y2 = −Q2DQ2 − ∆B1Q1 −Q2B1∆ + ∆. (95)

In particular the third term contains H1, not H2. Use Y −1
1 − Y −1

2 = −Y −1
1 (Y1 − Y2)Y −1

2 . Since
ω = σρ on K, insert eω at both local ends and e−ω at the adjoining inverse factors. This extracts
e−2σρ. Each conjugated inverse costs A. Since ω ≤ σ on the endpoints of D, ∥eωDeω∥ ≤ e2σCD.
Conjugated Qi cost 1 +AP . Since ω is σ-Lipschitz and each nearest-neighbour entry has modulus
at most one, every changed off-diagonal entry of eωHie

−ω − Hi has modulus at most eσ − 1. Its
absolute row and column sums are at most 2(eσ − 1), even when bonds are zero. The Schur bound
gives ∥eωHie

−ω∥ ≤ ∥Hi∥ + 2(eσ − 1). The remaining terms use the assumed sandwich norm of ∆.
This proves the bound without asserting exact support for Q2DQ2.

Proposition J.2 (Comparison with the true box). For a forbidden-midpoint box containing K0
consecutive physical wells, let FI(E) be its full Feshbach matrix in the orthonormalized internal
frame. For real E ∈ R, ∥∥∥∥∥FI(E) −

⊕
ν in I

F c
yν

(E)
∥∥∥∥∥

Schur

≤ 2 exp
(

− s

40d

)
. (96)

The row and column bounds are independent of K0.

Proof. Use the anchors and offsets in (30)–(32). For a selected well work in its translated chart,
with

σ = s/8, rK = 1/(16d), ρ = 1/(8d).

Let K be the rK-neighbourhood of its frame centres. Embed the box as H1 = HI ⊕ Bfar and
P1 = ΠI ⊕ 0, where the two exterior Dirichlet half-lines are frozen at the continued far phases. They
are frozen because the clamp saturates by .45, whereas the box ends are at distance (.5 − o(1))/d
from this selected bottom. Their inverses at real E are bounded by the positive full-line far-phase
inverse, as in Lemma I.2. Compare with H2 = Hc

y, P2 = Πy. Both inverses have norm at most a
fixed multiple of A. The internal bonds of both operators have modulus one and the two cut bonds
of H1 are zero, so both belong to the locality lemma’s stated class.

The potential difference begins at distance 1/(4d) from the selected bottom. Its distance from
K is at least ρ− 1 for large q. Removed end bonds lie farther away. Also ∥H1 −H2∥ ≤ 4λ+ 4.
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We prove the projection hypothesis directly. Let U be the selected raw well frame truncated to
I, V the raw vectors of all other wells, and PU = U(U∗U)−1U∗. With V0 = (1 − PU )V ,

ΠI = PU + V0(V ∗
0 V0)−1V ∗

0 . (97)

The second Gram matrix is the Schur complement of the full raw Gram matrix and has a uniform
positive lower bound. Every other-well centre lies at distance at least .9/d from the selected bottom.
At those centres ω = 0 and ω(x) ≤ σ|x− cf |. Rectangular synthesis at the stronger orbital slope
shows ∥eωV ∥ ≤ Eq and ∥eω(1 − PU )e−ω∥ ≤ 1 + ∥PU ∥σ. Thus the sandwich norm of the second term
of (97) is bounded by Eq, uniformly in the number of wells. It is not claimed to be small: a nonzero
other-well orthogonal projection has norm one.

Replacing the truncated U by its infinite selected-well frame changes its projection by at most
exp(−.4a/d+O(q)). Each centre lies at distance (.5 − o(1))/d from the nearest end. The maximum
sandwich cost is e2σρ = exp(s/(32d)), so this difference remains decreasing doubly exponentially.
Consequently C∆ ≤ Eq in Lemma J.1. The local inverse difference is at most

exp
(

− s

32d +O(q) + o(q)
)
.

Changing the orthonormal bases uses an unweighted estimate. Raw cross-well overlaps, and box
truncation tails, have row and column sums at most e−ca/d for any fixed ca < a/3. The convergent
Gram inverse-square-root series is Lipschitz on their common neighbourhood of one. The selected
full-box Loewdin columns and one-well Loewdin columns therefore differ in their summed norms
by e−ca/d. A physical cross-well exponential weight would spend this overlap exponent and is
unnecessary here.

For source localization, use a bounded strong envelope of slope a0 = L − 10τ > s. It follows
directly from the residual decomposition of Lemma D.2 and the projection synthesis, without a d
prefactor. Its tail outside K is at most e−a0/(16d)+O(q). Combine the local inverse estimate, source
tails and unweighted basis change. Summing entries of a selected block costs at most eCq; the
reserve between s/32 and s/40 absorbs it.

Cross-well blocks have the same total bound by the strong source envelopes and the s-decaying
inverse, since consecutive frames are separated by (.9 − o(1))/d. Sum first over distinct integer
centres and then over well separations. Both are geometric Schur sums, so there is no multiplication
by K0. This proves (96).

J.3 Exact raw diagonal and differentiated Gram cancellation

Write U(t) = 2Λ(1 − cos 2πqt) and let F be the scalar inverse function of Appendix E. Its curvature
satisfies f = sup |F ′′| ≤ Eq/Λ and F ′(0) = 1. The band-average part of the raw rescaled diagonal is

B(t) = 1
2π

∫ 2π

0
F (2 − 2 cos k + U(t)) dk.

The exact mean-value formula is

B(t) − B(0) = U(t) 1
2π

∫ 2π

0

∫ 1

0
F ′(2 − 2 cos k + rU(t)) dr dk. (98)

The relative error is O(f(4 + U(t))); its derivative is obtained from this identity. In particular the
common constant is B(0), not exactly 2. The Taylor bound used here is |F (w) − w| ≤ f |w|2/2, on
its disc; ordered bounds are used only for real arguments. Since fM ′ ≤ e−ξq/2Eq and

U(δr) = κr2(1 +O((2πqδr)2)
)
, (2πqtfr)2 = e−ξq/2,
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the value and first offset derivative have the required small relative errors up to the frame edge.
The dipole s(t) = ϵd(t) is even, with its first three fixed-order derivatives bounded by Eq

(Proposition C.4). Subtract s(0) and use evenness before estimating. For the potential Taylor
remainder retain the exact even function

Dϵ(t) =
∫ 1

0
(1 − r)

∑
m

m2wt(m)2v′′(mp/q + t+ rϵm) dr. (99)

The remainder is exactly ϵ2Dϵ(t), not a quadratic truncation with a discarded cubic term. For
k ≤ 2, |∂k

t Dϵ| ≤ Eq, by the summable orbital moments. Reflection proves Dϵ(−t) = Dϵ(t). After
subtracting its value at zero, its rescaled contribution and first offset derivative are bounded by

CP ′
∗ϵ

2Eqδ
2r2, CP ′

∗ϵ
2Eqδ

2|r|.

Dividing the coefficients by κ leaves at most d2Eq times fixed polynomial factors.
If Z = Cy − 1 and M = W ∗

yH
c
yWy, the full Loewdin correction to its diagonal is

(ZM +MZ + ZMZ)jj = 2ZjjMjj + 2 Re
∑
g ̸=j

ZjgMgj + (ZMZ)jj . (100)

Although Γjj = 1, Zjj need not vanish; its binomial series starts quadratically in Γ − 1. The
off-diagonal products have size d e−2(L−Cτ)qEq, with still smaller diagonal terms. Their fixed phase
derivatives obey the same budgets by differentiating the convergent series. The clamp errors in all
these raw formulas are doubly exponentially small.

Here is the extra phase cancellation in that differentiation. For n ̸= 0,

O(t1, t2;n) = ⟨wt1 , S
nqwt2⟩, O(t, t;n) = 0.

Differentiate along the common phase direction first: (∂1 + ∂2)kO(t, t;n) = 0, k = 1, 2. Then a
mean-value integral in the second variable gains |nδ|. Each y derivative contributes another −δ. At
any fixed slightly reduced frame slope s′ < a this gives

∥∂k
y (Γy − 1)∥frame,s′ ≤ dk+1Eq, k = 1, 2. (101)

The diagonal derivatives vanish exactly. Functional calculus transfers these estimates to Cy;
projection derivatives satisfy the weaker ∥∂k

y Πy∥s ≤ dkEq. Differentiating Y c
y and its inverse

consequently yields
∥∂yG

c
y∥s ≤ dA2Eq, ∥∂2

yG
c
y∥s ≤ d2A3Eq.

These derivatives are asserted between frame events.

J.4 Boundary sources with a sufficient spatial slope

The following exact cancellation is made before any differentiation. On a fixed-J interval, choose a
frozen coefficient matrix Ty using only the retained coefficients. Then

Hc
yWy = WyTy +Rin +Rbd +Rclamp,

so
QyH

c
yWyCy = Qy(Rin +Rbd +Rclamp)Cy. (102)

Every derivative of the cancelled WyTy term has disappeared. This includes all mixed projection
and Loewdin derivatives.
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An omitted term in Rbd has its orbital centre at (j+m)q, outside the retained frame. Its Fourier
coefficient has the factor e−η′|m|. One must not multiply the full unweighted boundary norm by an
additional original-centre spatial envelope. Instead take the conservative slope

t = L− b− 3τ > 0. (103)

It is smaller than both a and s. For each omitted m ̸= 0,

e−η′|m|e−a|x−jq−mq| ≤ e−t|x−jq|e−(η′−tq)|m|e−(a−t)|x−jq−mq|.

Here η′ − tq ≥ (b+ 2τ)q−O(log q). Summing the missing translates gains d with a fixed exponential
reserve. Fixed frozen derivatives spend only the previously budgeted losses. The interior residual is
d-small by Lemma D.2; the clamp residual is doubly exponentially small at this smaller slope. The
exact identity (102), including its differentiated Qy and Cy, therefore gives

|∂k
y zj(x)| ≤ dk+1Eqe

−t|x−jq|, k = 0, 1, 2. (104)

An arbitrarily small further slope loss to absorb polynomial moments is included in the reserve 3τ .
This bound is uniform at every retained cell, including edge cells. Boundary residuals are never
declared to have finite support in the cell index.

Weighted synthesis with (87) now proves, for m ≥ 0,

|Xj,j+m| ≤ d2AEqe
−tqm, (105)

|∂yXj,j+m| ≤ d3A2Eqe
−tqm, (106)

|∂EXj,j+m| ≤ d2A2Eqe
−tqm. (107)

The second y derivative has d4A3Eq in the same envelope. In particular the nearest-neighbour
derivative retains its spatial factor.

Since P ′
∗d

2 = κEq up to fixed polynomial factors in the upper bounds, the long-hop comparison
has exponent

P ′
∗|Xj,j+m| ≤ exp((L− 2b+ ξ/2 + o(1))q − tqm).

The strict margin is
t− (L− 2b) − ξ/2 = b− 3τ − ξ/2 > 0. (108)

Thus for a sufficiently small positive γ < ξ/2, m = 1 tends to zero and every m ≥ 2 is bounded by
(e−γq/κ)m−1 after enlarging the error constant. The derivatives have the extra factor dA. For the
diagonal,

P ′
∗|∂yXjj | ≤ κ aq, aq = e−(b−ξ)qEq. (109)

The unweighted source norm also gives ∥∂EXy∥ ≤ d2A2Eq = o(1). In (92), ∂e = −(P ′
∗)−1∂E , so

the rescaling cancels:
|c′(e)| ≤ d2A2Eq = o(1).

The coordinate e 7→ u is bi-Lipschitz with constants 1 + o(1), and

∥h(y, u) − h(y, u′)∥ ≤ 2d2A2Eq|u− u′|. (110)

The raw compression is independent of energy.
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J.5 Events and the mean-value proof of the diagonal bound

The event set is (Z + T ) ∪ (Z − T ), with at most two events per half-open unit offset interval;
coincident events are handled together. Hc

y has no event.
Fix an event a and evaluate all raw orbitals and the smooth physical operator at y = a. Write

J− = J(a−), J0 = J(a) and J+ = J(a+) for the limiting index sets. The assigned frame is the
closed frame:

J0 = Z ∩ [a− T, a+ T ] = J− ∪ J+.

At an entering endpoint J− = J0 \ {jin} and J+ = J0; at a leaving endpoint J− = J0 and
J+ = J0 \ {jout}. If both events coincide, J− = J0 \ {jin} and J+ = J0 \ {jout}. Thus the comparison
J− → J0 → J+ uses at most two rank-one changes, through the union frame. All changed cells are
at the frame edges.

For a nested addition Jnew = Jold ∪ {je} let we be the added raw orbital, Qold = 1 − Πold, and

v = Qoldwe

∥Qoldwe∥
, Πnew − Πold = |v⟩⟨v|.

The squared denominator is the scalar Schur complement of the old Gram matrix in the new one,
hence is bounded below by the common positive Gram bound. Weighted Gram synthesis localizes
v about jeq at a strong orbital slope. In particular, for a local site set K at physical distance R
from that centre, take the lemma’s weight with ρ a fixed fraction of R. Then ∥eωv∥ ≤ eCq and
∥eω(Πnew − Πold)eω∥ = ∥eωv∥2 ≤ eCq. Here the strong orbital decay pays for the weight toward K;
no projection row is asserted to vanish.

All endpoint variants have the same uniform Gram bounds. Their complementary inverse bounds
follow either from Lemma I.3 for the closed frame or by taking the one-sided limits on a fixed
index set; the bounds are uniform up to the endpoint. Thus Lemma J.1 applies to each nested
comparison with H1 = H2 = Hc

a and D = 0. Its local inverse difference is at most e−cR+Cq. Gram
inverse-square-root calculus gives the same locality for the change of retained Loewdin columns:
in the convergent Gram series, every difference term contains an overlap to the added edge cell,
while the remaining factors have uniformly summable exponential kernels. Applying this to the
raw compression and to both sources and the inverse in the self-energy gives, on common retained
indices, a Feshbach entry change at minimum cell distance r from the changed edge of at most

exp(−c0qr +O(q)), c0 > 0. (111)

The same bound applies to the raw-compression change. It is uniform in the energy interval.
Reversing a nested addition proves the removal estimate. At a simultaneous event apply it separately
to J− ⊂ J0 and J+ ⊂ J0; their sum controls both differences to the assigned value, rather than only
the left-to-right difference. All these matrices are continuous in E on each endpoint variant, by the
uniform complementary inverse bound. The common bi-Lipschitz coordinate E = E(u) therefore
makes both event differences continuous in u.

Let χ(r) = Xc
−r(E)00 for |r| ≤ T . Between events, P ′

∗|χ′(r)| ≤ κaq. For |r| ≤ T/2, every
event traversed from 0 stays at cell distance at least T/2 −O(1) from cell zero. There are at most
2|r| + 2 events, each with at most two nested comparisons, so (111) makes their event-inclusive total
variation, even after multiplication by P ′

∗, smaller than every fixed exponential in q. This includes a
terminal assigned event value.

For |r| > T/2, use the crude uniform norm |χ| ≤ d2AEq for the left, assigned and right frames at
each event. The total rescaled jump contribution is at most CκAEq(|r| + 1). Relative to ε0κr

2 it is
at most

CAEq

ε0T
.
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Choose, for example, γ = ξ/3 and

ε0 = C
(
e−(b−ξ)qEq + e−γq + de10τq

)
. (112)

The preceding ratio tends to zero, since A/T = exp(−(b− 3ξ/4)q + o(q)) and b ≥ 4ξ. Integrating
the derivative on the continuity intervals and adding these jump totals proves the full value estimate
for χ(r) − χ(0). No smooth approximant across the event lattice is assumed.

Combine this with (98)–(100). The raw near-neighbour expansion of F (2 − 2 cos k + U) has
coefficient −1 +O(f(4 + U)); the Fourier remainder retains its full spatial decay. The raw long-hop
upper bounds are

Eq(32q)mΛ1−meτqm + dEqe
−(L−6τ)q(m−1), m ≥ 2,

with the same offset derivative bounds after a strict phase-strip loss. For these derivatives the frozen
transfer proof extends to a small complex phase neighbourhood: each inserted phase perturbation is
O(| Im t|), the finite product expansion remains bounded when q| Im t| → 0, and the root contour has
a strict margin. Use bilinear continuation of real orbitals before conjugation. This is an extension of
the proof of Lemma A.1, not a claim about the complex Lyapunov exponent. The raw bounds, (108)
and the enlarged error (112) imply

|U(r, u) − κr2| ≤ ε0κ(1 + r2), (113)
|∂rU(r, u) − 2κr| ≤ ε0κ(1 + |r|), (114)

|hj,j+1 + 1| + |∂yhj,j+1| ≤ ε0, (115)
|hj,j+m| + |∂yhj,j+m| ≤ (ε0/κ)m−1 (m ≥ 2). (116)

Enlarge C once to cover sums and leave fixed reserves. Derivative assertions are between events.
The raw diagonal jumps are deep-small by (111), and elsewhere its uniformly small Loewdin bound
can be summed by the same crude argument. This completes the mean-value route to the full-frame
diagonal estimate.

It remains to control events after eliminating all but a resonant pair. For the chart near y = D/2,
the pair {0, D} stays at distance T −OD(1) from every changed edge cell. Use the three endpoint
variants just constructed and the same energy coordinate. Their complement diagonal detunings,
by (113), are at least cDκ. The Neumann walk expansion converges with cell weight (log κ)/2: a
weighted nearest step costs O(κ−1/2), and (116) controls longer edges.

For clarity, split each nested comparison at the common central cells of distance at most T/2
from the pair. Changes of entries wholly in this central set are e−cqT +Cq by (111), including the
factor P ′

∗ in h. Changes involving an outer cell, or the added or removed edge cell, enter a pair
Schur entry only through a walk reaching the outer set. The weighted expansion bounds the total
of such walks by e−cDT log κ+Cq. This covers the change of dimension as well as changes of the
retained entries. Sums over central indices and the uniformly bounded inverses cost at most eCq,
since |J | = O(T ) and log T = O(q). As log κ ≥ (2η + o(1))q, each nested comparison therefore
changes the full pair Schur matrix by at most Bq = e−cDqT +Cq, after decreasing cD > 0 if necessary.

Denote the pair Schur matrices of the left, assigned and right frames by F(a−, u), F(a, u) and
F(a+, u). At each event the preceding two legs give

∥F(a, u) − F(a−, u)∥ + ∥F(a+, u) − F(a, u)∥ ≤ 2Bq.

At a single endpoint event one leg is zero. There are at most two events in a half-open unit chart,
so their event-inclusive sum is at most 4Bq. Define εjump = 2Bq and absorb this fixed factor and
eCq by reducing the positive constants. Then

εjump ≤ e−c1qT ≤ exp
(
−c2e

(b−ξ/4)q
)

≤ κ−4D (117)
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for every fixed D and large q. Here qT = e(b−ξ/4)q/(2π). There is no extra factor q in the final
double-exponential exponent. The endpoint matrices, their complement inverses and hence these
two differences are continuous in u, since the detuning bound is uniform. This proves the full
event-inclusive hypothesis, including the assigned closed-frame value and coincident events.

K A covariant deep-lattice gap theorem
We state the finite-interval model with the covariance and event hypotheses that the preceding
construction actually supplies. The constants are chosen at fixed D before any asymptotic limit.

Theorem K.1 (Common window at fixed D). Fix an integer D ≥ 1. For each y ∈ R let I(y) be
a finite interval of integers, with I(y + 1) = I(y) + 1 and Z ∩ [y − D − 3, y + D + 3] ⊂ I(y). Let
h(y, u) be Hermitian on ℓ2(I(y)), for

u ∈ ED = [κD2/4 − κ/8, κD2/4 + κ/8].

Assume exact covariance h(y + 1, u)j+1,j′+1 = h(y, u)jj′ and the following bounds, uniformly in that
energy interval:

1. The diagonal is U(j−y, u), with |U(r, u)−κr2| ≤ ε0κ(1+r2) and |∂rU(r, u)−2κr| ≤ ε0κ(1+|r|).

2. |hj,j+1 + 1| ≤ ε0 and |∂yhj,j+1| ≤ ε0. For m ≥ 2, both |hj,j+m| and |∂yhj,j+m| are at most
(ε0/κ)m−1.

3. ∥h(y, u) − h(y, u′)∥ ≤ ε0|u− u′|.

4. Between a fixed set of at most two events per half-open unit interval in y, the entries are C1

in y and the preceding derivative bounds hold. Event locations do not depend on u. At each
event a the one-sided limits of the resonant-pair Schur complement F defined below exist, and
its assigned value satisfies the event-inclusive budget, writing A for the events in the half-open
unit chart: ∑

a∈A

(
∥F(a, u) − F(a−, u)∥ + ∥F(a+, u) − F(a, u)∥

)
≤ 2εjump,

εjump ≤ κ−4D.

The bound is uniform in u, both event differences are continuous in u, and coincident endpoint
changes are included in this same budget.

Endpoint changes of I(y) occur only at such events, away from the resonant pair. There are
KD < ∞ and εD > 0, depending only on D, such that if κ ≥ KD and ε0 ≤ εD, a common window
W = [uc − w, uc + w] ⊂ ED satisfies

w ≥ 3
16ADκ

1−D, AD = 2−D[4(D + 2)2]−(D−1).

For every y and u ∈ W , h(y, u) − u is invertible with exactly D negative eigenvalues. On the middle
half of W , its spectral distance from zero is at least (1 − ε0)w/2.

Proof. Covariance reduces all offsets to one chart y = D/2 + r, |r| ≤ 1/2, with the same energy
coordinate. The resonant pair is P = {0, D}; let C = I(y) \ P .

Complement and inertia. For ε0 ≤ c/(D + 4)2, every diagonal detuning in C has modulus at
least κ/4 (a smaller fixed constant would suffice). Exactly the D− 1 intermediate sites have negative
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detuning. For intermediate i the modulus is at most 4κ(D + 2)2. The off-diagonal row sum is
bounded by

2(1 + ε0) + 2 ε0/κ

1 − ε0/κ
.

Diagonal Neumann inversion, with κ large, gives ∥(hCC − u)−1∥ ≤ 8/κ. The diagonal-to-full
homotopy stays invertible, so the complement has exactly D − 1 negative eigenvalues. More distant
detunings grow quadratically; this will absorb their diagonal derivatives.

The pair Schur complement is Hermitian:

F = hP P − u− hP C(hCC − u)−1hCP =
(
a1 − u −T0
−T0 a2 − u

)
.

No reality assumption on long hops is required.
Relative tunnelling bound. The unique shortest all-nearest-neighbour path from 0 to D has D

edges and D − 1 intermediate denominators. Its magnitude M0 is at least ADκ
1−D. This includes

D = 1 with the empty product.
To enumerate all other paths, let ℓ be total physical length and r0 the number of edges. The

path has r0 − 1 denominators and ℓ− r0 powers of the long-hop parameter. Its absolute weight is at
most

Cr0εℓ−r0
0 κ1−ℓ.

The number of signed compositions at those parameters is at most 2r0
( ℓ−1

r0−1
)
. Every nonprincipal

path with ℓ = D uses a long edge and gains an ε0 factor. Paths with ℓ > D have ℓ−D even and at
least two; the all-nearest-neighbour backtracks gain κ−2. The composition majorants are geometric
for sufficiently large κ. Dividing their sum by ADκ

1−D gives a finite constant BD times ε0 + κ−2.
Choose ε0 ≤ 1/(16BD), then κ so large that BDκ

−2 ≤ 1/16. After reserving another fixed factor,

|T0| ≥ 3
4ADκ

1−D. (118)

This is an absolute-error estimate relative to the main path and therefore also controls complex
long-hop cancellations. Only coarse denominator constants were used on the whole energy window;
no small relative detuning error there is asserted.

The crossing at a common energy. Put d0 = (a1 − a2)/2 and mpair
0 = (a1 + a2)/2 − u. Between

events, differentiation of the Schur formula gives

∂rd0 = κD +OD(ε0κ+ κ−1),
∂rm

pair
0 = 2κr +OD(ε0κ+ κ−1).

The positive sign in the first formula follows already for the pure quadratic diagonal. In differentiating
the complement inverse, a distant diagonal derivative is divided by two detunings; its quadratic
growth makes the sum bounded independently of interval length. Hopping derivatives have the
same summable walk bounds.

If there were no events, strict monotonicity of d0 would give one crossing r∗(u), with |r∗| =
OD(ε0 + κ−2). Only Lipschitz dependence on u is assumed. The Schur formula gives

ai(u′) − ai(u) = OD(ε0 + κ−2)|u′ − u|.

Consequently the crossing displacement is at most OD(ε0 + κ−2)|u′ − u|/κ, and the value of mpair
0

at that crossing changes by −(u′ − u) +OD(ε0 + κ−2)|u′ − u|.
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With events, put Ja(u) = F(a+, u) − F(a−, u). On non-event points of the chart define

F̂(r, u) = F(r, u) −
∑
a<r

Ja(u),

where event coordinates are translated by y = D/2 + r. At an event use the continuous extension

F̂(a, u) = F(a−, u) −
∑
b<a

Jb(u).

Indeed, the right limit subtracts the additional Ja and equals the left limit. Moreover

∥F̂(a, u) − F(a, u)∥ ≤
∑
b<a

∥Jb(u)∥ + ∥F(a−, u) − F(a, u)∥

≤ 2εjump.

At a non-event the same bound follows from ∥Ja∥ ≤ ∥F(a+) − F(a)∥ + ∥F(a) − F(a−)∥. Thus the
auxiliary matrix is within 2εjump of the assigned matrix at every point, including a chart’s assigned
endpoint. Use half-open charts, assigning a boundary event to the chart that starts there. Its
between-event derivatives are unchanged, its d0 is strictly monotone, and its crossing is continuous
in u: the event differences are continuous and the crossing derivative is bounded below by cDκ. The
preceding finite-difference energy bounds gain only an additive OD(εjump) error; no small energy
derivative of the jump matrix is needed. An intermediate-value argument across an OD(ε0κ+ κ−1)
neighbourhood of κD2/4 selects uc at which the actual crossing values satisfy |mpair

0 | ≤ CDεjump
and |d0| ≤ 2εjump. Continuity of the jump matrices in u suffices for this argument.

Determinant reserve. Let tmin be the infimum of |T0| on the chart and the energy neighbourhood
of radius κ/16 about uc, and put w = tmin/4. For small ε0 that neighbourhood lies in the previous
coarse window. Equation (118) gives the stated lower bound on w. A nearest-edge and complement
bound also gives tmin ≤ CD, so w is bounded independently of κ.

Choose the dimensionless derivative-error constant ζ > 0 as small as needed, by decreasing
εD and increasing KD. For |u− uc| ≤ w, write σ = r − r∗(u). Integrating the derivatives on the
continuity pieces and retaining the event errors gives

|d0| ≥ (1 − ζ)κD|σ| − CDεjump,

|mpair
0 | ≤ (1 + ζ)w + (1 + ζ)κσ2 + ζκ|σ| + CDεjump.

All mixed terms in the square are retained. In particular,

2ζ(1 + ζ)wκ|σ| ≤ ζw2 + ζ(1 + ζ)2κ2σ2.

The wσ2 mixed term contributes OD(w/κ) to the coefficient of κ2σ2. The remaining square
contributes [(1 + ζ)|σ| + ζ]2 to that coefficient. Since |σ| ≤ 1/2 +OD(ζ), first choose ζ small and
then κ large. The coefficient is strictly less than D2(1 − 3ζ) and is absorbed by the negative d2

0
term. All event terms are bounded by CDκεjump. The pointwise comparison with F̂ just proved
includes the assigned event values, so these estimates and the following determinant bound hold
there as well. Thus

(mpair
0 )2 − d2

0 ≤ 2w2 + CDκεjump ≤ 3w2.

The last inequality uses εjump ≤ κ−4D and w2 ≥ cDκ
2−2D. Since |T0| ≥ 4w,

det F = (mpair
0 )2 − d2

0 − |T0|2 ≤ −13w2 < 0.
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There is exactly one negative pair eigenvalue. Finite Hermitian Schur inertia adds the complement’s
D − 1 negatives. Covariance transports the same W to every chart.

For the last assertion fix y. Min–max and energy Lipschitz continuity imply that each ordered
eigenvalue of h(y, u) − u decreases, in the finite-difference sense, at rates between 1 − ε0 and 1 + ε0.
If its modulus at a middle-half point were less than (1 − ε0)w/2, it would cross zero before the
appropriate end of W , contradicting invertibility throughout W . This gives the uniform margin,
independently of |I(y)|.

L Assembly, exact inertia and the irrational IDS
We now prove Theorem A. The only companion analytic estimates are Paper A, Proposition 3.3(2),
and Paper B, Lemmas 2.4–2.5, with their extensions proved in Appendix A and the frozen-phase
argument of Appendix J. The rational one-band and translated-frame inputs are explicitly proved
in Appendices B–C and Lemma I.1. The IDS passage and full-support argument are those of
Appendix D. We use no statement about transport to prove a gap.

Choose a subsequence with bn → β, let ξ = β/8, and choose η > 0 with β < L/2 − 2η. Then (91)
holds eventually and

κn = (2πqn)2e(L−2bn)qn −→ ∞.

Fix D first. Choose the constants of Theorem K.1, then the finite derivative/product slack h− L,
and finally the large-n threshold. Equations (94), (113)–(116), (110) and (117) verify every model
hypothesis for I(y) = J(y) and the coordinate u in (92). The frame is long enough to contain all
fixed intermediate sites.

L.1 The physical energy window really lies in the inverse disk

The common constant may contain a dipole shift of order dEq. It must be retained in locating the
energy window. The definition of c(e), the raw identities and (105) give the safe bound

|E − E∗| ≤ dEq + d2AEq + e−LqEq + CDκ/P
′
∗. (119)

Here |s(0)| ≤ dEq, the self-energy contributes d2AEq, the band-average constant contributes (P ′
∗)−1Eq,

and u = OD(κ). Lemma B.1 gives P ′
∗ ≥ cλΛ, so the last term is at most CDq

2d2. All four terms are
o(m0) because b ≥ 4ξ, A = eξq/2+o(q) and m0 ≥ e−ξq/2−o(q). The whole relevant u neighbourhood
therefore pulls back into |E −E∗| < m0/4, where the constructed family and its derivatives exist.
Equivalently one may define the family first on this pulled-back neighbourhood and apply the
bi-Lipschitz map; (119) leaves a strict margin at its ends.

The model theorem supplies W of half-width w ≥ (3/16)ADκ
1−D. On its middle half the spectral

margin of h(y, u) − u is at least (1 − ε0)w/2, uniformly in y. By (93), the corresponding F c
y (E) −E

margin is that amount divided by P ′
∗. The map from u to E has metric factor (1 + o(1))/P ′

∗.
Determinant nonvanishing alone would not supply this uniform perturbation margin.

L.2 The exact finite-box count

For each forbidden-midpoint box I with K consecutive wells, Lemma I.1 places the entire box
complement below E∗ −m0 < E. Proposition J.2 bounds the TOTAL Schur error between FI(E)
and the direct sum of the continued well matrices by 2e−s/(40d). This is much smaller than w/P ′

∗
for fixed D. Weyl’s inequality therefore preserves exactly DK positive eigenvalues of FI(E) − E on
a slightly smaller common window.
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For completeness, in a finite box the block factorization of HI − E gives a congruence to(
FI(E) − E

)
⊕
(
QIHIQI − E

)
.

Indeed eliminating the lower block yields ΠIHIΠI − E + ΠIHIQI(E −QIHIQI)−1QIHIΠI , which
is FI(E) − E. The second congruent block is strictly negative. Finite-dimensional Schur inertia
consequently gives

#{eigHI > E} = DK (120)

exactly. We use no identity between infinite positive inertias and divide no residual counting error
by the volume.

At this fixed convergent, let K → ∞. Equation (53) gives |I| = K/d+O(1). The moving-interval
IDS limit proved in Appendix D applies to these boxes: finite trace moments have a uniformly
bounded boundary error, and irrational unique ergodicity is uniform in the starting site. Hence (120)
gives

1 −N(E) = Dd

on the same open energy interval. Full support of the DOS, proved there for the minimal continuous
family, identifies it as a spectral gap. For Dd < 1 its label is

m = −Dq sgn δ, {mα} = {−D sgn δ (p+ δ)} = 1 −Dd.

The window length and the bi-Lipschitz pullback give, after shrinking once more,

|G−Dq sgn δ| ≥ cDκ
1−D/P ′

∗.

For example cD = AD/1000 is smaller than all the preceding reserves once q is sufficiently large.
This proves (5) with a constant depending only on D.

L.3 The exponential quotient and the order of limits

Paper A’s derivative bound, also Corollary A.2, gives P ′
∗ ≤ Chqe

hq for every fixed h > L. Thus,
for each fixed D and every ϵ > 0, choose h− L sufficiently small and then q large. Since log κ =
(L− 2b)q + 2 log(2πq), the width just proved implies

|G−Dq sgn δ| ≥ exp (−[(D − 1)(L− 2b) + L+ ϵ]q) .

Equivalently the exponent has an o(1) remainder by diagonalizing the fixed-loss choices and their
thresholds. This does not assume a polynomial upper bound on P ′

∗/Λ and does not yield a two-sided
O(log q/q) rate error. Lemma 2.1 now proves ρ ≤ 1 − x.

All comparisons are at fixed D. First the beta-attaining convergent tends to infinity; the
arbitrarily large choice of fixed D is made only in the final scalar liminf argument. The proof gives
no reverse bound ρ ≥ 1 − x. Combining with the separately imported Liu–Shi theorem through (9)
gives exactly Corollary B.

M Results from the companion papers
This is the complete companion-import list for the present manuscript. The versioned references
are Paper A [16], v2.0.1; Paper B [17], v1.0.0; and Paper C [18], v1.0.0. Numbers and source labels
below refer to these versions, whose DOIs are in the bibliography.
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1. A, Lemmas 2.5–2.6, prelim.tex, labels lem:window, lem:ratspec. A supported Weyl
vector has residual at most 8/M ; rational phase unions approach the irrational spectrum with
a square-root frequency bound.
Use here: Equation (18); the surplus conversion; the derivative domain; Corollary A.2.

2. A, Proposition 3.3(1), polynomial.tex, label prop:poly. P (H) = V + Sq + S−q +Rq,
with range-q self-adjoint remainder bounded by Chq

5/2ehq|δ|.
Use here: Equations (73)–(74); interpretation of the coarse norm error.

3. A, Proposition 3.3(2) and proof Steps 1–3. Near-spectrum derivative bounds |P (r)| ≤
Cr,hq

rehq; locally modified rational comparison and a fixed smooth cutoff.
Use here: Top-band length and width bounds; inverse curvature; m0; Proposition 4.4; Proposi-
tion G.1.

4. A, Theorem A. Typical moment and fastest upper Abel exponents max(0, 1−L/β); all-phase
statement for β = ∞. A gives the finite-positive-β law used here; its β = ∞ transport and
packing endpoint is due to Jitomirskaya–Zhang [29, Corollary 3], and its β = 0 fastest endpoint
to Damanik–Tcheremchantsev [14].
Use here: Section 5, including the typical-transport entry and the all-phase infinite-β endpoint.

5. A, Theorem C. Both packing dimensions of every nonzero spectral measure have the same
value under its a.e.-phase hypotheses, and at every phase for β = ∞ (the Jitomirskaya–Zhang
endpoint [29, Corollary 3]).
Use here: The spectral-measure packing statement in Section 5.

6. B, Lemmas 2.4–2.5, prelim.tex, labels lem:growth, lem:ratprod. Uniform real-energy
transfer growth and its rational-product expansion.
Use here: Appendix A proves the needed complex extension. The extension is proved here,
rather than quoted as the original statement.

7. B, Theorem A. The typical fastest-exponent law for supercritical type I operators.
Use here: Background attribution in Section 5; the AMO table itself uses A.

8. C, Corollary 7.2, sharp.tex, label cor:closedgap. For even q, P is even and P (0) =
(−1)q/2(2λq + 2).
Use here: Proposition 4.4; the central-cone discussion in Appendix G.

9. C, Theorem 7.5, sharp.tex, label thm:quarter. At even qn, a polynomially small fastest
tail at radius cηTe

−hqn/2 for bn ≥ h/2 + (h − L) and e(h/2+(h−L))qn ≤ T ≤ |δn|−1; nearby
turning-phase clause.
Use here: The parity-qualified phase-1/4 lower bound and transport geometry in Section 5.

10. C, Corollary 5.6, upperlaw.tex, label cor:typeI. For AMO, αunif
u ≤ β/(β + L) below

β = L and ≤ 1 − L/(2β) above, including β = L.
Use here: Every upper transport entry in Table 1; the endpoint β = 0.

11. C, Corollary 7.6, sharp.tex, label cor:exactunif. If βe = β ∈ [L,∞), the uniform,
worst-phase and phase-1/4 exponents equal 1 − L/(2β).
Use here: Exact entries at x ≥ 2 with the stated parity hypothesis.
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12. C, Proposition 6.4, amoproof.tex, label prop:Camo. Uniform confinement radius bounded
by a constant times √

σn/|δn| plus its specified collars.
Use here: The geometric comparison in Section 5; not a new confinement estimate.

In A v2.0.1, Lemma 2.5 is the window lemma and Lemma 2.6 the rational-spectrum lemma; in
C v1.0.0, Corollary 7.2 is the closure corollary and 7.3 its priority remark. The source labels guard
against numbering changes between versions.

For clarity, the external analytic inputs are separate from this table. Chambers’ formula is due
to Chambers [11]; the periodic polynomial identity also follows from the standard magic formula [13,
Theorem 3.1]. On the spectrum, the Lyapunov exponent equals log λ, by Bourgain–Jitomirskaya [10,
Corollary 2], after matching the coupling convention. The IDS facts are standard AMO background,
as used in A/B and reviewed in [4]. The rational core measure is Avron–van Mouche–Simon [6]; the
all-irrational noncritical measure is Jitomirskaya–Krasovsky [25]. The one-well quantization input
is explicitly scoped in Appendix F. The Aubry–Perron fact needed at the reference fibre is proved
in Lemma C.2. No unproved general Harper perturbation lemma, all-band reduction, or dynamical
localization assumption is imported.

For the new gap theorem the companion inputs are A, Proposition 3.3(2), and B, Lemmas 2.4–2.5,
as extended in Appendices A and J. The one-band range extension is proved in Lemma I.1; the new
inverse, locality, self-energy and model estimates are proved in Appendices I–K. The additional lower
bound uses only Liu–Shi, Theorem 1.3, and the duality proof in Section 2.2. Paper C supplies the
separately labelled transport picture and even-denominator surplus variant. No transport theorem
is imported into the new fixed-D proof.
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