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Abstract
A quantum channel says what happens to each input, not when inputs arrive, when outputs

leave for good, or what must be handed back. We show that for every finite schedule in which
each carrier returns with its Hamiltonian and the controller comes back, the optimal work per
use at vanishing error is the least entropy one implementation must add to its own record, plus
the energy it hands over, against the most demanding observer. Landauer’s bound, the thermo-
dynamic capacity of Faist, Berta and Brandão in the time-covariant case, and the real-time costs
of channels and processes are this law on different schedules. The cost survives arbitrarily slow
operation: order, not speed, sets it. Releasing each output of a repeated memoryless channel
before the next input arrives costs nothing extra for classical channels, a positive amount for
partial reset at every temperature, and kBT ln 3 per use for the Werner–Holevo qutrit at zero
Hamiltonian, which is essentially free in batch. For a classical task with zero Hamiltonians that
releases a past and later answers a question about it, the real-time and held prices are logarithms
of two fiber counts; for reversible questions they differ by the logarithm of the number of classes
of pasts that later questions tell apart. With a returned clock, the batch cost of every channel
is a single-letter quantity, equal to the capacity when the environment can carry the channel’s
energy change; otherwise the clock’s spread must grow at least linearly with the number of uses.
Freeness is decidable in batch for exact algebraic data and undecidable in real time, already in
a fixed dimension. A two-qubit process that is free when held costs every early-release device at
least 0.87 kBT ln 2 per episode at one percent error and budgets of 0.025 kBT ln 2; for a classical
version we propose a three-arm feedback-trap protocol.

The authors developed this work with AI models from more than one developer and take responsibility
for every claim. The whole paper has been reviewed nine times by a model from a developer other
than that of the models that helped write it, and the fixes from those reviews, and from a review of
the experimental design, are applied. How the work was done, and what the machine checks cover,
is described at the end of the paper.
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1 Introduction
Landauer’s principle says that resetting an unbiased bit, stored in two states of equal energy, costs
at least kBT ln 2 of work [1]. For n uses of a quantum channel, Faist, Berta and Brandão found
the least work per use, the thermodynamic capacity, when the device may collect all of its inputs
before it releases any output [2, 3]: to leading order in n, for every channel when Gibbs-preserving
maps are free, and for time-covariant channels with thermal operations. Both results describe what
a device does to its inputs. Neither says when the device may touch what, and that turns out to
be half of the price.

Here is the smallest case. Two bits a and b arrive in turn, and the device must return a and
then a⊕ b. If it may hold a until b arrives, one CNOT does the job and nothing is left behind. If a
must leave before b arrives, the device must keep a copy of a, and once a⊕ b has left too that copy
is correlated only with carriers that are gone; erasing it costs kBT ln 2 at any speed (Figure 1). A
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held W = 0

lent W = 0

early W ≥ kBT ln 2

a in b in out

a in a out b in a back out

a in a out b in out

Figure 1: The same task, the same slowness, three schedules. Return a, then return a⊕ b; shaded
bars show when the device can act on its carriers. Holding a until b arrives allows reversible cleanup,
and so does lending it, provided the observer returns it unmodified before cleanup. Releasing a
for good strands a copy of it in the device, and the copy must be paid for. Appendix I proves
the general form: for reversible questions, the order price of a released past is the logarithm of the
number of classes of pasts that later questions tell apart.

third schedule shows that the cost is in the release, not in the early delivery: if the device copies
a into a blank register, lends a to the observer, and gets it back unmodified before a⊕ b is due, a
second CNOT uncomputes the register and the cost is again zero. The map is the same in all three
cases. What changes is what the device can still reach when it has to clean up.

Finite-time thermodynamics charges for speed: for protocols with a reversible quasistatic limit,
the excess work due to finite speed vanishes as the protocol is slowed [4, 5, 6]. The charge above
survives that limit. All rates in this paper allow devices of any size and any running time. Ther-
modynamics therefore charges for time twice: once for speed, which patience removes, and once
for order, which it does not. The resource is not elapsed time. It is the capability that must
remain available after access to an earlier output has been irreversibly surrendered. For classical
information engines, costs that survive slow operation because processing goes step by step are
known: the modularity dissipation of information ratchets [7], which Loomis and Crutchfield trace
to temporal locality [8], the dependence of dissipation on the input distribution a device was built
for [9], and the online cost of agents [10]. Those costs are forced on every implementation of a given
architecture: a modular or temporally local design, a device tuned to one input distribution, an
agent whose memory is a function of its past. Here the price is forced by the release schedule on
every implementation, whatever its memory, and for memoryless channels it is purely quantum.

The principle. A device is built before the observer chooses its inputs, and it must serve every
observer the schedule admits. Its work rate is the least entropy that one implementation must add
to its own record, plus the energy it hands over to the carriers, against the most demanding observer.
Three things decide it. Access decides which corrections remain possible: a device that still holds
its outputs can erase its record using them as side information [11], as the batch construction of
Faist, Berta and Brandão does [3, Sec. 7]; a device that has released them cannot, and whatever its
record shares with them is stranded. Universality decides whether those corrections can belong to
one device. Faist, Berta and Brandão showed that in batch one device can serve every input at the
cost of the hardest one [2, 3], and that a known i.i.d. input can even be served at its own free-energy
cost with thermal operations and a sublinear source of coherence [3, Prop. 8.3]. With a clock that
must return, one device can cost more than its hardest input (Section 6). Return obligations decide
what may not be left behind as an unpaid change: a clock lent to the device must come back, and
that requirement decides whether some channels can be run at all [12, 13] and, for others, what
they cost.
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Result Statement Where
One law for every
schedule

For schedules whose observer-owned carriers return with their
Hamiltonians, the optimal deterministic work rate is
kBT ln 2KS

β , the least record entropy plus handed-over energy
against the hardest observer. Lower bound: a one-page identity.
Upper bound: a coherent recorder and a positive heat correction.

Theorem 3.3,
Section 3,
Appendix A

Only quantum
channels pay for
releasing

For repeated uses of one memoryless channel, each output
released before the next input arrives, the real-time rate adds to
the capacity’s integrand, input by input, the least output–device
correlation any dilation must leave, so the surcharge over the
capacity is a difference of two maxima. The surcharge is zero for
every classical channel; positive for partial reset at every
temperature; kBT ln 3 per use for Werner–Holevo, against
essentially nothing in batch. Classical tasks with memory can
still pay (Figure 1).

Theorems 4.1–
4.2,
Appendix G

A clock has an
exact price

With a returned clock, the batch cost of every channel is the
single-letter quantity B(Φ) ≥ capacity, with equality whenever
H − Φ∗(H) ∈ span{A∗

iAj}. When H − Φ∗(H) lies outside that
span the channel’s time orbit is Heisenberg-estimable and the
clock must grow linearly; the Hadamard gate shows that B(Φ)
can still equal the capacity there.

Theorem 6.1,
Theorem 4.3,
Appendix H

What a released
past must keep

Release x, then answer y with g(x, y): in real time the price is
log2 of the largest fiber of (class of x, y) 7→ g, when x may be
held it is the Landauer cost (the logarithm of the largest y-fiber,
maximized over x and the answer), and the difference, the order
price, is log2 of the number of continuation classes (the causal
states of the task) for reversible questions. A record is not yet a
price: it can be passed into the answer. Linear tasks give a rank;
deciding whether holding m carriers lowers it is NP-complete.

Theorem 7.1,
Proposition 5.2,
Appendix I

Holding is
decidable, releasing
is not

Batch freeness is decided by linear algebra for algebraic channel
and Hamiltonian entries, when β or the Gibbs state is algebraic.
Real-time freeness of a generalized dephasing channel with
cyclotomic entries is undecidable in a fixed dimension, and the
free set is not recursively enumerable.

Theorem 4.4,
Appendix G

A certificate and a
protocol

A two-qubit process, free when held, costs every early-release
device at least [1− h2(e)− e log2 3− P ] kBT ln 2 per episode,
where P bounds the controller’s and battery’s budgets, which
the Pauli measurements do not certify; 0.878 at e = 1% and
P = 0.025. A classical protocol with three arms, a graded
control and record accounting is proposed as a design, in a
feedback trap or, preferably, a preprogrammed physical memory;
its record-export interface and controller bounds remain to be
established.

Proposition 9.1,
Section 10

Beyond
thermodynamics

Order has a per-use price in entanglement and coherence theory
as well; for the delayed-choice task one retained qubit is the
common requirement, with no single exchange rate between
theories.

Section 11

Table 1: Results at a glance. Entropies are in bits; h2 is the binary entropy. Section 2 gives the
contract and the results that depart from it.
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Results at a glance. Table 1 lists what the paper proves and where. Everything below is a
consequence of one functional on one contract (Section 2).

What the constructions are. Every achievability statement in this paper is a statement about
optimal rates. The devices that attain them are built for a number n of uses known in advance,
and they use clocks whose spread grows with the number of uses, startup capital that may grow
without bound, and reservoirs with very large gaps; they show what is possible, not how to build an
efficient or autonomous engine (Section 13). The lower bounds, by contrast, hold for every device
at every size.

What is new. The thermodynamic capacity, Landauer’s bound, the side-information erasure
of [11], the entropy accumulation of [14] and the metrological results we invoke, the Kraus-span
condition and its error-correcting code [15] and their Markovian forms [16, 17], are prior work, and
so are the modularity and online costs of classical engines [7, 8, 10] and the entanglement cost of
simulating channel uses sequentially against adaptive testers [18]. Items (1)–(3) and (5) below,
and the certificate of item (6), first appeared in four companion papers [19, 20, 21, 22], which a
short letter summarizes [23], and Appendix K maps every statement taken from them. This paper
consolidates those results and adds the fiber law of item (4) and the laboratory protocol of item
(6). Apart from that companion work, to our knowledge the following are new.
(1) The schedule functional and the law of Theorem 3.3, with the recorder-and-dual construction

that attains it for arbitrary interleavings, overlaps and loans.
(2) The real-time law for channels in work units at every temperature, its strong converse at every

fixed error for controllers that start thermal (a controller with a broad energy bank breaks
it; whether it survives a controller whose capital has spread o(n/√η), with η its return error,
is open; Remark G.13), and the dichotomy of Theorem 4.2; at zero Hamiltonian, in units of
purity, the rate and its zero set are in our earlier work [24, 25, 26], with a strong converse at
zero rate [27].

(3) The batch law B(Φ) with a returned clock, its span criterion, and the identification of that
criterion with the Hamiltonian-not-in-Kraus-span condition of Zhou and Jiang for the channel’s
time orbit.

(4) The fiber law of Theorem 7.1, which separates the order price of a released past from the
Landauer cost of its answer. Its classes are the causal states of the task’s ε-transducer [28]. Our
tasks are in place, each answer overwriting its question, and that convention is what makes the
released task of Figure 1 cost kBT ln 2. For classical causal agents that keep each question and
write the answer to a fresh cell, Thompson et al. give the online cost for a given input process,
which is zero for that task; their formula [10, Eq. (3)], the information the memory stores about
the last input and output minus what it holds about the next, is the averaged form of passing
a record into an answer. New here is the worst case: neither the observers who might ask a
distinguishing question nor an observer who steers the answer forces the price alone, the lower
bound pairs them, and the result is the minimax price over every implementation, for devices
with any memory required to serve every quantum observer with references, with an explicit
small-error loss independent of the number of episodes and the private-device dimension.

(5) The undecidability of real-time freeness in a fixed dimension, through the constant-sized cor-
relation problem of Fu, Miller and Slofstra; in growing dimension, at zero Hamiltonian, it is in
our earlier work [27].
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(6) The finite certificate of Proposition 9.1, and the protocol proposed in Section 10, built on
the feedback-trap test of Landauer’s principle [29]. That access to a copy changes the cost of
erasure is established [30, 11, 31], and the erasure of a fraction of a bit, the cleanup step of the
graded control, has been measured in a feedback trap [32]. What the proposed protocol adds is
a controlled release schedule with control arms, a graded helper control, and an explicit ledger
of records and blank resources, whose readout interface and hardware budgets remain to be
established.

Reading guide. Section 2 fixes the contract and says what it rules out. Section 3 states the law
and proves its lower bound in full. Sections 4–6 read the law on the schedules that matter most,
Section 7 on tasks that release a past, and Section 8 on the complexity of freeness. Section 9 and
Section 10 are for experimenters. Section 12 places the results among prior work, Section 14 says
which statements are checked by machine, by formal proof and by text alone, Appendix J defines
every term of art, and Appendix K gives the number of every result in the companion papers. The
appendices contain the proofs, complete except for two results imported from our earlier preprints,
Lemma G.6 and [24, Thm. 3.2(a)] (Section 4.1): Appendix A the law, Appendix F the physical
module and the law for processes with memory, Appendix G memoryless channels, Appendix H
the returned clock, Appendix I continuation classes, and Appendices B–E the release lemma, the
numbers of Section 11, the two-qubit certificate and release rank. A reader who wants only the
mechanism can read Sections 1–3 and Appendix I; a reader who wants only the experiment can read
Sections 9–10. The numbers quoted in Sections 3–11 are recomputed, and the finite identities listed
in Table 7 checked, by a deterministic verification package with negative controls (Section 14).

Two layers. The mechanism is not specific to heat; what thermodynamics adds is the form of
the price and its complexity. The free energy relative to the Gibbs state splits across a release as

D(ρCO∥γC ⊗ γO) = D(ρC∥γC) +D(ρO∥γO) + I(C:O), (1.1)

so at a fixed state the price of releasing O from a device C is a mutual information, the free energy
of correlations that joint operations could have recovered [33]. Optimized over inputs, the surcharge
is a difference of two maxima rather than the largest mutual information, because the two maxima
can sit at different inputs (Section 5). For classical computation this is the modularity dissipation
of Boyd, Mandal and Crutchfield, the free energy of correlations lost to local control [7]; here the
cut is a release in time. And the set of channels that cost nothing in real time is undecidable, while
its batch counterpart, and every analogue we know outside thermodynamics, is decidable.

2 The contract, and what it rules out
Every work rate in this paper is an optimal asymptotic rate at vanishing error over a complete
interaction, with hardware allowed to grow. Such a statement is only as good as the contract
behind it, so we state the contract first, as a threat model: what the device is allowed, what the
observer is allowed, and which loopholes the rules close. Appendix J defines each term in one line.

The device. A device consists of a controller C, a mechanical battery W and Gibbs reservoirs R
at inverse temperature β, all declared in advance and initially independent. The controller holds
all hardware: memory, clocks, catalysts, routing registers, records and any workspace not charged
to the battery. Every operation is a unitary that conserves the total energy of the systems it acts
on. There is no external source of coherence and no Gibbs-preserving map supplied as a black
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box. Measurements and records are part of the dilation and are counted. Work is the battery’s
mean loss of energy, and the battery’s entropy may change only by o(n), so that it cannot hide
a second bath. Work is deterministic when the battery starts in an energy eigenstate, ends in a
fixed level with probability tending to one, and its mean absolute energy deviation from that level
is o(n). The battery is stationary if its initial state commutes with its Hamiltonian; a battery in a
broad superposition of energy levels would itself be a clock, which the device could spend without
returning it.

The observer. The observer supplies the carriers and may choose them adaptively, using only
outputs already released, its own memory and its quantum references; it may entangle inputs across
visits and across blocks, keep purifications, and act on a loan before returning it. It cannot read
the device’s inert initial purifier. The error is the largest trace distance, over all such observers,
between the final state of the observer’s systems with the device and with the ideal target: the
strategy distance of [34, 35]. For batch operation this is the half diamond distance.

The schedule. Definition 3.1 below makes the schedule a first-class object: a finite ordered list
of arrivals and releases of carriers the observer owns, each returned with the Hamiltonian it arrived
with. Batch, real time, delayed release, interactive processes and loans are schedules. Schedules
that create or retire carriers, or change Hamiltonians, need an explicit inventory term or a physical
switch, and Section 3 says exactly what.

The return rule, and why it has the form it has. The controller returns approximately:
uniformly over observers, its final joint state with everything else is close in trace distance to its
initial state tensored with the rest, and its actual mean energy and its actual entropy each change
by o(n). Trace-distance closeness alone would not do. As Faist, Oppenheim and Renner warned, a
catalyst returned only approximately can embezzle work [36]. Here is the loophole in its simplest
form: a reference register in a broad, flat superposition of n2 energy levels, shifted down by n levels,
is within trace distance about

√
2/n of itself yet has handed over n quanta of energy. Refunding

energy alone is not enough either: a large mixed register can stay within trace distance η of its
initial state after every use while absorbing n bits of entropy, with about n/η qubits [37], and a
controller built that way is a second bath. The lower bound of Theorem 3.3 sees the controller
only through ∆EC − kBT ln 2 ∆SC , so we require each term to be o(n). The contract allows the
controller’s startup capital, its initial free energy, to be as large as one likes and to grow with n;
capital is invested and must come back, and it is not part of the rate. A controller that comes back
only in state, as an embezzling state does, can lower the battery’s work to the capacity or below it,
but only by paying the difference from its own free energy, like a second battery; this is quantified
in Appendix H.

What the contract does not cover. Resources that start correlated with the controller and
must be returned in a prescribed joint state are not covered: such a borrowed catalyst would
have to be modelled jointly with the controller, and the product initial state used throughout
would fail. Promises of product inputs, restrictions on loans and frozen external fuel would be
additional contract data; the observer class here has none of them. A task may, however, restrict
its admissible inputs by a promise that is part of the task, and so narrow the observer class: the
task of Theorem 7.1 is one, and its bounds are proved directly in Appendix I. The lent schedule of
Figure 1, arm (ii) of Section 10, instead needs a restriction on loans, that the observer return the
carrier unmodified; Section 10 states it as a contract of its own.
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Units. Entropies are in bits and work in units of kBT ln 2 in the main text; Appendices A and F
use nats where the proofs are shorter.

Table 2 collects the contract, and Table 3 the principal departures of the thermodynamic results
from it; Section 11 fixes its own free operations, currencies and output inventory.

3 Schedules and the law
Unless a result states an exception, the contract of Section 2 applies; Table 2 below collects it.

Definition 3.1 (Schedule). A schedule S is a finite, ordered list of arrival and release events. A
visit v brings a carrier Pv with Hamiltonian Hv into the device at its arrival and returns the same
carrier, with the same Hamiltonian, at its release. Visits of the same carrier cannot overlap; visits
of different carriers may overlap, and releases may come in any order. The device can act on a
carrier only during its visit. A later loan of a carrier that the observer owns is a new visit, and
its state may be correlated with everything the observer holds. The observer supplies the carriers
and may choose them adaptively, using only outputs already released, its own memory and its
quantum references; every receipt or message the observer sees is written on a carrier the observer
has supplied, and its delivery is that carrier’s release.

Batch operation is the schedule in which every input arrives before any output is released; real
time is the schedule in which input t+1 arrives only after output t has left; a process with memory
interleaves the two.

Definition 3.2 (The schedule functional). A private extension of a target strategy T on S consists
of an initial device state τ , an inert purification F of it that is never acted on, and unitaries on
the device and the carriers present, following S, whose marginal strategy is within ε of T in the
strategy distance, the largest trace distance over adaptive testers. These unitaries need not conserve
energy; the extension is a mathematical object. For a purified tester t, an observer allowed by the
schedule that keeps its initial purifying systems and everything it discards coherently, let Z be
everything it owns at the end, including these systems, its references and every released carrier,
with no duplicate copy of a carrier loaned again; the tester starts independent of the device and of
F . Let Et = ∑

v[TrHvρv,release − TrHvρv,arrival] be the energy handed over. Set

kS,ε(T ) = inf
private extensions

sup
purified t

[
ln 2
β S(Z|F )t + Et

]
,

and let KS
β (T ) = β k̄S(T )/ ln 2, where k̄S(T ) = infεn→0 lim supn kSn,εn(Tn)/n is the regularized rate

along the block schedules Sn. As a check of the normalization, resetting a maximally mixed bit
with zero Hamiltonian gives k = kBT ln 2.

Because the tester is purified and starts independent of the device, the final state of F , the
device and Z is pure, so S(Z|F ) = S(ω) − S(τ), with ω the device’s final state, is the entropy
the extension adds to its own record: the device cannot read F , and the same tester supplies both
the entropy and the energy term. The purification is needed. For the identity channel on a qubit
with zero Hamiltonian, run by a device that does nothing, a tester that feeds I/2 and keeps no
purifier would be charged S(Z|F ) = 1 although the device adds no entropy; with the purifier in Z,
S(Z|F ) = 0.
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Part of the
contract

What it requires

Target A finite strategy on a specified schedule, such as a channel, a process or a
delayed release, required of every observer, including inputs entangled with
references the observer keeps.

Access Inputs arrive and outputs are released as the schedule says; the observer
chooses later inputs using released outputs, its memory and its references.

Ports Each visit returns the same carrier with the Hamiltonian it arrived with. New
or retired carriers need an inventory term, and changed Hamiltonians need a
physical switch (Section 3).

Free dynamics Unitaries that conserve the energy of the systems they act on, and Gibbs
reservoirs at one temperature, declared in advance.

Controller Returns approximately: its joint state with everything else ends close to its
initial state tensored with the rest, and its actual mean energy and entropy
each change by o(n). Its startup capital is declared and may grow with n; it is
not part of the rate.

Battery Mechanical, with entropy change o(n). Deterministic work: it starts in an
energy eigenstate and ends in a fixed level with probability tending to one,
with mean absolute deviation o(n).

Limit The error over the whole block of n uses tends to zero, and the rate is per use
as n→∞. Devices may have any size and running time, and the constructions
are built for a number n of uses known in advance. A rate of zero does not
mean that a finite device runs at zero cost.

Table 2: The operational contract of Theorem 3.3. Appendix A states it in full.

Results What changes
Real-time channel laws
(Theorems 4.1 and 4.2,
Appendix G)

Deterministic work allows a signed mean deviation of the battery
from its final level, a weaker requirement than the absolute
deviation; the lower bounds hold under either, and the
constructions are claimed only under the signed one.

Strong converse of
Theorem 4.1

The controller starts in its Gibbs state; a controller with a broad
energy bank can break the converse (Remark G.13).

Clock size (Theorem 4.3(b),
Propositions H.8 and H.9)

Hold at any work. The battery starts in a state that commutes
with its Hamiltonian, and the vanishing-error bounds also ask the
controller to return independently of everything else, within ηn,
uniformly over inputs.

Fiber law (Theorem 7.1) Zero Hamiltonians, and a promise on the admissible inputs that is
part of the task.

Two-qubit certificate
(Proposition 9.1)

One episode, with finite budgets P for the controller and the
battery in place of the o(n) terms.

Lent arm of Section 10 The observer returns the loan unmodified, jointly with the rest.
Comparisons of Section 11 Their own free operations, currencies and output inventory.
Exact return and zero error
(rows of Table 4)

Outside the contract; listed for comparison.

Table 3: Where a result departs from the default contract of Section 2 and Table 2.
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Theorem 3.3 (Work law for schedules). Fix a temperature 0 < T <∞, and let Sn be the schedule
of a block of n uses, with the order of events across uses specified, in which each visit returns the
same carrier with an unchanged Hamiltonian. The optimal rate of deterministic work for a device
that returns its controller approximately is

WS = ln 2
β

KS
β .

The lower bound holds for every implementation; the rate is attained using the finite-source and
phase modules of Appendix F. Appendix A states the full contract, including the battery’s absolute
energy deviation. Resources that start correlated with the controller and must be returned in a
prescribed joint state are not covered.

3.1 The lower bound in one page

The lower bound of Theorem 3.3 is an accounting identity, and it is short enough to give here in full.
The identity is a multipartite form of the finite-reservoir entropy-production identity of Esposito,
Lindenberg and Van den Broeck and of Reeb and Wolf [38, 39]; the step specific to the law is the
identification A = S(Z|F ) below, against every observer. Entropies in this subsection are in nats.

Lemma 3.4 (Whole-block identity). Let the device D = CWR start in αC ⊗ |w⟩⟨w| ⊗ γR, with
γR the Gibbs state of R at inverse temperature 0 < β < ∞, independent of the observer, and
run any sequence of energy-conserving unitaries on itself and the carriers present, following the
schedule. For every purified observer, let A = S(Df )− S(Di) be the entropy gained by the device,
Et = ∑

v[TrHvρv,release−TrHvρv,arrival] the energy handed over on the carriers, and I(C:W :R)f =
S(Cf ) + S(Wf ) + S(Rf )− S(Df ) the final total correlation among the device’s parts. Then

−∆EW −∆EC + ∆SC + S(Wf )
β

= Et +
A+D(ρRf

∥γR) + I(C:W :R)f
β

. (3.1)

Proof. Three identities and one conservation law. First, since the initial state is a product with a
pure battery, S(Di) = S(Ci) + S(Ri), so

A = ∆SC + S(Wf ) + ∆SR − I(C:W :R)f .

Second, with γR = e−βHR/ZR and lnZR = S(γR)− β TrHRγR,

D(ρRf
∥γR) = −S(Rf ) + β TrHRρRf

+ lnZR =⇒ ∆SR = β∆ER −D(ρRf
∥γR).

Third, every gate conserves the energy of the systems it acts on, so over the whole block

∆EC + ∆EW + ∆ER + Et = 0.

Substituting the second identity into the first, solving for ∆ER, and inserting it into the conservation
law gives (3.1).

Every term on the right of (3.1) except Et and A is nonnegative: relative entropy and total
correlation are. The left side is the free energy drawn from the battery and the controller. Under
the return rule of Section 2, |∆EC |, |∆SC | and S(Wf ) are o(n), and the battery’s nominal debit
differs from −∆EW by its mean absolute deviation, also o(n). So

nominal work ≥ Et + A

β
− o(n) (3.2)
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1. Private extension
a circuit for the target,

of value g; it need
not conserve energy

2. Rare
coherent recorder

on a flagged branch of
small probability δ, arriv-
ing carriers are swapped

into stored registers;
nothing is measured

3. Positive
heat correction

an operator D ≥ 0 on
the retained records gives

⟨D⟩t = w − J(t), paid
by rare excitations of

high-gap thermal qubits

4. Source factory
and phase lift

the initial state is
formed from Gibbs

supplies, and a returned
clock makes every

gate energy-conserving

error ε error ε+ δ
every observer gains w,

up to an error that vanishes
work g + o(1) per block;

capital invested

Figure 2: The construction behind the upper bound of Theorem 3.3, read as a ledger (Appendix A).
The record in stage 2 is coherent: no history is measured or postselected, and the rare branch adds
only a small error. Stage 3 makes the unused part of the worst-case budget, w − J(t) for the
observer t, a positive effect on systems the device still holds, so every observer is charged the same
work. Stage 4 is the finite-source and phase module of Appendix F; its capital can be enormous,
but it is invested, not consumed, and comes back with the controller.

for every observer. It remains to identify A with the schedule functional. Purify the device’s initial
state by an inert register F , which no gate touches, and purify the observer. At the end of the
block the global state of F , the device and the observer’s systems Z is pure, so S(Df ) = S(ZF )
and S(Di) = S(F ), whence A = S(Z|F ). The actual device, with energy conservation forgotten,
is a legal private extension of the target at the device’s error, so supt[S(Z|F )t/β + Et] ≥ kS,ε
and (3.2) becomes nominal work ≥ kS,ε(T ) − o(n). Regularizing along the block schedules gives
WS ≥ (ln 2/β)KS

β . The argument uses neither time covariance nor exact return, and it needs no
continuity estimate in the norm of any Hamiltonian; Appendix A states it with explicit budgets.

The identity also explains the figure of merit. The device cannot read F , so S(Z|F ) is exactly
the entropy the implementation adds to its own record, and the same observer supplies both the
entropy and the energy term. Nothing about speed enters: the identity holds for any number of
gates and any running time.

3.2 The upper bound in outline

For a near-optimal private extension, the construction records the observer’s strategy from the
arriving carriers on a rare branch of small probability; the gap between the worst observer and the
actual one then becomes the expectation of one fixed positive operator on the device’s records, and
that gap is paid as heat by rare excitations of high-gap thermal qubits, so that every observer is
charged the same work. Each release removes from the device’s reach whatever its record shares
with the released carrier, which is why the record is kept coherently and never measured.

Windows that collect a bundle of carriers and release it without feedback reduce exactly to
the interleaved processes of Appendix F. General schedules, with overlapping visits, out-of-order
releases and correlated re-entry, need the record to be kept on the actual carriers; the positive
operator is obtained by duality on the cone of testers and acts, just before the last release, only
on records the device still holds (Appendix A). The construction neither identifies the observer
by tomography nor measures the ordinary history, and it never touches a released carrier. The
proof of attainability uses its parts in this order (Figure 2): a private extension; the coherent
recorder and the dual on the tester cone; the positive heat correction; the finite-source cache, which
forms the required initial state from Gibbs supplies; the energy-conserving lift of the whole history;
and separate refunds of the controller’s actual energy and entropy, with the battery’s entropy and
absolute deviation kept sublinear (Appendix F).

11



Two remarks fix the scope for schedules that change their carriers.

New and retired carriers. A schedule that delivers new output carriers, or retires inputs,
needs the inventory term (∑new lnZO −

∑
retired lnZI)/β in the functional; without it even the

preparation of a thermal state is mispriced. The lower bound with this term holds for every
schedule, since the accounting identity changes the stock’s partition function by exactly this amount.
In batch, for a time-covariant channel ΦA→B, the corrected formula is a theorem: the capacity
theorem [3, Thm. 7.1], applied to the time-covariant channel XAB 7→ γA⊗Φ(TrBXAB) on the fixed
composite system AB with Hamiltonian HA +HB, attains it, because the capacity of that channel
is supσ[D(Φ(σ)∥γB)−D(σ∥γA)]. Faist, Berta and Brandão define the capacity of a channel between
different systems with the unnormalized operators e−βH [3, Eq. (4.2)], which gives this expression
plus ln(ZA/ZB); the two differ only in how the partition functions of created and discarded systems
are booked, which our contract charges through the inventory term. For general schedules with
new or retired carriers, a matching construction depends on a source-formation step that we do not
prove here.

Changing Hamiltonians. Changes of Hamiltonian are not free relabellings: after a release, a
retained switch cannot be reset between modes that assign the released system different energy
gaps using only energy-conserving operations on what the device keeps, so a schedule that changes
Hamiltonians must count the switch as a physical system.

4 One functional, many schedules
Most rows of Table 4 are Theorem 3.3 evaluated on one schedule; the rows on exact return and on
zero error lie outside its hypotheses, and the capital, bath range and lottery in the row on a clock
returned approximately are not rates; these entries are listed for comparison. For a clock returned
in batch, Theorem 6.1 gives the same optimal rate in single-letter form, B(Φ), so the two agree.
The rates in the rows on real-time channels and on a clock returned approximately are proved
directly in Appendix G, with the signed battery deviation of Table 3.

The real-time rate is κβ(Φ) = supρ[S(ρ)− S(Φ(ρ)) +mρ + β TrH(Φ(ρ)− ρ)/ ln 2], where mρ is
the least mutual information any exact dilation must leave between the released output and what
stays in the device; the thermodynamic capacity of Faist, Berta and Brandão is the same expression
with mρ = 0 [2, 3] (Appendix G). For processes, Kβ is an entropy change plus an energy change
measured against the same adaptive observer and minimized over implementations that respect the
order in which outputs are due (Appendix F). The batch quantity B(Φ) is defined in Section 6.

4.1 The channel results stated

Four of the rows of Table 4 deserve to be stated as theorems in the main text, because they are the
ones a reader is most likely to want to use. In them κβ is in bits, B(Φ) is an energy, and the capacity
is written in energy units, kBT ln 2 T (Φ), wherever it is compared with B(Φ). Their proofs are in
Appendix G (channels) and Appendix H (clocks); the appendix statements carry every hypothesis.
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Result Schedule Value
Landauer erasure [1] any kBT ln 2 per bit, degenerate levels
Batch capacity, covariant
channels

hold all outputs the capacity of [3]

Real-time channels release each output kBT ln 2κβ(Φ); equal to the capacity for
classical channels (Appendix G)

Processes with memory interleaved kBT ln 2Kβ(P) for every finite process
(Appendix F)

Order alone two-step classical
process

kBT ln 2 [1− h2(p)] per episode if
released early, 0 if held, with p the bias
of the process’s coin (Appendix F)

Which carriers to hold linear task, carriers
L released early

rank(FL) kBT ln 2 per use; deciding
whether holding m of them lowers it is
NP-complete (Proposition 5.2)

Delayed channel ground state first, Φ
of the first input one
slot later, second
input discarded

κβ(Φ) + log2 Tr e−β(H−E0) bits; the
second term pays for discarding the
second input (Appendix F)

Clock returned exactly non-covariant target impossible at any work, with a
stationary battery (Appendix G)

Clock returned
approximately

non-covariant target real-time rate κβ ; capital, bath range
and lottery for gates (Appendix G and
Appendix H)

Batch with a returned
clock

hold all, clock
returned

B(Φ); the capacity when
H − Φ∗H ∈ span{A∗

iAj} (Appendix H)
X-dephasing hold all, clock

returned
E/2, as in real time; capacity
β−1 ln cosh(βE/2) (Appendix H)

Gibbs preservation hold all, clock
returned

a positive rate per use at zero capacity
(Appendix H)

Process vs. time reverse hold all, clock
returned

qutrit: 0.1547 kBT against 0
(Appendix H)

Zero error, extreme
channels

hold all the full real-time rate (Appendix G)

Table 4: One functional, many schedules. Values are work per use unless marked per episode. κβ,
Kβ and the capacity T are in bits, to be multiplied by kBT ln 2; B(Φ) and quantities written with
E are energies.
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Theorem 4.1 (Real-time work law for channels). Let Φ be a time-covariant channel on a system
with Hamiltonian H. In real time, the optimal work per use at vanishing error is kBT ln 2κβ(Φ),
with

κβ(Φ) = sup
ρ>0

[
S(ρ)− S(Φ(ρ)) +mρ(Φ) + β

ln 2 TrH
(
Φ(ρ)− ρ

)]
, mρ(Φ) = inf

(U,τ)
I(O:E′)ρ,

the infimum over finite exact dilations of the mutual information between the output and the
bath output. The thermodynamic capacity is the same expression with mρ = 0. Moreover, for
every fixed δ > 0, any implementation whose controller starts thermal and that draws at most
nkBT ln 2 (κβ(Φ)− δ) of deterministic work has error tending to one.

Theorem 4.2 (Only quantum channels pay). For repeated uses of one memoryless channel, each
output released before the next input arrives, as in Theorem 4.1:

(a) If Φ is classical, meaning that it measures in an eigenbasis of H and prepares states diagonal
in that basis, then κβ(Φ) equals the capacity at every temperature: waiting saves nothing.

(b) For amplitude damping with probability 0 < p < 1 on a qubit of gap ∆, κβ(Φ) =
max0≤y≤p[h2(y) − β∆y/ ln 2] exceeds the capacity at every temperature; at p = 1, a full
reset, the two coincide.

(c) For the Werner–Holevo channel W (ρ) = (Tr(ρ)I − ρT )/2 on a qutrit with zero Hamiltonian,
the real-time rate is log2 3 bits per use, while in batch the work is o(n); at zero error a batch
device too draws at least n log2 3 bits of free energy from its battery and controller, a bound
attained with an information battery.

Theorem 4.3 (What a returned clock costs, and how large it must be). Let Φ have Kraus operators
Ai, complementary channel Ψ, and energy change D = Φ∗(H)−H.

(a) Cost. With a clock that must be returned, the batch work per use is the single-letter quantity

B(Φ) = max
Ψ(ρ)=Ψ(σ)

{
Tr ρD + kBT ln 2

[
S(σ)− S(Φ(σ))

]}
≥ capacity,

with equality whenever D ∈ span{A∗
iAj}, that is, whenever some environment Hamiltonian can

carry the channel’s mean energy change; we call such channels balanced. The converse fails:
for the Hadamard gate on a qubit of gap E, D /∈ span{I} and yet B(Φ) = capacity = E/

√
2,

because a unitary changes no entropy and both maxima reduce to λmax(D); for X-dephasing
on the same qubit B(Φ) = E/2 exceeds the capacity strictly.

(b) Size. When D lies outside the span, the generator i
∑
iA

∗
i Ȧi of the channel’s time orbit

Φt(ρ) = UtΦ(U∗
t ρUt)U∗

t , Ut = e−itH , which equals D, satisfies the Hamiltonian-not-in-Kraus-
span condition of Zhou and Jiang [15], and the spread of the clock’s capital must grow at least
linearly in n, and at least like n/√ηn when the clock is returned within ηn.

Capital and implementation size. Part (b) of Theorem 4.3 bounds the clock’s capital, not
the rate: the capital is invested and comes back, and part (a) gives the work per use whatever its
size. The spread is the quantity sn of Proposition H.4. If the controller starts in αC = ∑

a λa|a⟩⟨a|
and has Gibbs state γC = ∑

b µb|b⟩⟨b|, it is the least mean absolute deviation of ln(λa/µb) from a
constant, with weights λa|⟨a|b⟩|2; for a pure controller it is β times the mean absolute deviation of
its energy from a median. The bound comes from metrology: a code built as that of Zhou and Jiang
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turns n uses of any reliable implementation into a probe that reads the controller’s clock to within
O(1/n) (Appendix H). At vanishing error the clock must be broader still, with spread of order at
least n/ηn when εn = O(ηn) (Proposition H.8). When D lies in the span, a clock of spread O(

√
n)

suffices for an implementation at fixed error and fixed return error (Proposition H.9(c)), at work
of order n logn; whether such a clock suffices at the optimal rate is open in general (Section 13),
and Proposition H.13 gives a balanced channel for which it does. For a covariant channel no clock
is needed.

Theorem 4.4 (Holding is decidable; releasing is not). In batch, a channel costs nothing with a
returned clock exactly when it is Gibbs-preserving and D ∈ span{A∗

iAj}, a condition that linear
algebra decides for channels and Hamiltonians with algebraic entries when β is algebraic, or the
Gibbs state γ = e−βH/Tr e−βH has algebraic entries (for example, every Gibbs weight e−βEk is
algebraic). In real time a channel costs nothing exactly when it is a limit of thermal operations,
and there is a dimension d0 such that for every d ≥ d0, every Hamiltonian diagonal in the dephasing
basis and every temperature, no algorithm decides whether a generalized dephasing channel on Cd
with cyclotomic entries is free in real time; the set of free ones is not recursively enumerable.

The batch statement needs a hypothesis on β because Gibbs preservation involves the weights
e−βEk of the eigenvalues Ek of H. If the Gibbs state has algebraic entries, Φ(γ) = γ is exact linear
algebra over the algebraic numbers. If β is algebraic, and nonzero as throughout, the Lindemann–
Weierstrass theorem, by which eα1 , . . . , eαm are linearly independent over the algebraic numbers
for distinct algebraic αk, turns Φ(γ) = γ into the algebraic conditions Φ(Pk) = Pk for the spectral
projections Pk of H. The span condition is linear algebra over the algebraic numbers in either case.

At zero Hamiltonian and in units of purity, the rate of Theorem 4.1, the Werner–Holevo rate of
Theorem 4.2(c) and the real-time zero set of Theorem 4.4 are in our earlier work [24, 25, 26], and so
are a strong converse at zero rate and the undecidability of that zero set when the dimension may
grow [27]. The batch rate of zero in Theorem 4.2(c) is the theorem of Faist, Berta and Brandão,
since the capacity of a unital channel at zero Hamiltonian is zero [3]. Two steps are taken from
our earlier preprints and not reproved here. The attainability in Theorem 4.1, and its formula
for mρ as an infimum over finite exact dilations, rest on the pointwise smoothing identity [26,
Thm. 4.1, Cor. 4.3] (Lemma G.6). The undecidability in Theorem 4.4 rests on the zero-Hamiltonian
closure theorem [24, Thm. 3.2(a)], which supplies the direction from zero cost to a limit of finitely
factorizable channels (Step 1 of the proof of Theorem G.21). Theorems 4.1 and 4.2 use the signed
battery deviation of Table 3.

The dichotomy of Theorem 4.2 is the first visible consequence of the two layers of Section 1: for
a classical channel and an input diagonal in its basis, the bath can be made nearly independent of
the output, by a dilation that hides the channel’s randomness in a nearly flat register, so mρ = 0 on
such inputs. Coherent inputs can leave a positive mρ (for complete dephasing in the computational
basis at zero Hamiltonian, the input (I + 0.6X)/2 has mρ = 1 − h2(0.8) ≈ 0.28 bits), but they
cannot raise the optimized real-time cost, so the real-time rate is the capacity (Appendix G). For a
quantum channel such as partial reset the output is necessarily correlated with what is left behind.
The dichotomy concerns memoryless channels: a classical process with memory can pay for release,
as the task of Figure 1 does (Section 7). Theorem 4.3 says that the clock-size question and the
metrology question have the same answer for the same reason: inputs that the environment cannot
tell apart but that differ in energy are exactly the inputs that make a code sensitive to the channel’s
phase, as in the code of Zhou and Jiang [15, Sec. V]. Whether the clock also costs work above the
capacity is a separate question, decided by B(Φ) and not by the span alone.
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5 What waiting buys
Side information. Take a memory M whose states all have the same energy, as in an information
register, and many copies of a fixed state of M and its quantum side information O. Erasing M ,
while leaving O and its correlations with everything else intact, costs kBT ln 2S(M |O) per copy;
del Rio et al. showed that this much work suffices, even when it is negative [11]. Without the
side information it costs kBT ln 2S(M), more by the mutual information I(M :O). When the
states of M differ in energy, the reset changes that energy too, and the cost changes with it.
A qubit of gap E at βE = ln 2, in its Gibbs state, is excited with probability 1/3; resetting
it to its ground state costs kBT ln 2 [h2(1/3) − 1/3] = kBT ln(3/2), that is 0.585 bits per copy,
not the h2(1/3) = 0.918 bits of its entropy. This is the rate of a full reset, Theorem 4.2(b) at
p = 1, whose hardest input is this Gibbs state. The law of Section 3 and the integrands below
include this energy term. A batch device keeps its outputs as side information until it has cleaned
up [3, Sec. 7]; a real-time device has already released them. At a fixed input ρ, the real-time
integrand exceeds the batch one by mρ, the least such mutual information an implementation must
leave, which can be smaller than any particular dilation suggests. For time-covariant channels the
optimal batch rate in this thermal-operation model is the thermodynamic capacity T (Φ) = maxρ cρ,
where cρ = S(ρ)− S(Φ(ρ)) + β TrH(Φ(ρ)− ρ)/ ln 2, so the surcharge between the optimal rates is
κβ(Φ)−T (Φ) = maxρ(cρ+mρ)−maxρ cρ. It is not an optimum ofmρ alone, because the two maxima
can sit at different inputs. The extra term mρ is a correlation cost, input by input; the surcharge
compares two optimized totals. For amplitude damping at p = 1/2 and βE = ln 2 (Figure 3),
mρ = 0.918 bits at the real-time optimum, while the surcharge is 0.585E − 0.154E = 0.431E per
use, that is 0.431 bits. For a general channel with a returned clock the batch endpoint is instead
B(Φ) of Section 6, and the saving from waiting is kBT ln 2κβ(Φ)−B(Φ). The capacity gap remains a
benchmark, but it need not be a saving available under that return contract: X-dephasing costs E/2
per use in both schedules, above its capacity. On inputs diagonal in its basis, a classical channel
can leave behind nothing correlated with the outputs it releases, by hiding its randomness in a
nearly flat register; coherent inputs can leave a correlation, but they cannot raise the optimized
cost (Appendix G). So a classical channel pays nothing extra, much as an information ratchet
avoids modularity dissipation by designing internal states that capture the global correlations [7];
a quantum channel such as partial reset of a qubit must leave its output correlated with what
remains, and pays a surcharge at every temperature (Appendix G). Only quantum channels save
work by waiting. Here a channel means repeated uses of one memoryless map: classical tasks with
several steps can also save work by waiting, as Proposition 5.2 shows exactly. This concerns the
channel, not the memory: for classical strategies with stochastic outputs, a quantum memory can
lower the online cost below that of every classical agent whose memory is a function of the past [10],
and only when two causal states form a causally wasteful pair [10, Result 2].

Error. For extreme channels, the batch saving requires nonzero error, even when that error
vanishes with the block size.

Proposition 5.1 (Zero error removes the saving for extreme channels (Appendix G)). If a channel
is extreme in the convex set of channels, every implementation with zero error, in batch or in real
time, draws free energy from its battery and controller at no less than the real-time rate.

Extremality makes the branches of any exact implementation orthogonal [40], so the device’s
entropy rises by exactly the entropy of the complementary output on every input. For amplitude
damping at p = 1/2 and βE = ln 2, the real-time rate is 0.585E per use and the batch capacity
0.154E (Appendix G); the difference is available only to a device that tolerates some error.
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Figure 3: The surcharge is a difference of two maxima. Amplitude damping with p = 1/2 at
βE = ln 2, so that one bit costs E; inputs diagonal in the energy basis, with excited population
x, attain both maxima. Dashed: the batch integrand cρ = h(x) − h(x/2) − x/2, whose maximum
is the capacity, 0.154, at x ≈ 0.18. Solid: the real-time integrand cρ + mρ = h(x/2) − x/2, whose
maximum is κβ = 0.585, at x = 2/3. Dotted: the correlation term mρ = 2h(x/2) − h(x). The
surcharge, 0.431, is neither mρ at the real-time optimum, 0.918, nor mρ at the batch optimum,
0.197.

Delay. Let each output be released b steps later than in real time. For independent delayed-
choice episodes, in which a qubit is released and the question it must answer arrives ℓi steps later,
the number of episodes that still require an early commitment is #{i : ℓi > b}, and under one-
way communication from the party that answers, the entanglement cost is exactly this number (a
question that arrives in the same step as the delayed release is taken to arrive first): each such
episode is charged one ebit by the monogamy argument of Section 11, and every other episode is
answered before its release at no cost. One more step of delay saves #{i : ℓi = b + 1}: a step of
delay is worth exactly the questions it moves to the accessible side of a release, and has no fixed
exchange value. Under the strict real-time rule, where the next input arrives only after the last
output has left, waiting longer does not move any question and buys nothing. For repeated uses of
one channel, running blocks in batch, with the exponentially small block error that the construction
of Faist, Berta and Brandão has at a fixed typicality tolerance (proof of Theorem G.3), and taking
a union bound over blocks comes within any fixed δ > 0 of the batch rate once the delay exceeds
Cδ log(n/ε); this construction reaches the batch rate itself only with a delay that grows faster than
log(n/ε), and the exact work–latency profile is open.

Which carriers to hold. With several carriers in flight, a schedule can let some of them wait
for a later input while others leave. For linear tasks the price of such a schedule is a rank, and
the best choice of what to hold is a question about codes. For example, let the late output need
the two parities a1 ⊕ a2 and a2 ⊕ a3, so that F has rows (1, 1, 0) and (0, 1, 1). Releasing all three
bits costs two bits. Holding any one of them still leaves released columns of rank two, so it saves
nothing; holding any two leaves a single nonzero column and lowers the cost to one bit; holding all
three makes it zero. A held bit helps only when it completes a late parity, not merely because it is
one more bit of storage.
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Proposition 5.2 (Release rank). Let F be an ℓ× k binary matrix. A device receives a ∈ Fk2 on k
bit carriers with zero Hamiltonian. The carriers in a set L must leave, unchanged, before a fresh
b ∈ Fℓ2 arrives on ℓ further carriers; those in R = {1, . . . , k} \ L may be held until then. In the
end the device returns every first carrier unchanged and dephased, and the second carriers holding
b⊕ Fa. Let D be everything the device keeps, initially independent of the inputs, and let FL be the
columns of F in L.

(a) For independent uniform a and b, every exact implementation raises the entropy of D by at
least rankFL bits, so, when its controller, battery and Gibbs reservoirs start independent, it
dumps heat at least [rankFL−∆SC−∆SW ] kBT ln 2, with ∆SC and ∆SW the entropy changes
of its controller and battery in bits. An energy-conserving implementation raises the entropy
by exactly rankFL and dumps heat (1− q) rank(FL) kBT ln 2, where q, the probability that its
battery misses its final level, can be made as small as desired.

(b) If any m carriers may be held, the least cost is rankF −max{r : dr(C) ≤ m} bits, where C is
the row space of F and dr(C), its r-th generalized Hamming weight, is the smallest support of
an r-dimensional subcode [41]. Holding m carriers lowers the cost at all exactly when C has
a nonzero word of weight at most m, which is NP-complete to decide [42].

Holding every carrier costs nothing, and holding one more carrier helps only when it completes
a late parity, one that then depends on held carriers alone: the price rankFL = rankF − dim C(R)
counts the independent parities of the released bits that the late output still needs, where C(R) is
the set of late parities supported on held carriers. By part (b), the price of a schedule is a coding
invariant of the task: its generalized Hamming weights, which Wei introduced for the wire-tap
channel of type II [41]. The proof is in Appendix E.

6 Returning a clock
A channel that is not time-covariant needs a phase reference. If the reference is finite-dimensional
and must come back exactly, and the battery is stationary, no such channel can be run at any
work cost: by the no-broadcasting theorem for asymmetry, a bounded reference used to implement
an operation that is not covariant is necessarily degraded [12, 13]; if it need only come back
approximately, every channel runs in real time at the rate κβ (Appendix G, with the signed battery
deviation of Table 3). For a gate the reference then pays in other currencies: capital at least of
order n/(ε + η), baths whose energy range grows at least like n/

√
ε, and an energy that returns

only as a lottery (Appendix H). The capital has the scaling of the reference-size laws of Chiribella,
Yang and Renner and of Tajima, Shiraishi and Saito [43, 44]. Channels that are not gates can need
far less: a Gibbs-preserving qubit channel that is not time-covariant runs in batch at zero work
with a clock whose spread grows like

√
n (Appendix H).

In batch the returned clock has an exact price. Let Ψ be a complementary channel, D =
Φ∗(H)−H and

B(Φ) = max
{
Tr ρD + kBT ln 2 [S(σ)− S(Φ(σ))] : Ψ(ρ) = Ψ(σ)

}
.

Theorem 6.1 (The batch law with a returned clock (Appendix H)). With a battery that starts in
an energy eigenstate and a controller that returns approximately, all of it and not only the clock,
the optimal batch work per use of every finite channel is B(Φ), attained with deterministic work. It
equals kBT ln 2 T (Φ), the thermodynamic capacity in energy units, whenever D lies in the span of
the products A∗

iAj of Kraus operators, and a Gibbs-preserving channel is free exactly when it does.
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Schedule and clock Processes that cost nothing Decidable
Batch, Gibbs-preserving
maps free [3]

Gibbs-preserving channels yes

Batch, clock returned Gibbs-preserving, with
H − Φ∗H ∈ span{A∗

iAj}
yes

Real time limits of thermal operations (Appendix G) no

Table 5: The free channels shrink as the operational model tightens: Gibbs-preserving maps taken
as free operations, thermal operations with a returned clock in batch, and thermal operations in real
time. Each inclusion is strict: a Gibbs-preserving qutrit separates the first two rows (Appendix H),
the Werner–Holevo channel, which is not factorizable [46], the last two. Decidability is for exact
algebraic data, under the hypothesis of Theorem 4.4.

Two inputs can be charged separately, one for energy and one for entropy, exactly when the
environment cannot tell them apart. When the environment can carry the energy change, input
by input on average, the clock never has to absorb an energy that depends on the input, and the
capacity is reached. This makes precise the obstruction that Faist, Berta and Brandão anticipated:
for superposed inputs of different energy, the environment must compensate the energy difference
without disturbing the process [2]. A returned clock can supply phase, but it cannot provide net
extensive energy: for every observer its actual mean energy change must be sublinear. It can
still make large loans that depend on the branch, as long as their mean is refunded. When the
environment cannot carry the energy change, the remainder may have to be paid, but it need not
be: a unitary gate changes no entropy, so for the Hadamard gate B(Φ) equals the capacity although
D lies outside the span (Section 4.1). Qubit dephasing in the X basis costs E/2 per use in batch,
exactly its real-time cost and above its capacity; some Gibbs-preserving channels, of capacity zero,
cost work of order n; and every Gibbs-preserving qubit channel is free in batch with a returned
clock (Appendix H). The span of the products A∗

iAj is the non-commutative confusability graph of
Duan, Severini and Winter [45]. The same condition separates small clocks from large ones. When
D lies outside the span, the channel’s orbit under time translation, whose generator is exactly D,
can be estimated at the Heisenberg limit [15]. A code built as in [15, Sec. V] turns n uses of any
reliable implementation into a probe that reads the controller’s clock to within O(1/n), so no clock
whose spread grows more slowly than n can run it reliably, at any work (Appendix H).

A process and its time reverse. For a Gibbs-preserving channel, the reverse process of quan-
tum fluctuation theorems [47, 48] is its Petz map Φ♯(σ) = γ1/2Φ∗(γ−1/2σγ−1/2)γ1/2. Thermal
operations are closed under this reversal. With a returned clock, the criterion of Theorem 6.1 is
not: on a qutrit there is a Gibbs-preserving channel that costs 0.1547 kBT per use while its reverse
costs nothing (Appendix H). Which direction is free is decided by two linear tests on the Kraus
operators. The asymmetry is not generic: channels of full Kraus rank pass both tests, so any fixed
amount of full-rank thermal noise removes it, and separated pairs lie on the boundary of the set of
Gibbs-preserving channels, as Tajima and Takagi found for Gibbs-preserving maps whose coherence
cost diverges [49, Suppl. Prop. S.11]. For a finite device the threshold is set by the horizon: noise
removes the asymmetry only when the expected number of noisy uses grows without bound, so
noise per use small compared with the inverse of the number of uses leaves the full cost in place
(Appendix H). In coherence the same pair is already asymmetric, as Tajima and Takagi found for
detecting versus creating coherence [49]: by their theorem the forward channel, which keeps a pair
of orthogonal coherent inputs perfectly distinguishable, needs coherence that diverges as the error
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vanishes, while its reverse, which reads energy populations and prepares coherent states, can be
implemented with finite coherence by the construction they give for maps of that kind [49, Suppl.
Sec. IV]. With a returned clock the asymmetry appears in work. It is an implementation asymme-
try created by the obligation to return the clock. It does not violate any fluctuation theorem, and
it is not carried by the clock, whose entropy changes by o(n).

7 What a released past must keep
The two-bit example of Figure 1 has a general form, and it is the cleanest place to see the mechanism
of the law without any quantum ingredient. A past x arrives and must be released. Later a question
y arrives, and the device must answer it with g(x, y). Two things can cost work here, and it pays to
keep them apart. One is ordinary erasure: if the answer discards part of y, the device must absorb
what it discards, whatever the schedule. The other is order: while x is gone, the device must still
be able to answer every y, so it must keep a record of what x can still tell apart. The theorem
below prices both and separates them.

Classes and fibers. Fix nonempty finite alphabets X,Y, Z and g : X × Y → Z. Two pasts
are equivalent, x ∼ x′, if g(x, ·) = g(x′, ·): no later question distinguishes them. Let K(g) be the
number of classes, c(x) the class of x, and write g(c, y) for the common value on a class. Two counts
measure what an answer discards:

F (g) = max
x∈X, z∈Z

∣∣{y : g(x, y) = z}
∣∣, F ′(g) = max

z∈Z

∣∣{(c, y) : g(c, y) = z}
∣∣.

F is the most questions a single past leaves indistinguishable after answering; F ′ counts pairs of a
class and a question that lead to the same answer. Always F ≤ F ′ ≤ K F . A task has reversible
questions if y 7→ g(x, y) is a bijection of Y onto Z for every x; then F = 1 and F ′ = K. The classes
are the distinct rows of the table of g, so ⌈log2K(g)⌉ is the deterministic one-way communication
complexity of g from the party that holds the past [50]; read as a strategy, they are its causal states,
the memory states of an optimal causal agent in computational mechanics [28, 10]. Thompson et
al. price such agents for a given input process, with each question kept on the tape and each answer
written to a fresh cell [10]. There the record can be uncomputed against the question and the
answer, and the cost they find is the information the memory stores about the last input and
output minus what it holds about the next ones [10, Eq. (3)], nonpredictive information of the
kind that Still, Sivak, Bell and Crooks identified with the average dissipation of a system driven
by a stochastic signal [51]; for the task of Figure 1 that cost is zero. Here the answer overwrites
the question, as in the information ratchets of [7], and the price is a worst case over observers;
Appendix F compares the two interfaces.

Theorem 7.1 (Fiber law for a released past). Let the task Tg be: a carrier arrives holding x in
the computational basis, is dephased and released; a second carrier, of dimension max{|Y |, |Z|},
then arrives holding y and must be released holding g(x, y); its admissible inputs, together with the
observer’s references, are supported on span{|y⟩ : y ∈ Y } tensored with the references, a promise
that is part of the task. All carriers have zero Hamiltonian. Against quantum devices and observers
with references,

KS
β (Tg) = log2 F

′(g) bits per episode in real time,
KS
β (Tg) = log2 F (g) bits per episode when x may be held until y arrives.
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The order price, the difference, lies between 0 and log2K(g). For reversible questions it is log2K(g)
and the held price is zero. For a constant answer g ≡ z0 it is zero, and both schedules pay log2 |Y |:
the Landauer cost of erasing y.

The proof is in Appendix I; its two halves are the two halves of Theorem 3.3. The upper bound
is a device that dephases each carrier with a coin drawn from the reservoir, writes the class c(x)
into a register before x leaves, and when y arrives rewrites (c, y) reversibly as the answer g(c, y)
on the carrier and an index of the pair within the fiber of that answer in the register; the index
has at most F ′ values. The lower bound needs two kinds of observer. Observers who might ask a
distinguishing question force the device to know the class of x at the moment x leaves, since one
fixed later operation must tell the classes apart. The steering observer (it steers the answer; the
word has nothing to do with quantum steering), who chooses the answer z0 with the largest fiber
and sends pasts and questions uniformly over that fiber, then leaves the device no way to pass that
knowledge on, because every answer it returns is z0. An identity for the information the device
holds about the observer’s choices, visit by visit, turns these two facts into an entropy increase of
log2 F

′ per episode, up to the explicit loss δg(ε) for sufficiently small ε, uniform in the number of
episodes and in the dimension of the private device. The held bound is the thermodynamic capacity
of the classical channel (x, y) 7→ (x, g(x, y)), which is log2 F . Both prices are worst-case Landauer
costs of one logical operation applied in the same way to every input, (x, y) 7→ (x, g(x, y)) when
the past is held and (c, y) 7→ g(c, y) in real time, the setting of the general forms of Landauer’s
principle for deterministic and indeterministic operations [52, 53]. Merging of this kind has also
been priced for finite automata that read their input once, in real time: Kıyak and Say charge
such an automaton log2 P bits whenever it reaches a configuration with P possible predecessors,
and compare deterministic automata with quantum automata at zero and at bounded error [54].
Their automaton has a fixed finite memory and is charged step by step for recognizing a language;
here the device may have any size, the price is a rate against the worst observer, and the real-time
bound holds against every quantum device at small error. What the real-time bound adds is the
continuation constraint of a released past, which forces the record of the class, and the pairing of
observers that prices that record robustly.

Release rank is the linear case. When X = Fk2, Y = Z = Fm2 and g(x, y) = y + Fx, the
questions are reversible, the classes are the cosets of kerF , and the order price is rank(F ) bits.
With several input carriers in flight, some of which may be held, Proposition 5.2 gives the price as
the rank of the released part FL and shows that deciding whether holding m carriers lowers it at
all is NP-complete.

A record is not yet a price. The record of c(x) must exist at the moment y arrives, whatever
y turns out to be: for pasts in different classes the device’s states at that moment are told apart by
one fixed later operation, so they are orthogonal, and nearly so at small error (Lemma I.4). It is
tempting to conclude that the device pays log2K against every observer, including one who never
asks a distinguishing question. That conclusion is false, and the reason is instructive. For the XOR
task the reversible two-gate circuit

(M,Y ) = (a, y) 7−→ (y, a⊕ y)

answers every question correctly and leaves the register holding y rather than a: the record of
the past has been passed into the answer, as in a reversible computation that uncomputes its
history [55]. Against an observer who always sends y = 0 this device ends each episode with an
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empty register and pays nothing. What the law charges is the entropy the device cannot pass on,
and the lower bound pairs the observers who might ask a distinguishing question, which force the
record to exist, with the observer who closes the only exit by choosing questions that make the
answer constant. Neither suffices alone: for g(x, y) = x ∧ y a device that serves only the steering
observer pays h2(1/3) ≈ 0.918 bits per episode instead of log2 3. The price is a property of the
worst observer the device must serve, not of the record it must hold.

Order prices are not additive. One might hope to price a schedule by a sum of terms, one per
release decision. For linear tasks the price is a rank function and is submodular in the released set.
For reversible tasks in general it is not: in Appendix I, Proposition I.9 gives a task on three bits
with a three-valued answer whose order price violates submodularity by log2(3/2) bits per episode,
the largest for any task of the form g(x, y) = y+ f(x) mod 3 on three bits. What is additive is the
law itself, across independent episodes, which is why rates are the right object.

8 Holding is decidable, releasing is not
In batch, whether a channel costs nothing is decided by linear algebra for exact algebraic data under
the hypothesis of Theorem 4.4: Gibbs preservation, and with a returned clock the span condition
of Theorem 6.1. For a channel, Hamiltonian and temperature given exactly, for example with
algebraic entries, the batch cost with a returned clock, B(Φ), is a finite-dimensional optimization
that can be computed to any precision; unlike the capacity, it is not continuous in the channel,
so it cannot be estimated uniformly from approximate data. In real time, a channel costs nothing
exactly when it is a limit of thermal operations, and no algorithm decides membership, even in a
fixed dimension (Appendix G), extending the zero-Hamiltonian result of [27]. Choosing what to
hold is hard in a different way: for the linear tasks of Proposition 5.2 the cost of each choice is a
rank, computable in polynomial time, but deciding whether holding m carriers lowers it at all is
NP-complete.

The source of the undecidability is the absence of a computable bound on the size of the non-
commutative dilations that witness membership. It is present already at zero Hamiltonian, where
the question becomes whether a channel is a limit of finitely factorizable ones [24], so Gibbs weights
are not essential. It is also not a consequence of time order alone. Under local operations and clas-
sical communication, a channel is free in batch exactly when it is entanglement-breaking [56], [57,
Cor. 18], and so also in real time; this is a semialgebraic condition, decidable by quantifier elimina-
tion. Under one-way communication from the party that answers, a delayed-choice task is free in
real time exactly when its assemblage has a local-hidden-state model, the free assemblages of the
resource theory of steering [58]; this is a semidefinite condition [59]. Outside that set, squashed
entanglement is bounded below by a constant times the squared distance to the separable states
in a one-way LOCC norm, with no dependence on dimension [60], so the rate is positive. Under
incoherent operations a delayed-choice task is free exactly when its conditional states are diagonal.
Unbounded free ancillas are not enough to make freeness undecidable. Among the theories treated
here, thermodynamics is the one in which releasing in time makes the zero set uncomputable.

What the results show is operational. Being able to describe every event at once does not
mean being able to act on every event at once. The difference has a price, and in thermodynamics
whether that price is zero cannot be computed.
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9 Speed, order and a measurement
Speed and order together. Output deadlines alone impose no deadline on preparation or
cleanup: a device can prepare its resources in advance, release its outputs on time and restore itself
slowly afterwards. In our model the order cost is therefore pure order. A speed price appears only
when the thermal interface is budgeted. Consider a collision model in which each thermal contact
fully swaps one cell with a fresh Gibbs qubit. Let a device implement the target at error ε, and
let it reset its cells along strokes of thermodynamic length ℓj , each a cooling stroke that starts
at excited population at most 1/2, using Kj contacts per stroke and no other operation on the
cell during a stroke. Each contact is a step equilibration, and for a process carried out in K such
steps the dissipation is at least kBTℓ

2/(2K) to leading order in 1/K, for thermodynamic length
ℓ [4, 61, 5, 62, 63]. For these strokes the bound holds exactly at every Kj , as shown below, and
summing over strokes gives

W ≥ W qs(ε) + kBT

2
∑
j

ℓ2j
Kj
≥ W qs(ε) + kBT

(∑j ℓj)2

2Ktot
,

where W qs(ε) is the slow limit of the same device. For a device that attains its schedule’s optimum it
tends to W qs

batch+Worder as ε→ 0; any other device adds its own implementation overhead. For other
strokes, including recoveries that extract work, the factor 1/2 holds only to leading order in 1/Kj ;
the factor 1/4 holds exactly. Both exact statements have short proofs. A stroke whose contacts
take the cell through the excited populations a = q0, q1, . . . , qK = b dissipates kBT

∑
j d(qj−1∥qj),

with d the binary relative entropy in nats, and ℓ = 2|θ(a) − θ(b)| with θ(q) = arcsin√q. Jensen’s
inequality gives d(p∥q) ≥ −2 ln cos(θ(p)−θ(q)) ≥ (θ(p)−θ(q))2 for every step, and Cauchy–Schwarz
over the K steps gives the factor 1/4. For q < p ≤ 1/2 the difference d(p∥q) − 2(θ(p) − θ(q))2

vanishes at q = p and has derivative [2(θ(p) − θ(q)) − (p − q)/
√
q(1− q)]/

√
q(1− q) ≤ 0 in q,

since 2(θ(p) − θ(q)) =
∫ p
q dx/

√
x(1− x) and x(1 − x) increases on [0, 1/2]; so a downward step

within [0, 1/2] costs at least 2(θ(p) − θ(q))2. In a cooling stroke from a ≤ 1/2 to b, raising every
population to at least b and then replacing the path by its running minimum raises no step’s cost
and leaves only downward steps within [b, a], and Cauchy–Schwarz gives the factor 1/2. When
ordinary and order-forced resets, of total lengths LB and LO, share one budget of M contacts,
the least dissipation is kBT (LB + LO)2/(2M) to leading order in 1/M , with the contacts split in
the ratio LB : LO. Two separate interfaces with the same total of M contacts reach the same
value when they split them in that ratio, so sharing an interface adds no cross term of its own; the
difference kBT LBLO/M from kBT (L2

B +L2
O)/(2M) arises only against separate interfaces granted

M contacts each, 2M in all. The order-forced resets lengthen the path the contact budget must
cover. Order decides which resets must happen; speed charges for completing them in time. At a
fixed number of contacts, driving the error to zero makes the work diverge, as finite resources forbid
a perfect reset [39, 64], although only logarithmically for a single contact and far more slowly for
several. Any finite law must therefore state its error.

A measurement. Measure the work as a function of the thermal-contact budget K for both
schedules at the same certified error. Fit each curve by an intercept plus terms in 1/K and 1/K2,
or by the exact finite-K curve of the collision model, as tests of Landauer’s principle extrapolate
the work to slow operation [65, 29]. The difference between the two slow-limit intercepts is the
excess quasistatic work of the two implementations at the certified error. It equals the order
surcharge only when both implementations attain their schedule optima; otherwise it also contains
implementation overhead, and the finite certificates below give an unavoidable lower bound without
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any such optimality claim. The slopes carry speed. Near a pure target the work approaches its
1/K law slowly: in the collision model above, for the amplitude-damping example below with a cell
reset from its Gibbs state to excited population 10−6, a fit with 1/K alone over budgets of four to
twelve contacts biases the intercept by about a tenth of the order cost, and adding the 1/K2 term,
or fitting over ten to fifty contacts, brings the bias to about one percent. For amplitude damping at
p = 1/2 and βE = ln 2, the difference for many uses at vanishing error is 0.4313E per use, about
1.4× 10−24 J at 5 GHz with a local reservoir at 346 mK. Over a finite number of uses it is smaller,
and for a single use it vanishes.

Cautions. Three cautions apply. First, at that temperature a 5 GHz bath implements generalized
amplitude damping, so the target channel needs an engineered reservoir whose cost is counted. At
impurity 10−6 the last thermal carrier needs a gap near 100 GHz, unless an encoded carrier or a
costed colder reservoir is used. Second, amplitude damping is extreme, so its batch saving exists
only at nonzero error, and both intercepts depend on that error. Third, the decisive comparison
needs finite certificates for the implemented devices, not asymptotic rates.

Finite certificates. Two finite certificates exist. One is a saving at 256 uses and error 10−8

(Appendix G); it needs reservoirs far too large to build. The other is the two-qubit process of the
introduction, and it does not.

Proposition 9.1 (A two-qubit certificate). Two qubit carriers A and B with zero Hamiltonian,
which are also the output carriers, arrive in turn, and the target P removes the coherences of the
inputs and sends |ab⟩ to (I ⊗ Xb)(|00⟩ + (−1)a|11⟩)/

√
2. Energies are in units of kBT ln 2 and

entropies are in bits.

(a) Held. If A may be held until B arrives, P is implemented exactly with no work and no heat:
two controlled-Z gates driven by maximally mixed coins, a Hadamard and a CNOT.

(b) What is measured. Feed A = |0⟩ and, after A has left, B as half of a maximally entangled pair
whose other half Q the observer keeps. The leakage e out of the two-dimensional code of ideal
outputs on this probe is fixed by three local Pauli settings, and two bound it: e ≤ Pr[XAXB =
−1] + Pr[ZQZAZB = −1]. At strategy error ε, e ≤ ε.

(c) Work. Let an early-release implementation have a controller, Gibbs reservoirs at temperature T
and a sharp battery that start independent, and on this probe let the changes of the controller’s
energy and entropy, the battery’s entropy, and the battery’s mean deviation from its nominal
debit total at most P . Then its nominal work per episode is at least 1− h2(e)− e log2 3− P .

(d) Heat. No entangled probe is required. For independent probe states, let the device’s parts and
a monitored bath at temperature T start independent, the bath in its Gibbs state. The net heat
into that bath per episode is at least S(ρA) +S(ρB)−H4(p)−∆SC −∆SW −∆Sother, where p
is the distribution of the two stabilizers above, H4(p) ≤ h2(e) + e log2 3, and ∆SC , ∆SW and
∆Sother are the entropy changes of the controller, the battery and every other sink. This form
needs no refund of the controller’s energy and no sharp battery.

The proof is in Appendix D. With P = 0.025, the work bound of (c) is more than 0.87 at
ε = 10−2 and more than 0.05 up to ε ≈ 0.169, against 0 for the held process, and it is tight
as ε and P vanish. For the heat form, let the probe of B be a uniformly random classical bit
that the observer records, drawn fresh in every episode, independently of the device’s state. A
device with memory that knew the setting could tailor its output to it, so the observer chooses

24



the setting of each episode at random, independently of the device’s history, and keeps it hidden
until both outputs of the episode have been released; every setting then samples the same average
conditional emitted state. Take 150,000 episodes, fixed in advance, about 50,000 per setting.
With 5% observed leakage, the Hoeffding–Azuma inequality [66, 67], which holds when the device
carries memory across episodes, keeps the run’s average leakage below 7% except with probability
below 3 × 10−4. At an average leakage of 7%, with a readout calibrated for every input state, a
preparation entropy of 0.99 bits and 0.08 bits of entropy allowed to the rest of the hardware, the
expected net heat into the monitored bath exceeds 0.42 kBT ln 2 per episode for any early-release
device, while the held process can be run with no heat at all. Reading the run’s average as the
expected leakage assumes that the episodes repeat independently, as in the protocol of Section 10
(Appendix D). The measured leakage certifies a lower bound on work or heat on this probe; it is
not a reconstruction of the implemented strategy. The bound covers every implementation; only
the early-release construction that would attain it needs reservoirs far too large to build. The open
step toward an experiment is a fully accounted reset and control interface, so that the controller
and battery budgets of a real device can be certified.

A classical witness. Order costs work for classical processes as well (Appendix F), and the
smallest case of Proposition 5.2 gives a witness without coherence. A first bit a is returned on its
carrier; only then does a second bit b arrive, to be returned as a⊕ b on its own carrier. Held, this
is a CNOT and costs nothing. Released early, every device, with any quantum memory and any
memory across episodes, must dispose of at least 1− h2(δ) bits of entropy per episode when a and
b are fresh uniform bits, independent of each other, of earlier episodes and of the device’s state
when each arrives, where δ is the probability that the first output disagrees with the second output
decoded with b: the entropy of the device as a whole, its reservoirs included, rises by that much,
and a device that restores its memory and controls passes it to its reservoirs and other sinks. With
errors e1 and e2 on the two outputs, δ ≤ e1 + e2, so for e1 + e2 ≤ 1/2 at least 1− h2(e1 + e2) bits
must be disposed of, and this is attained exactly (Appendix E). Measuring the disagreement needs
no record of a. Feedback traps for colloidal particles already estimate the work of one-bit erasure
from trajectories to a few hundredths of kBT [29]; what is missing, as for the quantum certificate,
is a fully accounted interface for the device’s memory and controls.

10 A laboratory protocol
The certificates of Section 9 are statements about any device under the contract. A laboratory
test needs more: a concrete apparatus, a declared physical interface, a way to certify the budgets
the contract assumes, and controls that separate the order price from everything else. This section
designs such a test for the classical witness, the task of Figure 1, in a colloidal feedback trap of
the kind used to test Landauer’s principle [29]; an earlier test used a modulated optical double
well [65], and a preferred design with a preprogrammed physical memory is given below. Nothing
quantum is needed, so the comparison with the quantum certificate of Proposition 9.1 is a matter
of platform, not of principle. That access to a copy changes the cost of erasure is established
in theory [55, 30, 11] and was measured in an electronic memory [31] (Section 12). What this
paper contributes is the general schedule law and its consequences; what the proposed test adds
is a controlled release schedule with control arms, a graded helper control and an explicit ledger
of records and blank resources. The bound the test targets holds for every implementation, and
its numbers are below. Two things it assumes are not yet established for a real apparatus: the
record-export interface and the bounds on the controller in the ledger. Until they are, the protocol
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is a design proposal rather than a closed whole-device test.

The apparatus. A bead in a double-well potential stores one bit; a second double well, or a
second bead, stores the second. The potentials are shaped by feedback electronics that read the
bead position with a camera and update the trap. The observer is a random number generator
and a logging computer that supplies a, later b, and records every value the device returns. The
feedback-trap test of Landauer’s principle reads the work done on the bead by the trap from its
trajectory [29], with the work and heat of stochastic energetics [68], and work is not heat. For each
episode we infer the heat into the bead’s bath, at room temperature, from Q = Won −∆U , using
trajectory work and a measured or bounded endpoint energy change. Mean work equals mean heat
only after establishing equal mean initial and final bead energies for the complete cycle. We include
every reset stroke and account separately for energy exchanges involving the other components of
the declared interface.

The endpoint rule is part of the preregistered protocol. Each bead’s endpoints are taken at
lawful cuts: a carrier’s when it arrives and when it is released, and an internal memory’s before
and after its accounted reset. A released carrier is not touched again except as a declared loan, and
no endpoint energy is recorded or exported during service. At every cut the bead is in equilibrium
within its logical well, not across the barrier, which would make the bit fair: given the well, its
position has the calibrated canonical distribution of one fixed endpoint potential, symmetric under
the exchange of its two wells, and transitions between the wells during equilibration are rare and
counted as logical errors. The reflection symmetry then makes the mean energy the same in both
wells, as in the cyclic erasure protocols of [32]; a symmetric potential alone would not, since the
distributions within the two wells could differ. Departures from local equilibrium are bounded for
each arm separately, from calibration runs separate from the data, and that bound is the residual
mean ∆U , whose uncertainty is part of the quoted precision of the mean heat. The central READY
well of the preferred design below has an endpoint Hamiltonian of its own and needs its own energy
correction. Positions suffice for the bead, which is overdamped: its momentum relaxes far faster
than any stroke, so its kinetic energy is at equilibrium at every cut. The underdamped mechanical
option below needs the rule in phase space.

Three arms. Each episode runs one of three schedules, chosen at random so that drifts affect all
arms alike.

(i) Held. The device receives a, keeps it in the first well, receives b in the second well, computes
a ⊕ b into the second well by a two-well gate (a conditional barrier tilt), and returns both
wells. Nothing is erased, so an ideal implementation needs no heat in the slow limit.

(ii) Lent. The device receives a, copies it into a third well, hands the first well to the observer,
who reads it and hands it back unmodified, receives b, computes a⊕ b, uncomputes the copy
against the returned a by the inverse gate, and returns everything. An ideal implementation
again needs no heat in the slow limit. This arm is the control for early delivery without
permanent release.

(iii) Early. As in (ii), but the observer keeps the first well. The device computes a ⊕ b from its
copy, returns the second well, and must then reset the copy, which costs Landauer’s kBT ln 2
at any speed.

Arms (i) and (iii) realize the two bars of Figure 1; arm (ii) tests that the price is in the release and
not in the delivery.
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The quantity. For each arm measure, per episode, the heat Q into the bath and the disagreement
δ between the first returned value and (second returned value) ⊕ b, which the observer computes
from its own records. Proposition 9.1(d), in its classical form (Appendix E), bounds the early arm
from below: on fresh independent uniform inputs every episode must dispose of at least 1− h2(δ)
bits of entropy. The probe source is part of the declared interface. It is independent of the device,
and its freshness is conditional: given the arm choice and everything that happened before the
episode, a is a uniform bit independent of the device’s state at the start of the episode, and b is
a uniform bit independent of a and of the device’s state when b arrives; the helper noise of the
graded control below is fresh in the same sense. Fair marginals are not enough: if every episode
received the same fair bit, an exact device that kept a copy of each a would hold one bit of record
in all rather than one per episode, with every input fair and δ = 0. A source with a known bias
or correlation needs its own entropy correction. A cyclic device restores its own memory, so this
entropy goes into the bath or into the non-bath resources that are not restored: the controller, the
battery and every other sink inside the declared interface. The heat into the bath, plus kBT ln 2
times the entropy those resources absorb, is therefore at least (1− h2(δ)) kBT ln 2, while ideal held
and lent implementations need no heat in the slow limit. With δ = 5% the bound is 0.71 kBT ln 2;
with δ = 1% it is 0.92.

The interface. The bound is a statement about a declared physical interface, which the protocol
must fix before any data are taken. In the baseline three-arm protocol the only data carriers are
two wells: the first arrives holding a, and the second arrives holding b and is released holding a⊕ b.
The declared schedule of each arm fixes every arrival and every release; in arm (ii) the first well
is, in addition, returned on a second visit and released again. The graded control below adds one
declared visit of a helper well. Every other supplied blank, exported record or meter interaction
must be included explicitly in the interface and its bound. Any other register that receives a record
of a bead’s position lies inside the boundary, as part of the controller: the camera and its frame
buffer, the feedback registers and timers, the log of trap updates, and any computer that reads
a frame, including the one that computes the heat. A blank log supplied to the device and a
record exported from it are additional carrier visits, and placing them on the observer’s side of the
bookkeeping does not remove them. An exact reversible device shows why. Before releasing a, it
copies a into a blank memory M ; when b arrives it adds M into the second well; then it swaps M
with a supplied blank log L and exports L. On the well holding a, the second well, M and L this
is a permutation, which sends (a, b, 0, 0) to (a, a⊕ b, 0, a), so at degenerate Hamiltonian it runs the
early arm with no heat, a blank memory and δ = 0. The record has left through an extra output,
using an extra blank input; the bound is not violated, because its interface has changed. Two more
loopholes fix what the audit must cover. First, a record need not be a record of a to carry a away.
If the device instead copies b into L when b arrives, adds M into the second well, and then clears
M by adding the second well and L into it, the same registers go from (a, b, 0, 0) to (a, a⊕ b, 0, b),
and on the carriers alone this is the reversible map (a, b, 0) 7→ (a, a⊕ b, b). The exported record of b
carries no information about a by itself, but reveals a jointly with the output a⊕ b, so joint records
must be audited, not each record on its own. Second, a supplied blank need not leave with any
record to pay for the reset. Letting an independent blank bit relax to a random state can return
kBT ln 2 of work, since entropy can be exported by randomizing degrees of freedom outside the
data [30]; that work pays for the reset of the copy, and the blank leaves random and independent
of a. Every consumed blank resource therefore counts, not only records of a. For the two-carrier
bound used here, no record leaves the boundary before the accounted reset of the episode, and
every blank resource the episode consumes enters the ledger. At that reset every register inside the
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boundary is restored to a fixed state, using as side information only what the device still holds (in
arm (ii), the returned well while it is held again), never a released well or the observer’s log, and
the dissipation of each restoration is counted in the ledger below. The heat itself is computed from
the bead’s trajectory, which is such a record, so its readout is a record export too. A closed test
must therefore include the logging hardware and its restoration in a declared device boundary and
prove the corresponding full-interface bound; we have not done so.

The ledger: what the controller may not hide. The lower bound charges the sum of the
entropy changes of every sink inside the interface. In a feedback trap the dangerous sink is the
controller itself: the camera frames, the feedback registers and the log of the trap updates are
records, and a record of a that survives the episode is a stranded copy that was never erased,
which makes the measured heat an underestimate by exactly the amount the bound is testing.
The protocol therefore keeps a ledger with four entries. They combine measured quantities with
explicit, independently justified bounds on the degrees of freedom that are not observed; calibrating
the trap parameters alone does not certify the entropy of the whole controller.

(a) Camera and feedback records. The feedback loop is run from a fixed program whose state
after the episode is restored to a fixed value; every frame used to drive the trap is overwritten
by the next, and the buffer is cleared at the end of each episode. The dissipation of every
overwrite and of the clearing is counted: in Q if it goes into the bead’s bath, and otherwise
as the entropy change of the sink that receives it, at that sink’s own temperature. No frame
leaves the boundary before that reset.

(b) The controller. The potential parameters at the start and at the end of each episode are
compared. Any difference is a change of the controller’s state; its entropy and energy are
estimated from the parameter distribution over episodes and entered in the ledger as ∆SC and
∆EC . A reproducible control voltage does not show that the whole controller returned: the
electronics, hidden buffers, timers, software state and the correlations among them need bounds
of their own. Present feedback electronics also dissipate far more than kBT per operation into
their surroundings. The bound counts those surroundings among the other sinks, so it says
nothing about the heat into the bead’s bath alone unless a sharper accounting isolates the
part of their entropy that comes from the device’s records; measuring their heat does not do
that. The feedback-trap test of Landauer’s principle accounts for the work done on the bead,
not for the camera, the computer or the illumination [29]; these bounds are what this design
adds to it, and they are not yet established.

(c) The battery. The source that drives the trap is the battery. Its entropy change ∆SW is a
separate entry and needs a bound of the same kind.

(d) The bath. Use the measured initial bath temperature for each analyzed block, and bound any
initial departure from equilibrium and any external energy exchange explicitly. Lemma 3.4
assumes a bath that starts in its Gibbs state. For a bath that starts in ρR,i, with γβ the
Gibbs state at the reference temperature and entropies in nats, βQ = ∆SR + D(ρR,f∥γβ) −
D(ρR,i∥γβ), and the initial relative entropy subtracts. A drift of the starting temperature, or
an unmonitored exchange of heat, therefore cannot be entered as a nonnegative final correction;
the final relative entropy may be dropped only once the initially Gibbs assumption at that
temperature is justified.

The reported quantity is Q + kBT ln 2 (∆SC + ∆SW + ∆Sother), per episode and per arm, with
every term referring to the same declared implementation and ∆Sother covering every sink inside
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the interface not named above, every consumed blank resource included. The early arm must
exceed (1 − h2(δ))kBT ln 2 at every stroke duration, whatever overhead the apparatus adds. The
ideal held and lent implementations need no heat in the slow limit, but accurate accounting does
not make an inefficient apparatus approach that optimum. A held episode whose camera keeps a
frame showing a until both outputs have left must reset that frame without the released carriers,
which on fresh uniform inputs disposes of one bit however slowly the gates run. We have not
shown that the complete feedback apparatus, with its readout and record restoration, approaches
the optimum. A test of the held and lent intercepts therefore also needs a construction that
cleans these records while the device still holds their side information, or an independently justified
bound on the residual overhead. The difference between the early arm and the held arm at the
same δ is the measured excess of these two implementations. It equals the order price only if both
implementations attain their respective optima under the same budgets; the bound on the early
arm needs no such optimality. The lent arm, run near its optimum, checks that early delivery by
itself costs nothing.

Numbers. At room temperature (300 K), kBT ln 2 ≈ 2.9× 10−21 J, the scale resolved in [65, 29].
Confidence in the error and confidence in the heat are separate questions. The disagreement indica-
tors are bounded, so the Hoeffding–Azuma inequality [66, 67], which holds when the device carries
memory across episodes, applies to them: with 5×104 episodes per arm the observed disagreement
is within 10−2 of the average conditional disagreement probability, except with probability below
10−3. That argument does not carry over to the heat, whose values are unbounded and may be
correlated across episodes; a shared offset, such as a drift of the calibration, survives any amount of
averaging. Heat confidence is therefore assessed on its own, from independence or mixing assump-
tions that the data must justify, or from an explicit covariance or bounded-increment analysis, with
the calibration drift included. Under independence the uncertainty in the mean heat is σQ/

√
N .

As a feasibility estimate, suppose that every stroke of an episode has a standard deviation of at
most 2.2 kBT , comparable to the fastest erasure cycles of Jun et al., whose statistical error of about
0.10 kBT after 60 minutes of 7.5-second cycles means a spread of about 2.2 kBT per cycle [29], and
that strokes and episodes are independent. Ten strokes then give an uncertainty below 0.032 kBT
at N = 5 × 104. Ten perfectly correlated strokes have ten times, not

√
10 times, the spread of

one, which would put the uncertainty near 0.1 kBT . The variance bound is an assumption, to be
established for the copying, conditional-gate and restoration strokes of this apparatus; the erasure
experiment of [29] does not establish it for them, and independence alone does not supply it, since
ten independent strokes of spread 100 kBT would give 1.4 kBT . The uncertainty of the endpoint
correction adds to these figures. Their shortest erasure cycle, 7.5 s, is far from reversible: it costs
about 3.5 kBT of work, five times kBT ln 2, and their Landauer value, 0.71 ± 0.03 kBT , is the in-
tercept of a sweep over cycle durations extrapolated along 1/τ [29]. The protocol therefore runs
every arm over such a duration sweep and compares the intercepts. The bound on the early arm
holds at every duration, so a fast erasure that dissipates more is still a valid early arm; only the
held and lent intercepts, whose ideal value is zero, need the extrapolation. At a 7.5-second stroke
time, 5×104 episodes require 4.34 days times the number of strokes in an episode, per arm and per
duration of the sweep: about 43 days for ten strokes, before overhead, and longer durations take
proportionally longer. Faster operation requires a separate precision and dissipation estimate.

Preregistration. Before any data are taken, the protocol fixes the probe source and the ran-
domization of the arms, the duration grid, the helper-noise grid of the graded control below, the
number of episodes at every point, and the total failure probability with its split among the error,
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heat, endpoint and calibration estimates. At each point the claimed bound is its least value over
a confidence interval for the disagreement. Since 1 − h2(δ) and h2(η) − h2(δ) decrease in δ only
up to 1/2, it suffices to substitute δ∗ = min{δU , 1/2} for δ in both, with δU an upper confidence
bound; δU itself would overstate the claim once it passes 1/2. The noise parameter η is set by the
observer’s random number generator and calibrated; if it is estimated instead, the claim uses the
least value of h2(η) over its confidence interval. A claim about a whole sweep uses intervals that
hold simultaneously at every point, for instance by a union bound over the points. The bounds
concern expected values, and the Hoeffding–Azuma estimate concerns the run’s own average condi-
tional disagreement probability; the two agree when the episodes repeat independently, which the
reset at the end of every episode is designed to ensure. Independent repetition, like the heat model
with its bounds on drift, covariance and the variance of each stroke, is a preregistered assumption,
not a consequence of the data.

The loan as a contract. Arm (ii) lies outside the observer class of Theorem 3.3, whose observers
may act on a loan before returning it. It is covered by a contract with one additional promise:
the observer returns the lent carrier in the state it received it, jointly with everything else and not
only in distribution. In this classical protocol the returned value must equal the delivered value
in every episode, whatever else the episode records: a fresh fair bit returned in its place has the
right distribution, but it is independent of the copy, which is then stranded as in arm (iii). For
a quantum carrier the promise is that the observer acts on the loan as the identity, including on
its retained references. Under that promise the device may treat the loan as a held carrier for the
purpose of cleanup, and the law applies to the schedule with the loan removed; the price of the
task is then zero, which is what arm (ii) measures.

A deliberately flipped return is a cheap additional control. It tests how the declared imple-
mentation responds when the promise is broken, and what it shows depends on the circuit. Write
the first well, the second well and the copy as (A,B,M), starting from (a, b, 0). The device sets
M ← M ⊕ A and lends A, and the observer returns it holding a⊕ 1. A device that computes the
answer from the returned well, B ← B ⊕ A and then M ← M ⊕ A, ends in (a ⊕ 1, a ⊕ b ⊕ 1, 1):
every answer is wrong, and δ = 1. A device that computes it from the copy, B ← B ⊕M before
M ← M ⊕ A, ends in (a ⊕ 1, a ⊕ b, 1): every answer is right, and δ = 0 as defined above, from
the first delivery of A, while a disagreement computed from its final release would be 1. In both
circuits the copy ends in the fixed state 1, not in a record of a, and a fixed NOT restores it at no
cost: the flipped well still carries the whole bit a, and the flip changes only the relation that the
uncomputation expects. The control therefore records δ, with the release of A that it uses declared,
and the state in which M is left, read at the end of the episode as a declared meter interaction,
and compares them with the declared circuit. It does not certify that no hidden record survives:
an unused copy of a kept elsewhere changes neither observable. That rests on the ledger and its
independently justified bounds.

A graded control. The lent and early arms are the two ends of a curve. In a variant of the
early arm, after the first well has been released for good, the observer lends the device a helper
well holding R = a ⊕ Nη, where the noise bit Nη equals 1 with probability η and is independent
of everything else; the device returns the helper unmodified. The task outputs are unchanged and
stay exact. Adding R into the copy turns it into Nη, and a reset tuned to the distribution of Nη

then costs h2(η) kBT ln 2; a reset tuned to a fair bit would cost kBT ln 2 at every η [9]. No device
does better. Since R returns unchanged, the helper can lower the device’s entropy by at most the
mutual information between the device and R, which is at most I(a:R) = 1 − h2(η) bits because,
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given a, the helper carries only fresh noise; with the 1 − h2(δ) bits that the release forces, every
device must dispose of at least h2(η) − h2(δ) bits per episode. With exact outputs the optimal
cleanup heat is h2(η) kBT ln 2: 0, 0.081, 0.469, 0.811 and 1 in units of kBT ln 2 at η = 0, 0.01, 0.1,
0.25 and 0.5. At η = 0 this is the lent arm, and at η = 1/2 the early arm. The control is a curve
test of the access law: the price is the entropy of the stranded copy given what the device can still
reach. Its cleanup is the erasure of a fraction of a bit, which Gavrilov, Chétrite and Bechhoefer
measured in a feedback trap: in the slow limit the work agreed with kBT ln 2 times the Shannon
entropy of the bit when the protocol was shaped to the initial distribution, while a protocol that
first lowers the barrier cost kBT ln 2 whatever the initial probability [32]. What the graded control
adds is the source of the bias, a helper correlated with the released bit.

A preferred design. The feedback trap makes the interface hard to close, because its controller
records the bead’s position at every update. A physical, preprogrammed memory avoids those
records: each bit is a fixed double well driven by a program written before the episode, the drive
never reads the data, and the early arm resets the copy by a symmetric merge into a central READY
well. Under the reflection that exchanges the two wells, that reset is symmetric, and a meter whose
complete coupling respects the symmetry has the same record distribution for a = 0 and a = 1;
a tilted reset, as in the standard erasure protocols, gives no such guarantee, and strokes that are
not symmetric need the property by design or an audit of their own. Two readouts can meet that
condition: delayed calorimetry, with the thermometer disconnected during the task and read only
after the accounted reset, for instance in superconducting flux logic with an engineered absorber; or,
in a physical mechanical double well, an even-only readout of x2, which determines the work of every
stroke whose potential is even in x. That memory is underdamped, so U includes kinetic energy:
each endpoint must be locally canonical in phase space at the calibrated temperature, or the residual
change of kinetic energy must be bounded independently, and the heat is Q = Won−∆(Epot+Ekin),
with the uncertainty of both terms in the heat interval. Experiments of Dago, Ciliberto and Bellon
on such a memory, a micromechanical oscillator in a double well, show why this needs its own
calibration: a fast erasure heats the oscillator, up to twice the bath temperature [69], and erasures
repeated without time to thermalize warm it until, above a threshold speed, resets fail [70]. They
motivate this platform but do not close the interface required here. Joint records and consumed
blanks still have to be audited as above, the meter’s own entropy change enters the ledger, and
this, too, is a design proposal.

What the test would show. Once the interface and the ledger are closed, implementations that
approach their respective optima would give three intercepts of the duration sweep: held near zero,
lent near zero, and early above (1 − h2(δ))kBT ln 2 after the ledger, as is every early point of the
sweep whatever the overhead; the graded control would add the curve h2(η) between the last two,
never below its bound h2(η)− h2(δ). It would show, in one apparatus, a thermodynamic cost that
is forced by a release schedule rather than by a map, and that survives arbitrarily slow operation.
The early arm is a Landauer erasure of the stranded copy, so the experiment demonstrates the
bound, which holds for every implementation, rather than testing it. A negative result, an early
arm below the bound after the ledger, would mean that a premise of the bound failed: a copy of
a survived somewhere the ledger did not look, a record left through an undeclared export, a blank
resource was consumed without being counted, the probes were not fresh, the bath did not start
in its Gibbs state, or the sampling, the error calibration or the heat accounting was wrong. No
control arm identifies which of these failed; a surviving copy in particular is excluded only by the
ledger and its bounds.
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11 Beyond thermodynamics
The same mechanism appears wherever a released system must stay correlated with what the device
keeps. Its sharpest form is a statement about quantum mechanics alone, best seen on one task.

The delayed-choice task. The task has two outputs, a qubit B and a classical bit a. The
observer supplies a question x, which chooses one of two bases, and the device must return a
uniformly random answer a such that, given x and a, the qubit B is the corresponding basis state;
for the BB84 task the bases are the computational and Hadamard bases. In batch the question
arrives before B is released. In real time it arrives afterwards, and the device never touches B
again. A Bell pair realizes the real-time task: release one half, and measure the retained half in
the requested basis.

Lemma 11.1 (Release lemma). Suppose a qubit B is released, and afterwards a memory M , which
holds everything the device keeps at the release, must produce an answer a such that, for either of
two questions x chosen after the release, the conditional states of B are pure in a basis that depends
on x. If the two bases do not commute, every exact realization has −S(B|M) = 1. If each mismatch
probability is at most ε, in particular at strategy error ε, then −S(B|M) ≥ 1− g

(√
ε (1 + 2/ sin 2θ)

)
with g(d) = 2d+ (1 + d)h2

(
d/(1 + d)

)
, where θ is the angle between the bases, independently of the

dimension of M .

The exact statement is closely related to known results. The assemblages of the two questions
are extremal for every nonzero angle, and Cope showed that every state realizing an extremal
assemblage has entanglement of formation equal to the entropy of its reduced state, here one
ebit [71, Thm. 1]; for the BB84 pair it also follows from one-sided self-testing of the ebit [72], and
the uncertainty relation with quantum memory gives −S(B|M) ≥ 1−2h2(ε) [73]. What the lemma
adds is the form, a statement about whatever memory outlives a release, usable in every resource
theory, and a robust bound that does not depend on the dimension of M .

Each resource theory converts −S(B|M) into its own currency.

• Entanglement under one-way communication from the party that answers to the party that re-
leases. For the delayed-choice BB84 task, holding the qubit costs nothing, while releasing it first
costs exactly one ebit per use, extensively. The uncertainty relation with quantum memory [73],
with Fano’s inequality, gives −S(B|M) ≥ 1 − 2h2(ε); squashed entanglement [74] is at least
−S(B|M), by strong subadditivity; and its monogamy [75, Thm. 8] charges every release, so n
uses need n[1−2h2(ε)] ebits. By the release lemma the rate is the same for every tilt θ ∈ (0, π/2).
Two-way communication removes the cost, because the releasing party can keep the partner of
B and report the answer.

• Coherence under incoherent operations [76, 77]. For the delayed choice between the computa-
tional basis and a basis tilted by θ, real time costs one coherent bit per use and batch costs
h2(sin2 θ), the coherence cost [77] of the tilted basis states, so the surcharge is 1 − h2(sin2 θ),
0.399 at θ = π/8. The surcharge approaches one bit as θ → 0: for every fixed θ > 0 the real-time
cost at vanishing error stays one coherent bit, while the batch cost h2(sin2 θ) tends to zero. It
vanishes for mutually unbiased bases. A two-step process built from a CNOT and a dephasing
of the first output in the X basis, which is a free mixture of I and X, costs nothing in batch and
one coherent bit per episode in real time; N episodes at error ε consume at least N [1 − h2(ε)]
coherent bits net (Appendix C).
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Theory Real time Batch Order price
Thermodynamics at zero Hamiltonian 2 kBT ln 2 kBT ln 2 kBT ln 2
Entanglement, one-way communication 1 ebit 0 1 ebit
Coherence, incoherent operations 1 1 0
Magic, stabilizer operations 0 0 0

Table 6: The delayed-choice BB84 task in four resource theories. In entanglement theory commu-
nication is one-way, from the party that answers to the party that releases. Coherence is counted
in coherent bits; under stabilizer operations a Bell pair and Pauli measurements are free, so the
task costs nothing in either schedule.

Blank ancillas in a computational-basis state, discarding, and reset to a computational-basis state
are free in both theories. In real time the answering party’s messages reach the releasing party
only after B has left, so in these examples the real-time entanglement cost is the entanglement
cost of the task’s steering assemblage, which Cope defined [71]. In the resource theory of steering,
communication may run only from the party that holds the steered system, since communication
towards it could create steering [58]. Here it runs towards that party: in batch this is what makes
the task free, and in real time the release order is what keeps it from creating steering. What is new
is this comparison with batch, the surcharge for releasing rather than holding the same process. A
per-use timing cost does not need forgetting to be priced; it needs only that the cheapest global
implementation cannot be split, at the same cost, into stages that respect the release order.

Towards a general law. In the examples above, the gross cost of a schedule is the smoothed
regularized formation cost of one common source together with a free causal decoder, and the
time-order surcharge is the difference between its real-time and batch values. We expect the same
under general formation hypotheses, for instance for one-way communication whenever all released
outputs leave before the first question; we do not state or prove them here. For a single release
this extends the entanglement cost of steering assemblages [71]. For channels, the entanglement
cost of simulating uses called in sequence by adaptive testers, rather than in parallel, was studied
by Wilde [18]. The smoothing matters: the entanglement of formation of an assemblage is not
continuous, and Cope expects its plain regularization to differ from the cost [71]. Cope and Uola
bound the regularized smoothed Schmidt measure of an assemblage below by the regularized entan-
glement of formation of its smoothed copies and above by that of its copies themselves; identifying
the bounds with the entanglement cost would need a continuity that fails for general assemblages,
and they leave open whether the two bounds can differ [78, Sec. VI.A, Eq. (22)]. A general equality
here meets the same gap. Removing the smoothing, crediting returned resources and factorizing
interleaved releases remain open. Three quantities must be kept apart: consumption, a rate; work-
ing capital, the largest running deficit, which can be refilled by resources that arrive later; and
sublinear irreversible overhead. The naive statement that the surcharge is the correlation forced
across the release cut fails: in the tilted coherence task the forced correlation is one full bit, while
the surcharge is 1− h2(sin2 θ), because part of the correlation is later delivered to the observer as
the output it asked for. That part must be credited.

No single currency. The delayed-choice task certifies exactly one qubit of necessary quantum
retention: a classical record across the cut, an entanglement-breaking memory in the sense of [79],
cannot realize it, since S(B|J) ≥ 0 for classical J , and −S(B|M) ≤ log2 dimM forces a qubit. This
requirement is the same in every theory. Its price is not (Table 6).
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In the thermodynamic row the output registers are taken from the reservoir, so no blank register
is free, and the setting register is read-only and returned; with free blank registers both thermo-
dynamic entries fall by 2 kBT ln 2, so that batch then extracts kBT ln 2, and the order price is
unchanged (Appendix C). In thermodynamics the Bell pair that realizes the task in real time is
worth two bits of work; one bit is delivered to the observer as the output, and one is the price of
order. The order prices are not proportional across tasks. In the entanglement theory of Table 6,
with one-way communication from the party that answers to the party that releases, the BB84 task
and the tilted task both carry an order price of one ebit; in coherence theory their order prices
are 0 and 0.399. With rows for entanglement and coherence and columns for the BB84 and tilted
tasks, the order prices form the matrix (

1 1
0 0.399

)
,

which has rank two, so no amount of order per task multiplied by an exchange rate per theory
reproduces it. Even an ordering of tasks by amount of order fails in these two theories: the BB84
task has order price 1 in that entanglement theory and 0 in coherence theory, while the CNOT
process above, with its first slot at the party that answers and its second at the party that releases,
has order price 0 in that entanglement theory, since in either schedule the first party can measure
its input in the X basis, which is the required dephasing, and send the outcome to the second,
who applies the corresponding phase to the second input; in coherence theory its order price is 1.
The placement is forced, not chosen: the process signals from its first slot to its second, so under
one-way communication from the party that answers to the party that releases it can be realized at
all only with its first slot at the party that answers; for this process the two names just mean the
sending and the receiving party. What the delayed-choice examples share is the requirement, one
retained Bell pair. When the answering measurement is free, as in every row of the table, real time
pays that Bell pair’s price in the theory, and the order price is that price minus what the task would
cost in batch. The CNOT process needs no retained Bell pair: measuring its first input in the X
basis and keeping the outcome as a classical record realizes it in real time, so it is classical-retention
in the sense of the next paragraph, and its coherence price is a price of coherent correlation, not
of quantum retention. What replaces a currency is a budget region for each scheduled process,
consumption, capital, reference and returns, which each theory values differently.

Order cannot be manufactured. Call a process classical-retention if it can be realized with only
classical records kept across each release cut. The property concerns what is retained across each
cut, not whether every channel realized during a visit is entanglement-breaking: a carrier passed
through unchanged and released before the cut leaves no quantum record across it, so on that
schedule the identity channel is classical-retention, although it is not entanglement-breaking. For a
memory link with its input before the cut and its output after it, classical retention gives exactly an
entanglement-breaking channel, a free object of the resource theory of quantum memories [79]; for
many cuts the classical-retention processes are the processes with classical memory of the multi-
time resource theories of Berk et al. [80]. As in those theories, any contractive distance to the
classical-retention processes, the strategy-norm distance included, cannot increase under schedule-
respecting adapters that themselves keep only classical records across release cuts [80, Thm. 1], so
order cannot be manufactured by such adapters. Adapters that keep quantum memory are not free
in this sense: an adapter that receives both halves of a Bell pair at once, releases one and holds the
other across the release turns that source into the BB84 task. The surcharge itself is monotone only
under conversions that preserve batch credits: a source that releases one half of a Bell pair early
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and delivers the other half late has surcharge 0, and an adapter that keeps nothing, measuring the
late half in the basis x, turns it into the BB84 task, whose surcharge is 1.

12 Related work
Work cost of channels. In batch, the optimal work rate of a channel is the thermodynamic
capacity of Faist, Berta and Brandão when Gibbs-preserving maps are free, and, with thermal
operations, for every time-covariant channel [2, 3]; the capacity had appeared as the work value
of channel uses [81]. With thermal operations and a returned clock, other channels can cost more
(Theorem 4.3). Their converse rests on the single-shot work cost of a process on a fixed input, the
coherent relative entropy [82], and on its asymptotic equipartition; for degenerate Hamiltonians
this cost is the smooth max-entropy of the discarded information conditioned on the output [83].
The last step of their thermal-operation construction, erasing the environments with the outputs as
side information by position-based decoding [3, Sec. 7], a universal form of the conditional erasure
of [11], is the step a real-time device cannot take. Faist has adapted that erasure to a variable work
cost: one thermal operation implements, on every input, the work-cost-dephased version of n i.i.d.
uses of a time-covariant channel, with the optimal work for each i.i.d. input [84, Thm. 2]. Because
the battery reveals how much work was used, that process differs from the target: its output agrees
with the target’s on time-covariant inputs that are i.i.d., or more generally permutation-invariant,
but its correlations with a purifying reference can change, so implementing the original process on
every input in general needs deterministic work [84, Prop. 4, Sec. V]. Our contract asks for deter-
ministic work and for correct correlations with every reference. Faist, Berta and Brandão suggested
studying how their results change when the diamond norm is replaced by other distinguishability
measures, such as that of [34], which “would be particularly relevant for settings with memory
effects” [2]; our real-time error, the strategy distance [34, 35], is such a measure. Sequential chan-
nel simulation against adaptive quantum testers was studied for entanglement cost by Wilde [18],
extending the parallel simulation setting [57]. Here the resource is thermodynamic work, and the
physical carrier schedule and controller-return conditions determine the implementation class and
its cost. Badhani and Das study the formation of a bipartite channel from identity gates, and
the distillation of identity gates from it, relative to a side channel acting as memory and under
conditional Gibbs-preserving superchannels. For trivial output Hamiltonians the one-shot rates
are given by conditional channel entropies, which register signaling between the parts, and over
parallel uses the two asymptotic rates coincide for tele-covariant channels and for channels that do
not signal from the non-conditioning input to the conditioning output [85]. Our free operations
are thermal operations, our currency is work, and one map can have different prices on different
schedules. On one input, the real-time entropy cost of a channel is the joint entropy of its output
and reference minus the zero-leakage quantum privacy funnel of Datta, Hirche and Winter [86],
as noted in [26] (Appendix G). Faist, Berta and Brandão left open whether thermal operations
can implement every i.i.d. channel that is not time-covariant at its thermodynamic capacity, and
expected this to need a very large amount of coherence, as the reverse Shannon theorem needs
embezzling states [2], [3, Sec. 9]. For a clock that must come back with its energy and entropy,
which rules out embezzlement, Theorem 4.3 gives the batch cost of every channel: it is the capacity
for balanced channels and exceeds it for some others, such as X-dephasing. A reference that comes
back only in state can lower the battery’s work to the capacity or below it, but only by paying the
difference from its own free energy (Corollary H.17). Appendix F treats the real-time analogue.
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Free operations and time references. Which channels thermal operations can implement,
and what a time reference adds, is the subject of [36, 87, 12, 13]. Lie, Son, Boes, Ng and Wilming
characterize thermal operations as the Gibbs-preserving channels with a dilation, by an arbitrary
unitary and environment state, that leaves the environment unchanged on the Gibbs input [88,
Def. 1, Prop. 4]; the free-set theorem of Appendix G is a robust, work-cost form of their criterion.
Tajima and Takagi showed that some Gibbs-preserving maps need, with thermal operations, con-
sumed coherence that diverges as the error vanishes: those that keep a pair of orthogonal inputs
perfectly distinguishable while the energy change has a nonzero matrix element between them [49,
Thm. 1]. Every such map of a system to itself is unbalanced: recovery makes the outputs of the pair
orthogonal, so ⟨u|A∗

iAj |v⟩ = 0 for all i, j and all u, v in the supports of the two inputs, and for such
u, v with ⟨u|D|v⟩ ̸= 0, which their hypothesis provides, the Hermitian X = eiθ|u⟩⟨v| + e−iθ|v⟩⟨u|,
with a suitable phase, is orthogonal to every A∗

iAj while TrXD ̸= 0. With a returned clock, whose
coherence is unlimited but must come back, the span criterion decides which Gibbs-preserving chan-
nels are free in batch, and B(Φ) prices the others (Theorem 6.1). Milz et al. derive causal order from
complete equilibrium preservation for higher-order processes built on Gibbs-preserving channels:
the completely equilibrium-preserving ℓ-slot supermaps are exactly the causally ordered thermal
ones [89, Def. 8, Thm. 6]. The free processes of Appendix F are a thermal-operation counterpart of
that class for processes whose causal order is given; whether causal order can be derived for thermal
operations, which they ask [89, Sec. VI], stays open. For Markovian dynamics of a system with a
nontrivial Hamiltonian, the thermal Lindbladians, those that are time-translation symmetric and
satisfy quantum detailed balance, are exactly the generators realized by energy-conserving collision
models with fresh thermal units, and exactly those of Markovian thermal operations [90, Thm. 1].

Repeated use with memory. Rybár and Ziman introduced repeatable channels: one device
with a finite memory and no resets that acts as the same channel at every use, on inputs uncor-
related across uses. Only the channel of each single use is fixed, and their repeatable mixtures of
unitaries correlate the outputs through the memory. They showed that every mixture of unitaries
is repeatable, that for qubits repeatability is equivalent to unitality, and that no non-unital channel
is repeatable, because when the same input ρ is fed repeatedly the memory’s entropy must grow
by at least S(ρ) − S(Φ(ρ)) per use, which for a non-unital channel is positive at the maximally
mixed input [91]. The accumulation lemma of Appendix G is the conditional form of their count.
It uses only the output of each use on a fresh input, so it applies to their notion: each exact use
of the Werner–Holevo channel, which is unital but not a mixture of unitaries, adds log2 3 bits to
the memory, so n uses need a memory of dimension at least 3n, which their n-copy construction
attains, and the channel is not repeatable. Unitality therefore does not imply repeatability be-
yond qubits. Repeatability does extend beyond mixtures of unitaries, which answers the question
their paper closes with. A Schur channel ρ 7→ M ◦ ρ with Mij = Tr(u∗

jui)/m, for unitaries ui on
an m-level memory, is implemented by ∑i |i⟩⟨i| ⊗ ui with the memory maximally mixed, and the
memory’s marginal returns to that state on every input, as in the catalytic dilations that Lie et
al. construct for every real M [88, Prop. 15]. The six-level example of Haagerup and Musat is of
this kind and is not a mixture of unitaries [46, Ex. 3.3], [88, App. C.2]; since its M is the Gram
matrix of six unit vectors vi in R3, the unitaries ui = vi · (X,Y, Z) on one qubit of memory suffice.
The outputs of this device are correlated: two uses on uniform superpositions give a joint output
at trace distance about 0.56 from that of two independent uses, so it does not meet our real-time
error. Catalytic randomness rests on the same distinction. In the dephasing construction of Boes,
Wilming, Gallego and Eisert, one source of randomness that returns in its marginal serves many
systems, at the cost of correlating them with one another [92, 93]; Lie and Jeong treat the uncor-
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relatedness that such reuse consumes as a resource and show that a source can be exhausted [94].
Our return rule instead asks the whole controller to return jointly with everything else, and our
error concerns the complete output interaction. For quantum strategies, Bisio, D’Ariano, Perinotti
and Sedlák take memory size itself as the resource: the memory cost of a strategy is the logarithm
of the largest ancillary dimension a realization needs when classical memory is free, and it must be
optimized over the whole strategy, not step by step [95]. Our devices may have memory of any size,
and the price is paid in work. Mausberg distinguishes accurate single outputs from accurate joint
outputs for machines whose memory must return after every use [37]. Strasberg gave an inclusive
Hamiltonian account of quantum causal models: one unitary model of the system, its baths and
the detector, memory and feedback that intervene on it, from which internal energy, heat, work
and entropy follow, with first and second laws for a large class of such models [96]. The question
here is a different one, the least implementation work over all devices under a given release sched-
ule and controller-return contract. Work extraction under causal constraints has been studied for
multitime processes [97], for temporally correlated sequences of states [98] and for agents acting on
environments with memory [99]; our quantity is the cost of implementation against every observer,
not the extractable work against one, and the questions of [97, 99] on whether the two coincide
remain open.

Classical engines and modularity. Costs that survive slow operation because processing goes
step by step are known for classical information engines: the modularity dissipation of information
ratchets [7, 100], which Loomis and Crutchfield trace to temporal locality [8], the mismatch between
the input a device was built for and the input it receives [101], the online cost of agents [10], and
periodic or modular designs [102]. Thumann and Soloveichik find energy-optimal schedules for
a clocked reversible computer with bounded memory, trading priced reversible checkpoint moves
against local erasures; both costs can be avoided when memory and time are unlimited [103], while
the order price survives both. Quantum processes can carry irreducible costs that classical ones
avoid. Bedingham and Maroney showed that an operation required to act correctly on each of
several signal states, not only on their average, in general generates heat above the bound set
by the entropy change of the average state, and gave conditions under which the excess vanishes;
classical operations, resets and unitaries avoid it, and non-orthogonal inputs alone do not force
it [104]. A fixed reliable reset misses the Landauer bound for almost every input [105]. The q-
machines that Loomis and Crutchfield analyze, quantum simulators of a classical process built from
its ε-machine, can compress its memory and dissipate less than the ε-machine itself; for them and
for their time reverses, any positive compression rules out the zero modularity dissipation that
retrodictive classical generators attain, and whether this holds for every quantum realization of a
process they leave open [8, 106]. Our devices may carry any memory and act jointly on everything
they hold; the surcharge here is a modularity cost in time, forced by what has been released, and
it is purely quantum for memoryless channels and present for classical processes with memory.

Correlations as a resource. The free energy of correlations, extractable only by joint opera-
tions, is the quantity of [33]; the identity (1.1) is its statement for a release, and the law prices
exactly the correlations whose partners have left. Catalysts that may stay correlated with the
system they act on change which conversions are possible. With a catalyst returned exactly in
its marginal, thermal operations take an energy-diagonal state arbitrarily close to another exactly
when the free energy does not increase, and a work bit in an energy eigenstate pays an increase at
a cost arbitrarily close to the free-energy difference [107]; correlations created only among auxiliary
systems whose marginals return give the same free-energy condition [108]. Without a bath, the von
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Neumann entropy, together with the rank, decides which states a unitary reaches with a catalyst
that is dephased after use [109], and without the dephasing an entropy that does not decrease
decides conversion up to an arbitrarily small error on the system [110]. Our construction forms its
source from Gibbs supplies with a correlated catalyst of the cyclic kind of [111, 112], and the con-
tract asks more of it. The catalyst belongs to a controller that must return jointly with everything
else, not only in its marginal, while one device serves every observer; and because that return is
approximate, the controller’s actual energy and entropy, and the battery’s absolute deviation, are
bounded separately. The finite-source and phase modules of Appendix F prove these bounds.

Factorizable maps, nonlocal games and undecidability. At zero Hamiltonian, real-time
freeness is membership in the closure of the noisy operations, which Haagerup and Musat connected
to factorizable maps and to Connes’ embedding problem [46, 113, 114]. The undecidability of
Theorem 4.4 rests on the constant-sized correlation problem of Fu, Miller and Slofstra [115], the
synchronous correlations of Kim, Paulsen and Schafhauser [116], and the projection-to-unitary
transfer of Musat and Rørdam [113]. In a working paper, Eriksson considers the least probability
with which one projective test on the output and a reference fires, over the channels that act with
a maximally mixed ancilla of some finite size, or equivalently over the closure of their mixtures,
which at zero Hamiltonian is the real-time free set. He shows that no algorithm computes it to
within one fixed additive error, in a dimension that grows with the instance, even though an explicit
bistochastic channel gives zero [117]. Since at zero Hamiltonian the bistochastic channels are those
free in batch, this is an optimization counterpart of Theorem 4.4, which concerns membership of
one given channel in a fixed dimension; Eriksson notes that his result does not decide membership.

Metrology. The Heisenberg-limit condition we match in Theorem 4.3, that the generator lies
outside the span of the Kraus products, is the Hamiltonian-not-in-Kraus-span condition of Zhou
and Jiang [15]. Its standard-quantum-limit side goes back to Fujiwara and Imai and to Demkowicz-
Dobrzański, Kołodyński and Guţă [118, 119, 120], and for sequential strategies to Demkowicz-
Dobrzański and Maccone and to Sekatski et al. [121, 122]. For Markovian noise it is the Lindblad-
span condition of Demkowicz-Dobrzański, Czajkowski and Sekatski [17] and of Zhou, Zhang, Preskill
and Jiang [16], who attain the Heisenberg limit with error correction. Related arguments limit codes
covariant under a continuous symmetry [123, 124], and the energy a clock needs is the subject
of [43, 125].

Experiments. The colloidal tests of Landauer’s principle, in a modulated optical double well [65]
and in a feedback trap [29], extrapolate heat or work to slow operation along a 1/τ law in the cycle
time τ , the counterpart of the 1/K law of Section 9. In a feedback trap, Gavrilov, Chétrite and
Bechhoefer also measured the work of erasing a fraction of a bit, which in the slow limit agrees with
kBT ln 2 times the Shannon entropy of the bit [32]; the cleanup of the graded control of Section 10 is
such an erasure. In the measurement-and-erasure model of Sagawa and Ueda, the measured system
is detached before the record is erased, and the erasure acts on the memory and a bath alone. Under
their assumptions, which include an efficient measurement, measuring and erasing together cost at
least kBT times the acquired QC-mutual information in nats, which for a classical measurement
is the mutual information between the system and the record, and how that cost splits between
the two steps depends on the memory [126, 127]. The detachment matters: while the measured
system is still accessible, a record of it can be uncomputed at no cost, which is how the lent arm
of Section 10 clears its copy of a. For general quantum measurements and memory readouts,
again with an erasure that leaves the measured system alone, Minagawa et al. bound the work of
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measurement and erasure from below by kBT times the Groenewold–Ozawa information gain plus
the entropy change of system, memory and register in the measurement step, which recovers the
bound of Sagawa and Ueda under their assumptions [128, Thm. 1, Sec. III]. A feedback trap makes a
measurement at every update, and the ledger of Section 10 counts the records the controller leaves.
That access to a copy changes the cost of erasure is established: erasing one of two copies known
to be equal is logically reversible [55, 30], and erasure with quantum side information costs the
conditional entropy [11]. Sagawa separates logical from thermodynamic irreversibility: any logically
irreversible computation can be performed thermodynamically reversibly in the quasistatic limit,
and for two memories the change in their mutual information enters the entropy production [129].
The closest experiment, by Orlov et al., compared copying, erasure with a copy and erasure without
one in an electronic memory at room temperature, measuring far less than kBT ln 2 for the first two
and far more for the third [31]. The protocol of Section 10 proposes a controlled release schedule, a
graded helper control and an explicit ledger, whose readout interface and hardware budgets remain
to be established. It is designed to run in a feedback trap, over a sweep of stroke durations with
the intercept difference between schedules as the signal, and it prefers a preprogrammed physical
memory with a symmetric reset.

13 Discussion and open problems
What the law says. A device is charged for the entropy it must add to its own record, against
the observer that forces the most, plus the energy it hands over. Every schedule in Table 4 is this
one functional evaluated on one access pattern. The quantities that appear, a mutual information
for channels, a continuation count for released pasts, a span condition for clocks, are the forms the
functional takes when the schedule is simple enough to single-letterize. In general it is a regularized
min–max, and whether it single-letterizes for every finite process is open.

What is forced and what is chosen. The lower bound is forced by reversibility, energy
conservation and a Gibbs bath, nothing else; it holds at every finite size with explicit budgets
(Appendix A). The upper bound chooses: enormous capital, reservoirs of astronomical size, a
clock whose spread grows with n. Efficient constructions, and an autonomous engine with a time-
independent Hamiltonian, are open.

Open problems.

1. Single letters. Does KS
β single-letterize for every finite process, as it does for channels and for

the tasks of Section 7? A regularized formula is not computable in general.

2. New carriers. The law with an inventory term is a lower bound for schedules that create or
retire carriers; a matching construction needs a source-formation step not proved here.

3. Borrowed catalysts. Resources that start correlated with the controller and must be returned
jointly are outside the contract.

4. The clock exponent. For an unbalanced channel, every reliable implementation whose clock re-
turns within ηn needs a spread sn of order at least βn/

√
ηn(εn + ηn) (Proposition H.8). For X-

dephasing a real-time construction at the optimal work has sn = O(βEn/min{ηn,
√
εn}) (Propo-

sition H.9(d)), and the two bounds match whenever εn = O(ηn), at order βEnmax{η−1
n , ε

−1/2
n }.

Open are the optimal spread when ηn ≪ εn, where they differ by a factor
√
εn/ηn, matching
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constructions for other unbalanced channels, and whether a balanced channel can reach its op-
timal work rate with a clock of spread of order

√
n at fixed errors (Proposition H.13 gives one

that can).

5. The noise horizon. When the expected number of noisy uses tends to a positive finite value, the
work rate lies between two envelopes whose equality is open (Appendix H).

6. Beyond thermodynamics. Whether the order price in every resource theory is the formation cost
of one common causal realization, as it is in the examples of Section 11, is open.

7. The experiment. The protocol of Section 10 is a design proposal. A closed whole-device test
needs the full-interface bound with its readout, independently justified bounds on the controller
and the battery, heat confidence that survives correlated noise, a complete accounting of the
apparatus, failed trials and the renewal of every register included, and, for the held and lent
intercepts, records cleaned while their side information is still held, or a bound on the overhead
of not doing so.

14 Verification status
Each statement in this paper belongs to one or more of five classes, and Table 7 assigns the
principal statements. Formal means a complete proof in Lean 4 with Mathlib, audited with #print
axioms. Machine means a deterministic script that checks finite identities in exact arithmetic or
numerically, typically to 10−9 or better for closed-form identities and, for quantities obtained by
optimization, grid search or semidefinite programming, to the accuracy of that method, as coarse as
10−3; recomputes the numbers it covers; and tests inequalities on random and perturbed instances.
Such a script checks the instances it runs, not the general statement. Text means proved in the
manuscript only. External means a cited theorem of other authors used as stated. Earlier preprint
means a theorem of our own earlier preprints used as stated and not reproved here; there are
two, Lemma G.6, from [26], and the zero-Hamiltonian closure theorem [24, Thm. 3.2(a)]. The
verification package runs with one command and prints a scorecard with a pass or fail for each
of its scripts, which Table 7 names against the statements they check; rows whose only classes
are Text, External or Earlier preprint have no script. It also runs negative controls, deliberate
corruptions that must each be caught with a named diagnostic.

How this work was done
This paper is the work of its two authors together with AI models from more than one developer.
The authors set the direction of the research throughout: they chose the questions, decided which
lines to pursue and which to drop, judged and selected the results, and take full responsibility for
every claim. The models did most of the exploration, derivation, computation and drafting.

Much of the exploration took place in long working sessions, in which many model instances
worked on a problem in parallel, communicated with one another, and built on and challenged each
other’s results. We also set the models against one another. Before a result was kept, an instance
that had not seen its proof, usually from a different developer, first tried to refute the statement
and then audited the proof line by line, with exact computation wherever possible. Most of the
results first appeared in four papers [19, 20, 21, 22], which this paper brings together; each of them
went through several rounds of adversarial review, on its own and together with the others, and
AI-assisted literature searches were used to check priority and how we report the work of others.
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Statement Class What is checked

Whole-block identity (Lemma 3.4) Text, Machine the identity on random devices and observers, for one
step and for two visits with an adaptive observer;
global purity with a mixed device
(check_identity.py)

Law for schedules, attainability
(Thm. 3.3)

Text Appendices A and F

Release-rank identities; reset
permutation; stabilizer formula and
decoder of the certificate

Formal ReleaseRank.lean, Reset.lean, Certificate.lean

Two-qubit certificate numbers;
∆SD ≥ 1 − h2(e) − e log2 3

Text, Machine proof in Appendix D; the numbers, the leakage
estimator with randomized settings, and the bound
on perturbed devices (check_certificate.py)

Fiber law for a released past;
constant-answer erasure; the
record-transfer circuit; the steering
observer; reversible three-bit
non-submodularity

Text, Machine the worked examples in both schedules; the relations
among F , F ′ and K, not the law, which is a
minimum over devices, for all 65,536 tasks with
three-bit pasts and binary questions and answers; all
38 tasks y + f(x) mod 3 (check_classes.py)

Fiber law, proof: dephasing devices;
distinguishable records; information
flow; robust lower bound uniformly at
small error; why the steering observer
alone does not suffice

Text, Machine,
External

exact device against entangled observers, identity on
random instances, bound on perturbed devices
(check_fiber.py); pretty-good-measurement
bound [130], tested numerically

Span criterion: balanced ⇒ B =
capacity; Hadamard unbalanced with
B = capacity; X-dephasing strict

Text, Machine check_span_criterion.py

Real-time law for channels; fixed-error
converse for a controller that starts
thermal

Text, Machine check_law.py, check_converse.py

Pointwise smoothing (Lemma G.6),
used in Thm. 4.1

Earlier preprint [26, Thm. 4.1, Cor. 4.3]

Classical channels; amplitude damping;
Werner–Holevo

Text, Machine,
Formal

check_classical.py, check_werner.py,
WernerHolevo.lean

Free set; clock that returns
approximately

Text, Machine check_free.py, check_clock.py

Undecidability reduction Text, External,
Earlier preprint,
Machine

[115, 116, 113, 114]; Step 1 from [24, Thm. 3.2(a)];
exact filters in check_fixeddim.py

Batch law B(Φ); span criterion; dual
form

Text, Machine check_batch_law.py, check_examples.py

Clock size; capital converse; lottery Text, Formal,
Machine

Ladder.lean, Sinc.lean, check_clock_size.py

Heisenberg-limit identification Text, External clock bound in Appendix H; Kraus-span condition
and code from [15]; generator identity in
check_clock_size.py

Process vs. time reverse: 0.1547 kBT Machine check_arrow.py
Release lemma; coherence surcharge
1 − h2(sin2 θ); CNOT process

Text, Machine check_beyond_thermo.py; for the CNOT process,
the identity, the one-way protocol and the one-|+⟩
circuit (its two order prices: Text)

Speed–order collision bounds ℓ2/(2K)
and ℓ2/(4K); the shared contact
budget

Text, Machine proof in Section 9; cooling strokes on a grid with
K ≤ 64, 400 random strokes
(check_speed_order.py)

Numbers and examples of Section 10;
Prop. 9.1(d) with randomized settings;
Figure 3; the embezzling example; the
Gibbs-qubit reset of Section 5

Machine the protocol numbers; the record-export, joint-record,
blank, camera-frame, endpoint, confidence-endpoint,
correlated-probe and flipped-loan examples; the
graded control (check_protocol_numbers.py)

Table 7: Verification status. The package is described in verification/README.md.
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This paper then had whole-paper adversarial reviews of its own: several by fresh instances of a
model from the same developer as models that helped write it, and nine by a model from a different
developer, eight of them blind audits that saw neither the earlier reviews nor our reports of their
fixes. A separate review examined the experimental design of Section 10. The fixes from all of these
are applied in this version. Table 7 and the verification package specify the statements, numerical
instances and formal lemmas that are actually checked; the checks support the proofs but do not
replace them.

Machine checks accompany the paper. Programs in its repository, https://github.com/
Apsiape/work-price-of-letting-go, check the numbers, worked examples and finite construc-
tions listed in Table 7 and in the verification notes, with exact arithmetic where possible, and test
the stated inequalities on many random and near-extremal instances. The general theorems, and
the construction and continuity arguments the notes do not list, are proved in the text. The finite
and algebraic cores of the arguments are proved in Lean with Mathlib, and every formal proof is
audited to use only the standard axioms. Here the formal proofs cover the coding form of the
release rank for every code over any field, the energy-conserving reset for all its parameters, and
the matrix identities and the two-setting bound of the two-qubit certificate; the Gibbs variational
step and the value of the delay process, the order-costs-work device and the classical-agents table,
the bound on the correlated process, the whole-history phase lift and its energy conservation, and
the arithmetic of the strong converse, the repair of small gain and the finite-source factory; the
Hadamard sector bound of the returning-clock proposition, the counts and error bounds of the
finite reset devices, the exact identities of the Werner–Holevo channel and its inverse, the chain
of inequalities of the single-input qutrit bound, the full-reset value, and the constants of the con-
struction; and the constant chains of the converses and of the clock-size proposition, the sinc and
no-programming inequalities, the energy-conserving permutations of the constructions, the swap
and shift identities of the paying ladder, and the exact identities of the worked examples, including
the dual certificate of the qutrit pair and the flat bank. The verification notes in the repository
list which statements are checked by machine and which are proved only in the text. Of the items
new in this paper, the fiber law for a released past, Theorem 7.1 with its proof in Appendix I,
has had a blind check by a model from a different developer. Each of the following had a blind
check by a fresh instance of a model from the same developer as models that helped write the
paper, and the whole-paper reviews by a model from a different developer have since checked it as
well: the attainment of the dual infimum in Section H.9; the remark in Theorem 4.3 that the span
condition is not necessary, with the Hadamard gate; the numbers of the protocol of Section 10;
the ordering argument of Section 11 with the CNOT process, including its coherence lower bound
in Appendix C in the form its blind check proposed; Step 1 of the proof of Theorem G.21, which
uses the zero-Hamiltonian closure theorem of our earlier work in place of the hard direction of
Theorem G.17; the proofs of the two exact stroke bounds in Section 9; and the data hypothesis for
batch decidability in Theorem 4.4. Reports of the checks are available from the authors.
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A The law for general schedules: contract, lower bound and at-
tainability

This appendix proves Theorem 3.3 for general schedules. Section A.1 fixes the contract. Section A.2
proves the lower bound for every schedule by an accounting identity. Section A.3 shows that
balanced windows reduce exactly to the interleaved processes of Appendix F. Section A.4 keeps a
record of the observer’s strategy on the actual carriers and builds a positive dual correction, and
Section A.5 turns this into a physical device with the module of Appendix F. Section A.6 treats
orders across copies and regularization, and ends with the scope of the theorem. Entropies here
are in nats, so S/β is (ln 2/β)S with entropies in bits, as in the main text.

A.1 The contract

Distances are half trace norm and half complete strategy norm, and work is energy. A block indexed
by N has finite hardware, permitted to depend on N , and one fixed additive physical Hamiltonian.
Each gate is a full square unitary conserving the Hamiltonian of the systems it actually touches.
The initial controller C, sharp mechanical battery W , genuine independent Gibbs stocks R, and
observer are mutually independent. Every routing register, cache, flag, clock, record, phase bank
and coding workspace belongs to C unless explicitly charged to W ; every used, idle, retired or failed
stock remains part of the physical rest.

The return contract requires, uniformly over every compatible coherent adaptive tester,

dtr(ρCrest, αC ⊗ ρrest) −→ 0, |∆EC | = o(N), |∆SC | = o(N),
S(Wf ) = o(N), Pr[Wf ̸= declared nominal vector] −→ 0,

vN := Tr |HW − EW,nom|ρWf
= o(N).

The absolute-tail condition is slightly stronger than a condition on the signed mean; the lower
bound uses it, and the construction supplies it. Capital is unrestricted but must be declared.

We use the schedules of Definition 3.1, with two precisions: every visit closes within the block,
and ties between events are resolved by a declared order unless the simultaneous events act on
distinct carriers and are explicitly interchangeable. We call these schedules conservative. The
compatible tester is any quantum protocol using only already released outputs, its private memory
and references, and its lawful future input carriers. It may entangle inputs across visits and blocks,
adapt across all earlier outputs, discard only into its retained purification, and act on a loan
before returning it. It cannot read the device’s inert initial purifier. Promises of product inputs,
restrictions on loans or frozen external fuel would be additional contract data; the tester class here
has none of them. A task may restrict its admissible inputs by a promise that is part of the task,
as the task of Theorem 7.1 does; its bounds are proved directly in Appendix I.

Loans and borrowed catalysts. A loan here is an observer-owned payload that the device sees
again: its incoming state may be correlated with every observer reference and earlier output. A
borrowed catalyst whose initial state is correlated with the controller, and whose joint initial state
must be returned, is a different problem. Its registers would have to be modelled jointly with the
controller, and the product initial state used below would fail; we do not treat it. For loans the
observer starts independent of the device, so any correlation a loan carries with the device’s record
was created through earlier releases, and the purity identity S(Z|F ) = S(ωB)− S(τB) still holds.

For a finite target TN on its actual schedule SN , a private extension has a finite initially input-
independent state τB, an inert mathematical purification F initialized before every arrival, and full
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square quantum gates on B and currently held payloads. Energy conservation is not required of this
mathematical object, and every initial ancilla and retained record is included in τB. The marginal
strategy is within ε of TN . For a purified tester t, let Z be its final physical output systems and
entire retained memory, with no duplicate copy of a carrier loaned again, and put

Et =
∑
v

[
TrHvρv,r − TrHvρv,a

]
, (A.1)

GE(t) = S(ωB,t)− S(τB)
β

+ Et = S(Z|F )t
β

+ Et, (A.2)

kSN ,ε(TN ) = inf
E

sup
t
GE(t), k̄S(T ) = inf

εN →0
lim sup

N

kSN ,εN
(TN )

N
. (A.3)

The equality in (A.2) follows from purity of BZF and S(F ) = S(τB). It remains valid when the
same physical carrier appears at several times. Temporal Choi indices are not extra physical copies.

The physical module. We use the following module, supplied with full proofs in Appendix F:
for every fixed finite retained-body source τ , faithful q with T = −β−1 ln q, and finite sequence
of full square gates on genuinely held systems, if a terminal contact makes the initialized total
external energy gain w + r(t) uniformly in testers, then the following steps give nominal work:
forming the source from Gibbs supplies, keeping it in an invested cyclic cache, lifting the whole
history to energy-conserving gates with a phase reference, pumping the battery, and resetting with
a Gibbs swap at the same temperature. They give

β−1D(τ∥q) + w + o(1),

with complete error o(1), whole-C/all-physical-rest product error o(1), actual controller energy and
entropy changes o(1), battery entropy and absolute nominal tail o(1), as r → 0 and the module
parameters are selected. The source need not commute with T . All constants are fixed for the
finite block before cache length and phase widths. The module is applied block by block; it is not
an asymptotic law for a growing process. Its proof is the finite-source module of Appendix F, with
the factory, cache, phase-lift and ledger steps that follow it there, applied with one source call per
block (p = 1/m) and with the extension’s gate list in place of the slot contacts; that part does not
use square slots.

Theorem A.1 (Work law for general schedules). For every conservative schedule, the finite-block
lower bound below holds, and the real-carrier recorder and positive terminal dual below exist. Bal-
anced no-feedback windows reduce exactly to square same-carrier slots, preserving every smoothed
k. With this module, every finite conservative block has an implementation meeting the contract of
a private extension of value g at nominal work g+o(1), with the extension’s error plus o(1). Hence,
for arbitrary specified growing conservative schedule families,

WS(T ) = k̄S(T ).

A.2 The lower bound, for every schedule

The identity below is a multipartite form of the finite-reservoir entropy-production identity of
Esposito, Lindenberg and Van den Broeck and of Reeb and Wolf [38, 39].
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Lemma A.2 (Whole-block identity). Let D = CWR start in αC⊗|w⟩⟨w|⊗γR. For every purified
legal tester let A = S(Df )− S(Di). Then

−∆EW −∆EC + ∆SC + S(Wf )
β

= Et +
A+D(ρRf

∥γR) + I(C:W :R)f
β

≥ Gengine(t). (A.4)

Consequently, if the uniform endpoint budgets are u, s, b, v for |∆EC |, |∆SC |, S(Wf ) and absolute
nominal tail, then

dnom ≥ kS,ε(T )− u− v − (s+ b)/β. (A.5)

Proof. Every actual conserving engine, including preparation and cleanup, becomes a legal math-
ematical private extension when energy conservation is forgotten. Purify all initial device systems
by an inert F0, and purify the tester. At the final ownership cut all payloads are outside; global
purity gives A = S(Z|F0). If If = S(Cf ) + S(Wf ) + S(Rf )− S(Df ), then

A = ∆SC + S(Wf ) + ∆SR − If , ∆SR = β∆ER −D(ρRf
∥γR).

Exact conservation is ∆EC + ∆EW + ∆ER +Et = 0. Combining these equations gives (A.4). Non-
negativity of relative entropy and total correlation proves the inequality. The actual mean battery
debit differs from its nominal debit by at most v; use the uniform budgets and take the supremum
over t to obtain (A.5). Held-carrier energy is counted only at actual handoffs. Contributions tele-
scope even if another carrier is released meanwhile or the observer later loans a carrier back. The
argument needs no continuity estimate in ∥HC∥ or ∥HR∥.

A.3 The exact balanced-window reduction

Definition A.3 (Balanced no-feedback window). A window contains all arrivals of a physical bun-
dle before its first visible release, and no new arrival during its release phase. Its aggregate output
is that same bundle with the same sum Hamiltonian, up to a declared Hamiltonian-preserving
identification. There is no unreported receipt. The unrestricted observer can prepare the window’s
inputs jointly; if a frozen external input resource becomes available only later, that availability
must instead remain in the schedule and the aggregation is not claimed.

Lemma A.4 (Contract-preserving aggregation). Consecutive balanced no-feedback windows are
exactly a square-port process with the aggregate bundle and its additive Hamiltonian in each slot.
The correspondence preserves the compatible tester set up to harmless purifying isometries, terminal
ZF state, every true handoff energy, complete strategy distance, and kS,ε for every ε.

Proof. Before the first output of a window, the observer receives no feedback. Its successive prepa-
ration operations act on its own memory and not-yet-delivered inputs, while device gates act on its
memory and already-delivered inputs. These operations commute whenever interchanged because
their physical supports are disjoint. Move observer preparations to a single joint preparation and
move device operations after all arrivals. Arbitrary initial entanglement with past memory and
future inputs is retained, not replaced by a product state.

During the release phase no further input enters. Each observer operation on already released
carriers is disjoint from each remaining device gate. Commute them so all device gates are performed
before the first release. The outputs can then be parked on their actual incoming payload carriers
until their original deadlines. The observer receives no output early; its original release-by-release
operations are still available. This produces one joint square gate on the aggregate bundle and the
retained body, with any initially allocated pure dilation registers counted in the source.
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Conversely, prepare the aggregate input and deliver its factors at their original arrivals, apply
the aggregate gate after the last arrival and before the first release, and park each actual output
factor until its deadline. These inverse reorderings preserve the complete purified circuit for every
tester, including all reference systems. They therefore preserve ZF and distinguishability of any
pair of strategies, not just their marginal channel outputs. Each carrier’s energy at arrival and
release is unchanged, and the sum Hamiltonian is the original one. Purifiers are not touched. No
pure external dummy, new output carrier, or separate uncharged buffer is introduced. Applying
the same reorderings to every private extension proves equality of the feasible infimum and tester
supremum at each smoothing.

Schedules that are not windows. The order aA, aB, rA, aC , rB, rC , with a real observer re-
sponse between rA and aC , has rectangular bursts and is not a balanced-window square-slot process.
Equal aggregate input and output dimensions over the entire block do not make its intermediate
slots square. Adding a pure dummy input changes the source ledger; omitting a classical receipt
changes the tester set. Loans cannot be identified with fresh independent copies. The next proof
handles such schedules directly.

A.4 General conservative schedules: coherent recorder and terminal dual

Group maximal arrival bursts and maximal release bursts as I1, O1, . . . , Iq, Oq. Empty groups
represent absence of an event, not an actual one-dimensional port. Let

a =
q∏
j=1

dim Ij , c =
∏
j<q

dimOj .

Choose the tester-Choi convention whose positive prefixes Zj act on I1O1 · · ·Oj−1Ij and obey the
homogeneous causal equations

TrIj Zj = IOj−1 ⊗ Zj−1 (2 ≤ j ≤ q). (A.6)

Each prefix is determined by the next one, and the scalar TrZ1 is left free. The equations give
TrZq = cTrZ1, so n(Z) = TrZq/c = TrZ1 is linear; a normalized tester has n(Z) = 1, and then
TrZq = c. The final release burst cannot affect input generation. A terminal observer isometry
does not change the body marginal or S(Z|F ).

Lemma A.5 (Tester realization and full-rank point). The homogeneous cone of unrestricted input-
generating testers, the nonnegative multiples of normalized ones, is V ∩PSD, with V the real space
of Hermitian Z = Zq whose prefixes satisfy the homogeneous causal equations (A.6). Its normalized
section is n(Z) = 1, and it contains Z0 = I/a > 0.

Proof. Tracing the output of each observer isometry gives (A.6), and normalization gives TrZ1 = 1.
Conversely take positive prefixes satisfying those equations with n(Z) = 1; a positive multiple is the
same protocol rescaled, and n(Z) = 0 forces Z = 0. Purify Z1 as an input and a private memory.
Inductively, Zj and the state obtained by adjoining the identity Choi wire Oj−1 to a purification
of Zj−1 have the same required reduced state. An isometry between their purifications acts only
on the observer’s previous memory and the newly delivered Oj−1, and produces Ij and a new
memory. Enlarge memory if necessary. This is a causal observer protocol and gives every positive
solution. Its initial memory is independent of the device. The dimension factors in the partial
traces give TrZq = c. Direct substitution of flat input preparations that ignore prior outputs gives
Z0 = I/a.
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Lemma A.6 (Recorder on actual visits). Preallocate and count one EPR pair AvRv with the
dimension of the actual carrier for every visit. At its true arrival SWAP Pv with Av; keep Pv
untouched while held and release that same physical Pv at its true deadline. On a later loan use
a new pair. Just before the final output burst, the accessible stored inputs and partners of prior
outputs have state

χt = Zq(t)/c. (A.7)

The construction preserves every history Gram entry, including observer-correlated loans.

Proof. At arrival, the entire incoming state and all its correlations move into Av; the actual physical
carrier becomes the EPR half previously in Av. The release therefore uses a real carrier, not a new
observer wire. No released carrier is operated on until it lawfully returns. A returned loan carries
the observer’s intervening operation and quantum correlations, and its next SWAP records those
correlations unchanged.

Expand the observer’s purified causal isometries in physical input indices i, prior-output indices
o, and terminal memory index m, with amplitudes Ci,o,m. Every normalized released EPR half
contributes the factor 1/

√
dimOj and identifies its output index with the retained partner. Every

arrival SWAP identifies its generated input index with a stored input register. Tracing only terminal
observer memory gives

(χt)i,o;i′,o′ = c−1∑
m

Ci,o,mCi′,o′,m.

The numerator is precisely the positive tester Gram Zq of (A.6); tracing successive observer isome-
tries proves its prefix constraints and trace c. Partners of the last output burst supply an indepen-
dent flat factor and are not needed in Zq. Stored registers are present before that final release, so
the correction time is lawful. This is an identity of coherent circuits: no history is measured and
nothing is postselected. It uses neither equal burst dimensions nor independent loans.

Lemma A.7 (Positive accessible representative). If L is linear on V and nonnegative on V ∩PSD,
there is Dhist ≥ 0 such that Tr(DhistZ) = L(Z) for all Z ∈ V . In particular, if L(Z) = wn(Z) −
J(Z), then

∥Dhist∥ ≤ TrDhist = a [w − J(Z0)].

Proof. Let PV be orthogonal projection in the real Hilbert space of Hermitian matrices. The cone
PV (PSD) is closed. Indeed, if PVDn converges and Dn ≥ 0, then Tr(DnZ0) = TrDn/a is bounded
since Z0 ∈ V . Hence Dn has bounded trace and norm and a convergent PSD subsequence. Its
projected limit is the desired limit. The dual of this projected cone within V is V ∩ PSD, by
self-duality of the full PSD cone. Taking the dual again and using closedness gives (V ∩ PSD)∗ =
PV (PSD). Represent L by a Hermitian vector of V and choose its PSD lift. Finally evaluate on
Z0 = I/a and use the normalization n(Z0) = 1 and PSD norm bounded by trace.

A.5 Joint tangent and transfer to the physical module

Fix one finite private extension, of value g. Put all block constants before all asymptotic choices.
Add a classical input-independent source flag with probability δ of the recorder branch. The full
EPR stock is in that branch; on the ordinary branch the added record stock is flat. Every EPR pair
and flag is counted in the new source τ ′. All flag-controlled contacts are full squares on genuinely
held systems. The complete strategy changes by at most δ. Flag entropy cancels between initial
and final body entropy. Since this finite block has bounded effective tester dimension and handoff
energy ranges, the new score satisfies g′ ≤ g + δC0 for a finite block-dependent constant C0.
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Lemma A.8 (One joint entropy–energy tangent). Let ωt be the new final body marginal and E′
t its

true handoff energy. For each 0 < s < 1 there is a faithful qs such that, with Ts = −β−1 ln qs and

Fτ,s = β−1D(τ ′∥qs), Js(t) = E′
t + TrTs(ωt − τ ′), ws = max

t
Js(t),

Fτ,s + ws ≤ g′ + − ln(1− s)
β

. (A.8)

Proof. Maximize S(ωt)/β + E′
t on the compact tester section and denote the body marginal at a

maximizer by ζ; it does not depend on s. Every reachable ωt is supported in supp ζ: if it had
weight outside, mixing it into the maximizer would gain entropy of order −x ln x, exceeding the
bounded linear energy loss of order x. On that common support, the directional derivative at the
maximizer gives

E′
t − β−1 Trωt ln ζ − β−1S(τ ′) ≤ g′.

Given s, set qs = (1 − s)ζ + sI/R, where R is the finite body dimension. Operator monotonicity
of logarithm and qs ≥ (1 − s)ζ imply the same bound with − ln qs plus − ln(1 − s). Expanding
Fτ,s +Js(t) cancels the TrTsτ ′ terms and proves (A.8). Entropy and energy were optimized on one
and the same tester.

The construction uses the lemma at one value of s only: the order of choices at the end of this
subsection fixes s before q, T and everything that depends on them. From here on s is that fixed
value, and we write q, T , Fτ , J and w for qs, Ts, Fτ,s, Js and ws.

J is affine in the normalized tester Choi matrix. Homogenize it on V and apply Lemma A.7 to
L(Z) = wn(Z)− J(Z). At the terminal correction time use

D = |1⟩⟨1|flag ⊗ (c/δ)Dhist,

with identities on unused body factors. Lemma A.6 gives the exact same-tester identity ⟨D⟩t =
w − J(t). D acts only on accessible retained records. This step is what general schedules need
beyond the construction for square slots.

Lemma A.9 (Full hot-qubit contact). Let M ≥ 2∥D∥ and let a genuine independent Gibbs qubit
of gap M have excited probability z = (1 + eβM )−1. The Halmos dilation

UD =
(
C −F
F C

)
, C =

√
I −D/M, F =

√
D/M,

is unitary. Its initialized hot-energy gain is (1− 2z)⟨D⟩t. If the span of the nonhot touched Hamil-
tonian Q is h, its other gain has absolute value at most 3h∥D∥/M . Thus the complete initialized
gain after the bare witness is w + r(t) with

|r(t)| ≤ rM = 3h∥D∥/M + 2z∥D∥ −→ 0. (A.9)

Proof. C,F are commuting functions of D, C2 + F 2 = I, so both columns and both rows are
orthonormal. Tracing the initially diagonal hot qubit yields Λ(ρ) = CρC + FρF ; both Gibbs
columns are included. The excited population changes by (1 − 2z) Tr(FρF ), giving the hot gain.
Shift Q by its lowest eigenvalue, so ∥Q∥ = h, and use ∥I − C∥ ≤ ∥D∥/M and ∥F∥2 = ∥D∥/M to
bound ∥CQC + FQF − Q∥ ≤ 3h∥D∥/M . Add J(t) and the exact correction w − J(t); the finite
thermal excited-column correction is bounded by 2z∥D∥. The contact comes after all bare target
gates and before the final deadline, and it never acts on a released carrier.
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The physical construction. Apply the named finite-source module to this finite circuit,
τ ′, q, T, w. It supplies factories with am → Fτ , reduced m-source error em → 0, four mechanical
helper registers and an auxiliary in whole W , fixed source-dependent helper span at most mA, and
controllable failure fm. The invested cache is

σm = 1
m

m−1∑
k=0
|k⟩⟨k| ⊗ (τ ′)⊗k ⊗ q⊗(m−1−k), Hclock(k) = (m− 1− k)am.

One source call serves the entire block. Its boundary probability is p = 1/m; whole-rest correlation
is O(p), while cache marginal error is pem. The actual cache energy and entropy defects are bounded
by

em(spanT + |am|), h(em/m) + (em/m) ln[mRm−1],
and the weighted helper absolute tail is Afm. The phase modules prescribe full finite columns on
all initialized paths, including rare flags, excited Gibbs sources and factory failure, and complete
them in exact energy shells. One whole-history bank preserves adaptive Gram entries. A sine
width L in r coordinates has purified-history error dP ≤ π2√rK∗/[2(L + 1)], entropy at most
h(d2

P ) + d2
P ln dimP , and product defect at most 2dP . Actual service-bank mean drift is bounded

using conservation and a finite touched-external-energy constant Q∗ by

rM + CQ∗(p+ dP ).

Body reset after the final release is a full same-T SWAP with an independent genuine q stock; all
displaced states remain physical.

Choose, in order, the finite extension; δ with δC0 small and the tangent parameter s with
− ln(1 − s)/β small; q = qs, T = Ts, then D,h,Q∗; M making (A.9) small; factory constants; m
making |am − Fτ |, the displayed actual cache refunds, Q∗/m, helper tail and h(1/m) + ln 32/m
small; then phase buffers and widths. All constraints are finite and chosen pointwise, before another
block is considered. This yields cost am + w ≤ g + o(1), the extension’s error plus o(1) and the
stated full ledger. The cache’s startup price is

m− 1
2 (Fτ + am) + β−1 ln(Zclock/m),

plus each pure bank’s actual initial energy and β−1 lnZP , and counted pure counter/flag prepa-
ration. These can be enormous; they are invested capital, and the initial EPR stock is part of
it.

A.6 Cross-copy orders and regularization

The full event order across copies is part of SN . Sequential N fixed episodes, all N inputs followed
by all outputs, and a sliding-window or cross-copy interleaving are distinct schedules with distinct
tester and extension sets. Under Theorem A.1’s pointwise module, choose a near-optimal finite
extension at each N and compile it at a tolerance νN → 0. Equation (A.5) and this construction
prove the rate identity with the quantifiers of (A.3).

The costs here are nonnegative. One legal observer feeds an independent Gibbs state at every
arrival, storing old loan outputs before reinitializing that physical carrier. Regard the resulting
sequence of fresh Gibbs input factors as time wires in the purified circuit. Unitarity, unchanged
carrier Hamiltonians and equality of the products of input/output Gibbs partition functions give
βGE(t) = D(ρOB,f∥γO ⊗ ωB,f ) ≥ 0. All stored observer systems remain in its purification. This is
only a selected lower-bound tester; the service claim still covers all testers.
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Lemma A.10 (Joint smoothing). For the monotone smoothed finite-block costs, whenever the
expressions are interpreted in the extended real sense,

inf
εN →0

lim sup
N

kSN ,εN
/N = lim

ε↓0
lim sup

N
kSN ,ε/N.

Proof. For any vanishing εN and fixed ε > 0, eventually εN ≤ ε, so the left sequence is at least
kSN ,ε/N . Taking limits gives one inequality. For the reverse, write the finite right-hand value as
L; for each integer j choose a cutoff Nj after which kSN ,1/j/N ≤ L+ 1/j. Increase cutoffs strictly
and set εN = 1/j between Nj and Nj+1. This sequence tends to zero and has limsup at most L. If
L = +∞ the first inequality suffices; nonnegativity excludes −∞. The diagonal sequence gives no
rate of convergence.

Scope. If only the fixed-process theorem of Appendix F is used, without the pointwise physical
module, equality is justified only for fixed balanced-window episodes repeated sequentially, and
arbitrary interleaving across copies is not reduced to sequential repetitions; the lower bound still
holds for every conservative schedule. The theorem gives the optimal rate. It asserts no exact or
branch-by-branch return, no converse at fixed error for a controller that starts in its Gibbs state,
no efficient construction and no bound on the tails of the heat. Unrestricted conservative visits are
covered by the direct proof. General new-output/retired-input inventories have a separate partition
correction ∑

new lnZO −
∑

retired lnZI
β

and need real stocks; the balanced-window theorem does not manufacture them. Restricted tester
sets require their own positive-cone and recorder proof. A retained actuator coupled to a released
carrier is not a free change of H. For the fixed controlled Hamiltonian

Htot =
∑
f

|f⟩⟨f | ⊗ (Hf (P ) +Kf (R)),

a rest-only conserving gate with block Ugf obeys

(Hg −Hf )⊗ Ugf + I ⊗ (KgUgf − UgfKf ) = 0.

Subtracting the normalized P trace shows that Ugf ̸= 0 requires Hg −Hf to be scalar. Nonscalar
modes cannot be cyclically reset after release by operations on retained rest. Scalar offsets still
require their actual energy payment. Thus neither arbitrary Hamiltonian switching nor arbitrary
exact endpoints inherit this upper bound.

B Proof of the release lemma
This appendix and the next three prove the results of Sections 5, 9 and 11 that come from the price
of time order: the release lemma here, the coherence and thermodynamic numbers in Appendix C,
the two-qubit certificate in Appendix D and release rank in Appendix E.

Purify the state just before the questions to |Ψ⟩BME . After either measurement on M the
conditional states of B are pure, so the conditional states of BE are products. A measurement
on M does not change ρBE , so ρBE is invariant under dephasing B in both bases. If the bases
do not commute, their diagonal algebras intersect only in the scalars, so ρBE = 1

2IB ⊗ ρE and
−S(B|M) = S(B|E) = 1. For the robust version, let δ ≤ ε be the probability that the answer
to question x disagrees with a measurement of B in basis x. Writing |Ψ⟩ = ∑

b |b⟩x|ϕb⟩ME and
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inserting the measurement {Ma} on M , the off-diagonal block TrM |ϕ0⟩⟨ϕ1| of ρBE in basis x
has trace norm at most ∑a ∥

√
Maϕ0∥ ∥

√
Maϕ1∥ ≤

√
δ(1− δ) ≤

√
ε. In the tilted basis, with

blocks τcc′ , the computational off-diagonal block equals 1
2 sin 2θ (τ00 − τ11) + cos2 θ τ01 − sin2 θ τ10,

so ∥τ00− τ11∥1 ≤ 4
√
ε/ sin 2θ and the trace distance of ρBE to 1

2I ⊗ ρE is at most
√
ε(1 + 2/ sin 2θ).

The continuity bound for conditional entropy [131], which depends only on dimB = 2, gives the
stated inequality.

C Coherence and thermodynamic numbers
Entropies are in bits. For a state ω let Cr(ω) = S(∆(ω))−S(ω) be its relative entropy of coherence,
where ∆ dephases in the incoherent basis. It does not increase under incoherent operations, and
for pure states it equals the coherence cost [76, 77].

The release step. Suppose the device holds MB and releases B. Then

Cr(MB)− Cr(M) = S(ZB|ZM )− S(B|M), (C.1)

where Z denotes the outcome of an incoherent-basis measurement, since S(∆(ρMB))−S(∆(ρM )) =
S(ZB|ZM ). Between releases the device applies incoherent operations to what it holds and to
incoherent inputs, which cannot raise Cr. So if every release removes at least r in (C.1), N releases
consume at least Nr coherent bits net: the coherence the device starts with minus the coherence
it keeps.

Tilted delayed choice. Since S(ZB|ZM ) ≥ 0, each release removes at least −S(B|M) ≥ 1 −
g
(√
ε (1 + 2/ sin 2θ)

)
by Lemma 11.1, so real time consumes one coherent bit per use as ε → 0.

One suffices: make a Bell pair on M and B from one coherent bit |+⟩ and a CNOT, release B, and
answer the question x by measuring M with the incoherent Kraus operators |a⟩⟨uxa|. In batch the
device waits for x. For the computational question the target is incoherent and free. For the tilted
question it is the flagged ensemble 1

2
∑
a |a⟩⟨a| ⊗ |ua⟩⟨ua|, whose relative entropy of coherence is

h2(sin2 θ); this is a lower bound by monotonicity, and dilution of the pure states |ua⟩ attains it [77].
The most demanding observer asks the tilted question every time, so batch costs h2(sin2 θ).

The CNOT process. The process applies a CNOT from B to A and then dephases A in the X
basis. Since that dephasing absorbs XA, the first output does not depend on B, and the process
is: dephase A in the X basis, release it, and apply ZxA

B , where xA is the X-value of A. It is a
uniform mixture of two incoherent unitaries, hence free in batch. In real time one coherent bit per
episode suffices: with K in |+⟩, a CNOT from K to A copies xA into the X basis of K, and after
A has left a CNOT from B to K applies ZxA

B by phase kickback. For the lower bound, let the
observer feed A = |0⟩ and later B as half of a maximally entangled pair |Φ⟩BQ whose other half
Q it keeps, so that the ideal final state of BQ is (ZxA ⊗ I)|Φ⟩, which reveals xA. The marginal
of B is maximally mixed, hence incoherent, and independent of the device, so absorbing B does
not change the Cr of what the device holds. Only the memory M held at the release of A can
carry xA to the second output, and the final BQ is computed from M and a fresh pair, so at
complete error ε data processing and Fano’s inequality give H(XA|M) ≤ H(XA|BQ) ≤ h2(ε). The
uncertainty relation with quantum memory [73], H(ZA|M) + H(XA|M) ≥ 1 + S(A|M), together
with S(ZA|ZM ) ≥ H(ZA|M), then shows that each release removes at least 1− h2(ε) in (C.1), so
N episodes consume at least N [1− h2(ε)] coherent bits net.

Thermodynamics at zero Hamiltonian. Take the delayed-choice BB84 task with all carriers
at H = 0, the answer register and B drawn from the reservoir as maximally mixed qubits, and
the setting register read-only and returned. Let D be the whole device: controller, reservoirs and
battery, initially independent, with the battery sharp. Each release of a register Oi lowers the
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entropy of D by S(Oi|Di), where Di is what the device keeps just after it; the reservoir starts with
the 2n raw output qubits. The Gibbs inequality for the reservoir, subadditivity and the return of
the controller’s free energy give, in units of kBT ln 2,

W ≥ 2n−
∑
i

S(Oi|Di)−∆Sbattery − o(n).

In real time B leaves before the question, so S(B|Di) ≤ −(1− g) by Lemma 11.1, while the answer
contributes at most one bit; hence W ≥ n(2− g)− o(n). In batch the outputs leave together after
the question, and their entropy given x is n bits, so W ≥ n − o(n). Both are attained: in batch,
erase B, copy a raw reservoir bit a into it with a CNOT and apply Hx; in real time, erase two
qubits, make a Bell pair, release one half and answer by measuring the other. With finitely many
reservoir cells, a Landauer ladder comes within any fixed margin of both rates at every n. With
free blank registers both entries fall by 2 and the order price is unchanged.

D The two-qubit certificate
The process. Two qubit carriers A,B with H = 0 are also the output carriers. Let U =
CNOTA→B(HA ⊗ I), |βab⟩ = U |ab⟩, and P = AdU ◦ (∆Z ⊗ ∆Z), which sends |ab⟩ to |βab⟩ and
removes all off-diagonal input terms. Every |βab⟩ has first marginal I/2, so P is a valid process
with A first. In batch it is exact and free: controlled-Z gates from two maximally mixed Gibbs
coins onto A and B, then HA and CNOTA→B.

Budgets and accounting. Consider an early-release implementation whose controller, reservoirs
and battery start independent, with the reservoirs Gibbs at temperature T and the battery sharp,
and which, on the probe below, changes the controller’s energy and entropy by at most aE kBT ln 2
and aS bits, leaves the battery with entropy at most sW bits, and deviates from its nominal debit
by at most bW kBT ln 2 in mean. With D the whole device and P = aE + aS + sW + bW , energy
conservation at HA = HB = 0, the Gibbs inequality for the reservoirs and subadditivity give
Wnominal ≥ kBT ln 2 (∆SD − P ).

The probe. Feed A = |0⟩; after A has left, feed B as half of a maximally entangled pair whose
other half Q the observer keeps. Purify the initial device by an inert F . The device never acts
again on A, and BQ is fresh, so the final state satisfies σQAF = πQ ⊗ σAF exactly; in batch this
need not hold. By global purity, ∆SD = S(QAB|F )σ.

A decoder. The ideal output is χ = 1
2Πcode, where Πcode = WW ∗ for the isometry W |b⟩ =

|b⟩Q|β0b⟩AB from a qubit, and |β0b⟩ = (|++⟩+(−1)b|−−⟩)/
√

2. The unitary V = P+⊗IQ+P−⊗ZQ,
with P± the X-eigenprojections of A, is a tool of the proof and is never applied; it maps W |b⟩ to
|b⟩Q|Φ+⟩AB. Since σQAF = πQ ⊗ σAF and TrA(PxσAFPy) = 0 for x ̸= y, the decoded state
σ′ = V σV ∗ has σ′

QF = πQ ⊗ σF exactly. Hence

∆SD = S(QAB|F )σ′ = S(Q|F )σ′ + S(AB|QF )σ′ ≥ 1− S(AB)σ′ .

The decoded AB has overlap 1− e with Φ+, where e = 1−Tr ΠcodeσQAB ≤ ε is the leakage out of
the code on this probe, so S(AB)σ′ ≤ h2(e) + e log2 3. Therefore, for ε ≤ 3/4,

Wnominal
kBT ln 2 ≥ 1− h2(e)− e log2 3− P ≥ 1− h2(ε)− ε log2 3− P,

against 0 in batch. With P = 0.025 the bound is 0.962 at ε = 10−3, 0.878 at ε = 10−2 and 0.348
at ε = 0.1, and it exceeds 0.05 up to ε ≈ 0.169. The leakage is fixed by the stabilizers XAXB and
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ZQZAZB of the code: Tr Πcodeσ = 1
4
(
1 + ⟨XAXB⟩+ ⟨ZQZAZB⟩ − ⟨ZQYAYB⟩

)
, so three local Pauli

settings on this one probe determine it. Since Πcode = 1
4(I + XAXB)(I + ZQZAZB), two settings

already bound it: e ≤ Pr[XAXB = −1]+Pr[ZQZAZB = −1], which is all the bound needs. Over N
probe episodes on one device, each with a fresh probe independent of the device’s state, the same
argument, applied episode by episode, gives Wnominal/(kBT ln 2) ≥ ∑i[1 − h2(ei) − ei log2 3] − P ,
so the budgets are paid once; estimating the ei of such a device needs settings chosen at random
and hidden from it, as in the heat form below. The bound is tight as ε and P vanish: one Bell pair
made from a single reset qubit implements P exactly in early release with ∆SD = 1, and the reset
approaches kBT ln 2 only with reservoirs far too large to build.

Heat form. Two variants make the certificate easier to test. First, for any independent probe
states, purifying them and repeating the argument gives ∆SD ≥ S(ρA) + S(ρB)−H4(p), where p
is the distribution of the two stabilizers and H4(p) ≤ h2(e) + e log2 3 its entropy; so B may be a
uniformly random classical bit that the observer records, and no entangled probe is needed. Second,
let the device’s parts start independent and a monitored bath at temperature T start in its Gibbs
state. The identity βQmon = ln 2 ∆Smon +D(ρmon∥γmon) and subadditivity give

Qmon
kBT ln 2 ≥ S(ρA) + S(ρB)−H4(p)−∆SC −∆SW −∆Sother

for the net heat Qmon into that bath, with no refund of the controller’s energy, no sharp battery and
no conversion of work into heat; the entropy changes of the controller, the battery and every other
sink must be bounded separately. The measured statistics must be tied to the state at release by a
readout calibration that holds for every input state, since uncalibrated noise on the observer’s side
that is not unital can overstate the bound. For the numbers in Section 9, the three settings must
sample one and the same emitted state. Settings chosen in known blocks would not do: a device
with memory could emit, during each block, an eigenstate of that block’s observable with the value
the code requires and with leakage 1/2; it would pass every block, and the combined data would
report zero leakage. The observer therefore fixes the number of episodes, N = 150,000, in advance,
chooses the setting of each episode uniformly from the three, independently of the device’s history,
and keeps it hidden from the device until both outputs of the episode have been released. With
outcome oi = ±1, let Yi = 3

4(1 − oi) for the settings XAXB and ZQZAZB, and Yi = 3
4(1 + oi) for

ZQYAYB. Since the setting is independent of what the device emits, the stabilizer formula gives
E[Yi | past] = ei, the leakage of the episode’s emitted state given the past, and 0 ≤ Yi ≤ 3

2 . The
Hoeffding–Azuma inequality [66, 67], which holds when the device carries memory across episodes,
then keeps the average ē of the ei below the observed average of the Yi, 5%, plus 0.02, except
with probability e−8N(0.02)2/9 < 10−23, well below the 3 × 10−4 quoted. Since h2(e) + e log2 3 is
concave, the per-episode bounds summed over the episodes are at least those at ē. It increases only
up to e = 3/4, where it reaches its maximum of 2, so an upper confidence bound eU on ē enters
the bound as min{eU , 3/4}; here eU = 0.07. The per-episode bounds concern expected values,
and the inequality controls the run’s own average of the conditional leakages; the two agree when
the episodes repeat independently, which is the statistical model of Section 10. At leakage 0.07,
a preparation entropy of 0.99 bits and 0.08 bits allowed to the rest of the hardware, the bound is
0.99−0.08−h2(0.07)−0.07 log2 3 = 0.433, and 0.429 > 0.42 after a 1% margin for the temperature.

E Release rank
Lower bound. Suppose first that every first carrier leaves early. On input a the first carriers leave in
the pure state |a⟩, so the device’s state just after the release has the entropy of its initial state D0,
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and S(Dmid) = S(D0) + χ(a:Dmid). The late output reveals Fa exactly once b is known, and it is
computed from Dmid and the fresh b alone, so χ(a:Dmid) ≥ H(Fa) = rankF . The fresh uniform b
brings ℓ bits and the second carriers take at most ℓ away, so S(Dend) ≥ S(Dmid). When the carriers
in R are held, fix aR. The held carriers then return unchanged and pure, so they factor out, and
the same argument applied to aL, with the known offset FRaR, gives at least H(FLaL) = rankFL
for each value of aR; concavity of the entropy gives the bound on average. Since the controller,
the battery and the Gibbs stocks start independent, subadditivity and the Gibbs inequality for the
stocks turn this into the heat bound.

Construction. Write FL = Y G with the rows of G a basis of the row space of FL. Dephase
the first carriers with flat Gibbs coins, copy GaL into r = rankFL memory bits that start in 0,
release the carriers in L, and when b arrives add Y m from the memory and FRaR from the held
carriers to it. This is the target exactly, on all inputs and references, and on the uniform probe the
memory, which holds GaL, ends uniform and independent of the other retained device registers,
though correlated with the released aL, so the entropy rises by exactly r. To return the memory, let
K = 2r and w = r kBT ln 2, take a Gibbs stock ⊕J

j=0 CK
j with energy jw on shell j, so that each

shell has probability q = 1/(J+1), and a battery with a ground level |g⟩ and K levels |cx⟩ of energy
w, starting in |c0⟩. For j < J send |x⟩M |j, z⟩|c0⟩ to |0⟩M |j + 1, (x, z)⟩|g⟩, and on the top shell send
|x⟩M |J, z⟩|c0⟩ to |0⟩M |J, z⟩|cx⟩. These are disjoint pairs of equal energy, so swapping each pair and
acting as the identity elsewhere is a full energy-conserving permutation. The memory returns to
|0⟩ exactly on every branch, the released outputs are untouched, the stock absorbs heat (1− q)w,
and the battery ends in |g⟩ except with probability q, with entropy at most h2(q) + qr.

Coding form. The rank of FL is the dimension of the projection of C onto the coordinates in
L, that is, rankF minus the dimension of the subcode C(R) of words supported in R. Minimizing
over |R| ≤ m therefore maximizes dim C(R), and an r-dimensional subcode supported in at most
m coordinates exists exactly when dr(C) ≤ m. In particular, holding m carriers lowers the cost
exactly when C has a nonzero word of weight at most m. Deciding this is the minimum-distance
problem, which Vardy proved NP-complete for a code given by a parity-check matrix together with
the weight bound [42]; Gaussian elimination converts a parity-check matrix into a generator matrix
of the same code, and back, in polynomial time, so the problem is NP-complete for the matrix F
and the budget m as well.

The classical witness. Let k = ℓ = 1 and F = (1), with a a fair bit independent of the device.
Since the evolution is unitary and the first carrier starts independent of D, S(Dmid) − S(D0) =
H(a)−S(A′|Dmid). Reading A′ in the bit basis, and replacing Dmid by the late estimate â2 of a that
it yields with the fresh b, can only raise the conditional entropy, so S(A′|Dmid) ≤ H(â1|â2) ≤ h2(δ),
since b is independent of A′Dmid and H(â1|â2) = H(â1 ⊕ â2|â2). The late step lowers S(D) by at
most 1−H(b) = 0, and so ∆SD ≥ 1− h2(δ); since δ ≤ e1 + e2, this is at least 1− h2(e1 + e2) when
e1 + e2 ≤ 1/2. To attain 1−h2(e1 + e2) for 0 < e1 + e2 ≤ 1/2, let the device hold a selector s, equal
to 1 with probability e1/(e1 + e2), a noise bit n, equal to 1 with probability e1 + e2, and a blank
M . If s = 1, while the first carrier is still held, the device writes a⊕ n on it and stores a in M ; if
s = 0, it leaves a on the carrier and stores a⊕ n in M . In either branch A′ ⊕M = n, so the device
next clears the noise register by n← n⊕A′ ⊕M , with A′ the still-held first carrier, and only then
releases that carrier. Later it returns b ⊕M . Each branch is reversible, the two errors are e1 and
e2, and D ends with n cleared and M uniform and independent of s, so its entropy rises by exactly
1− h2(e1 + e2).
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F Processes with memory, and the physical module
This part states and proves the real-time work law for every finite interactive process whose outputs
carry the same Hamiltonians as its inputs, characterizes the free processes, proves the classical order
cost of Table 4, and supplies the physical module (source formation, phase lift and ledger) on which
the attainability of Theorem 3.3 rests. Internal references of the form “Section X.Y” refer to the
subsections of this part.

Theorem F.1 (Real-time work law for processes). Let P be such a process. In real time, the
optimal work per episode at vanishing error is kBT ln 2Kβ(P). Moreover, for every fixed δ > 0,
any implementation whose controller and reservoirs start in Gibbs states and that draws at most
NkBT ln 2 (Kβ(P) − δ) of deterministic work over N episodes, meaning that its battery ends in a
definite energy level with probability tending to one, has error tending to one.

As for channels, bounding only the mean work gives no such converse: a device that runs the
optimal implementation with probability λ and does nothing otherwise spends λ times the rate
and errs with probability about 1 − λ. Nor can the Gibbs initial state of the controller simply be
dropped (Section F.3).

Theorem F.2 (What is free). For a process P as above the following are equivalent:

(i) Kβ(P) = 0;

(ii) driven by fresh Gibbs inputs, implementations of P can release outputs nearly in their product
Gibbs state while leaving their bath nearly uncorrelated with all of them: for every δ > 0 some
implementation within δ of P has total Gibbs defect at most δ (Section F.4);

(iii) P is a limit of causally ordered thermal implementations: one heat bath in its Gibbs state,
retained throughout, and a sequence of unitaries that each conserve energy exactly, with every
output released on time;

(iv) the real-time work rate of P is zero.

Each condition forces covariance under the common time translation, but not at each slot separately.

Milz et al. take Gibbs-preserving channels as the free channels and ask which higher-order trans-
formations preserve them [89]. Requiring this completely, they find exactly the causally ordered
combs that are thermal in their sense: inserting the Gibbs state into the first slot returns the Gibbs
state, uncorrelated with the remaining comb, which is again thermal [89, Def. 8, Thm. 6]. Causal
order is thus derived from equilibrium preservation. Theorem F.2 starts from causally ordered
processes and uses thermal operations instead: its condition (ii) is a dilation-level, approximate
form of their Gibbs-insertion condition, and in condition (iii) “thermal” means energy-conserving
unitaries on one retained Gibbs bath, not Gibbs preservation. (An n-slot process here is an (n−1)-
slot supermap in their counting.) The processes that are free in our sense are strictly fewer than
theirs; this already follows from the single-channel case [36, 46, 132]. Milz et al. suggest investigat-
ing analogous constructions for more restrictive frameworks such as thermal operations, and ask
whether causal order can again be derived [89, Sec. VI]. Theorem F.2 gives the thermal-operation
counterpart of their thermality condition for processes whose causal order is given; it does not
derive causal order.

Proposition F.3 (Order costs work). Let Pp,V read a bit a from a qubit A and release it, and then
apply V a⊕r to a second qubit Q, where r is a fresh coin equal to 1 with probability p and V ∈ {X,Z};
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the Hamiltonians are diagonal, and for V = X the qubit Q has a degenerate one. As one channel
on AQ, Pp,V is a thermal operation. If a must be released before Q arrives, its real-time work rate
is kBT ln 2 [1− h(p)] per episode; for V = X the bound is already forced by a classical observer.

The cheapest device keeps a masked record. Before the episode it prepares a bit M equal to 1
with probability p; at the first slot it adds a into M and releases a; at the second it applies VM to
Q. The record M = a ⊕ r shares 1 − h(p) bits with the released a, and that correlation must be
erased after a has left. A device that held a until Q arrived could uncompute the record for free.

Beyond time-covariant processes, the law holds for every finite process when the controller need
only return approximately (Theorem F.11): on a rare branch the device records the observer’s whole
strategy, which tells it how much surplus energy to release as heat without touching any released
output. Delayed channels and a correlated process with hidden memory are worked examples
(Section F.6).

Where the price comes from. A device that answers in real time may have to keep, in its
memory and its baths, correlations with outputs it has already released. It cannot erase those
correlations against outputs that are gone. For classical systems the same tension appears in the
link between nonpredictive memory and dissipation [51] and in the finding that agents that extract
work efficiently must balance prediction against forgetting [99]. A classical channel needs no such
correlation on inputs diagonal in its basis, and coherent inputs do not raise its optimized cost, so it
pays nothing extra (Appendix G). A quantum channel may need some, and that is the surcharge of
Appendix G. A process with memory may have it forced on it by the task itself, classical or not, as
is known for classical information ratchets, generators and agents [7, 8, 10, 99]: in Proposition F.3
the device must remember a after releasing it.

Prior work. Faist, Berta and Brandão implement channels that do not respect time translation
with thermal operations and a small source of coherence when the input is a fixed i.i.d. state [3,
Sec. 8.2], and ask whether thermal operations can implement every i.i.d. channel universally, which
they expect to require an arbitrary amount of coherence [3, Sec. 9]. Theorem F.11 settles the
analogous question for real-time implementation of every finite process, with an unbounded phase
reference, in line with their expectation for batch; their batch question, for a clock that must
return, is answered in Appendix H. Lie, Son, Boes, Ng and Wilming show that a channel that
fixes the Gibbs state is a thermal operation exactly when it has a dilation, by an arbitrary unitary
and environment state, that leaves the environment unchanged when the input is the Gibbs state;
energy conservation, a Gibbs bath and time covariance then follow [88, Def. 1, Lemma 3, Prop. 4].
Theorem F.2 is a robust form of their criterion for processes with several steps: a small defect at
Gibbs inputs implies closeness to a thermal implementation, with constants that do not depend
on the bath. Theorems F.1 and F.2 give the real-time cost of every finite process whose inputs
and outputs carry the same Hamiltonians, and characterize the processes whose cost is zero. For
Markovian dynamics, Luo et al. show that thermal Lindbladians are exactly those realized by
energy-conserving collision models with fresh thermal units [90]; the free processes of Theorem F.2
use one bath retained across all slots. For repeated independent uses of one channel at zero
Hamiltonian, the rate of Theorem F.1 is the purity cost of [26], the zero set of Theorem F.2 is
the closure of the finitely factorizable channels [24], and a strong converse for purity is in [27]; one
channel at every temperature is treated in Appendix G.

Work extraction. Zambon and Adesso study work extraction from non-Markovian multitime
processes [97]. An experimenter who stores all outputs until the end can extract more work than
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one who extracts step by step, by an amount bounded by the non-Markovianity of the process [97,
Thm. 2]; this is the extraction-side counterpart of the gap between batch and real-time operation.
Since, unlike for states and channels, the work cost of implementing a comb is not known to equal
the work it can yield, they take as the cost of a comb the least work value of an ancilla state plus
the asymptotic costs [2, 3] of the channels in a dilation. Theorem F.1 concerns a different quantity,
the cost of implementing a process in real time, episode after episode, against every observer; it
does not settle their question. Fiderer, Barth, Smith and Briegel define the work capacity of a
classical environment with memory, the largest rate at which an agent can extract work from it,
and ask whether, for channels with memory, it can match the least work the environment must
spend to implement its channel [99]. Theorem F.1 gives the least cost of implementing a finite
process in real time when it must be accurate against every observer; against a given agent the cost
can be lower, and their question remains open. Huang et al. define the time-ordered free energy,
the most work an agent without persistent quantum memory can extract online from a temporally
correlated sequence of quantum states [98]; that is extraction under a causal constraint, whereas
we price implementation with arbitrary quantum memory.

Classical modularity. For classical processes, the price of operating step by step rather than
on the whole process at once is the modularity dissipation of Boyd, Mandal and Crutchfield, the
loss of global correlations under local control [7], which Loomis and Crutchfield trace to temporal
locality [8]; its simplest instance is the Landauer–Bennett price of a record whose original has
left [55, 133]. Proposition F.3 gives its exact rate in a process that is free when its outputs may
wait.

Online agents. Thompson et al. prove their classical online cost optimal among causal agents,
whose memory is a function of the past [10]. A classical agent that commits its randomness in
advance lies outside that class and can pay less (Section F.6). When the inputs stay on the tape,
this is the analogue, for a transducer whose outputs depend on informative inputs, of the known
efficiency of retrodictive pattern generators [100, 7, 8]; when each output overwrites its input, even
this agent pays 1− h(p) (Section F.6).

Outline. Section F.1 sets up the model and defines Kβ. Section F.2 proves the work law, Sec-
tion F.3 the strong converse and Section F.4 Theorem F.2. Section F.5 drops time covariance,
and Section F.6 treats channels, the ordered and delay processes, and classical agents. The longer
constructions are in the appendices. Section 3 places this law among general schedules of arrivals,
releases and loans.

F.1 Setting

Throughout, β = 1/kBT with 0 < T <∞, and entropies are in bits unless stated otherwise.

Processes. A process with n slots takes an input in slot 1 and releases an output, then takes an
input in slot 2, and so on; it may keep memory between slots. Slot j has an input Ij and an output
Oj , both of dimension dj and with Hamiltonian Hj . Write d = ∏

j dj . Such a process is a quantum
comb [34, 134, 35]: a sequence of channels, each from Ij and a memory to Oj and a new memory.
Its Choi operator RP on ⊗j IjOj satisfies the causal constraints

TrOj R
(j) = IIj ⊗R(j−1), R(0) = 1, (F.1)
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where R(j) is the Choi operator of the first j slots and R(n) = RP . We compare processes with
the strategy distance: the largest trace distance 1

2∥ · ∥1 that an observer can reach between them,
choosing each input after seeing the earlier outputs and keeping quantum references [34, 35]. Faist,
Berta and Brandão suggested such measures for implementations with memory effects [2].

Time covariance. Let Dj(u) = e−iuHj . A process commutes with the common time translation
if shifting every input by the same time u shifts every output by u. In terms of its Choi operator,[

RP ,
⊗
j

Dj(u)Oj ⊗Dj(u)Ij

]
= 0 for all real u. (F.2)

This does not require each slot to be covariant on its own. The delay process releases the ground
state in slot 1, releases the first input in slot 2 and discards the second input. It carries coherence
from slot 1 to slot 2, and it satisfies (F.2) only for the common translation.

Lemma F.4 (Covariant realization). A process satisfies (F.2) if and only if it can be realized by
isometries Vj from Ij and a memory Mj−1 to Oj and Mj that conserve energy exactly, for suitable
Hamiltonians on the memories. No assumption on the rank of RP is needed.

For a compact symmetry group this is the covariant minimal dilation of Chiribella, D’Ariano
and Perinotti [135, Eq. (15)]; we include the short proof because the time translations form a
non-compact group and the memory Hamiltonians are needed explicitly.

Proof. A sequence of energy-conserving isometries gives a process that satisfies (F.2), since the time
translations pass through each Vj . Conversely, every prefix R(j) inherits (F.2) by partial trace. Take
the minimal realization [134], in which Mj is the support Aj of R(j) and

Vj =
(
IOj ⊗R(j) 1/2

R(j−1) −1/2)(
|I⟩⟩OjO′

j
⊗ idIj→I′

j

)
,

with inverses taken on supports. The prefix constraint (F.1) gives V ∗
j Vj = I. By (F.2) the

square roots commute with the time translations, the maximally entangled vector is invariant
under Dj(u) ⊗ Dj(u), and the wire Ij → I ′

j intertwines the input translation. So Vj conserves
energy when Aj carries the restriction of ∑l≤j(Hl −HT

l ), with Hl on the copy I ′
l and −HT

l on the
copy O′

l. The supports are invariant, so rank deficiency causes no difficulty.

The device. The device model is that of Appendix G. A device consists of a controller C, a
battery B and a reservoir R. The controller holds all hardware: memory, clocks, catalysts and
any work registers not charged to the battery. The reservoir is a finite collection of cells, each
with its own Hamiltonian, all declared in advance and all starting in their Gibbs states at inverse
temperature β, independent of each other and of everything else. Every operation is a unitary that
conserves the total energy of the systems it acts on. Measurements and records are part of the
dilation and are counted. There is no external coherence and no Gibbs-preserving map supplied as
a black box.

Real-time operation. The device runs N episodes of P, one after another. Within an episode,
input j + 1 is supplied only after output j has left, and the device never acts again on a delivered
output. Between slots, and after the last one, it may act on its internal systems as it likes. The
inputs come from an observer who may choose them adaptively, across slots and across episodes,
and keep quantum references. The error εN is the strategy distance between the whole interaction
and N ideal episodes of P.
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Work. The controller must return. For the constructions of Theorems F.1 and F.2 it returns
exactly to its initial state, independent of all other systems (Theorem F.11 relaxes this); for the
lower bounds it is enough that its free energy returns up to o(N). The battery is mechanical: work
is its mean loss of energy, and its entropy changes by o(N). It is stationary if it starts in a state
that commutes with its Hamiltonian, as an energy eigenstate does; a stationary battery holds no
phase reference. Work is deterministic when the battery starts in an energy eigenstate, ends, with
probability tending to one for every observer, in a fixed energy eigenstate, and its mean energy
differs from that eigenvalue by o(N). The last clause matters only for a controller that returns
approximately, as in Sections F.5 and F.6: it prevents a broad reference from lending the device
energy that the battery repays in one rare, large event. In the strong converse (Theorem F.10) the
controller also starts in a thermal state. For a family of implementations with εN → 0, the work
rate is lim supN WN/(NkBT ln 2), in bits per episode, and the optimal real-time rate is the infimum
over such families. These rates allow reservoirs, controllers and running times of any finite size.
Table 8 lists the conditions that each main result uses.

Result Controller
starts

Controller returns Battery Error and conclusion

Rate law and
free set
(Theorems F.1
and F.2)

in any declared
state

in the constructions
exactly,
independent of
everything else; for
the lower bound, its
free energy up to
o(N)

mechanical, entropy
change o(N)

error tending to zero;
optimal work Kβ per
episode, zero exactly
for the free processes

Strong
converse (The-
orem F.10)

in a Gibbs
state,
independent of
the reservoirs

not required starts in an energy
eigenstate;
deterministic work
below N(Kβ − δ)

error tending to one,
exponentially fast if
the battery never
misses its target

Without
covariance
(Theo-
rem F.11)

in any declared
state; its free
energy is
invested capital

approximately:
jointly within
ηN → 0, with
actual mean energy
and entropy
changes o(N)

ends in a fixed
eigenstate except
with vanishing
probability; entropy
and mean absolute
deviation o(N)

error O(N−2);
optimal work Kβ per
episode; no converse
is claimed

Table 8: The contracts of the main results. Every error is the strategy distance of the whole
interaction, over all episodes, against observers that adapt and keep quantum references. When
the controller returns only approximately, its energy and entropy refunds are separate requirements,
since closeness in trace distance alone does not bound them. Startup capital is declared and is not
part of the work. Throughout, the number N of episodes is known in advance, and each output
carries the same Hamiltonian as its input.

Remark F.5 (Why covariance). With the controller returned exactly and a stationary battery,
a device can only implement processes that satisfy (F.2); for channels this is the familiar fact
that thermal operations are time-covariant [3, Sec. 3]. The argument behind the returning-clock
proposition of Appendix G applies unchanged: the device as a whole commutes with time evolution,
so when the inputs, the references and the battery are invariant, so is the final state of everything
that is kept. Feeding energy-diagonal inputs in all other episodes isolates one episode, whose
implemented process then satisfies (F.2); its strategy distance to P is at least half the largest
distance between P and its time translates. Common covariance is therefore necessary for vanishing
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error, and by Lemma F.4 it is all that is needed. The battery must be stationary: a battery in a
broad superposition of energy levels is a phase reference of its own, which the device can spend while
the controller returns exactly (Appendix G). With a controller that returns only approximately,
covariance is not needed (Theorem F.11).

Ports. We take each input and its output to have the same Hamiltonian; isospectral ports,
identified by a fixed unitary, are the same. If HIj ̸= HOj , a device must change the Hamiltonian of
the system it hands back, and the answer depends on how that change is modelled. For instance,
a qubit with energies 0 and E that is replaced by a maximally mixed qubit with zero Hamiltonian
yields work if the device may switch the Hamiltonian itself, but not if it must emit a fresh qubit
from its own supplies. We do not treat this case.

The cost. An ε-extension of P is a process P̃ with one extra output F , released before the
first input and never acted on afterwards, such that discarding F leaves a process within strategy
distance ε of P, and such that P̃ itself satisfies all the causal constraints (F.1). A tester is an
observer for one episode: it starts in a pure state, prepares the inputs adaptively, keeps quantum
references, and ends with a register Z that holds everything it kept, including all outputs.

Definition F.6 (Real-time cost of a process). For a tester t run against an extension P̃, let S(Z|F )t
be the conditional entropy of its final register given F , and let

eβ(t) = β

ln 2
∑
j

TrHj
(
ρOj − ρIj

)
be the energy the process adds, in bits, where ρIj and ρOj are the states of the j-th input and
output in this run. Set

Kβ,ε(P) = inf
P̃

sup
t

[
S(Z|F )t + eβ(t)

]
, Kβ(P) = lim

ε↓0
Kβ,ε(P),

with the infimum over ε-extensions and the supremum over testers.

F is an inert mathematical purifier of the device’s initial state, not a message available to the
tester. Formally the extension emits it first, so that the extension is itself a process, and never
touches it again; none of it carries information about the coming inputs. The tester’s operations
act only on its own memory and the released outputs of P, never on F ; conditional entropy is used
only to compute the device’s entropy increase, and it does not authorize either party to operate
on F . If B is the device’s retained body, the purified experiment ends in a pure state on BZF , so
S(Z|F ) = S(Bfinal)−S(Binitial): after the episode, S(Z|F ) equals the entropy the episode has added
to the device (Lemma F.9). If the tester could read F , the value would change; in the example of
Section F.6 with hidden memory, knowing b would let the observer choose late inputs branch by
branch. So Kβ is the least entropy, plus energy, that one episode must add to a device that does
not know its inputs in advance.

Both terms are evaluated on the same tester, and this matters. For the delay process with
H = diag(0, E), the entropy term alone is largest for a maximally mixed second input and the
energy term alone is largest for a second input in its ground state; taking the two maxima separately
would give 1, while Kβ = log2(1 + e−βE) (Section F.6).

Proposition F.7 (Basic properties). (a) For one slot, P is a channel Φ and Kβ(P) is its real-
time cost κβ(Φ) from Appendix G.
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(b) For n uses of a time-covariant channel Φ, viewed as one process, Kβ = nκβ(Φ).

(c) Kβ(P) ≥ 0, and |Kβ(P)| ≤ 2 log2 d+ β
ln 2
∑
j 2∥Hj∥.

(d) At zero Hamiltonian, Kβ involves entropy alone: it is the purity cost of answering in real
time.

Proof. (a) A one-slot extension is a state σQOF in which F is independent of the reference Q of the
input, so Definition F.6 becomes the definition of Appendix G once two smoothings are compared.
Smoothing input by input and smoothing in strategy distance have the same limit as ε → 0, and
the limit commutes with the supremum over inputs by the minimax argument of Lemma F.8. (b)
For the lower bound, apply the chain rule to S(Z|F ) across the n uses: each use adds at least
the one-use cost on its own input. For the upper bound, take a product of one-use extensions;
each use’s entropy and energy then depend only on that use’s average input. (c) Feed every slot
a Gibbs input. Every extension is itself a finite process, so it has an exact dilation with F as the
purifier of the bath. Against this tester, S(Z|F ) + eβ is the sum over slots of the relative entropies
D(ρOjBj∥γj ⊗ ρBj ) ≥ 0, where Bj is the bath after slot j (Section F.4); here the equal input and
output Hamiltonians are used. So every extension has value at least 0. The bound on |Kβ| holds
because a pure tester’s final register has effective dimension at most d2 (Appendix F.7). (d) is
Definition F.6 with eβ = 0.

F.2 The work law

The lower bound comes from the bookkeeping identity of Appendix G and a bound on the entropy
each episode must add to the device. The upper bound is a construction. Section F.3 upgrades the
lower bound to every fixed error.

F.2.1 Bookkeeping

Write D = CBR for everything except the inputs and outputs, and let A = S(Dfin)− S(Dinit) be
the entropy it gains. Let ∆Esys be the total energy delivered in the outputs minus the total energy
taken from the inputs, and let w be the free energy drawn from the battery and the controller, in
units of kBT ln 2. The accounting identity of Appendix G holds verbatim:

w = A+ β
ln 2 ∆Esys +D(Rfin∥γR) + I(C:B:R)fin ≥ A+ β

ln 2 ∆Esys. (F.3)

It concerns only the device, so correlations with the observer do not enter; a reservoir cell that is
set aside stays in R, so discarding never helps.

F.2.2 What each episode must leave behind

Lemma F.8 (Minimax). Kβ,ε(P) = supt infP̃
[
S(Z|F )t + eβ(t)

]
.

Proof. For a fixed extension, S(Z|F )t + eβ(t) is concave in the tester: the bath state is affine in t,
entropy is concave, and the payload energy is affine. Mixtures of extensions are realized by adding
a classical flag to F , whose entropy cancels in S(Z|F ), and stay ε-close to P. Given η > 0, finitely
many extensions P̃1, . . . , P̃L have minl[·]l < b+η at every tester, where b is the right-hand side. The
set of points x ∈ RL dominated by ([·]1(t), . . . , [·]L(t)) for some t is closed, convex and downward
closed, and excludes (b + η, . . . , b + η). A separating hyperplane with non-negative normal gives
flag probabilities whose mixture has value below b+ η at every tester.
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Lemma F.9 (Causal accumulation). Suppose the error is at most ε, and the observer runs a fixed
tester t in every episode, with a fresh copy each time and all earlier registers left alone. Then each
episode raises S(D) + β

ln 2Epayload by at least infP̃ [S(Z|F )t + eβ(t)], the infimum over ε-extensions.
Hence

A+ β
ln 2∆Esys ≥ N inf

P̃

[
S(Z|F )t + eβ(t)

]
.

Proof. Let Dk be the device before episode k and let Fk purify it; Fk contains the earlier references
and outputs. The fresh tester starts pure and independent of DkFk. The episode acts on the tester’s
inputs and on Dk, and Fk is never touched, so the episode, seen from the observer with Fk released
first, is an extension of the process the device actually implements in episode k. That process is
within ε of P: an observer could run this tester in episode k and the ideal comparison elsewhere.
After the episode the global state is pure, so S(Dk+1) − S(Dk) = S(ZkFk) − S(Fk) = S(Zk|Fk),
and the payload energy changes by exactly eβ(t) in bits. Operations between episodes are unitary
on D and do not change S(D), so the increments add up.

The device’s memory may be correlated with every earlier output; the lemma allows that. What
it rules out is a memory that already knows the coming inputs.

F.2.3 The lower bound

Choose, by Lemma F.8, a tester t whose value infP̃ [S(Z|F )t + eβ(t)] is within η of Kβ,εN
(P).

Lemma F.9 and (F.3) give
w ≥ N

[
Kβ,εN

(P)− η
]

(F.4)

for every η > 0. For a mechanical battery the actual work is kBT ln 2 (w−∆SB) when the controller
returns, and ∆SB = o(N). Letting εN → 0 gives the lower half of Theorem F.1. Covariance is not
used: the lower bound holds for every process and every controller.

F.2.4 The construction

The matching construction has four layers (Appendix F.8). At each N it compiles one finite
implementation of an approximate extension with error N−3, so that the error accumulated over
N episodes still vanishes; every overhead depends only on d, the Hamiltonians, β and N , never on
the size or spectrum of the extension’s bath.

A covariant dilation. A finite extension is realized by one bath, in a state τ , and one unitary
contact per slot. Averaging over a finite grid of phases of the torus generated by the energy gaps,
controlled by a flag in the bath, makes the realization covariant under the common time translation
without increasing its cost.

What an observer can do to the bath. Every tester is dominated by the flat tester, which feeds
maximally mixed inputs: the bath state it leaves satisfies ωt ≤ d2ω0. A pure tester’s final register
has effective dimension at most d2, however large its references. These bounds involve only the
ports.

Paying for entropy and energy together. A single sharp energy bank, shared by all episodes,
records the energy that flows between the payload and the bath, without measuring the payload’s
energy. An analytic interpolation over a strip in the complex plane, applied to the whole episode at
once, turns the port bounds into an operator inequality that holds even when the bank, the observer
and the earlier baths are entangled. It charges entropy and energy on the same tester. Tracing
out the bank averages the whole history over one common phase, never over separate phases at
separate times.
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Paying the work. Converters between subspaces of given Gibbs weight, built from reservoirs
with exactly conserving swaps, form the baths at the start and reset them after the last output,
moving the battery by the logarithm of the Gibbs-volume ratios. The bank’s large starting energy
is borrowed and returned, and the battery’s entropy and energy variance tend to zero. A final swap
with a thermal cell returns the controller exactly. The net debit is NkBT ln 2 (Kβ(P) + o(1)).

This proves the upper half of Theorem F.1. The same bank also handles processes whose Choi
operator is not of full rank: it pays for changes of relative likelihood, so the target never has to be
implemented exactly.

F.3 The strong converse

The lower bound (F.4) is a rate statement. The following theorem covers every error below one,
provided the work is deterministic. For batch implementations of channels, the converse of Faist,
Berta and Brandão already holds at fixed small error [3, Prop. 4.2]; Theorem F.10 is a real-time
counterpart for processes that covers every error below one. For a battery projector PB that
commutes with HB, write

bβ(PB) = βEinit
ln 2 + log2 Tr

(
PBe

−βHB
)
.

Theorem F.10 (Strong converse). Let P satisfy (F.2) and let δ > 0. There are constants a, b, c >
0, depending only on P, the Hamiltonians, β and δ, with the following property. Consider any
real-time implementation whose controller and reservoirs start in independent Gibbs states, of any
size, and whose battery starts in a pure energy eigenstate of energy Einit. Let PB satisfy bβ(PB) ≤
N(Kβ(P)− δ), and let qN be the probability that the battery ends outside PB when the observer of
the proof is used. Then

1− εN ≤ qN + c e−bN + 2−aN .

For a battery that ends in a single eigenstate of energy Efin, the condition on PB says exactly
that the work Einit −Efin is at most NkBT ln 2 (Kβ(P)− δ). So with deterministic work below the
rate, the error tends to one, exponentially fast if the battery never misses its target. This is the
second statement of Theorem F.1. A projector of rank RB whose energies are all at least Einit−W
has bβ(PB) ≤ βW/ ln 2 + log2RB: the accepted degeneracy counts as work. Without this, a large
degenerate battery in a pure state could supply purity at no energy cost. The hypothesis that
the controller starts in a Gibbs state cannot simply be dropped. A controller that only returns
approximately, with its actual energy and entropy changing by o(N), can carry an incoherent energy
bank whose loans depend on the branch and cancel in the mean; with it, a covariant reset runs at
half the vanishing-error rate with error exactly 1/2 (Appendix H), while the battery’s debit is the
same on every branch. What decides this is how spread out the controller’s capital is, not its size:
spread o(N/√η), where η is the controller’s return error, still forces a strong converse for every
channel and without time covariance, but only at the thermodynamic capacity, which can lie below
the real-time rate, and a bank of spread of order N/√η can break even that (Appendix H); whether
a converse at the real-time rate survives such a controller is open.

Outline of the proof. The proof follows the fixed-error converse for channels in Appendix G, with
one new ingredient: an observer that runs a whole episode adaptively and still conserves energy
exactly. Details are in Appendix F.9.

Step 1: an observer that conserves energy. Before N or the device is fixed, choose a tester
whose value infP̃ [S(Z|F )t + eβ(t)] is within a small margin of Kβ(P), that has full rank, and that
commutes with the common time translation; averaging over the translations and mixing in a little
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of the flat tester achieves this, since the value is concave and invariant. Apply the construction
of Lemma F.4 to the tester’s own causal constraints. This realizes the tester by isometries that
conserve energy when each stage of its memory carries the matching charge. Its final register Z, of
dimension at most d2, then carries the charge HZ = ∑

j(HOj −HT
Ij

), and TrHZνZ is exactly the
energy delivered minus the energy injected in the episode.

Step 2: a tradeoff valid for every device. For this tester, the least S(Z|F ) over all extensions is a
convex function of the observer’s final state. A separating hyperplane gives an affine lower bound,
which may be averaged over the charge so that it depends only on the energy-block pinching of
Z. The observer measures a random fraction γ of the episodes with an informationally complete
measurement inside each energy block, built from rank-one effects and dilated so that it conserves
charge. This turns the affine bound into a min-tradeoff function for entropy accumulation [14]. It
holds whatever the device’s state, and its constants do not involve the device.

Step 3: accumulation and an energy event. Run this tester afresh in every episode, while
the device may keep arbitrary correlations between episodes. Entropy accumulation bounds the
smooth min-entropy of the observer’s registers, given a purification E of the initial hardware, from
below by Nh− C

√
N on the event G that the empirical score is high. In the ideal experiment the

observer’s total charge is at least N(∆E − u), with ∆E = TrHZνZ and any fixed u > 0, except
with exponentially small probability.

Step 4: a Gibbs-weighted cap. Every operation conserves the total charge, and the hardware
starts thermal. So the same smooth min-entropy, after G, the energy event and PB have all passed
with probability p, is at most bβ(PB)− βN(∆E − u)/ ln 2 +Nθγ + log2(1/p) + 4, where θγ → 0 as
γ → 0. The partition function of the hardware cancels exactly, whatever its size; with equal input
and output Hamiltonians, swapping a carrier in or out does not change it. Comparing the two
bounds with bβ(PB) ≤ N(Kβ − δ) forces p < 2−aN , and the union bound p ≥ 1− εN − qN − ce−bN

gives the theorem.

Covariance is used only in Step 1, to choose the tester and to give it an energy-conserving
realization; per-slot covariance is never needed. The constants are not uniform as δ → 0, as for
channels.

F.4 What is free

A dilation of a process is a finite realization of it: a bath B in a state τ , and for each slot a unitary
Uj on IjB (equivalently OjB, since the ports are square). Its gain is g = supt[S(Z|F )t + eβ(t)],
with F the purifier of τ . By Definition F.6, Kβ(P) is the limit, as ε → 0, of the least gain of
dilations within ε of P.

F.4.1 Driving with Gibbs inputs

Feed every slot a fresh Gibbs state γj = e−βHj/Zj , and let τj be the bath after slot j, with τ0 = τ .
Entropy conservation and log2 γj = −βHj/ ln 2− log2 Zj give, for each slot,

aj := S(τj)− S(τj−1) + β
ln 2 TrHj(ρOj − γj) = D

(
Uj(γj ⊗ τj−1)U∗

j

∥∥ γj ⊗ τj) ≥ 0. (F.5)

The Gibbs tester is a legal tester, and its score is ∑j aj ≤ g. This proves Kβ ≥ 0 (Proposition F.7).
The slot-by-slot defects add up to a single relative entropy. Let registers A1, . . . , An start in

γ1, . . . , γn, and let slot j act on Aj and the bath, so that Aj plays the role of the j-th input and
then holds the j-th output. Let Ωj be the joint state of the bath and all Al after slot j, and
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ξj = τj ⊗ γA1 ⊗ · · · ⊗ γAn . Then

D(Ωj∥ξj) =
∑
l≤j

al for every j. (F.6)

Indeed S(Ωj) equals the initial entropy, log ξj is a sum of the bath’s log τj and Gibbs terms, unused
registers cancel, and each used one contributes its energy change. Equation (F.6) includes every
correlation with earlier outputs. It says that the gain against Gibbs inputs is small exactly when the
released outputs stay close to Gibbs and the bath stays nearly uncorrelated with all of them. This
is condition (ii) of Theorem F.2, and it shows that a single tester, the one that feeds Gibbs states,
decides whether a process is free. The exact criterion of Lie et al. for one channel also uses the
Gibbs input alone [88], and so does the thermality condition of Milz et al. at the Gibbs-preserving
level, which inserts only Gibbs states [89, Def. 8].

F.4.2 Exact zero gain

Write Gj for the inverse of the first j contacts, acting on the bath and A1, . . . , Aj , and let σ =
τ ⊗ γA1 ⊗ · · · ⊗ γAn . Regard the registers Al as part of an enlarged bath with source σ, and gauge
the contacts by

Wj = (I ⊗Gj)(Uj ⊗ IA)(I ⊗G∗
j−1). (F.7)

The internal gauges cancel between consecutive contacts and the last one acts on the bath alone,
so the whole adaptive process, with every deadline, is unchanged. The point of the gauge is
that one source now serves every contact. By (F.6) and the inequality ∥√ρ −

√
σ∥22 ≤ Dnat(ρ∥σ)

(Appendix G), ∥∥[Wj ,
√
γj ⊗ σ]

∥∥
2 ≤ 3

√
ln 2 g for every j. (F.8)

If g = 0, every Wj preserves γj ⊗ σ. On the support of σ, which every Wj leaves invariant, all Wj

then commute with Hj +HB for the bath Hamiltonian HB = −β−1 ln σ: this is an exact causally
ordered thermal realization of the process. Conversely, a causally ordered thermal realization has
S(Z|F )t + eβ(t) = −D(ωt∥σ) ≤ 0 for every tester, where ωt is the final bath. So zero gain is
attained exactly by thermal realizations. For one channel this is the argument of Lie et al. [88,
Prop. 4]; the gauge (F.7) lets one source serve every contact.

F.4.3 Small gain

The difficulty is that a small gain may be achieved only with baths of unbounded size and arbitrarily
small eigenvalues. Repairing each contact separately, against its own bath state, gives a different
bath Hamiltonian at each slot, and the repairs do not compose. The common source (F.8) removes
this obstacle. The repair has four steps (Appendix F.10).

(i) Mix a small multiple of the identity into the source, and approximate each port Hamiltonian
by one whose gaps are multiples of a mesh hE .

(ii) Round the logarithms of the source’s eigenvalues to the mesh βhE , with one random offset for
all contacts. Energy blocks of the rounded bath Hamiltonian then match bins of the source’s
logarithms, and with high probability over the offset each Wj has little weight outside the
blocks. Separately good offsets would not give one compatible bath Hamiltonian.

(iii) Pinch each Wj into the blocks and complete it to a unitary by its polar decomposition. Each
completed contact conserves energy exactly for the rounded bath.
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(iv) Compare the original and repaired processes by replacing one contact at a time, along purified
histories that keep all earlier outputs and references. Each replacement costs little, because
the bath before contact j is close to the source in the square-root distance, and the errors
add up over the n contacts.

Irrational gaps are handled as in Appendix G: they are approximated by commensurate ones
with the same integer labels, and one Gibbs lattice register, shared by all contacts and retained
throughout, absorbs the difference so that the original Hamiltonians are conserved exactly. Tracing
out the lattice averages the whole history over one common phase. The result is a causally ordered
thermal process within

ε+ C g1/(6 max{1,r}) (F.9)

of P, where ε is the distance of the dilation to P, r is the number of rationally independent gaps
of all the port Hamiltonians together, and C depends only on n, the dimensions, the Hamiltonians
and β, possibly exponentially in n. It does not depend on the bath.

F.4.4 Covariance and the work rate

Each repaired process commutes with the common time translation of its approximating Hamil-
tonians, and these converge to the original ones. So every process with Kβ = 0 commutes with
the common time translation. For one channel and an exact equilibrating dilation, this is part 2
of [88, Prop. 4]; what is new is that only the common translation is forced, and that the bound
does not depend on the bath. It need not commute with the translations of each slot separately:
the thermal delay process, which swaps the first input into a bath qubit and swaps it out at the
second slot, is a causally ordered thermal process with this property.

The operational statement (iv) follows from the work law in one direction: zero rate implies
Kβ = 0 by the lower bound (F.4), which does not use covariance. In the other direction, take a
thermal realization within o(1/N) of P, prepare N independent Gibbs copies of its bath in advance,
and retire one after each episode. No bath is ever reset, so no work is drawn; a controller clock
that indexes the episodes is formed and returned at a cost of O(logN), which is sublinear. This
completes the proof of Theorem F.2.

Examples. Werner–Holevo, used n times, preserves equilibrium yet has Kβ = n log2 3; it is not
free. The ordered process of Proposition F.3 and the delay process have positive cost, so they are
not free either, although the first is a thermal operation as one channel. The thermal delay process,
and any sequence of thermal operations sharing one bath, are free.

F.5 Without time covariance

By Remark F.5, a controller that returns exactly, with a stationary battery, can only implement
processes that commute with the common time translation. As for single channels (Appendix G),
the restriction disappears if the controller need only return approximately: its final joint state with
everything else close to its initial state tensored with the rest, and its mean energy and entropy
changing by o(N), uniformly over observers.

Theorem F.11 (Real-time work law without covariance). Let P be a fixed finite process whose
slots return the same physical carrier with the same Hamiltonian, not necessarily commuting with
any time translation. Consider implementations of N episodes, with N known in advance, by a
controller in any declared initial state, whose free energy is counted as invested capital, independent
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Gibbs stocks and energy-conserving unitaries. Require, uniformly over all adaptive observers, in-
cluding adaptation across episodes and entanglement with references, that the complete error tend
to zero, that the controller return jointly with everything else within ηN → 0, that its actual mean
energy and entropy change by o(N), and that the battery end in a fixed energy eigenstate except with
vanishing probability, with entropy and mean absolute deviation E|HW,f − Enom| both o(N). Then
the optimal work per episode is kBT ln 2Kβ(P); at each N it is attained by a single implementation
that serves every observer, with error O(N−2).

The lower bound is that of Section F.2, which uses no covariance; it needs only the weaker
signed condition that the battery’s mean energy end within o(N) of its nominal endpoint, while the
construction meets the stronger absolute one. The construction, given in full in Appendix F.11,
adds two ingredients to Appendix F.8. First, on a rare branch, of probability δ, the device keeps
each input before the last and emits half of a maximally entangled pair in its place. What it holds
before the last output is then exactly the observer’s tester operator, up to normalization. Second, a
joint tangent, built as in Appendix F.8 but for this enlarged dilation, bounds the energy J(t) that
one episode adds to the payload and the bath by a constant w for every tester, with w plus the cost
of forming the source at most the gain. The slack w − J(t) is linear in the tester and nonnegative
on the tester cone. By conic duality it equals Tr(Dhistt) for a positive operator Dhist whose norm
depends only on the ports. The retained record holds the tester only with probability δ, so the
correction it must apply has norm O(1/δ); a heat contact of that norm moves exactly this slack, on
average, into a thermal qubit of large gap, so that the phase reference’s mean energy is refunded
up to a remainder that vanishes as the gap grows. No released output is touched. A broad phase
reference that approximates the whole history replaces the sharp energy bank of Appendix F.8; its
width, the hot gap and the cache size depend on the chosen extension. The sources are prepared
before the first input from a cache in the style of the correlated catalysts of Duan, Feng, Li and
Ying and of Shiraishi and Sagawa [111, 112].

As for channels, the controller’s energy comes back only on average: on typical branches the
reference can end higher or lower by order N ; on rare branches the reference and the cache move
by far more, which balances the mean. Only the mean energy and the joint entropy are refunded.
The theorem is a rate law: it bounds neither the capital nor the tails of the heat, refunds the
controller’s energy only on average, uses no efficient or local hardware, and assumes carriers whose
dimension and Hamiltonian do not change. The clock, the cache and the heat baths must be very
large. The delayed channels and the correlated process of Section F.6 are explicit instances with
closed-form values.

F.6 Examples

F.6.1 Channels

By Proposition F.7, a process with one slot is a channel and Kβ is its real-time cost κβ, and n
uses of a time-covariant channel cost nκβ. So Theorem F.1 contains the real-time work law for
channels of Appendix G, and Theorem F.2 contains its characterization of the free channels. What
is new for processes is that the task itself can force the device to keep correlations with what it has
released.

F.6.2 Order costs work

Proof of Proposition F.3. Free as one channel. The map (a, q) 7→ (a, V a⊕rq), with A dephased, is a
controlled-V gate followed by a V applied with probability p. Both act with two Gibbs coin qubits
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and no battery, and both conserve energy: controlled-Z is diagonal for any diagonal Hamiltonians,
and controlled-X needs Q to be degenerate.

Lower bound. In every episode feed A a uniformly random bit a, keeping a copy, and feed Q
half of a fresh maximally entangled pair (for V = Z) or a fresh uniform bit (for V = X). Let e1 be
the probability of reading a wrongly from the first output and e2 the probability that the value of
a⊕ r read from the second output and the kept reference differs from a. Three facts hold in each
episode, whatever the device’s correlations with earlier ones. Releasing the first output lowers the
device’s entropy by at most h(e1), on average over a. After the release the device must still hold a
record of a: the second slot, together with the fresh probe, is a channel acting on the device alone,
so Holevo’s bound and Fano’s inequality give χ(a:D) ≥ 1−h(e2). And the second slot cannot lower
the device’s entropy, because its input is locally maximally mixed. Together,

S(Dafter)− S(Dbefore) ≥ 1− h(e1)− h(e2),

with e1 ≤ ε and e2 ≤ p + ε. Summing over episodes and using (F.3), with the energy change
bounded by ε times the spans of the Hamiltonians, gives the rate 1 − h(p) as ε → 0. For V = X
every input and test is classical.

Construction. Prepare, before the episode, a bit M that equals 1 with probability p. At the
first slot, add a into M and release a; at the second, apply VM to Q. Then M = a⊕ r is a record
of a masked by the coin, and its correlation with the released a is 1 − h(p) bits. Forming N such
biased bits from Gibbs supplies costs N [1−h(p)]+o(N) when they are formed collectively; forming
them one episode at a time would cost more. The used bits are reset after the last episode. If
a could be withheld until Q arrives, the device could apply the whole map at once, and the rate
would be 0.

The mechanism is the Landauer–Bennett price of a record whose original has already left [55, 7].
What the proposition adds is the exact rate in a process that is free as a channel, against a coherent
adaptive observer, with a converse that does not depend on the size of the device. The advance-
committed bit M is the point of the construction: it stores a only up to the coin, which is all the
second slot needs.

F.6.3 The delay process

Let both slots carry a qubit with H = diag(0, E). The delay process releases the ground state
in slot 1, releases the first input in slot 2, and discards the second input. It commutes with the
common time translation but not with the translation of each slot separately. A ground-state
memory qubit and two swaps implement it: swap the first input into the memory and release the
memory’s ground state; then swap the second input into the memory and release the first input.
For every tester this costs

S(ρI2)− βE
ln 2 ⟨1|ρI2 |1⟩,

where ρI2 is the second input: the device absorbs that input and must later reset it. The maximum
over ρI2 is attained at the Gibbs state and equals log2(1 + e−βE). Conversely, a tester that sends
the ground state first and a purified Gibbs state second forces this value on every extension, since
both outputs must then be close to pure. So

Kβ = log2
(
1 + e−βE), work per episode = kBT ln

(
1 + e−βE).

This is the free energy needed to prepare a ground state from a thermal one [136, 137], the cost
Zambon and Adesso use in their example of work investment [97]. Here it is the exact real-time
cost of a process that moves coherence from one time to another.
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F.6.4 Delayed channels

The delay process generalizes to any channel. Let Φ be a channel on the port, and let PΦ release
the ground state in slot 1, release Φ applied to the first input in slot 2, and discard the second
input; take the ground energy to be 0. Then

Kβ(PΦ) = κβ(Φ) + log2 ZH ,

where κβ is the real-time cost of Appendix G. For the lower bound, feed a purified input ρ in
slot 1 and, independently, a purified Gibbs state in slot 2. The causal constraints make the second
reference independent of everything that exists before slot 2, so it can join the side output F ; and
the first output is nearly pure. What remains is a one-slot extension of Φ, whose score is at least
the channel cost at ρ, while the second input contributes log2 ZH . For the upper bound, swap
the first input into a ground-state cell, apply a dilation of Φ before the second slot, and swap the
second input in. By subadditivity the score is at most the channel score at the first input plus
S(ρI2)− β

ln 2 TrHρI2 ≤ log2 ZH , for every tester. The two terms add, because correlating the inputs
can only lower this sum.

If Φ is time-covariant, PΦ commutes with the common time translation, and Theorem F.1
gives the work kBT ln 2κβ(Φ) + kBT lnZH per episode, with the strong converse. If Φ is not time-
covariant, no device whose controller returns exactly and whose battery is stationary can run PΦ
(Remark F.5). With a controller that returns approximately, the same work is optimal. The lower
bound of Section F.2 does not use covariance, and it is attained by a device that runs Φ on the
stored input with the returning clock of Appendix G and resets the absorbed second inputs together
at the end. For the Hadamard gate on a qubit with H = E|1⟩⟨1|, this is E/

√
2 + kBT ln(1 + e−βE)

per episode. To our knowledge, these are the first exact real-time costs of processes with memory
that do not commute with time translation. If slot 1 releases the Gibbs state instead of the ground
state, the cost is κβ(Φ) alone, and the process is free exactly when Φ is a limit of thermal operations;
the thermal delay process of Section F.4 is the case Φ = id, and the process of Fig. 2(a) of Zambon
and Adesso, a thermal qubit swapped in, flipped and swapped out, is the case Φ = X(·)X [97].

F.6.5 A correlated process

A process can also correlate its slots through hidden memory. At the start of each episode let the
process draw a hidden uniformly random bit b. In slot 1 it applies Ub, with U0 = I and U1 = eiϑZ ;
in slot 2 it applies Vb, with V0 = X and V1 the Hadamard gate; both slots carry H = E|1⟩⟨1|, and
0 < ϑ < π/8. The process does not commute with time translation, and its memory, the bit b, ties
the two slots together. Its cost is Kβ = βvϑ/ ln 2 with

vϑ = E

2

√
3
2 + cos 2ϑ+ sin 2ϑ.

The calculation has two independent restrictions: the first output limits how well the observer can
distinguish the two values of b, while causality limits how much of b can be hidden in F . The first
fixes the energy maximum and the second rules out a negative entropy credit. The pairs (ρ0, ρ1)
of second-slot inputs an observer can produce for the two values of b are exactly those with root
fidelity ∥√ρ0

√
ρ1∥1 ≥ cosϑ. Maximizing the energy the second slot must supply over these pairs

gives vϑ. The entropy term drops out: because the second-slot gates of the two branches differ
by more than a phase, the causal constraint at slot 2 allows F only a classical correlation with b,
so S(Z|F ) ≥ 0, with equality for a classical copy of b. Appendix F.12 gives the three steps. For
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π/8 ≤ ϑ ≤ 7π/8 the fidelity constraint no longer binds and the cost is (E/2)(1+1/
√

2); the process
depends on ϑ only modulo π.

A device that runs each branch with a returning clock pays each branch’s own worst case,
(E/2)(1 + 1/

√
2) > vϑ: the observer cannot produce both worst cases at once, and a device that

ignores this overpays. Paying exactly vϑ needs an energy correction that depends on the observer’s
whole strategy, through the first input, the first output and the second input together. A device
can obtain it without touching any released output. On a rare branch, of probability δ = N−3,
it keeps the first input and emits half of a maximally entangled pair instead; the state it keeps is
then exactly the observer’s strategy operator. A heat effect of norm at most 8E/δ on that state,
routed to a thermal qubit of gap of order EN8, makes the average energy exactly vϑ per episode.
With a clock that returns approximately, the error is O(N−2), the battery reaches its target on
every branch, and the work is Nvϑ + O(E/N2). As for channels, the controller’s energy comes
back only on average, and the clock’s capital is large, of order EN20. It is an explicit instance of
Theorem F.11, with a closed-form value.

F.6.6 Classical agents

A classical agent that answers online is a process whose slots measure and prepare in an energy
eigenbasis. Thompson et al. compare such an agent with batch execution, writing outputs onto a
tape that keeps the inputs [10]. Their minimal online cost is proved for agents whose memory is
a function of the observed past [10]: unifilar, or history-synchronized, agents. Our law places no
such restriction.

Take the classical case of Proposition F.3: Y1 = A, then Y2 = B ⊕ A ⊕ R with a fresh coin R
equal to 1 with probability p < 1/2. A classical agent whose memory is a function of the past must
keep the causal state, which here is A itself. An unrestricted agent may instead keep M = A⊕R,
committing its randomness in advance; M is not a function of the observed past: it is randomness
sampled before the episode, and the identity M = Y2 ⊕ B holds only afterwards. M carries no
information about B, and none about Y2 until B arrives; but it fixes in advance how the device
will answer each B, information about the future that is not contained in the past, which is what
the causality assumption of [10] excludes and what makes M retrodictive. Under two accounting
conventions, the exact costs per episode, in units of kBT ln 2 and with h the binary entropy, are as
follows.

Interface Unrestricted
memory

Classical memory
that is a function of

the past
In place (each output replaces its
input)

1− h(p) 1

Copy-out (inputs kept, outputs on
fresh mixed cells)

2− h(p) 2

The values in the left column are lower bounds against arbitrary quantum memory and corre-
lated episodes; those in the right column are lower bounds for classical memory that is a function
of the past. All four are attained by classical constructions with all supplies and resets counted.
In the copy-out interface the agent writes Y1 on a fresh blank and, at the second slot, releases its
memory register itself as the cell that carries Y2, after adding B (and, for the agent whose memory
is a function of the past, a fresh coin), keeping the incoming mixed cells; keeping the memory
instead would cost one bit more. One-time-pad phase coins, which cost nothing, dephase the kept

70



inputs against coherent observers. On their tape, the copy-out row, Thompson et al. show that
quantum memory that is a function of the past can lower the right-column entry [10, Result 2];
we do not compare our agent with their quantum agents. In both interfaces the classical agent
whose memory is a function of the past pays h(p) more. In the copy-out interface, which matches
Thompson et al.’s tape, the unrestricted cost 2 − h(p) equals the batch cost, so the excess h(p)
over batch of the agent whose memory is a function of the past is exactly their online cost, Eq. (2)
of [10], evaluated episode by episode on this strategy with uniform independent inputs; an agent
that commits its randomness in advance pays nothing for answering online. The in-place interface
is that of the information ratchets of Boyd, Mandal and Crutchfield, whose modularity dissipation
for arbitrary hidden states is [7, Eq. (14)]; there the batch cost is 0, and 1−h(p) is the online price.

This does not contradict the theorem of Thompson et al., who assume throughout that agents
are causal in their sense, that is, history-synchronized, with memory a function of the observed
past. In their Supplementary Material, “classical agent” means a causal, unifilar agent, and the
minimality of the ε-transducer is proved within that class [10]; this example lies outside it. Both
agents obey the same deadlines and use no future input. Boyd, Mandal and Crutchfield found the
same kind of gap for information ratchets: pattern generators whose hidden states are retrodictive
avoid the modularity dissipation of predictive ones [7], and retrodictive generators also minimize
transient costs [100]; Loomis and Crutchfield proved that a classical generator is efficient exactly
when it is retrodictive [8]. The advance-committed memory M = Y2⊕B is retrodictive in the same
sense, for a transducer whose outputs depend on its inputs. In the copy-out interface it removes
the online cost entirely; in the in-place interface, which is that of the ratchets, it still dissipates
1 − h(p), so for a transducer with informative inputs retrodiction alone does not give efficiency.
Two caveats apply to the comparison. Thompson et al. price a given input process, while Kβ is
a worst case over observers; the numbers above coincide for uniform independent inputs. And at
p = 1/2 the predictive states merge and the gap disappears.

F.7 Testers, dilations and port bounds

Testers. A deterministic tester for n slots is described by a positive operator t = IOn⊗Cn, whose
dual prefixes Ck on I1O1 · · ·Ok−1Ik satisfy TrIk

Ck = IOk−1⊗Ck−1 for k ≥ 2 and TrC1 = 1 [34, 35].
Put x = tT . Run against an extension with Choi prefixes RFj , the tester’s purified final state is

νZF = (
√
x⊗ IF )RFn (

√
x⊗ IF ) (F.10)

on Z = supp(x), which has dimension at most d2. Any further purification or waste of the tester
can be compressed isometrically into this Z; it may not be discarded, since that would change
S(Z|F ). The tester normalizations form a compact convex set.

Dilations. A dilation is a bath B in a state τ and unitaries Uj on IjB; nothing is assumed about
energy. Purify τ by F and run a purified tester. Then ZBF is pure at the end, so

S(Z|F ) = S(ωt)− S(τ),

where ωt is the final bath. Conversely, every finite extension has a causal dilation that leaves
F untouched. Allocating every later ancilla as initial padding in one bath, and completing each
isometry to a unitary on IjB (possible because the ports are square), turns it into a dilation. So
extensions and dilations describe the same objects, with no bound on the size of the bath.
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Port bounds. Since Tr t = d, we have x ≤ d I. For the extended Choi operator RBn the final bath
on tester t is ωt = TrZ [(x ⊗ I)RBn ], and the flat tester t0 = I/d gives ω0 = TrZ RBn /d. Positivity
gives

ωt ≤ d2 ω0 for every tester t. (F.11)

For normalized Choi operators J = R/d, the strategy distance satisfies

dc(R,R′) ≤ d2 · 1
2∥J − J

′∥1, (F.12)

since
√
x(R − R′)

√
x has trace norm at most d∥R − R′∥1. These bounds involve only the ports.

Every score S(Z|F )t + eβ(t) is bounded in absolute value by 2 log2 d + β
ln 2
∑
j span(Hj), and the

scores are equicontinuous in t uniformly in the bath, because conditional entropy continuity uses
only dimZ ≤ d2. This compactness is what the minimax of Lemma F.8 uses.

F.8 The construction

Fix N . All constants C below depend only on d, the Hamiltonians and β. Let ω1, . . . , ωr be a basis
of the group generated by all port energies, and write each energy as ae · ω with an integer vector
ae.

Step 1: one finite dilation for each number of episodes. Choose a dilation with dc(Ψ,P) ≤
N−3 and gain at most Kβ + N−1/8. Mix a weight ρ = N−12 of the maximally mixed state into
its source and round the source’s logarithmic energies down to a mesh h = N−12; call the result p.
Because a tester’s final register has dimension at most d2, conditional entropy continuity changes
every score by O(√ρ +

√
h), uniformly in the bath, and energies change by O(ρ + h). Averaging

over a finite grid of common phases, controlled by a flag in the bath, makes the dilation covariant
without increasing its gain (Section F.2.4).

Step 2: the joint tangent. Let t∗ maximize S(ωt) + eβ(t), put ζ = ωt∗ , and let v be the
maximum. The support of ζ contains that of every ωt: otherwise mixing in outside weight would
raise the entropy at first order faster than the energy changes. The directional derivative gives

Trωt(− log2 ζ) + eβ(t) ≤ v for every tester t.

When ζ is singular this is read on its support, by regularizing and letting the regularization vanish.
Put ζs = (1− s)ζ + s ω0 and round its logarithmic energies to the mesh h, normalizing to a faithful
state q. Then e−hζs ≤ q ≤ ehζs, so by (F.11) ωt ≤ (ehd2/s) q, and

Trωt(− log2 q)− S(p) + eβ(t) ≤ g + cs + h/ ln 2, cs = log2
1

1−s . (F.13)

The relative-entropy mismatch between ωt and q is controlled by this single tangent, for entropy
and energy together.

Step 3: a strip estimate for a whole episode. For complex z replace each contact by Uj(z) =
ezβHj/2Uje

−zβHj/2, leaving the observer’s isometries untouched, and call the resulting map of the
whole episode Wz. For x = Re z the imaginary filters are unitary and the real ones have singular
values bounded by the port energies, so e−C|x|I ≤ W ∗

zWz ≤ eC|x|I. Positivity and (F.13) give
WzpW

∗
z ≤ Ax(IZ ⊗ q) with Ax = eh+C|x|d4/s; no dimension of the bath enters. Define

M(z) = Tr
[
(IZ ⊗ q)−zWz p

1+zW ∗
z̄

]
.
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On the line x = 1, Tr[(I ⊗ q)−1Wzp
2W ∗

z ] ≤ eh+3Cd4/s; on x = −1, Tr[(I ⊗ q)WzW
∗
z ] ≤ eCd2. By

Cauchy–Schwarz these bound |M | on both boundary lines; M is bounded on the strip for each
finite dilation, and the three-lines theorem, with an eεz

2 barrier, gives |M(z)| ≤ Ks := Ceh/s for
|x| ≤ 1. Cauchy’s formula then gives, for real |t| ≤ 1/4,

M(t) ≤ exp
[
tM ′(0) + CKst

2],
M ′(0) = ln 2

[
Trωt(− log2 q)− S(p) + eβ(t)

]
≤ a := ln 2 (g + cs) + h,

by (F.13). Here and in Step 4, t is a real parameter, while the subscript of ωt and the argument of
eβ(t) refer to the fixed tester. Each energy derivative is the actual energy before or after a contact;
the observer’s gates do not enter. A bound M ′(0) ≥ −a− with a fixed a− controls negative tails.

Step 4: one bank for all episodes. Let R be the observer’s memory, of any size, and fix its
whole protocol for one episode. For a common phase θ of the ports define the positive operator on
R

Xt(θ) = TrB
[
p1+tWt(θ)∗ (IZ ⊗ q−t)Wt(θ)

]
.

Every pure state of R defines a tester, so Step 3 gives the operator bound Xt(θ) ≤ eta+CKst2IR for
0 ≤ t ≤ 1/4, uniformly in θ, the protocol and the size of R.

The bank has coordinates (b0, b) ∈ Z × Zr and energy Ecap + (h/β)b0 + b · ω; it starts in the
sharp state (0, 0) with a large counted capital Ecap. Each contact is lifted by translating b by
the charge it moves and b0 by the controller’s mesh energy; the lift conserves energy exactly. Let
Qt = e−tβ(Hbank−Ecap)/2 and let δl be the episode’s change of controller offsets and log-partition
functions. In the Fourier representation of the bank,

Ep
[
W ∗

lift(I ⊗Q2
t )Wlift

]
= etδl Qt Multθ

[
Xt(θ)

]
Qt, (F.14)

where Multθ is multiplication by the θ-dependent operator on the payload torus. The identity can
be checked by expanding all bath labels and charge histories: initial and final labels agree in bra
and ket, no source label is copied, and no payload energy is measured. The pointwise bound on
Xt(θ) makes (F.14) at most etδl+ta+CKst2Q2

t as an operator on R, the bank and any spectator, even
when they are entangled. Only the current source needs to be fresh. Iterating over the N episodes,
with Y = β(Ecap −Hbank) and ∆ = ∑

l δl,

E etY ≤ exp
[
t∆ +N(ta+ CKst

2)
]
.

With s = γ = N−1/8, optimizing t gives Pr{Y > ∆ + N(a + γ ln 2)} ≤ e−cN5/8 =: qcut, and the
positive and negative bounds give E(|Y |+CN)21bad ≤ CN2√qcut: truncated second moments that
do not depend on the bank’s span.

Step 5: a fixed Hamiltonian and a finite bank. The controller holds all N bath cells and
a clock with nN + 1 states. In clock block k, used cells carry the Hamiltonian of q, unused cells
that of p, and the active cell the appropriate one at its episode boundaries and zero at intermediate
contacts; with offsets ck = h⌊lnZk/h⌋ this is one fixed block-diagonal Hamiltonian. The Gibbs
state restricted to clock 0 is p⊗N and to the last clock value q⊗N , and |∆| ≤ h. The bank lives in
the finite box |b0| ≤ 2DE , ∥b∥∞ ≤ 4(A+ 1)(nN + 1), where DE is the span of the controller’s mesh
indices and A = max ∥ae∥∞. Lifted columns are specified on the inner box, which every actual
history stays in; their images are orthonormal within each energy shell, and the remainder of each
shell is completed arbitrarily. Tracing out the bank averages the whole episode, all n contacts
together, over one common phase, which reproduces Ψ exactly because it is covariant; the N cells
give N episodes of Ψ in every adaptive experiment.
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Step 6: forming the sources. An energy-conserving converter between subspaces P and Q of
Gibbs volumes ZP , ZQ moves the battery by any signed work below β−1 ln(ZQ/ZP ). It is built from
a reservoir of tiles with energies j ·ω′ and integer degeneracies ⌊K0e

βj·ω′⌋, by isometric injection and
exact swaps within each energy shell, succeeds with an input-independent probability 1 − δ, and
leaves every other column untouched. Use it to form the controller’s clock-0 block from its Gibbs
state, at work Wf , with tile rounding θf and failure δf at most N−40, and twirl each occupied
target shell with a finite one-design. The formed controller then satisfies

ρgood ≤ κ p⊗N , κ =
[
(1− θf )2(1− δf )

]−1 = 1 +O(N−40).

This multiplicative domination transfers every positive statistic of the ideal fresh-source comparison
to the actual, correlated source, with no additive error multiplied by the bank’s span. On formation
failure the device applies the identity, which conserves energy because each input and its output
have the same Hamiltonian.

Step 7: reset, rate and endpoints. After the last episode, convert the subspace PX (last clock
value, bank accepted at Y ≤ dN , with dN the mesh rounding of N(a + γ ln 2) + h) to QX (bank
at (0, 0)). Summing the geometric tails, ZPX

≤ ZMe
−βEcapedNLN/(1 − e−h), where LN = O(N r)

counts the payload coordinates, and ZQX
= ZCe

−βEcap . The capital and the bath spectrum cancel.
Finally swap the controller with a fresh Gibbs copy, so it returns exactly and independently on
every branch. The nominal debit satisfies

βWnom
N ln 2 ≤ g + cs + γ +O

( logN
N

+ h
)
≤ Kβ(P) + o(1).

The battery fails to reach its endpoint with probability at most δf +κqcut + δr, and on every failed
branch its energy deviates by at most C(|Y | + N), never by the capital. So its absolute energy
variance tends to zero. Its entropy also tends to zero: the bank’s coordinate second moments
vanish, and an integer-valued variable with second moment µ has entropy at most λµ+ln∑b e

−λb2 ,
which tends to zero with λ = 1

2 ln(1/µ). The observer’s error is at most

N ·N−3 +N(ρ+ eh − 1) + 2(κ− 1) + δf → 0.

Every bound is uniform in the witness chosen at each N , whose hardware may depend on N in
a non-effective way. Rank deficiency is handled directly: the bank pays for changes of relative
likelihood, so no exact implementation of the target is ever needed. At zero Hamiltonian the bank
has only the coordinate b0.

F.9 The strong converse

Throughout, t is a tester, x = tT , and hε(t) is the infimum of S(Z|F )t + eβ(t) over ε-extensions, so
that Kβ = supt limε→0 hε(t) by Lemma F.8.

Step 1: an observer that conserves energy. For a process satisfying (F.2), hε(t) is invariant
under a common time translation of t and concave in t. Averaging t over a finite grid of the torus
generated by the gaps therefore does not lower its limit, and mixing in a small weight of the flat
tester makes it full rank at an arbitrarily small loss, since all scores are bounded. Fix, before N or
the device is given, a full-rank invariant tester with limε hε(t) ≥ Kβ − η. Then x commutes with
the charge

HZ =
∑
j

(
HOj −HT

Ij

)
.
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Realize t causally. Its dual prefixes Ck are Choi operators of channels from the outputs O1, . . . , Ok−1

to the inputs I1, . . . , Ik, and the minimal dilation Vk = (I ⊗
√
CTk )(|I⟩⟩ ⊗ I) has memory Mk =

supp(CTk ). Common invariance of Ck, inherited from Cn, makes Vk intertwine ∑l≤kHIl
+ HMk

with ∑l<kHOl
, where HMk

is the compression of ∑l<kHOl
−
∑
l≤kH

T
Il

. By uniqueness of minimal
dilations there are stage isometries Fk : Mk−1 ⊗ Ok−1 → Ik ⊗Mk with Vk = (I ⊗ Fk)(Vk−1 ⊗ I).
These intertwine the stage energies on the whole memory: the two factorizations transformed by a
common phase agree on the range of Vk−1 ⊗ I, and that range spans Mk−1 ⊗Ok−1 by minimality.
No later input is used to release an earlier output. Keeping On and Mn as Z gives νZ =

√
xRP
√
x

on a space of dimension at most d2 with physical Hamiltonian HZ , and telescoping the intertwiners
gives

TrHZνZ =
∑
j

(
energy delivered in Oj − energy injected in Ij

)
.

The sign matters: for one slot the reference carries −HT
I , and the physical charge is HO −HT

I . All
observer waste is kept in Z.

Step 2: a tradeoff valid for every device. Let ν∗ =
√
xRP
√
x. Because x has full rank, ν 7→

the associated process is a bijection on the affine space of deterministic processes. For ν in its image
let gx(ν) be the infimum of S(Z|F ) over finite extensions of the associated process, with all prefix
constraints, and gx = +∞ elsewhere. Flagged mixtures make gx convex, and |gx| ≤ 2 log2 d. Its
lower semicontinuous hull at ν∗ is the ε→ 0 cost for this tester, by (F.12). A separating hyperplane
gives, for every ζ > 0, an affine ℓ ≤ gx with

ℓ(ν∗) + β
ln 2 TrHZν∗ ≥ Kβ − η − ζ.

This holds even when ν∗ is rank-deficient, and needs no optimal extension of bounded size. Average
ℓ over the charge HZ : the domain and the constraints are invariant and ν∗ commutes with HZ , so
ℓ may be taken to depend only on the energy-block pinching of ν.

In each energy block of dimension m, the vectors ei, ei + ek and ei + iek (i < k), normalized by
their frame operator, give m2 rank-one effects that are informationally complete on the block. Over
all blocks this gives L ≤ d4 effects Λx = |vx⟩⟨vx| from whose probabilities the pinching is recovered
linearly. Fix 0 < γ < 1/4. In each episode the observer applies to Z the instrument with Kraus
operators

√
1− γ I and √γ |u⟩⟨vx|, where u has the same energy as vx; it has a charge-conserving

dilation that writes two copies of the outcome at zero energy. One copy stays with Z, forming the
register A; the other is counted with the device’s records below. For any state of the device, purified
by an inert F , the fresh tester is independent of F and the induced extension satisfies all prefix
constraints, so S(Z|F ) ≥ gx(ν) ≥ ℓ(ν). Given a tested outcome, Z is pure, so S(A|F ) ≥ (1−γ)ℓ(ν).
The outcome distribution, qx = γ Tr Λxν and q0 = 1− γ, determines the pinching, so

f(q) = (1− γ) ℓ
(
pinching recovered from qx/γ

)
is an affine min-tradeoff function that is valid for every state of the device, with no dimension of
the device in its coefficients.

Step 3: accumulation and an energy event. Run this tester afresh in every episode; the
device may keep arbitrary correlations between episodes, and the rounds of entropy accumulation
are whole episodes. Let E purify all initial thermal hardware. The Markov conditions of [14]
hold trivially, since there is no side register passed between rounds. Let q∗ be the ideal outcome
distribution, fix ζs > 0, put h = f(q∗) − ζs, and let G be the event that the empirical score is at
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least h and at most 2γN episodes are tested. Then |G| ≤ 2Nθγ with θγ = h(2γ) + 2γ log2 L, and
by [14, Thm. 4.4], for pG = Pr(G) > 0,

Hδ
min(AN |E)|G > Nh− Cf

√
N
[
1− 2 log2(δpG)

]
, (F.15)

with Cf depending only on d, L and f . Let ∆E = TrHZν∗. The instrument conserves charge, so
in the ideal experiment the observer’s total charge HA is a sum of N independent bounded terms
with mean N∆E, and the projector PA onto HA ≥ N(∆E−u) rejects with probability eN ≤ ce−bN

for any fixed u > 0. If p is the probability that G, PA and PB all pass in the real experiment, then
p ≥ 1− εN − eN − qN .

Step 4: a Gibbs-weighted cap.

Lemma F.12. Let ωAEK be pure with (HA + HK − HE)|ω⟩ = Ei|ω⟩, suppose HA ≥ LE on the
support, ωE ≤ e−βHE/(pZE), and K is supported in a subspace that reduces HK and has Gibbs
volume ZK . Then for 0 < s < 1,

Hs
min(A|E)ω ≤ log2

eβ(Ei−LE)ZK
pZE

+ 2 log2
2

1− s.

Proof. The charge condition makes ωAE commute withHA−HE , and its block paired withK-energy
k has rank at most the dimension dk of the K-support at that energy. Put a0 = (1− s)/(2ZK) and
keep the eigenvectors with eigenvalue at least a0e

−βk; the rejected weight is at most a0
∑
k dke

−βk =
(1− s)/2. For the accepted projector Π, ωAE ≥ a0e

β(HA−HE−Ei)Π, and conjugating with e−βHA/2

gives TrA Π ≤ eβ(Ei−LE)/(a0pZE) IE . A state within purified distance s has accepted weight at least
(1− s)/2; if it is at most 2−h0IA ⊗ ζE , this weight is at most 2−h0 times the bound on TrA Π.

Apply this after the three projections. The initial thermofield state has charge zero with HE =
HT
T , the battery has energy Einit, and the observer and instrument conserve charge, so the charge

shell is exact. After conditioning, ωE ≤ γE/p. The controller, all reservoirs, the battery and
the second outcome copy are in K, so ZE = ZT and ZK = ZT Tr(PBe−βHB )|G|: the hardware’s
partition function cancels, whatever its size. With equal input and output Hamiltonians, swapping
a carrier in or out does not change it. For s = 1/2 and LE = N(∆E − u),

H
1/2
min(AN |E)proj ≤ bβ(PB)− βN(∆E−u)

ln 2 +Nθγ + log2(1/p) + 4. (F.16)

Step 5: assembly. If a pure state is projected by PA⊗PK with probability r > 0 and δ ≤ r/64,
then H1/2

min(A|E) of the projected state is at least Hδ
min(A|E)+ log2 r: lift a near-optimal smoothing

state by Uhlmann’s theorem, filter it, and renormalize; its squared purified distance to the projected
state is at most 4δ/r ≤ 1/16. Use this with δ = p/64 after G, where the conditional pass probability
is r = p/pG ≥ p. Combining with (F.15) and (F.16),

bβ(PB) > N
[
h+ β(∆E−u)

ln 2 − θγ
]
− Cf

√
N
[
13 + 4 log2(1/p)

]
− 2 log2(1/p)− 4.

Given δ in Theorem F.10, choose η, ζ, γ, ζs, u before N so that the bracket is at least Kβ − δ/2;
entropy and energy here belong to the same tester. Put a = min{δ/16, δ2/(256C2

f )}. If bβ(PB) ≤
N(Kβ − δ) and log2(1/p) ≤ aN , the right-hand side exceeds the left for large N . So p < 2−aN , and
with p ≥ 1− εN − qN − ce−bN this proves Theorem F.10.
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Remarks. The constants are not uniform as δ → 0. Covariance enters only through the choice of
the tester and its energy-conserving realization in Step 1. A degenerate battery target pays log2 of
its rank, as noted after Theorem F.10. For n = 1 the argument reduces to the fixed-error converse
for channels in Appendix G.

F.10 Repairing small gain

We use the notation of Section F.4: a dilation with gain g and distance ε to P, the enlarged
source σ, the gauged contacts Wj of (F.7), and ηj = GjξjG

∗
j , the gauged bath after j Gibbs-

driven slots, with η0 = σ. By (F.6) and unitary invariance, D(σ∥ηj) = ∑
l≤j al ≤ g for every j, so

∥√ηj−
√
σ∥2 ≤

√
ln 2 g. Under γj⊗ηj−1 the one-contact output is related by Gj to Uj(γj⊗τj−1)U∗

j ,
so its relative entropy to γj⊗ηj is aj ≤ g. The triangle inequality for square roots then gives (F.8).

Step 1: regularization. Let DB be the dimension of the enlarged bath and σu = (1 − u)σ +
uI/DB with u = g. This changes the process by at most u. The gauged Gibbs-driven baths ηuj are
mixtures of ηj and another state with weight u, so

∥
√
ηuj −

√
σu∥2 ≤

√
ln 2 g + 2

√
2u =: kg,

∥∥[Wj ,
√
γj ⊗ σu]

∥∥
2 ≤ 3

√
ln 2 g + 2

√
2u =: bg.

No entropy continuity on the growing bath is used.

Step 2: commensurate Hamiltonians. Replace each Hj by a Hamiltonian H0j , diagonal in
the same basis, whose gaps are all integer multiples of a mesh hE ; let δ = maxj ∥H0j − Hj∥ and
γ0j its Gibbs state. For fixed port dimensions,

√
qj :=

∥∥[Wj ,
√
γ0j ⊗ σu]

∥∥
2 ≤ bg + CHδ.

Step 3: one offset for all contacts. Put h = βhE and write the eigenvalues of σu as e−ξb . For
an offset s ∈ [0, h) round ξ′

b = h⌊(ξb + s)/h⌋ − s and normalize σ′ ∝ e−ξ′ . Then e−hσu ≤ σ′ ≤ ehσu
up to normalization, and 1

2∥σ
′ − σu∥1 ≤ (eh − 1)/2. At slot j the blocks of the rounded total

energy βH0j + ξ′ coincide with bins of βH0j + ξ, because every gap of H0j is a multiple of h. Let
Xj be Wj pinched into these blocks and Lj(s) = ∥(Wj −Xj)

√
γ0j ⊗ σu∥22. Two eigenvalues λa, λb

fall into different bins with probability min{1, | ln(λa/λb)|/h} ≤ |
√
λa/λb − 1|/(1 − e−h/2), so by

Cauchy–Schwarz EsLj(s) ≤
√
qj/(1− e−h/2). Choose one offset with

∑
j

Lj(s) ≤
n(bg + CHδ)

1− e−h/2 . (F.17)

Separately good offsets for separate contacts would not give one bath Hamiltonian.

Step 4: polar completion. Complete each block of Xj to a unitary Vj by its polar decomposi-
tion, completing null subspaces within the same block. On each block γ0j ⊗ σ′ is a multiple of the
identity, and 1− s ≤ 1− s2 for singular values s ≤ 1, so

∥(Wj − Vj)
√
γ0j ⊗ σu∥22 ≤ 2e2hLj .

Every Vj conserves H0j +H ′
B exactly, with H ′

B = −β−1 ln σ′.
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Step 5: the process telescope. Feed fresh purifications of the true γj , keep all references and
outputs, and compare the original process with the one whose contacts from j on are repaired. At
contact j the bath of the original prefix is ηuj−1. Since γj ≤ cδγ0j with cδ = eO(δ) and ∥Wj−Vj∥ ≤ 2,

∥(Wj − Vj)
√
γj ⊗ ηuj−1∥2 ≤

√
cδ
[√

2e2hLj + 2kg
]
,

first replacing
√
ηuj−1 by √σu at cost 2kg. This holds for every purification of that bath, so the

correlations of earlier outputs are kept. Summing the purified vectors over j, and converting from
Gibbs inputs to the flat probe with the fixed factor RH = ∏

j(djλmin(γj))−1 and (F.12), the repaired
process is within

u+ eh − 1
2 + d2√RHcδ[

√
2e2hn2(bg + CHδ)

1− e−h/2 + 2nkg
]

(F.18)

of the original. No constant depends on the dimension, spectral range or smallest eigenvalue of the
bath.

Step 6: irrational gaps. Choose a rationally independent basis ω = ∆(1, v2, . . . , vr) of the
group generated by all gaps of all ports, and write each energy as Ej,∗ +aj,e ·ω with integer vectors
aj,e. For r ≥ 2 and every integer L ≥ 2, Dirichlet’s theorem gives 1 ≤ q ≤ Lr−1 and integers pk
with |qvk − pk| ≤ 1/L. Let ω0 = ∆(1, p2/q, . . . , pr/q), define H0j with the same integer labels, and
take hE = ∆/(mq) with m = ⌈L1/3⌉. Then δ ≤ C/(Lq), and with u = g the bound (F.18) is a
fixed multiple of L−1/3 + g1/4Lr/2−1/3 +√g + g. Taking L = ⌈g−1/(2r)⌉ gives O(g1/(6r)). For r ≤ 1
take H0 = H and a mesh of order g1/6 dividing its gap, which gives O(g1/6).

Step 7: the original Hamiltonians. The repaired process conserves H0j , not Hj . Append one
Gibbs lattice register with labels ℓ ∈ [−M,M ]r and Hamiltonian HL = E0

L + ℓ · (ω − ω0), shared
by all slots and retained throughout. For each label k at distance at least A = max ∥aj,e∥∞ from
the boundary, the isometries Jj,k|e, b⟩ = |e, b, k− aj,e⟩ have orthogonal images, and J∗

j,k(Hj +H ′
B +

HL)Jj,k = H0j +H ′
B + const. So

Ṽj =
⊕
k

Jj,kVjJ
∗
j,k ⊕ I

conserves the original Hj+H ′
B+HL exactly; the identity on the complement is allowed because the

complement reduces the energy. A history of inputs and outputs shifts the lattice label by its total
charge ∑j(aj,in − aj,out). After the lattice is traced out, two histories keep their coherence exactly
when their total charges agree, so for labels far from the boundary the process is the average of
the repaired process over one common phase of the whole episode. Since P satisfies (F.2), this
average is no farther from P. No separate phase flag is needed. Labels near the boundary have
Gibbs weight at most Cr,n,A/M +

(
e2βM∥ω−ω0∥1 − 1

)
/2, which is O(L−1/3) for M of order L1/3.

This gives (F.9).

Step 8: covariance is forced. Each repaired process before Step 7 commutes with the common
time translation for H0. If g → 0 and the dilations converge to P, the repaired processes converge
to P and H0 → H, and at every fixed time the translations for H0 converge to those for H. So P
satisfies (F.2).
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Step 9: a clock for the episodes. The zero-rate construction of Section F.4 needs a controller
register that indexes the episodes. Let it have dimension Dc = nN + 1, zero Hamiltonian, and
start maximally mixed. A two-level battery with gap Wc = β−1 lnDc starts excited, and a Gibbs
ladder has levels jWc with degeneracy Dj

c for j = 0, . . . , L, each of Gibbs probability 1/(L + 1).
Energy-conserving swaps map (clock, battery excited, ladder level j) to (clock |0⟩, battery ground,
ladder level j+ 1) for j < L. The top branch fails, with probability 1/(L+ 1). At the end the clock
is swapped with a fresh maximally mixed clock, so the controller returns exactly. With L ≥ N8

the work is O(logN), and the battery’s entropy and variance tend to zero.

F.11 The compiler without time covariance

This appendix proves Theorem F.11; Theorem F.13 restates it in energy units, with every hypothesis
explicit. Section F.11.1 states the contract. Section F.11.2 proves the lower bound and a minimax
step. Section F.11.3 keeps, on a rare branch, a record of the observer’s strategy, and Section F.11.4
turns the gap between the most demanding observer and the actual one into a positive heat effect
on that record, which Section F.11.5 pays with a hot thermal qubit. Section F.11.6 forms the
required source from Gibbs supplies (Lemma F.14). Sections F.11.7 and F.11.8 return the cache
and lift the whole history to energy-conserving gates, Section F.11.9 fixes the order in which the
parameters are chosen, and Section F.11.10 states the scope.

F.11.1 The contract and the theorem

All entropies in this appendix are natural-log entropies. Put Fβ(ρ) = TrHρ− S(ρ)/β, with β > 0.
Trace distance and complete strategy distance use the half-trace convention. A fixed finite process
P has ℓ slots Ij −→ Oj , with Ij = Oj as physical carriers, dimension dj , and the same finite
Hamiltonian Hj on entry and exit. Write d = ∏

j dj , c = ∏
j<ℓ dj , and RH = ∑

j span(Hj). An
episode releases Oj before Ij+1 arrives. No released output is recalled.

An implementation of N episodes has a controller C, a mechanical battery W (written B
in Section F.1), and declared finite Gibbs stocks G. Initially their state is αC ⊗ |wi⟩⟨wi| ⊗ γG,
independent of the observer. The controller includes every phase register, cache, program, counter,
seed and retained working cell. Its arbitrary initial athermal state is invested capital, with price
β−1Dnat(αC∥γC); no bound on that price is assumed. Every gate is a full square unitary conserving
one fixed additive Hamiltonian exactly. All Gibbs stocks start independently in their true Gibbs
states. Retired stocks and physical records remain in the physical rest, denoted R.

Uniformly over all adaptive observers, including cross-episode adaptation and reference entan-
glement, the return contract requires

εN → 0, 1
2∥ΩCR − αC ⊗ ΩR∥1 ≤ ηN → 0, |∆EC | = o(N), |∆SC | = o(N).

The energy and entropy here are actual unconditional quantities, not inferences from trace closeness.
The battery has a fixed nominal rank-one endpoint of energy Enom, with failure probability qW → 0,
S(Wf) = o(N), and E|HW,f −Enom| = o(N), where the last expectation is the spectral expectation
of the absolute operator. Nominal debit is Wnom = EW,i − Enom. The endpoint is uniform in the
observer.

An extension emits an inert F before the first input and satisfies all causal prefix constraints. A
purified tester retains all its waste and outputs in Z; it does not read F . Define the energy-valued
score

Gε(P) = inf
E finite

dc(TrF E,P)≤ε

sup
t

{
S(Z|F )t

β
+ Epay(t)

}
, k(P) = lim

ε↓0
Gε(P).
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Here Epay is the sum of output minus input energies, on the same run and tester. In the bits of
Section F.1, k = (ln 2/β)Kβ.
Theorem F.13 (Work law for a fixed process without covariance). For every fixed finite process
just described, at arbitrary Choi rank and without time covariance, the infimum of limiting nominal
operating work per episode among families that meet the contract is k(P). In particular there is
one finite implementation at each horizon N , serving every observer, with

εN = O(N−2), ηN → 0,
|∆EC |+ |∆SC | = o(1),
S(Wf) + E|HW,f − Enom| = o(1),
Wnom/N ≤ k + o(1).

Hardware and invested capital may be arbitrarily large and non-effective functions of N . The
theorem is a rate law at vanishing error; Section F.11.10 states what it does not give.

F.11.2 Finite dilations, minimax and the converse

A finite extension has a causal Stinespring realization leaving F inert. Purifying its first-output state
by a bath, allocating all future ancillas in that bath initially, and completing the stage isometries on
their orthogonal complements gives a fixed bath B, source τ , and square contacts Uj : IjB → OjB.
The dimensions of the two carrier spaces agree, so these completions are possible. Conversely any
such dilation gives an extension by its inert source purifier. For a purified tester the terminal ZBF
state is pure, hence

S(Z|F ) = S(ωt)− S(τ).
The bath state and payload energy are affine functions of the deterministic tester operator. A
tester’s effective final span is at most d2: in the Choi representation its final state is a sandwich
by the square root of its deterministic tester on the d2-dimensional port space. Any extra pure
spectator is an isometric redundant extension. Thus every energy-valued score has absolute value
at most

C0 = 2 ln d
β

+RH . (E1)

This bound holds for enlarged dilations too. The gain of every equal-Hamiltonian dilation is
nonnegative. Feed fresh Gibbs inputs in all slots. For the bath marginal τj−1 entering contact
j, entropy conservation gives its score increment as Dnat(Uj(γj ⊗ τj−1)U∗

j ∥γj ⊗ τj)/β ≥ 0. These
increments telescope.

For completeness, Gε = supt infE fE(t). Each fE is continuous and concave on the compact tester
set. Flagging a finite convex mixture of extensions in F makes its score exactly the corresponding
mixture of scores; flag entropy cancels. Let b = supt infE fE(t). For any a > 0, continuity and
compactness give a finite set f1, . . . , fL with mini fi(t) < b+ a for every tester. The set of vectors
dominated by (f1(t), . . . , fL(t)) for some t is closed, convex and downward closed. It excludes
(b+ a, . . . , b+ a). Separation supplies nonnegative weights summing to one whose flagged mixture
has maximum at most b+ a. Let a ↓ 0.

Let D = CGW include all internal stocks, retired ones included. Starting each episode with a
fresh independent copy of one fixed tester, purify the current D by an inert Fi, containing earlier
outputs and references. The complete error εN implies that this episode’s marginal process is an
εN -extension: use the chosen histories before it, an arbitrary tester in it, and contract the whole
experiment afterwards. Global purity gives

S(Di+1)− S(Di) = S(Zi|Fi).
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Internal inter-episode unitaries do not change S(D). Minimax therefore gives, for any a > 0, a
single repeated tester with

∆SD
β

+ ∆Epay ≥ N(GεN − a). (E2)

No covariance or independence from earlier outputs is used.
The exact Gibbs accounting identity is

Wmean −∆Fβ(C) + S(Wf)
β

= ∆SD
β

+ ∆Epay + Dnat(ΩG∥γG) + I(C:W :G)f
β

. (E3)

Indeed initial stocks are product Gibbs, and β∆EG = ∆SG+Dnat(ΩG∥γG); final multi-information
equals the sum of marginal entropies minus S(Df). Equations (E2)–(E3), the actual refunds re-
quired by the contract and the battery absolute nominal-deviation bound yield lim inf Wnom/N ≥ k.

F.11.3 Recording the observer’s strategy

Fix one finite dilation of gain g = maxt[(S(ωt)−S(τ))/β+Epay(t)]. Set a classical flag f of weight
δ, and add pairs AjRj , j < ℓ, of dimensions d2

j . Let K denote their product. The enlarged source
is

τ ′ = τB ⊗ [(1− δ)|0⟩⟨0|f ⊗ πK + δ|1⟩⟨1|f ⊗ ΩK ], (E4)
where ΩK is the product of normalized EPR states. On f = 0, run the original contacts and leave
K idle. On f = 1, at each j < ℓ SWAP the arriving Ij with Aj , releasing the EPR half originally
there; leave B idle. At the last slot use the identity. These are full square unitaries. The branch is a
coherent part of the implementation; nothing is postselected. It changes the complete one-episode
process by at most δ.

Immediately after input j arrives, before its contact, trace the observer’s private memory and
ignore unused future EPR pairs. On A<jR<jIj , the retained state is Zj/cj , where cj = ∏

a<j da,
and

Zj ≥ 0, TrIj Zj = IRj−1 ⊗ Zj−1 (j > 1), TrZ1 = 1, TrZℓ = c. (E5)
To verify (E5), write the initial input–memory density as ρa1r1;a′

1r
′
1
. Let the observer’s isometry

after output j − 1 have entries Lj(aj , rj ; rj−1, oj−1), where rj includes all observer waste. With
v = (a1, o1, . . . , aj−1, oj−1, aj), the Gram matrix is explicitly

(Zj)v;v′ =
∑

r1,...,rj

r′
1,...,r

′
j

ρa1r1;a′
1r

′
1
δrjr′

j

j∏
k=2

Lk(ak, rk; rk−1, ok−1)Lk(a′
k, r

′
k; r′

k−1, o
′
k−1).

For j = 1 this means Z1 = Trr1 ρ. Each EPR insertion contributes d−1/2
j in bra and ket; contraction

of the observer memory gives exactly the deterministic dual Choi matrix. Tracing the last input
uses the isometry normalization and produces IRj−1 , with the stated factor cj . There is no partial
transpose in this physical matrix convention. Conversely every positive chain (E5) is realized by a
tester: purify Z1, and at each step apply the isometry supplied by equality of the two purifications
of the required prefix, using inverses only on supports. Retain all dilation waste. Thus the physical
records fill precisely this cone, including quantum-memory testers.

These rare-branch inputs are the tester’s responses to the EPR outputs, not the inputs on the
ordinary branch. Main-branch states and energies are affine link products of the same Zℓ with the
dilation. Write χt = TrIℓ

Zℓ/c. Flag entropy cancels, so

S(ω′
t)− S(τ ′) = (1− δ)[S(ωt)− S(τ)] + δS(χt), g′ ≤ g + δC0. (E6)
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F.11.4 A joint tangent and a positive heat effect

Maximize S(ω′
t)/β +E′

pay(t), and call the terminal bath of a maximizing tester ζ. Its support con-
tains all terminal outputs: any outside weight in a convex mixture contributes −x ln x, dominating
the bounded first-order energy change. The directional entropy derivative then gives

E′
pay(t)− Trω′

t ln ζ + S(τ ′)
β

≤ g′. (E7)

Let R = dimB′, q = (1 − s)ζ + sIR/R, and T = − ln q/β. It is faithful, with partition function
one. The flag blocks remain separate in q and T . The source τ ′ need not commute with T . Set

F = Dnat(τ ′∥q)/β, J(t) = E′
pay(t) + TrT (ω′

t − τ ′), w = max
t
J(t), as = − ln(1− s)/β.

Since q ≥ (1− s)ζ, (E7) implies
F + w ≤ g′ + as. (E8)

The signed service pump w may be negative.
Let V be the real linear space of homogeneous tester prefix constraints, n(Z) = TrZ/c. The

slack L(Z) = wn(Z) − J(Z) is linear and nonnegative on V ∩ PSD. The flat normalized tester is
Z0 = I/d. The orthogonal projection of the PSD cone into V is closed: if its images converge, pairing
them with Z0 bounds the trace of the positive preimages, so a bounded subsequence converges. Its
dual inside V is V ∩ PSD; finite-dimensional bipolar duality gives a positive representative Dhist
with

TrDhistZ = L(Z) (Z ∈ V), ∥Dhist∥ ≤ TrDhist = d[w − J(Z0)] ≤ d(2C0 + as). (E9)

The last step uses g′ ≤ C0 directly from (E1), and J(Z0) + F ≥ (S(ω′
Z0

)− S(τ ′))/β + E′
pay(Z0) ≥

−C0.
Before the last output, the accessible effect

D = |1⟩⟨1|f ⊗ IB ⊗ (c/δ)Dhist, b := ∥D∥ ≤ cd(2C0 + as)/δ (E10)

has expectation w−J(t) on every tester. It acts only on genuinely retained records and the current
last input. It touches no released output, source purifier or observer memory.

F.11.5 The hot-qubit contact

Append a fresh independent Gibbs qubit G, gap M ≥ 2b, excited probability z = (1+eβM )−1. Put

CD =
√
I −D/M, FD =

√
D/M, JD =

(
CD −FD
FD CD

)
.

The whole contact is (U ′
ℓ ⊗ IG)JD. Because CD, FD commute and C2

D + F 2
D = I, this is square

unitary on every column, excited columns included. Tracing G for either initial eigenstate gives
X 7→ CDXCD + FDXFD. The initialized heat effect is exactly (1− 2z)D.

Let Q = U ′∗
ℓ (Hℓ + T )U ′

ℓ, and h = span(Hℓ) + span(T ). The remainder

RM = CDQCD + FDQFD −Q− 2zD, ∥RM∥ ≤ rM := 3hb/M + 2zb (E11)

follows after subtracting a scalar from Q. All earlier bath energies telescope with the same fixed T .
The total initialized episode energy gain is therefore w+ ⟨RM ⟩ for every tester. The source τ ′ need
not commute with T . Since D is zero on f = 0, the entire ordinary branch still implements the
original dilation exactly; for error it suffices to charge the rare probability δ, not the norm b/M .
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F.11.6 Forming the source from Gibbs supplies

Lemma F.14 (Finite-source module). Let τ be a fixed finite source on a retained body, q a faithful
state with T = −β−1 ln q, and consider a finite sequence of full square gates on held systems. If a
terminal contact makes the initialized total external energy gain w+ r(t) uniformly in testers, then
source formation, an invested one-source cyclic cache, a finite conserving whole-history phase lift,
sharp pumps and a terminal Gibbs swap reset give nominal work β−1Dnat(τ∥q) + w + o(1), with
complete error o(1), joint return of the whole controller with all physical rest within o(1), actual
controller energy and entropy changes o(1), and battery entropy and absolute nominal deviation
o(1), as r → 0 and the parameters below are chosen. The proof is the rest of this subsection and
the next two; it does not use square slots.

This section proves a pointwise module for any fixed finite source τ on a Hamiltonian T , not
necessarily commuting with it. Let R = dimB, γ = e−βT /ZT , and Fτ = Dnat(τ∥γ)/β. For each
sufficiently large integer m, it produces a state ρm with

1
2∥ρm − τ

⊗m∥1 ≤ em → 0, am → Fτ , Wfactory,nom = mam. (E12)

All its nonphase work deviations are bounded by mAτ on a failure event of probability fm, where
Aτ <∞ is fixed for this source and fm can be chosen arbitrarily small. The factory’s output may
stay correlated with the coding and thermal residues. The joint return of Lemma F.14 does not
need them to be independent; it is obtained through the cyclic cache of Section F.11.7.

F.11.7 Energy-shell support conversion

For commuting projectors P,Q on finite X,HX , write ZP = TrPe−βHX , ZQ = TrQe−βHX . For
any extracted work x < β−1 ln(ZQ/ZP ) and f > 0, a finite Gibbs stock and full conserving square
take every P -supported state, even reference-entangled, to Q with sharp credit x on a stock event
of probability at least 1− f , independent of that state.

Here is the exact shell construction. Choose an integer basis ω of the finite group generated by
the energies and x. Let reservoir tiles j in a finite box have energy E0 +j ·ω and integer degeneracy
gj = ⌊Keβj·ω⌋. Choose K so (1−θ)Keβj·ω ≤ gj ≤ Keβj·ω on that finite box. Tile Gibbs weights lie
between common factors 1− θ and 1. A margin larger than every source–target energy-coordinate
difference and the work shift makes the inner tiles have probability 1− f when the box is enlarged.

In shell coordinate u, the good source dimension is at most Keβu·ωZP ; the available target
dimension is at least (1 − θ)Keβ(u·ω−x)ZQ. Choose (1 − θ)eβ[ln(ZQ/ZP )/β−x] > 1. Inject every
source basis column isometrically into that target shell. Source and image carry orthogonal work
labels. Exchange these two subspaces and use identity on their orthogonal complements. This
is a full conserving square, including every boundary and unused column. Bad initial tiles leave
the initialized work label unchanged. For negative x this is a debit; at zero gap the labels remain
orthogonal. Origins E0 are fixed explicitly to make finite Hamiltonians nonnegative. This is a
support statement, not a universal output-Gibbs-state statement.

F.11.8 Exact flat-rank formation

For zero-Hamiltonian dimension D and target rank K ≤ D, the debit is ln(D/K)/β. Tiles j =
0, . . . , J have that gap and degeneracy DjKJ−j , hence exactly equal Gibbs probability. The full
initialized flat-D block at j < J and the full target rank-K block at j + 1 have equal dimension.
Exchange them with orthogonal work labels; cap columns stay unchanged. Conditional output is
exactly flat rank K, since the target block is fully occupied by a flat source. Failure is 1/(J + 1).
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This distributional conclusion uses the fixed flat source, whereas the preceding support converter
has an all-state quantifier.

F.11.9 Four-work-qubit factory and the residue

Let σ = S(τ)/ ln 2, γm = m−1/4,

r = ⌈3mγm⌉+ 4, D = Rm2r, K = 2⌈m(σ+2γm)⌉.

The controller coding body is zero-Hamiltonian Am of dimension Rm and a zero-Hamiltonian
residue of dimension 2r, initially flat on dimension D. Four sharp work qubits record these four
operations.

1. Form physical γ⊗m into one ground vector |g⟩⊗m by the support converter, with debit
m(hmin + lnZT /β) + s0, where s0 > 0 is fixed. Its failure can be at most fm/3; on suc-
cess the source is exactly pure and hence product with everything.

2. Form flat rank K on coding body plus residue, debit ln(D/K)/β, failure at most fm/3. In
the τ -eigenstring basis assign ⌊Kpx⌋ distinct flat labels to each typical x, with distinct residue
labels. The typical bounds are 2−m(σ+γm) ≤ px ≤ 2−m(σ−γm). Each fiber fits in the residue,
and the assignment completes to a square zero-Hamiltonian unitary. The marginal coding
error is bounded by

ecode ≤ 2e−cτ
√
m + 2−mγm , (E13)

on the nonzero spectrum of τ ; if its log-eigenvalue variable is constant, the atypical term is
zero. The first term follows from bounded iid log-likelihood concentration, the second from at
most 2m(σ+γm) rounded labels. Leftovers are placed arbitrarily. Correlation with the residue
is retained.

3. Lift the whole SWAP Am ↔ Bm with a phase register, then pump the known m(Tr τT−hmin).
The physical source receives the coding marginal. On ground-formation success, the coding
output is exactly |g⟩⊗m, even in the lifted SWAP: each output term places the old energy
eigenvector in zero-Hamiltonian Am.

4. Extract m lnR/β−s0 from the pure coding support, using the support converter on |g⟩⟨g|⊗m⊗
Iresidue to the whole coding/residue space. The entire residue participates, so no correlation
is omitted. Then SWAP coding body plus residue with an independent flat Gibbs stock of
dimension D. They return exactly to their initial flat state, independently of all physical rest.
Extraction failure from impure coding is already included in ground-formation failure.

The sum of the four nominal debits/credits is

mam = m[Tr τT + lnZT /β − S(τ)/β] +O(m3/4) +O(1) = mFτ + o(m). (E14)

One may choose positive overhead, hence am ≥ 0. All four work gaps have magnitude at most mAτ
for large m. The nonphase failures contribute fm and can be made arbitrarily small by choosing
finite tile boxes and caps.

If the phase-vector error is df , exact SWAP conservation and the known pump, compared only
with the touched physical Bm energies, give

|∆EPf
| ≤ Cm span(T )(em + df ), em ≤ ecode + fm. (E15)

There is no multiplication by the phase register’s large energy span. The phase construction and
entropy bound are proved below.
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F.11.10 A cyclic cache and its joint return

Fix this source and factory, then choose m > N . Use m− 1 cache cells with Hamiltonian T , and a
classical clock k = 0, . . . ,m−1 of fixed energy (m−1−k)am. Invest the correlated controller state

σm = 1
m

m−1∑
k=0
|k⟩⟨k| ⊗ τ⊗k ⊗ γ⊗(m−1−k). (E16)

Each call receives a fresh independent γ carrier. For k > 0, SWAP out the first cached τ , permute
cache cells, and decrement k. Raising the clock costs exactly am, supplied by the main sharp battery.
The equal-dimensional product-support identities give full-square conserving permutations. For
k = 0, the clock drops to m − 1, releasing (m − 1)am; with the same am main debit it charges a
two-label auxiliary work register by mam. Apply the m-copy factory to the cache cells and fresh
carrier. Every path advances the clock. The auxiliary register and the four factory work qubits are
part of W , not unpriced controller records. On a successful boundary their total energy equals its
no-boundary value: the factory debit mam cancels the auxiliary credit.

The N calls cross a boundary for exactly N initial clock values, so p = N/m, independently of
the future observer. On every no-boundary sector the N emitted carriers are exactly τ⊗N , product
with cache and all pre-existing physical rest. The resulting cache sectors agree with the corre-
sponding sectors of (E16). Boundary sectors have total weight p, and may carry all source–residue
correlations. Comparing both joint states on these sectors, and then replacing the comparison rest
marginal by the actual one, gives the conservative uniform bound
1
2∥Ωcache,rest − σm ⊗ Ωrest∥1 ≤ 4p+ 2pem, 1

2∥Ωcache − σm∥1 ≤ pem, 1
2∥ρemitted − τ⊗N∥1 ≤ pem.

(E17)
The first inequality is weaker than the 2p estimate available for an exact factory, but it proves return
jointly with the whole physical rest without assuming that source and residue are independent.
Subsequent service cannot increase it because it never acts on the cache. Equations (E17)–(E18)
initially describe the bare factory. For the physical factory let ẽm = em + df , where df is its
conditional full-vector error on any boundary sector. On no-boundary sectors the factory phase
register is never operated. Consequently the actual cache and emitted-source marginal errors are
at most pẽm, not an unweighted df . In the following refund bounds em is to be replaced by ẽm for
the physical implementation. The all-rest estimate remains bounded by the displayed conservative
expression with that replacement, and the phase factor itself is returned by (E23).

Put Dcache = mRm−1. Separate actual refunds follow from the marginal bound, not from the
joint bound:

|∆Scache| ≤ h(pem) + pem ln(Dcache − 1), |∆Ecache| ≤ Nem[span(T ) + am]. (E18)

Here h is binary entropy in nats. Formula (E15) is weighted by boundary probability p, giving
O(N span(T )(em+df )) for factory-phase mean drift. The combined five helper work registers have
at most 32 labels. They differ from their nominal no-boundary vector only on a boundary, so

qW,helpers ≤ p, S(Whelpers) ≤ h(p) + p ln 32, E|HW,f − Enom| ≤ N(4Aτ + am)fm. (E19)

Success-boundary helpers need not be in the nominal vector, but their total energy is nominal.
Failed boundaries are retained, not deleted. The work estimate is an absolute deviation bound.

The invested cache capital is explicitly

Dnat(σm∥γcache ⊗ γclock)
β

= m− 1
2 (Fτ + am) + ln(Zclock/m)

β
, Zclock =

m−1∑
k=0

e−β(m−1−k)am .

(E20)
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This cache is an invested Duan-type correlated state, not a free Gibbs supply. All N calls are made
before the first observer input. The factory convergence is pointwise for this fixed source; m is
chosen only after the horizon’s dilation and every source constant.

F.11.11 Whole-history phase lift and finite completion

Every finite set of gaps and signed pump energies generates a finite-rank free integer group. Choose
positive generators ω1, . . . , ωr, flipping signs when necessary, and integer labels ae for all exact
energy differences. On an analytic bilateral lattice Tv|b⟩ = |b+ v⟩, define

L(X) =
∑
e,f

PeXPf ⊗ Taf −ae . (E21)

Intermediate energy projectors show L(XY ) = L(X)L(Y ), L(X∗) = L(X)∗, and L(I) = I. Thus
whole square contacts lift to whole unitaries, preserving all coherent branch Grams and exactly
conserving external energy plus HP |b⟩ = (b · ω)|b⟩. A sharp work-label transition losing x = k · ω
adds k to the phase translation. This allows signed w too.

The physical phase register is a finite positive-energy box. Initialize a product sine vector of
width L, offset by a buffer B∗ in each coordinate,

|ξL⟩ =
r⊗

a=1

√
2

L+ 1

L−1∑
u=0

sin π(u+ 1)
L+ 1 |B∗ + u⟩.

Choose B∗ larger than the sum of absolute coordinate excursions on every possible path, including
excited Gibbs inputs, hot quanta, factory failures and all work branches. The box side is DP =
L + 2B∗ + 1. On all reachable columns the analytic lift is an isometry in each exact total-energy
shell. Domain and image have equal rank there; complete orthonormal bases of their complements
in the same finite shell. This gives a full finite conserving square, with no boundary error on any
physically reachable path. A pure zero-Hamiltonian scheduling counter is invested in C, selects the
finitely many gate blocks, advances on every path, and returns cyclically to its initial label. The
controlled direct sum and counter shift are full conserving squares. This is not an autonomous/local
circuit efficiency claim.

Purify every stock and input mathematically, retaining all observer waste. Fourier transforma-
tion of the analytic lattice gives the whole contact fibre DθUD

∗
θ , with pumps as scalar phases. The

observer’s isometries are θ-independent. If the sum of finite fibre Lipschitz constants is K∗, the
entire adaptive purified circuit has ∥Vθ − V0∥ ≤ K∗∥θ∥2, uniformly in all observer dimensions and
correlations. The sine nearest-neighbor overlap is cos(π/(L + 1)), and E∥θ∥22 ≤ rπ4/[4(L + 1)2].
Parseval yields

∥Ψphysical − ξL ⊗Ψbare∥ ≤ dP := π2√rK∗
2(L+ 1) . (E22)

It holds at every prefix with the prefix Lipschitz sum. In particular

qP = 1−⟨ξL|ΩP |ξL⟩ ≤ d2
P ,

1
2∥ΩP,rest−|ξL⟩⟨ξL|⊗Ωrest∥1 ≤ 2dP , S(P ) ≤ h(d2

P ) +d2
P ln(Dr

P − 1).
(E23)

The first projection and normalization cost at most √qP ; replacing its rest marginal by the actual
marginal costs another √qP . Inert purifiers are never acted on. Use separate factory and service
phase registers if convenient.

Actual service mean drift requires another argument. After all cache calls, trace retired factory
residues for the comparison, not for physical accounting. The emitted marginal is within pem,
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or conservatively p, of fresh τ ′⊗N . Uniform prefix comparison by (E22) costs ds. Let QN < ∞
bound the energy span of one touched service system, including Hj , T and the hot gap M , and all
loading/reset swaps. Comparison of pre- and post-contact energies, not of HP , gives

|∆EPs | ≤ NrM + CNQN (p+ ds). (E24)

Exact conserving lifts and pumps imply this equality/bound directly. This is valid even when τ ′

fails to commute with T ; one must not move τ ′ through an energy lift under a partial trace. The
ideal comparison has fresh sources before their first use, even when the observer is entangled with
future inputs. Past conditional records cannot steer an untouched independent source. After each
episode’s last output leaves, SWAP its service body with a fresh q Gibbs cell of the same T . This
exactly returns those working controller cells to their original q’s, independently of physical rest.
Loading sources uses equal-Hamiltonian swaps before inputs. No released output participates.

F.11.12 Order of choices and the ledger

For each N , choose one finite dilation within N−3 of P, with g ≤ k + N−1/8. This is justified by
the definition of the right-error limit and needs no exactification. Choose δ = N−3, s = N−1/8,
then form (E4)–(E10). Now the finite R, T, F,w, b are known. Choose M so NrM ≤ N−3, and
then record finite QN . Only now choose the source factory and cache length m > N so

am − F ≤ N−1/8, Nem(1 + lnR+ span(T ) + am +Aτ ) ≤ N−3,

N(4Aτ + am)fm ≤ N−3, N2QN/m ≤ N−3, h(N/m) + (N/m) ln 32 ≤ N−3.
(E25)

Pointwise convergence (E12)–(E14) allows these simultaneous choices for this already fixed source,
even if its dimensions or spectrum change arbitrarily with N . Choose all stocks, energy bases and
all-path buffers first; choose phase widths last so their entropy bounds and N(1 + lnR+ span(T ) +
am)df , NQNds are at most N−3. This also makes h(pẽm) + pẽm ln(Dcache − 1) = o(1); indeed
lnDcache = lnm+ (m− 1) lnR.

On N ordinary episodes, the target error is at most N · N−3; rare branches add Nδ. Fac-
tory/source and phase comparisons give

εN ≤ N−2 +Nδ + p+ df + ds = O(N−2), ηN ≤ 4p+ 2pẽm + 2df + 2ds → 0. (E26)

The marginal cache bound, (E18), controls its actual entropy and energy. Factory and service phase
actual energies are controlled by (E15), (E24), (E25), not their spans. Their entropies are controlled
by (E23); Araki–Lieb bounds the change in joint controller entropy by the cache entropy change
plus the sum of phase entropies. All other coding/service factors are swapped exactly to their initial
Gibbs/flat states and the counter returns exactly. Therefore |∆EC |+ |∆SC | = o(1), uniformly over
observers, and (E26) refers to the whole controller versus all physical stocks, records, the battery,
the delivered outputs and the observer’s references; (E17) and (E22) hold for the purified state of
all of these.

The main battery has fixed service/source-counter labels with signed increments am+w, ending
sharply on every initialized column. The boundary auxiliary and four factory helpers are included
in the same mechanical ledger. Equations (E19), (E25) give

qW ≤ p, S(Wf) ≤ h(p) + p ln 32 = o(1), E|HW,f − Enom| ≤ N(4Aτ + am)fm = o(1).

A conservative finite battery dimension is 32(N + 1)2. Its initial charged helper capital and energy
span can be enormous; both are declared. The nominal total debit and its rate obey

Wnom = N(am + w), Wnom
N

≤ g + δC0 + as +N−1/8 ≤ k + o(1). (E27)
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With (E3), this proves Theorem F.13.
A full controller inventory is: cache/clock of dimension mRm−1; N service bodies of dimension

R initially q; zero-Hamiltonian coding body/residue of dimension Rm2r, initially flat; two finite
phase boxes; and a pure cyclic counter. Its cache capital is (E20). Each phase contributes

⟨HP ⟩ξL
+ lnZP /β, ⟨HP ⟩ξL

= [B∗ + (L− 1)/2]
∑
a

ωa, ZP =
∏
a

DP −1∑
b=0

e−βbωa .

The counter costs lnDctr/β; flat coding and thermal service factors cost zero relative to their own
Gibbs states. These are startup investments, not operating debits or thermally prepared free clocks.

Gibbs supplies are fresh source carriers, hot qubits, support-converter tiles, exact flat-rank tiles,
coding/residue reset stocks, and service q-reset stocks. All are finite and initially independent. Ev-
ery spent tile and old controller state remains in physical rest. Rare hot stocks and cache boundary
events can carry input-dependent energy far larger than order N , with tiny probabilities, and the
cache and service reference can be off by order N on common branches while the unconditional
mean is refunded.

F.11.13 Scope

The construction is a finite-hardware existence proof for fixed processes whose ports carry equal
Hamiltonians. Its source and phase modules accept any fixed finite source and any finite sequence
of square gates on systems the device actually holds; another access schedule must supply its own
carrier inventory, record of the observer’s strategy and positive dual, as Appendix A does for general
schedules. Rectangular ports, free switches of the Hamiltonian and recall of released outputs are
not covered. The proof uses causal Stinespring purification and finite-dimensional cone separation,
both reconstructed above; it uses no Gibbs-preserving map as a black box, no erasure against
released outputs and no action on a purifier. The theorem is a rate law at vanishing error. It is not
a strong converse, and it gives no exact or branch-by-branch return of the controller, no bound on
capital or on the tails of the heat, no efficient circuit, and no construction for an unknown horizon
or for local or autonomous hardware.

F.12 The correlated process

This appendix derives the value Kβ = βvϑ/ ln 2 of the correlated process of Section F.6. Both slots
carry a qubit with H = E|1⟩⟨1|; write Z = |0⟩⟨0| − |1⟩⟨1|, and let branch b apply Ub in slot 1 and
Vb in slot 2. The energy the second gate adds on an input ρ is Tr ρDb with Db = V ∗

b HVb −H, so
D0 = EZ and D1 = E

2 (Z −X). The first gates commute with H and add no energy. If ρb is the
second input on branch b, the energy an episode adds is therefore 1

2
∑
b Tr ρbDb, and eβ(t) is β/ ln 2

times it.

Step 1: the reachable pairs. The observer prepares the first input A together with a memory
in a pure state ψ, receives UbA, and applies an operation, which cannot depend on the hidden b,
to produce the second input. Before that operation the two branch states are pure, with overlap
|⟨ψ|U1 ⊗ I|ψ⟩| = | cosϑ+ i sinϑ TrσZ| ≥ | cosϑ|, where σ is the state of A. Root fidelity does not
decrease under channels and partial traces, so every reachable pair has F (ρ0, ρ1) = ∥√ρ0

√
ρ1∥1 ≥

| cosϑ|. Conversely, let F (ρ0, ρ1) = f ≥ cosϑ > 0. By Uhlmann’s theorem the two states have
purifications |ϕ0⟩, |ϕ1⟩ with ⟨ϕ0|ϕ1⟩ = f . Adjoin an ancilla in states |a0⟩, |a1⟩ with ⟨a0|a1⟩ = cosϑ/f .
The pair |ϕb⟩|ab⟩ then has overlap cosϑ, as does the pair Ub|+⟩, so an isometry maps the second
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pair onto the first. An observer that sends |+⟩, applies this isometry to the first output and passes
on the system of ρb produces exactly (ρ0, ρ1).

Step 2: the energy maximum. Write a qubit state as 1
2(I+r · σ⃗) with |r| ≤ 1, and lift r to the

unit vector R = (r,
√

1− |r|2) in R4. For qubits F (ρ, ρ′)2 = Tr ρρ′ + 2
√

det ρdet ρ′ = 1
2(1 +R ·R′),

so the constraint F (ρ0, ρ1) ≥ cosϑ says that the angle between R0 and R1 is at most 2ϑ. The
energy is

1
2
∑
b

Tr ρbDb = E
2

(
R0 · u+ 1√

2 R1 · w
)
,

where u = (0, 0, 1, 0) and w = (−1, 0, 1, 0)/
√

2 are the Bloch directions of the top eigenvectors of
D0 and D1, at angle π/4. Let 0 < ϑ < π/8 and γ = π/4 − 2ϑ > 0. By the triangle inequality for
angles on the sphere, the angles α of R0 from u and β of R1 from w satisfy α + β ≥ γ. Since the
cosine decreases on [0, π], the energy is at most E

2 max{cosα+ 1√
2 cosβ : α, β ≥ 0, α+β = γ}, and

this maximum is the length of the sum of two plane vectors of lengths 1 and 1/
√

2 at angle γ:

E
2

√
1 + 1

2 +
√

2 cos γ = E
2

√
3
2 + cos 2ϑ+ sin 2ϑ = vϑ.

It is attained by two pure states in the plane of u and w, at angle 2ϑ, which Step 1 makes
reachable. Mixed states do no better, because the lift turns them into points of the same sphere.
When | cosϑ| ≤ cos(π/8), the two top eigenvectors, whose root fidelity is cos(π/8), are themselves
reachable, and the value is each branch’s own maximum, E

2 (1 + 1/
√

2).

Step 3: no entropy credit. Let |Cb⟩⟩ be the Choi vector of branch b, the two-slot comb that
applies Ub and then Vb with no memory. The Choi operator of P is 1

2
∑
b |Cb⟩⟩⟨⟨Cb|, and that of an

exact extension P̃ is positive with this marginal, so it is supported on the span of the two vectors
tensored with F :

R̃ =
∑
b,b′

|Cb⟩⟩⟨⟨Cb′ | ⊗Gbb′ ,

with operators Gbb′ on F . Tracing out the second output gives TrO2 |Cb⟩⟩⟨⟨Cb′ | = |Ub⟩⟩⟨⟨Ub′ | ⊗
(V ∗
b′Vb)T . The causal constraint at slot 2 requires TrO2 R̃ to be the identity on the second input

tensored with an operator on everything else. The diagonal terms have this form. In the off-
diagonal terms, V ∗

1 V0 = 1√
2
( 1 1

−1 1
)

is not a multiple of the identity, and |U0⟩⟩⟨⟨U1| and |U1⟩⟩⟨⟨U0| are
linearly independent because U1 is not a multiple of U0; so the traceless part of (V ∗

1 V0)T can be
cancelled only if G01 = G10 = 0. Hence R̃ = ∑

b |Cb⟩⟩⟨⟨Cb| ⊗ Gbb: F is only classically correlated
with b. Against any purified tester, the final state of Z and F is then ∑b |ψb⟩⟨ψb| ⊗ gb, with |ψb⟩
the tester’s pure final state on branch b and gb ≥ 0 on F . This state is separable, so S(Z|F ) ≥ 0.
A classical copy of b, with gb = 1

2 |b⟩⟨b|, gives S(Z|F ) = 0 for every tester, so that extension scores
exactly the energy, and its best tester scores βvϑ/ ln 2. For an ε-extension the block structure holds
up to an error controlled by Uhlmann’s theorem, and the continuity bound for conditional entropy,
which uses only dimZ ≤ 16 and not the size of F , gives S(Z|F ) ≥ −b(ε) with b(ε) → 0 as ε → 0
at fixed ϑ; its constants grow like cscϑ as ϑ → 0, where the two branches merge. Together with
Steps 1 and 2, this gives Kβ = βvϑ/ ln 2.
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G Memoryless channels: the real-time law, the dichotomy, the
free set and undecidability

This part proves Theorems 4.1, 4.2 and 4.4 with every hypothesis explicit, together with the fixed-
error converse, the free-set theorem and the results on clocks that return exactly or approximately.
Write H for the Hamiltonian and β = 1/kBT , and measure work in units of kBT ln 2. For a time-
covariant channel, the batch cost is a maximum over inputs ρ of an entropy cost and an energy
cost,

T (Φ) = max
ρ

[
S(ρ)− S(Φ(ρ)) + β

ln 2 TrH
(
Φ(ρ)− ρ

)]
, (G.1)

in bits; Faist, Berta and Brandão use nats. The entropy that the process removes from the system
has to go somewhere, and the energy it adds has to come from somewhere. We show that the
real-time cost has the same form,

κβ(Φ) = sup
ρ>0

[
sρ(Φ) + β

ln 2 TrH
(
Φ(ρ)− ρ

)]
, (G.2)

with one change. The entropy cost S(ρ)− S(Φ(ρ)) is replaced by the real-time entropy cost sρ(Φ):
the least entropy that one use on input ρ must leave behind in a device that held no information
about that input beforehand (Definition G.5). Equivalently,

sρ(Φ) = S(ρ)− S(Φ(ρ)) +mρ(Φ), (G.3)

where mρ(Φ) ≥ 0 is the least mutual information that an implementation of Φ must leave between
the output and what stays behind in the device (Section G.1). So κβ ≥ T . For time-covariant
channels the difference is the price of real time; for other channels, a device whose clock must return
can pay more than T even in batch (Appendix H). We call κβ(Φ) the real-time work rate.

The extra term has a simple source. A process leaves entropy in its bath, correlated with its
output. The batch device of Faist, Berta and Brandão removes that correlation by erasing the
environments with the outputs as side information, up to an error that can be made arbitrarily
small for large n [3, Thm. 7.1]; the conditioning in [83] has the same origin. A real-time device
has already released its outputs, so it cannot use them to recover this correlation. The term mρ is
a cost at a fixed input. The surcharge between the optimal rates of a time-covariant channel, the
difference between the maxima in (G.2) and (G.1), is generally neither the largest mρ nor mρ at
either optimal input, because the two maxima can sit at different inputs: for amplitude damping
at p = 1/2 and β∆ = ln 2 the surcharge is 0.431 bits per use, while mρ is 0.918 bits at the real-time
optimum and 0.197 bits at the batch optimum (Section 3).

Partial reset shows the mechanism. Let a qubit with energy gap ∆ decay to its ground state with
probability p. The natural dilation sends |1⟩|0⟩E to

√
1− p |1⟩|0⟩E+√p |0⟩|1⟩E , so for 0 < p < 1 the

output stays entangled with the environment, which records whether the decay happened. A batch
device can erase that record later, using the output it still holds; a real-time device has released
the output and cannot, and no other implementation avoids the correlation (Theorem G.2). For
full reset, p = 1, the output is always the ground state, nothing is correlated with it, and timing
costs nothing.

Theorem G.1 (Real-time work law). Let Φ be time-covariant. In real time, the optimal work per
use at vanishing error is kBT ln 2κβ(Φ). Moreover, for every fixed δ > 0, any implementation whose
controller starts in a thermal state and that draws at most nkBT ln 2 (κβ(Φ) − δ) of deterministic
work, meaning that its battery ends in a definite energy level with probability tending to one, has
error tending to one as n→∞.
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At zero Hamiltonian the first statement, in purity units, is in our earlier work [24, 25, 26], and
so is the second at zero rate [27]. In batch, the converse of Faist, Berta and Brandão already holds
at every fixed error below 1/2 [3, Prop. 4.2].

The rate is a maximum over inputs of a minimum over implementations, while a device is built
once and must serve every input and every observer. Part of Theorem G.1 is that the two orders
agree: one device costs no more per use than the hardest input, as Faist, Berta and Brandão
found in batch, for every channel with Gibbs-preserving maps and for time-covariant channels
with thermal operations [2, 3]. For this real-time functional the interchange holds for every channel
(Lemma G.22); time covariance lets the construction of Theorem G.1 attain it with a controller that
returns exactly, and Theorem G.19 attains it for every channel with one that returns approximately.
In batch with a returned clock, the analogous interchange between choosing a device and choosing
an input can fail. For example, X-dephasing on a qubit with energy gap ∆ costs ∆/2 per use for
any device that is correct on every input (Appendix H), while each known input can be served
at no more than the thermodynamic capacity, by the fixed-input construction of Faist, Berta and
Brandão [3, Prop. 8.3], whose coherence sources are sublinear in size; they treat them as disposable,
but the sources in fact return approximately (Appendix H).

Input by input, the two costs differ in a single correlation term. For a classical channel it
vanishes on inputs diagonal in the channel’s basis, and those inputs suffice for both optimized
rates; on coherent inputs it can be positive (Appendix G.13). For a partial quantum reset the
optimized rates differ.

Theorem G.2 (Classical channels pay no surcharge; partial reset does).

(a) If Φ is classical, meaning that it measures in an eigenbasis of H and prepares states diagonal
in that basis, then κβ(Φ) = T (Φ) at every temperature.

(b) Let Φ be amplitude damping with probability p on a qubit with energy gap ∆. Then κβ(Φ) =
max0≤y≤p

[
h(y)− β∆y/ ln 2

]
, where h is the binary entropy. For 0 < p < 1, κβ(Φ) > T (Φ) at

every temperature. For p = 1, κβ(Φ) = T (Φ).

Amplitude damping with p = 1 is a full reset to the ground state, the process of Landauer’s
principle, and timing does not change its cost. Partial reset is different. Its output stays corre-
lated with what the process leaves behind, and in real time that correlation costs work at every
temperature (Figure 4).

The surcharge can be as large as the whole cost. For exact implementations we count the free
energy w drawn from the battery and the controller (Section G.2); with a mechanical battery whose
entropy changes by o(n) and a controller that returns, this is the work up to o(n).

Theorem G.3 (Werner–Holevo). Let W (ρ) = (Tr(ρ) I − ρT )/2 be the Werner–Holevo channel on
a qutrit with zero Hamiltonian. The free energy w, in bits, needed for n uses satisfies

exact error n−2

real time w ≥ n log2 3 w ≥ n log2 3−O(logn)
batch w ≥ n log2 3 w = o(n) achievable

Both exact bounds are attained with an information battery, and the real-time work rate is κβ(W ) =
log2 3.

In purity units these statements are in our earlier work [25], and the batch rate of zero follows
from the theorem of Faist, Berta and Brandão; the statements here are about free energy. The
batch saving comes from tolerating a vanishing error, not from an exact refund.
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Further results. Four further results complete the picture. At zero error the saving of waiting
disappears for every extreme channel, such as Werner–Holevo and amplitude damping with 0 < p <
1: a batch device then pays the full real-time rate (Proposition G.16, Section G.4). In real time a
channel costs nothing exactly when it is a limit of thermal operations (Theorem G.17, Section G.5);
this is a robust, work-cost form of the criterion of Lie et al. [88], and it identifies the processes that
are free in batch but cost work in real time. A device whose clock must return exactly, and whose
battery holds no phase reference, cannot run a channel that is not time-covariant, whatever work
is spent (Proposition G.18), while a clock that may return approximately runs every channel at the
rate κβ (Theorem G.19, Section G.5). Finally, whether a generalized dephasing channel is free in
real time is undecidable in a fixed dimension (Theorem G.21, Section G.6).

Relation to prior work. The batch cost is the thermodynamic capacity of Faist, Berta and
Brandão [2, 3], which had appeared as the work value of channel uses [81]. Their converse rests
on single-shot work costs for a fixed input: the smooth max-entropy of the discarded information
conditioned on the output, for degenerate Hamiltonians [83], and the coherent relative entropy in
general [82]. The last step of their thermal-operation construction, erasing the environments with
the outputs as side information, a universal form of the conditional erasure of [11] built by position-
based decoding [3, Sec. 7], is the step a real-time device cannot take. They suggested replacing
the diamond norm by distinguishability measures for processes with memory [34], noting that this
“would be particularly relevant for settings with memory effects, for instance implementations of
gates in a quantum computer” [2]. Our real-time error is a measure of this kind [34, 35].

Rybár and Ziman introduced repeatable channels, implemented again and again by one device
with a finite memory and no resets, so that every use acts as the same channel. They showed that
every mixture of unitaries is repeatable and that no non-unital channel is, because, when the same
input ρ is fed repeatedly, the memory’s entropy must grow by at least S(ρ) − S(Φ(ρ)) per use,
which for a non-unital channel is positive at the maximally mixed input [91]; Lemma G.8 is the
conditional form of their entropy count. They showed that for qubits repeatability is equivalent to
unitality, and left the general unital case open. The Werner–Holevo channel shows that unitality
is not enough in dimension three. Lemma G.8 uses only the output of each use on a fresh input,
so it applies to their definition: by Lemma G.14, each exact use on half of a maximally entangled
pair adds log2 3 bits to the memory (proof of Theorem G.3). A memory without resets therefore
needs dimension at least 3n for n uses, which their n-copy construction attains, and no finite
memory repeats the channel indefinitely. The question they close with, whether a unital channel
that is not a mixture of unitaries can be repeatable, has a positive answer: a Schur channel with a
catalytic dilation [88, Prop. 15], such as the six-level example of Haagerup and Musat [46, Ex. 3.3],
is repeatable with one finite memory, but its outputs can then be correlated, and such a device
need not meet our real-time error (Section 12). Mausberg asks what a closed machine needs to
transform fresh inputs repeatedly while its memory returns after every use [37]. Exact return rules
out purifying maximally mixed inputs, and exact purification of n qubits with return tolerance
δ needs n/δ + O(n) memory qubits. In the other direction, a memory can return exactly while
its outputs, each correct, are perfectly correlated, as in the random-unitary devices of Rybár and
Ziman, whereas independent outputs need ⌈n/2⌉ memory qubits. Our real-time error asks for the
joint output, against every observer. Work extraction under causal constraints has been studied for
multitime processes [97], for temporally correlated sequences of states [98] and for agents that act
on environments with memory [99]; the online execution of classical strategies with memory has a
work cost of its own, which quantum memory can reduce below that of every classical agent whose
memory is a function of the past [10, Result 2]. Here we price the implementation of a memoryless
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channel with quantum inputs and outputs instead.
Quantum processes are known to carry costs that classical ones can avoid: in operations that

must act correctly on each of several signal states, not only on their average, which in general
generate heat above the bound set by the average state, although classical operations, resets and
unitaries do not [104]; in resetting almost every state [105]; and in the q-machine simulators of a
classical process, which can dissipate less than its ε-machine but, like their time reverses, cannot
both compress its memory and dissipate nothing, a restriction not established for every quantum
realization of the process [8, 106]; here the excess comes from timing alone. Classical processes can
incur online costs under other constraints, such as a fixed protocol, a modular design or periodic
operation [101, 7, 102]. Our devices may carry any memory and act jointly on everything they
hold, so these constraints are absent; the real-time surcharge is instead a modularity cost in time,
since the device can no longer act on the outputs it has released (Section G.7).

Our earlier work proves the zero-Hamiltonian, purity-unit forms of the rate statement in Theo-
rem G.1, of Theorem G.3 and of Theorem G.17 [24, 25, 26], a strong converse at zero rate, and un-
decidability for dephasing channels of unbounded dimension [27]. The finite-temperature law with
work in place of purity, the converse at every fixed error and every rate below κβ, Theorem G.2,
the robust finite-temperature form of Theorem G.17, Theorem G.19, and the fixed-dimension and
non-enumerability statements of Theorem G.21 first appeared in [20].

Outline. Section G.1 sets up the model. Section G.2 proves Theorem G.1. Section G.3 treats
classical channels and reset, Section G.4 the Werner–Holevo channel, Section G.5 what is free and
what a clock can do, and Section G.6 undecidability. Section G.7 discusses an experimental test
and open problems. The longer constructions are in the appendices. Section 3 places this law
among general schedules of arrivals, releases and loans.

G.1 Setting

Fix a d-level system A with Hamiltonian H, an inverse temperature β = 1/kBT > 0, and the
Gibbs state γ = e−βH/Tr e−βH . Entropies and logarithms are base two. A channel Φ on A is
time-covariant if Φ(e−iHtρ eiHt) = e−iHtΦ(ρ)eiHt for all t. Energy-conserving dynamics without an
external phase reference can only implement such channels [87, 3].

The device. An implementation consists of a controller C, a battery B and a reservoir R. The
controller holds all hardware: memory, clocks, catalysts and any work registers not charged to the
battery. The reservoir is a finite collection of cells, each with its own Hamiltonian. All cells are
declared in advance, including those used only late or only after the last output. They start in
their Gibbs states at inverse temperature β, independent of each other and of everything else. The
initial state is αC ⊗ ζB ⊗ γR, with an additive Hamiltonian HC +HB +HR. Every operation is a
unitary that commutes with the total Hamiltonian of the systems it acts on. Measurements and
records are part of the dilation and are counted. No other resource is free: there is no external
coherence, no Gibbs-preserving map supplied as a black box, and no initial correlation between C,
B and R. The battery is stationary if ζB commutes with HB, as an energy eigenstate does. A
stationary battery holds no phase reference, so every clock of the device is then in its controller.

Real-time operation. The device serves n rounds. In round t an input system arrives, the
device acts on it together with its internal systems, and the output is released. Input t + 1 is
supplied only after output t has left. Between rounds, and after the last one, the device may act on
its internal systems as it likes. It never acts again on a delivered output. The inputs come from an
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observer who may choose them adaptively and keep quantum references. The error ε is the largest
trace distance 1

2∥ · ∥1, over all such observers, between the final state of the observer’s systems with
the device and with n ideal uses of Φ. This is the distance between strategies of [34, 35].

Batch operation. For comparison, a batch implementation may hold all outputs until the end.
Its error is the half diamond distance to Φ⊗n, the criterion of [3].

Work. The controller must return. For the constructions of time-covariant channels it returns
exactly to αC , independent of all other systems, and Theorem G.19 relaxes this for the other
channels; for the lower bounds it is enough that its free energy returns up to o(n). The battery
is mechanical: work is its mean loss of energy, and its entropy changes by o(n), so it cannot hide
a second bath. Work is deterministic when the battery starts in an energy eigenstate, ends, with
probability tending to one for every observer, in a fixed energy eigenstate, and its mean energy
differs from that eigenvalue by o(n) (a signed mean deviation; the general law of Section 3 and
Part H use the stronger mean absolute deviation Tr |HB−E|ρB, and say so); this is the mechanical
counterpart of the information battery checked by a projector in [82, 3]. The last clause matters
only for a controller that returns approximately (Section G.5): it prevents a broad reference from
lending the device energy that the battery repays in one rare, large event. In the fixed-error
statement of Theorem G.1 the controller also starts in a thermal state (Remark G.13). For a
family of implementations with error εn → 0, the work rate is lim supnWn/(nkBT ln 2), in bits per
use. The optimal real-time and batch rates are the infima over such families.

These rates allow reservoirs, controllers and running times of any finite size. They describe
what is possible in principle, not an efficient or autonomous engine.
Remark G.4 (Battery models). Faist, Berta and Brandão count work as purity in an information
battery [82, 3]; we use a mechanical battery, so that work is energy. Our lower bounds are statements
about the free energy drawn from battery and controller (Lemma G.7), so they hold in both
conventions. We quote T as the batch benchmark in their convention.

Definition G.5 (Real-time entropy cost). Let ψρ purify a full-rank input ρ with reference Q, and
let χρ = (idQ ⊗ Φ)(ψρ) on QO. For ε > 0 let

sρ,ε(Φ) = inf S(QO|F )σ,

over finite systems F and states σQOF with σQF = ρT ⊗ σF and 1
2∥σQO − χρ∥1 ≤ ε. The real-time

entropy cost is sρ(Φ) = limε↓0 sρ,ε(Φ).

Think of F as a purification of everything the device holds when the input arrives. The product
condition σQF = ρT ⊗ σF says that none of it carries information about the fresh input. After the
round, S(QO|F ) equals the increase in the entropy of the device’s internal state (Lemma G.8). So
sρ(Φ) is the least entropy that one use on input ρ must add to a device that did not know the input
in advance. Since S(QO|F ) ≥ S(Q) − S(O) whenever QF is a product, sρ(Φ) ≥ S(ρ) − S(Φ(ρ)).
At zero Hamiltonian, κβ(Φ) = supρ sρ(Φ) is the purity cost of real-time operation of our earlier
work, where it is written κ(Φ) [24, 25, 26].

Lemma G.6 (Pointwise smoothing [26, Thm. 4.1, Cor. 4.3]). For every channel Φ and every
full-rank input ρ,

sρ(Φ) = lim
ε↓0

sρ,ε(Φ) = inf
{
S(E′)− S(τ) : (U, τ) a finite exact dilation of Φ

}
.
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Proof. An exact dilation is an exact extension, which gives ≤ at every ε. For the converse an
ε-feasible extension lifts, through the purification ψρ, to a dilation of a channel within diamond
distance ε/λmin(ρ) of Φ with the same objective, and the support repair of [26, Thm. 4.1 and
Cor. 4.3] replaces it by an exact dilation of Φ whose objective differs by a quantity that tends to
zero with ε and depends only on Φ and ρ, not on the size of the bath. Letting ε→ 0 gives ≥.

At a fixed input this value is a known entropy functional. Every exact extension arises from a
channel applied to the environment E of a Stinespring purification ψQOE of χρ, and the product
condition says that the channel’s output carries no information about Q. Hence sρ(Φ) = S(χρ) −
Pq(0), where Pq is the quantum privacy funnel of Datta, Hirche and Winter [86, Sec. V, Eq. (22)],
with their X = E, Y = Q and R = O, evaluated at zero leakage [26, Eq. (1.3), Cor. 4.3]; its
supremum runs over all finite auxiliary dimensions. Datta, Hirche and Winter doubted that the
funnel describes an asymptotic rate, since even its classical version is not additive over i.i.d. blocks.
In real time no block coding is possible, and at zero Hamiltonian the rate of Theorem G.1 is the
supremum of S(χρ)− Pq(0) over full-rank inputs; Lemma G.6 supplies the continuity at vanishing
error that this identification needs.

There is a second way to read sρ. A dilation of Φ is a unitary U on the input and a bath in
state τ with Φ(ρ) = TrE U(ρ ⊗ τ)U∗. On input ρ it ends with the output O and the bath E′ in
a joint state, and conservation of entropy gives S(E′) − S(τ) = S(ρ) − S(Φ(ρ)) + I(O:E′). By
Lemma G.6, the real-time entropy cost is the infimum of S(E′) − S(τ) over exact finite dilations,
input by input. Hence (G.3) holds with

mρ(Φ) = inf
{
I(O:E′)ρ : (U, τ) a finite dilation of Φ

}
.

The batch cost is the same expression with mρ = 0. A batch device approaches it by erasing its
baths with the outputs as side information [3, Sec. 7]. This works up to an error that can be made
arbitrarily small for large n; at zero error it can fail completely (Theorem G.3).

G.2 The real-time work law

The lower bound comes from two facts: a bookkeeping identity that holds for every implementation,
and a bound on how much entropy each real-time round must add to the device. The upper bound
is a construction. Section G.2.5 upgrades the lower bound to every fixed error.

G.2.1 Bookkeeping

Write D = CBR for everything except the inputs and outputs, and let A = S(Dfin)− S(Dinit) be
the entropy it gains. Let ∆Esys be the total energy delivered in the outputs minus the total energy
taken from the inputs. Measure the free energy drawn from the battery and the controller in units
of kBT ln 2:

w = F (ζinit)− F (ζfin) + F (αinit)− F (αfin)
kBT ln 2 , F (x) = Tr(Hx)− kBT ln 2S(x).

Lemma G.7 (Accounting identity). For every implementation in the model of Section G.1,

w = A+ β
ln 2 ∆Esys +D(Rfin∥γR) + I(C:B:R)fin,

where I(C:B:R) = S(C) + S(B) + S(R) − S(CBR) is the total correlation. In particular w ≥
A+ β∆Esys/ ln 2.
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Proof. Energy conservation gives ∆EC + ∆EB + ∆ER + ∆Esys = 0. For the reservoir, S(Rfin) −
S(γR) = β∆ER/ ln 2−D(Rfin∥γR). Since C, B and R start independent, A = ∆SC+∆SB+∆SR−
I(C:B:R)fin. Substituting into w = ∆SB + ∆SC − β(∆EB + ∆EC)/ ln 2 gives the identity.

This is multipartite finite-reservoir Landauer bookkeeping [38, 39]. Correlations with the ob-
server do not enter, because the identity concerns only the device. A reservoir cell that is set aside
can be kept in R and left alone, so discarding never helps. Correlations that the controller keeps
with past outputs, and catalysts it returns at the end, only add to w through the last two terms.

G.2.2 What each round must leave behind

Lemma G.8 (Causal accumulation). Suppose the error is at most ε, and the observer feeds each
round one half of a fresh purification ψρ of a full-rank state ρ, keeping all references. Then in every
round the entropy of the device rises by at least sρ,ε(Φ), so A ≥ n sρ,ε(Φ).

Proof. Let Dt be the device before round t and let Ft purify it; Ft contains the earlier references and
outputs. The fresh pair QtSt is independent of DtFt, and the round acts on StDt only, so QtFt stays
a product. After the round the global state is pure, which gives S(Dt+1) − S(Dt) = S(QtOt|Ft).
The observer’s state QtOt is within ε of χρ, so this extension is feasible in Definition G.5 and
S(QtOt|Ft) ≥ sρ,ε(Φ). Operations on the device between rounds are unitary on D and preserve its
entropy, so the increments add up.

The device’s memory may be correlated with every earlier output; the lemma allows that. What
it rules out is a memory that already knows the next input.

G.2.3 The lower bound

Each delivered output is within ε of Φ(ρ), so its energy is within ε span(H) of TrHΦ(ρ), where
span(H) is the difference between the largest and smallest eigenvalues. Combining the two lemmas
with the same input ρ,

w ≥ n
[
sρ,ε(Φ) + β

ln 2 TrH
(
Φ(ρ)− ρ

)
− βε

ln 2 span(H)
]

(G.4)

for every full-rank ρ. For a mechanical battery the actual work is kBT ln 2 (w − ∆SB) when the
controller returns, and ∆SB = o(n). Letting ε→ 0 and taking the supremum over ρ gives the lower
half of Theorem G.1. Neither time covariance nor a known horizon is used: the lower bound holds
for every channel, and for any controller, including one that carries a phase reference. Recovery
after the last output does not help either, since every reservoir cell used for it is already part of D.

G.2.4 The construction

The matching construction has three layers (Appendix G.8).
A real-time dilation. For every η > 0 there is a finite dilation of Φ, a unitary U acting on

the input and a bath in state τ , whose cost supρ[S(bath output) − S(τ) + β TrH(Φ(ρ) − ρ)/ ln 2]
is within η of κβ(Φ). This uses the pointwise smoothing identity of Lemma G.6 together with a
minimax argument; the energy term is the same for every exact dilation.

Paying for entropy and energy together. Running the dilation n times, with a fresh bath copy
each round, leaves the used baths in a state supported, up to exponentially small weight, on a
subspace whose Gibbs weight is controlled by κβ(Φ) + η bits per round. A single energy register
records the total energy exchanged with the system. A positive-operator inequality, which survives
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arbitrary correlations between the baths, the register, the references and adaptively chosen inputs,
charges entropy and energy on the same input. This plays the role of the universal conditional and
relative typical operator of Faist, Berta and Brandão, which also counts entropy against energy and
serves every input type at once [2], [3, Sec. 6]; here the universality comes instead from a single
dilation chosen by the minimax argument and one operator inequality. Time covariance is used
here: it lets an energy-conserving lift of U reproduce the whole adaptive experiment exactly.

Paying the work. An energy-conserving converter between two subspaces of given Gibbs weight
moves a battery by the logarithm of their ratio, with any sign. It is built from reservoirs with integer
degeneracies and exact energy-conserving swaps, and it preserves coherences. The device forms its
fresh baths at the start, keeps every used bath until the last output has left, and then converts the
used baths back. It never touches a delivered output. The net debit is nkBT ln 2 (κβ(Φ)+η)+o(n),
and a final swap with a thermal cell returns the controller exactly. This refund cannot recover
the correlations between the used baths and the outputs, because the outputs are gone; those
correlations are what the batch construction of [3, Sec. 7] recovers, asymptotically, by erasing the
baths with the outputs as side information.
Remark G.9 (Known horizon). The construction assumes that n is known in advance, as does the
zero-Hamiltonian purity law [26]. We expect a schedule of growing blocks to reach the same rate
without this assumption, with supplies brought in as needed and a final clean-up, but we do not
prove it here.
Remark G.10 (Batch). Faist, Berta and Brandão implement Φ⊗n with thermal operations at
work rate T (Φ) for time-covariant Φ, counting work in an information battery, and no batch
implementation does better [3, Thm. 7.1, Prop. 4.2]. In our model the batch lower bound is
w ≥ n[S(ρ)− S(Φ(ρ)) + β TrH(Φ(ρ)− ρ)/ ln 2]− εn log d− h(ε) up to the same energy correction,
by subadditivity and continuity of entropy on the n outputs.

G.2.5 Every fixed error

The lower bound (G.4) is a rate statement: it says nothing about an implementation that accepts a
fixed error ε = 0.1, say. In batch, the converse of Faist, Berta and Brandão already holds at every
fixed error below 1/2 [3, Prop. 4.2]. In real time, the following theorem covers every error below
one, provided the work is deterministic.

Theorem G.11 (Fixed-error converse). Let Φ be time-covariant and δ > 0. There are constants
a, b, c > 0, depending only on Φ, H, β and δ, with the following property. Consider any real-time
implementation whose controller and reservoirs start thermal and independent, and whose battery
starts in a pure energy eigenstate of energy Einit. Let P be a projector onto battery eigenstates
whose Gibbs weight TrPe−βHB is at most 2n(κβ(Φ)−δ)e−βEinit, and let q be the largest probability,
over observers, that the battery ends outside P ; it suffices to take the observer of Appendix G.9.
Then

1− εn ≤ q + c e−bn + 2−an.

For a battery that ends in a single eigenstate of energy Efin, the Gibbs-weight condition says
exactly that the work Einit − Efin is at most nkBT ln 2 (κβ(Φ) − δ). So with deterministic work
below the real-time rate, the error tends to one, exponentially fast if the battery never misses its
target.

The proof (Appendix G.9) tests a random fraction of the rounds with an energy-conserving
measurement, so that entropy accumulation [14] applies, and caps the probability of passing by a
smooth min-entropy bound weighted by Gibbs factors. The weighting is what makes the argument
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work at finite temperature: the reservoir’s partition function cancels exactly, whatever the size of
the reservoir.
Remark G.12 (Mean work is not enough). Deterministic work cannot be replaced by mean work.
Toss a thermal coin: with probability 1 − ε run an optimal implementation, and otherwise run a
free channel. The error is at most ε, the battery entropy at most one bit, and the mean work is
(1 − ε) times the optimum. At fixed error, mean work can therefore fall below the real-time rate
by a constant fraction.
Remark G.13 (Why the controller must start thermal). The thermal start of the controller cannot
simply be dropped. A controller that only returns approximately can carry an incoherent energy
bank whose loans depend on the branch and cancel in the mean; with it a covariant reset runs at
half the vanishing-error rate with error exactly 1/2 (Appendix H), although the battery’s debit is
the same on every branch. What decides this is how spread out the controller’s capital is, not its
size. A spread o(n/√η), where η is the controller’s return error, still forces a strong converse, but
only at the thermodynamic capacity, which can lie below κβ; a bank of spread of order n/√η can
break even that (Appendix H). Whether the converse at κβ survives a controller whose capital has
spread o(n/√η) is open.

G.3 Classical channels and reset

We first record a tool that settles the real-time entropy cost whenever the environment of a channel
determines its input. Let V : A → O ⊗ E be a Stinespring isometry of Φ and Φc(ρ) = TrO V ρV ∗

its complementary channel.

Lemma G.14 (Invertible environment). If Φc is invertible as a linear map, then sρ(Φ) = S(Φc(ρ))
for every full-rank ρ.

Proof idea. Take an exact extension σQOF , with σQO = χρ and σQF = ρT ⊗ σF . By uniqueness of
purification, σQOF = (idQO⊗Λ)(ψQOE) for a channel Λ : E → F , where ψQOE is the purification of
χρ given by V . The product condition says that Λ◦Φc sends every input to σF . Since Φc is invertible,
Λ itself is constant, so σQOF = χρ⊗σF and S(QO|F ) = S(χρ) = S(Φc(ρ)). The extension χρ⊗σF
is always feasible, so this is the exact value. For approximate extensions, Uhlmann’s theorem
and the bounded inverse give the same limit, with estimates that do not depend on the size of F
(Appendix G.12).

So when the environment determines the input, the best a real-time device can do is the plain
Stinespring dilation: keep the environment and pay its entropy.

G.3.1 Classical channels

Let Φ measure in an eigenbasis {|i⟩} of H and prepare a diagonal state,

Φ(ρ) =
∑
i,j

P (j|i)⟨i|ρ|i⟩ |j⟩⟨j|,

for a stochastic matrix P .

Proof of Theorem G.2(a). Two facts about classical channels carry the proof (Appendix G.13).
First, on a diagonal input p the real-time entropy cost equals the batch one, sp(Φ) = H(p)−H(Pp).
The device writes the output as an exact function Y = f(X,R) of the input and a finite random
seed R. It then hides the seed in a bath whose spectrum is close to log-uniform, so that the
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bath ends almost independent of the output. Second, coherent inputs do no better than their
diagonal parts: a random phase applied from a flat register removes the coherence at no cost, so
sρ(Φ) ≤ H(diag ρ) − H(P diag ρ). The energy term depends only on the populations of ρ and
Φ(ρ). Hence the supremum in (G.2) may be taken over diagonal inputs, where it coincides with the
maximum in (G.1) restricted to diagonal inputs. That is at most T (Φ), and κβ ≥ T always.

The construction keeps a record of the input and erases it against a bath, an idea that goes
back to Bennett [55]. What the proof adds is that this can be done round by round, in real time,
at the batch cost, even for a quantum device facing coherent inputs and quantum references. For
classical strategies with memory the online cost of [10] is driven by the information the memory
must carry about the past; it vanishes for a strategy without memory. Theorem G.2(a) shows that
the same holds for a channel that consumes its input, with coherent inputs, quantum references
and any Hamiltonian diagonal in the channel’s basis.

The hypothesis is needed in this form. If H is degenerate, a channel that merely commutes
with dephasing in the energy eigenspaces need not be classical. At zero Hamiltonian every channel
commutes with that dephasing, including the Werner–Holevo channel of Section G.4, whose real-
time cost exceeds its batch cost.
Remark G.15 (When the optimum is attained). At zero Hamiltonian, for unital and for deter-
ministic classical channels, including reset, the real-time entropy cost is attained by a single finite
dilation. For the binary channel that sends 1→ 0 with probability a ∈ (0, 1) and fixes 0, no finite
dilation attains it: the cost is approached only as the bath grows (Appendix G.13).

G.3.2 Reset and partial reset

Amplitude damping on a qubit with ground state |0⟩, excited state |1⟩ and gap ∆ has Kraus
operators |0⟩⟨0|+

√
1− p |1⟩⟨1| and √p |0⟩⟨1|. It moves excited population to the ground state with

probability p and damps coherence by
√

1− p. At p = 1 it is the full reset of Landauer’s principle.

Proof of Theorem G.2(b). For p > 0 the complementary channel is amplitude damping with prob-
ability 1 − p, which is invertible as a linear map. By Lemma G.14, sρ(Φ) = S(Φc(ρ)). For an
input with excited population x, the environment ends with excited population px, and coherence
only lowers its entropy, so sρ(Φ) ≤ h(px) with equality on diagonal inputs. The energy term is
−β∆px/ ln 2. Writing y = px ∈ [0, p] gives the formula for κβ. By time covariance the batch
maximum in (G.1) is also attained on a diagonal input, so

T (Φ) = max
0≤x≤1

[
h(x)− h

(
(1− p)x

)
− β∆

ln 2px
]
.

Let x∗ attain this maximum. If x∗ > 0 and 0 < p < 1, then

κβ(Φ)− T (Φ) ≥ h(px∗) + h
(
(1− p)x∗)− h(x∗) = I(O:E) > 0,

the mutual information between output and environment at the batch-optimal input, which is
positive by strict subadditivity of h. If x∗ = 0, then T (Φ) = 0 < κβ(Φ), since h(y)− β∆y/ ln 2 > 0
for small y > 0. At p = 1 the output is the pure ground state, the environment holds a copy of the
input populations, and both maxima equal maxx[h(x)− β∆x/ ln 2].

The proof shows exactly where the extra cost comes from. At the input that is optimal in
batch, the output and what the process leaves behind share I(O:E) bits of correlation. A batch
device can remove it, asymptotically, using the outputs it still holds; a real-time device has already
released them.
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Figure 4: Work per use of amplitude damping with probability p, in real time (solid) and in batch
(dashed), at three values of β∆. The curves meet only at p = 0 and at full reset, p = 1. Beyond
p = 1/(1 + eβ∆) the real-time cost equals the cost of a full reset.

The real-time formula has a striking consequence. Maximizing h(y) − β∆y/ ln 2 over all y
gives y = 1/(1 + eβ∆) and the value log2(1 + e−β∆), which is the cost of a full reset. So once
p ≥ 1/(1+eβ∆), a partial reset costs exactly as much as a full one in real time (Figure 4). In batch,
the cost of a partial reset rises smoothly to that value and reaches it only at p = 1.

A finite example. At one point the real-time cost can be met by a small explicit device. Take
p = 1/2 and β∆ = ln 2. Since p ≥ 1/(1 + eβ∆), the real-time cost is that of a full reset, log2(3/2)
bits or about 0.585 ∆ per use, and the device never has to recover anything. Before the first input
it prepares one ground-state qubit of gap ∆ per use, and in round t it applies the conserving
rotation |10⟩ 7→ (|10⟩ + |01⟩)/

√
2 to the input and the t-th prepared qubit. The preparation uses

only ordinary thermal qubits. Pool the n memory qubits, initially thermal, with R reservoir qubits
of the same gap, and let a battery qubit of gap w∆ start excited. The k-excitation shell of the
pool has dimension

(R+n
k

)
. Whenever

( R
k+w

)
≥
(R+n

k

)
, one energy-conserving permutation moves

the whole shell onto states with every memory in its ground state, the reservoir in shell k +w and
the battery lowered; the other shells are left alone. The ratio

( R
k+w

)
/
(R+n

k

)
decreases in k, so the

preparation fails exactly on an upper tail of Bin(R+n, 1/3). Because it happens before any input,
its failure probability bounds the error against every adaptive observer once, not once per round.
After the last output each memory is swapped with a fresh thermal qubit of the same gap, which
returns the controller exactly on every branch. Table 9 gives exact values for n = 100. With R = n2

and w = n log2(3/2) + O(
√

lnn) the error is at most n−2 for n ≥ 1000, by Hoeffding’s inequality.
The preparation is one large nonlocal permutation, not an efficient circuit.

A finite saving. The same example shows the batch saving at a finite size. At p = 1/2 and
β∆ = ln 2 the batch capacity is about 0.154 ∆ per use, against 0.585 ∆ in real time, but batch
constructions approach it only slowly. Fix the error at 10−8, and allow the controller to lose at
most 10−5∆ of free energy, the battery to end with at most 10−5 bits of entropy, and its mean energy
to differ from the nominal level by at most 10−5∆. Every real-time implementation of 234 uses then
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reservoir R qubits work per use error at most
2,000 2,208 118∆ 1.18∆ 0.00999

10,000 10,208 70∆ 0.70∆ 0.00548
50,000 50,208 63∆ 0.63∆ 0.00156

Table 9: Real-time amplitude damping with p = 1/2 at β∆ = ln 2, for n = 100 uses; the asymptotic
cost is 0.585∆ per use. The qubit count includes the reservoir, 100 memories, 100 fresh thermal
qubits for the final swaps, a 7-qubit round counter and the battery. The battery drops by the stated
work with probability one minus the error and is otherwise untouched. Errors are exact binomial
tails, rounded up.

has nominal work above 132.109 ∆. This is (G.4) with the estimate of Appendix G.12 at the input
with excited population 16/25, where ∥(Φc)−1∥⋄ = 3, less the three budgets. Only product inputs
are used, so the bound also holds under the batch error criterion. A batch implementation does
better. It prepares 234 pure environment qubits for 137∆ and runs the conserving partial swap of
the real-time device. Before releasing the outputs it swaps the used environment into one of 32 fresh
thermal copies, chosen by a thermal five-qubit register, and then locates it again from the outputs,
a position decoder as in [3, Sec. 7]. This purifies the register and returns 5∆, so the nominal work is
137∆− 5∆ = 132∆, with error below 8.71× 10−9. At 256 uses the same construction prepares the
environments for 150∆ and returns 11∆ from 211 positions: nominal work 139∆ against a real-time
bound of 144.53∆, a saving above 5.5∆. The saving needs the error: at zero error, the estimate
of Appendix G.12 applied to the whole block gives a batch device the same bound as real time,
as in the exact row of Theorem G.3. The reservoirs that run the preparation and the refund are
astronomically large, so this certifies that waiting saves work at a definite finite size, not that the
saving is practical.

G.4 The Werner–Holevo channel

The Werner–Holevo channel W (ρ) = (Tr(ρ) I − ρT )/2 on a qutrit is the standard example of a
unital channel that is not a mixture of unitaries [138]. It is not even factorizable [46, Ex. 3.1], so it
is not a limit of noisy operations. Its Choi state is the normalized projector onto the antisymmetric
subspace of two qutrits. The isometry

V |i⟩ = 1√
2

∑
j,k

ϵijk |j⟩|k⟩

is a Stinespring dilation in which output and environment play symmetric roles, so W is its own
complementary channel. And W is invertible, with W−1(Y ) = Tr(Y ) I − 2Y T .

Proof of Theorem G.3. Real time. By Lemma G.14, sρ(W ) = S(W (ρ)), which is at most log2 3
and equals it at ρ = I/3; so κβ(W ) = log2 3. Every exact real-time round on half of a maximally
entangled pair adds exactly log2 3 bits of entropy to the device, whatever the device did before,
and Lemma G.7 gives w ≥ n log2 3. With an information battery, a device that applies V with one
pure qutrit of the battery per round, and swaps the used qutrit into a thermal cell, attains this. At
error ε the same argument, run through the bounded inverse and continuity of conditional entropy
on the nine-dimensional system QO, gives

w ≥
n∑
t=1

[
log2 3− g9

(
min{1, 10

√
ε}
)]

+, gD(t) = 2t log2D + (1 + t)h
(
t/(1 + t)

)
,
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which is n log2 3−O(logn) at ε = n−2.
Batch. The batch rate is zero by the theorem of Faist, Berta and Brandão, since T (W ) = 0 for

a unital channel at zero Hamiltonian [3]. In the proof of their thermal-operation construction [3,
Thm. 7.1], the error at a fixed typicality tolerance δ is poly(n) e−nη/2, with an exponent η = η(δ) > 0
that tends to zero with δ (their Eqs. (7.30), (7.36) and (7.39)), and the work per copy tends to the
capacity as n→∞ and then δ → 0. At each fixed δ the error is below n−2 for all large n, so letting
δ step down to zero slowly enough, each step taken only once n exceeds the threshold for the new
value, gives work o(n) at error n−2. For exact batch implementation, the joint output-reference
state must lie in the support of the n-fold antisymmetric projector, on which the partial trace acts
as the invertible map W⊗n. The argument of Lemma G.14 then forces w ≥ n log2 3, attained by
the same pure qutrits.

No exact implementation can end with a sharp mechanical battery: each exact round triples
the rank of the device, so if the controller returns, a battery that starts pure must end with rank
at least 3n. This is why the exact entries of Theorem G.3 are stated for free energy.

The bound in the real-time part is measurable. Let δ be the average probability that the output
and the reference of a round fail a two-outcome test for the antisymmetric subspace. Any real-time
implementation, of any size and with any memory, then draws at least n[log2 3−g9(min{1, 10

√
δ})]+

bits of free energy (Appendix G.14). We return to this in Section G.7.
The zero-error obstruction of Theorem G.3 holds for every extreme channel. A channel is

extreme in the convex set of channels when the products A∗
iAj of its minimal Kraus operators are

linearly independent [40]; Werner–Holevo and amplitude damping with 0 < p < 1 are examples.

Proposition G.16 (At zero error, waiting saves nothing for extreme channels). Let Φ be extreme
with complementary channel Φc, and let

aβ(Φ) = max
ρ

[
S(Φc(ρ)) + β

ln 2 TrH
(
Φ(ρ)− ρ

)]
.

Every implementation of n uses with zero error, in batch or in real time, draws at least naβ(Φ)−o(n)
bits of free energy from its battery and controller. For extreme channels aβ(Φ) = κβ(Φ), so at zero
error a batch device pays the full real-time rate.

The proof is in Appendix G.15: extremality makes the branches of any exact implementation
orthogonal, so the device’s entropy rises by exactly the entropy of the complementary output,
whatever its initial state.

For amplitude damping at p = 1/2 and β∆ = ln 2, the asymptotic separation between 0.585 ∆
per use in real time and the batch capacity 0.154 ∆ therefore exists only because some error is
tolerated. The finite constructions of Section G.3 certify smaller savings, at their stated block sizes
and error budgets.

G.5 What is free

A thermal operation at (H,β) is a channel ρ 7→ TrB U(ρ ⊗ γB)U∗, where the bath B (not the
battery of Section G.1) is finite-dimensional with an arbitrary Hamiltonian HB, γB is its Gibbs
state at the same β, and U commutes exactly with H ⊗ I + I ⊗HB [139, 136, 137, 140, 88]. We
impose no large-bath conditions. The set is not closed [140], and by a limit of thermal operations
we mean a point of its closure. Enhanced thermal operations are the time-covariant channels that
preserve γ [141].

Which processes are free? We call a process free in batch (in real time) if its optimal batch
(real-time) work rate is zero, at vanishing error. Thermal operations, energy-conserving unitaries
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with a Gibbs bath, are the standard model of free dynamics [139, 136, 137]. They preserve the
Gibbs state and commute with time evolution [87]. Gibbs-preserving maps [139, 83, 82] are strictly
more powerful: they can even create coherence between energy levels [36]. The time-covariant ones,
called enhanced thermal operations [141], coincide with the closure of the thermal operations for
a qubit [141, 140], but not for a qutrit [141, 132]. By the theorem of Faist, Berta and Brandão,
a time-covariant process is free in batch exactly when it is an enhanced thermal operation (see
below). In real time the answer is the thermal operations.

Theorem G.17 (What is free in real time). Let Φ be any channel on a system with Hamiltonian H,
at any temperature. Then κβ(Φ) = 0 if and only if Φ lies in the closure of the thermal operations.

Lie, Son, Boes, Ng and Wilming showed that a channel that fixes the Gibbs state is a thermal
operation exactly when some dilation, with no energy conservation or thermal bath assumed, also
leaves its environment unchanged when the input is the Gibbs state; energy conservation, a thermal
bath and time covariance then follow [88, Prop. 4]. Theorem G.17 is a robust, work-cost form of
their criterion. As in their exact case, zero cost forces time covariance and only the Gibbs input
matters; here the bounds do not depend on the size of the bath, and this is what characterizes the
closure.

So the enhanced thermal operations that are not limits of thermal operations are exactly the
time-covariant processes that are free in batch but cost work in real time. This set is known to
be nonempty. At zero Hamiltonian it contains the Werner–Holevo channel, which is not factor-
izable [46, Ex. 3.1] and which Faist, Oppenheim and Renner cite as a unital map that is not a
thermal operation [36], and for an equally spaced qutrit a channel of Ding, Ding and Hu [132]. We
price both: log2 3 bits per use for the first (Theorem G.3), and an explicit positive cost, at every
gap ratio and temperature, for a family that contains the second (Proposition G.20). For that
family a single input state already separates the channel from every limit of thermal operations,
with no assumption on the bath; Ding, Ding and Hu proved this for equally spaced levels, under
assumptions on the bath and the temperature.

Batch. For time-covariant Φ the batch cost is T (Φ) = maxρ[D(Φ(ρ)∥γ) − D(ρ∥γ)], in relative-
entropy form. The value at ρ = γ is D(Φ(γ)∥γ) ≥ 0, and by monotonicity of relative entropy
every value is at most zero when Φ(γ) = γ. So T (Φ) = 0 exactly when Φ is an enhanced thermal
operation, and by the theorem of Faist, Berta and Brandão such a process can be run in batch at
vanishing work per use [3]. This is a direct consequence of their work; we record it only for contrast.
Faist, Oppenheim and Renner ask whether thermal operations aided by a time reference can do
everything Gibbs-preserving maps can [36], and Tajima and Takagi showed that for some Gibbs-
preserving maps no finite amount of coherence suffices [49]. For a device that carries its own phase
reference and must return it, a Gibbs-preserving channel is free in batch exactly when its energy
change lies in the span of the products of its Kraus operators; some non-covariant Gibbs-preserving
channels are free and others cost work (Appendix H).

Real time: thermal operations are free. Let Φ be a thermal operation with bath (HB, γB).
Its dilation is an exact extension in Definition G.5, with the bath purifier as F . Energy conservation
and the Gibbs identity give, for every input,

sρ(Φ) + β
ln 2 TrH

(
Φ(ρ)− ρ

)
≤ −D

(
Γ(ρ)

∥∥ γB) ≤ 0,

where Γ(ρ) is the bath output. So κβ(Φ) = 0. If Φ is only a limit of thermal operations Φk, the
dilation of Φk is a feasible extension for Φ at error ε once Φk is ε-close to Φ, so the same bound
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holds for sρ,ε(Φ) up to an energy correction of order βε span(H). Letting ε → 0, every limit of
thermal operations has zero real-time cost as well. Operationally this is the obvious statement that
a device using one fresh thermal bath per round runs a thermal operation in real time at no cost.

Real time: only thermal operations are free. The converse is the substance of Theorem G.17.
For baths of bounded size it follows from compactness and the exact characterization of Lie et
al. [88], but a small real-time cost may be achieved only with baths of unbounded size and arbitrarily
small eigenvalues. We prove it in four steps (Appendix G.10).

(i) Since κβ(Φ) ≥ D(Φ(γ)∥γ), zero cost forces Φ(γ) = γ. It also supplies dilations whose Gibbs
defect G = D

(
U(γ⊗ τ)U∗ ∥∥ γ⊗ω) tends to zero, where ω is the bath output on input γ. The

defect is the relative entropy between the joint output and the product of the Gibbs state
with the bath output; it vanishes exactly for the equilibrating dilations of Lie et al., up to a
unitary on the bath.

(ii) A small Gibbs defect forces time covariance. This is a robust form of Proposition 4 of [88]: the
dilation nearly commutes with (γ⊗ τ)iz, the time evolution of H+HB with HB = −β−1 ln τ ,
with a bound that involves neither the bath dimension nor its smallest eigenvalue.

(iii) A replacement theorem turns any dilation of a time-covariant channel with small defect G
into a finite thermal operation within cH,β G

1/(6 max{1,r}) in diamond norm, where r is the
number of rationally independent energy gaps of H. The new thermal operation generally
has a different bath.

(iv) Irrational energy gaps are approximated by commensurate ones with the same integer labels,
and a finite thermal lattice absorbs the difference so that the original Hamiltonian is conserved
exactly. This handles the accidental gap coincidences at which thermal operations depend
discontinuously on H [140, Sec. III]. No external phase reference is used.

As in the exact criterion of Lie et al., only the Gibbs input matters: Φ is a limit of thermal
operations exactly when Φ(γ) = γ and the real-time entropy cost at the Gibbs input vanishes. Lie
et al. also observe that an enhanced thermal operation outside the thermal operations must change
its environment even at the Gibbs input, so its environment must hold non-equilibrium free energy,
which may be depleted [88]. The real-time entropy cost sγ(Φ) is the least such change, and in real
time it is paid in work.

Two remarks on the controller. The controller acts as a catalyst that is returned only at the end
and may be correlated with past outputs; it does not enlarge the free set, because those correlations
only add to the cost in Lemma G.7 and its free energy must return up to o(n), which also excludes
the embezzlement that a catalyst returned only approximately would otherwise allow [36]. And
since the lower bound of Section G.2 holds for any controller, Theorem G.17 bears on the time-
reference question of Faist, Oppenheim and Renner [36]: a phase reference that the device must
return, up to o(n) free energy, cannot make a non-covariant Gibbs-preserving map free in real time.
A reference that is used up and paid for is not covered.

A clock that returns cannot help. If the controller returns exactly, as in our constructions of
time-covariant channels, and the battery is stationary, a non-covariant channel cannot be run at
vanishing error, whatever work is spent [12, 13]. The following proposition makes this quantitative.

Proposition G.18 (A returning clock). Suppose the controller returns exactly to αC , independent
of all other systems, and the battery is stationary. Let JΦ be the normalized Choi state of Φ and
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G = HO −HT
I , where HI = HO = H act on the input and output. Then, in real time or in batch

and whatever work is drawn, every implementation of n uses of Φ has error at least

1
4 sup

t

∥∥JΦ − e−itGJΦe
itG∥∥

1,

which is positive exactly when Φ is not time-covariant. For the Hadamard gate on a qubit with
H = E|1⟩⟨1| the error is at least 1− 2−n( n

⌊n/2⌋
)
, which tends to one.

Proof. Fix an observer whose inputs, together with the systems it keeps, are invariant under time
evolution; the initial reservoir states are invariant too, and so is the battery’s, because it is sta-
tionary. Composing every operation of the device, including its final clean-up, and tracing out
everything except the controller and a set Y of systems we keep, gives a channel Λ from C to CY
that commutes with time evolution. Exact return means Λ(α) = α⊗ρ. Write xt for a state evolved
for time t. Covariance gives Λ(αt) = αt ⊗ ρt, and since fidelity does not decrease under Λ and is
multiplicative on products, f(α, αt) ≤ f(α, αt)f(ρ, ρt). For small t the fidelity f(α, αt) is positive,
so ρt = ρ, and by the group law this holds for every t. So the final state of everything we keep is
invariant in time: a controller cannot pass on asymmetry and keep it, which is the no-broadcasting
theorem for asymmetry [12, 13].

For the first bound, let the observer send half of a maximally entangled state in the first round,
and |0⟩ in every later round, and keep the other half as a reference with Hamiltonian −HT , so that
the pair is invariant. The first output and the reference end in a state J ′ that commutes with G,
so ∥JΦ − e−itGJΦe

itG∥1 ≤ 2∥JΦ − J ′∥1 for every t, and the observer distinguishes J ′ from JΦ with
advantage 1

2∥JΦ − J ′∥1. For the Hadamard gate, send |0⟩ in every round. The outputs end in a
state that commutes with the total energy, while the ideal output |+⟩⊗n has weight 2−n(n

k

)
in the

sector with k excitations. So the real output passes the test for |+⟩⊗n with probability at most
maxk 2−n(n

k

)
, and the ideal one with probability one.

The battery must be stationary. A battery in a broad superposition of energy levels is a phase
reference of its own, and the device may spend it while the controller returns exactly. Let the
battery be a ladder with spacing E, prepared in a sine-shaped wave packet on L consecutive levels
with n + 1 empty levels on each side, and let each use apply the Hadamard gate to every pair
{|0⟩|q⟩, |1⟩|q − 1⟩} of equal total energy, and the identity on the two unpaired states at the edges.
This unitary conserves energy. Because the packet barely changes when it is shifted by one level,
each use acts as the Hadamard gate up to π/(

√
2(L+1)) in strategy distance, whatever the observer

does. With L = n3 and a trivial controller, n uses have error O(n−2), while the battery’s entropy
changes by at most log2(L + 2n + 2) = o(n). The battery’s coherence is spent, not broadcast, so
this is consistent with the no-broadcasting theorem; it shows that every initial store of asymmetry,
a coherent work store included, must be counted as part of the controller.

A clock that returns approximately. Theorem G.19 relaxes the return condition. A controller
returns approximately if, uniformly over observers, its final joint state with all other systems is
within ηn → 0 in trace distance of αC tensored with their final state, and its mean energy and its
entropy change by o(n). This is the return condition of our lower bounds, with closeness of the
joint state added. Trace-distance closeness alone would not suffice: a broad reference can hand over
energy of order n while staying close to its initial state, and would then act as a second battery.
The controller may start with any declared amount of phase reference.

Theorem G.19 (A clock that returns approximately). Let Φ be any channel. Suppose the con-
troller need only return approximately: its final joint state with everything else is close to its initial
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state tensored with the rest, and its mean energy and its entropy change by o(n). Then the optimal
real-time work per use at vanishing error is kBT ln 2κβ(Φ), with deterministic work. For a unitary
U it is exactly the largest eigenvalue of U∗HU − H, and the battery reaches its target on every
branch. If U is not time-covariant, the heat baths of any such implementation with deterministic
work must have a total energy range that grows faster than n.

Faist, Berta and Brandão leave open whether thermal operations can implement every i.i.d.
channel that is not time-covariant at its thermodynamic capacity, and expect this to need a very
large amount of coherence, as the reverse Shannon theorem needs embezzling states [2], [3, Sec. 9].
Theorem G.19 settles the real-time analogue of this question: a clock that returns approximately
runs every channel at the optimal real-time rate, and the coherence it needs is indeed large. In
batch, a clock that must return in the same sense, which rules out embezzlement, cannot always
reach the capacity: for qubit dephasing in the X basis, batch costs as much as real time, more than
the capacity, and the batch cost of every channel with a returned clock is given in Appendix H.
The coherence is invested, not consumed. The operating work is the same formula, while for a gate
the clock pays in capital [43, 44] and the baths in energy range, and the controller’s energy comes
back only on average, not branch by branch (Appendix H). Channels that are not gates can need
far less: a Gibbs-preserving qubit channel that only creates coherence runs in batch at its capacity,
zero, with a clock whose energy spreads like

√
n (Appendix H).

The lower half of Theorem G.19 is the bound of Section G.2, which uses neither time covariance
nor exact return. The construction (Appendix G.11) rests on one primitive. Let D = U∗HU −H,
w its largest eigenvalue and B = wI −D ≥ 0. A thermal qubit with a large gap M can absorb the
energy B by a rare excitation: a rotation between the payload and this qubit, by the angle whose
sine is

√
B/M , changes the payload channel by only O(∥B∥/M), yet the qubit takes up exactly the

input-dependent part of the energy change, on average. What remains is the constant w, which a
sharp battery supplies. Lifting the whole contact with a phase reference makes it conserve energy
exactly, and the reference’s energy then drifts by O(1/M) as an operator, whatever the input. For
the Hadamard gate on a qubit with H = E|1⟩⟨1|, this gives work exactly nE/

√
2, with error and

return error O(n−3). For a general channel the same primitive is applied to a dilation whose bath
carries the Hamiltonian −β−1 ln ζ, with ζ the bath state at the worst input. This turns the bath’s
entropy into energy, so one operator inequality handles the entropy and energy terms together. The
bath copies are prepared in their source state, and everything used to prepare them is returned, by
the finite-source module of Appendix F, applied with one slot.

The energy-conserving lift and the reusable reference go back to Åberg [142]. Repaying a
reference’s drift with work is due to Korzekwa, Lostaglio, Oppenheim and Jennings [143], and
forming coherent sources at their free-energy cost to [137, 143]. The rare-excitation primitive and
the work rate for every channel appear to be new. The bound on the baths’ range is an argument
of Wigner–Araki–Yanase type, of the kind that bounds the energy and coherence a reference needs
to implement a gate [43, 44]; what is new is that, with deterministic work and a controller that
returns, it falls on the heat baths. Faist, Berta and Brandão already observed that for such channels
the environment must coherently compensate the energy differences between inputs [2]; the bound
makes this quantitative.

The clock is expensive. Theorem G.19 makes the operating work the formula, but the clock is
not cheap. Unlike a circuit acting on one register, whose energy requirement need not grow with
its depth [43], n uses on fresh systems call for n times the asymmetry. In Appendix H we show
that, for a gate, its initial free energy must grow at least like n/(ε + η), where η is the return
error, a quantitative form of the trade-off between disturbing a reference and the asymmetry it can
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impart [12], that the range of its baths and the strength of their interactions must grow at least like
n/
√
ε, and that its energy comes back only on average, through a lottery of rare large transfers.

At zero Hamiltonian a thermal operation is a mixture of noisy operations, unitaries acting with
a maximally mixed bath [144]. Lie et al. note that these mixtures are the strongly factorizable
channels, and show that these are exactly the unital channels with an equilibrating dilation [88,
Eq. (14)], and their closure is the closure of the channels that factor through a finite-dimensional
algebra with a faithful trace [145, 26]. Thus at zero Hamiltonian Theorem G.17 identifies real-time
freeness with the closure of finite-dimensional factorizability, as in our earlier work [24]. The closure
is needed: a channel can be a limit of finitely factorizable channels without factoring through any
finite-dimensional algebra [113].

The gap. For a qubit, enhanced thermal operations coincide with the closure of the thermal
operations [141], [140, Thm. 10]. For a qutrit they do not, already for state transitions: exactly [141]
and approximately [132]. By Theorem G.17, the difference is exactly the set of time-covariant
processes that are free in batch but cost work in real time. At zero Hamiltonian it contains the
Werner–Holevo channel, at a cost of log2 3 bits per use. At nonzero Hamiltonian it contains the
following qutrit channels.

Proposition G.20 (A Gibbs-preserving process that is not free in real time). Let H =
diag(0, E1, E2) with 0 < E1 < E2, let λ = e−βE2, and let Φ have Kraus operators diag(

√
1− λ, 1, 0),√

λ |2⟩⟨0| and |0⟩⟨2|. Then Φ is an enhanced thermal operation, so T (Φ) = 0, but

κβ(Φ) ≥ g1 log2
1

1− g2
> 0,

where (g0, g1, g2) are the Gibbs populations. Moreover, for the input ψ0 = (|0⟩+ |1⟩)/
√

2 and every
limit of thermal operations Θ,

1
2
∥∥Θ(ψ0)− Φ(ψ0)

∥∥
1 ≥ δ(λ) = (1− λ)∆2

λ

4(1− λ)∆λ + 2λ
(
1 + 2

√
1− λ

) , ∆λ =
√

1− λ− (1− λ) > 0.

In particular Φ is at half diamond distance at least max{δ(λ), u2/(2c2)} from the closure of the
thermal operations, where u = g1g2 and c = 2 + 6u/

√
1− λ.

The channel leaves level 1 untouched, resets level 2 to the ground state, and excites the ground
state with probability λ, while keeping the coherence between levels 0 and 1 as large as positivity
allows. The proof shows that the bath must end in orthogonal states after leaving level 1 alone and
after resetting level 2. At the Gibbs input this forces correlations between bath and output worth
at least g1 log2

1
1−g2

bits.
For equally spaced levels this is the enhanced thermal operation that Ding, Ding and Hu use

(their Eq. (11) with the transition matrix of their Eq. (17)). It saturates the coherence bounds
of [141, 87]. They proved that its output on ψ0 cannot be approximated by any thermal operation
acting on that input [132], for equally spaced levels, bath degeneracies that grow with energy as
in [136], and a range of temperatures. Proposition G.20 removes all three assumptions and bounds
the trace distance explicitly. Their bound is stated for perturbations of transition probabilities, so
the two constants are not directly comparable.

The single-input bound rests on a law for thermal operations that may be of independent interest
(Lemma G.29). If a thermal operation moves the ground state to level 2 with probability T20, then
T20 ≤ λ, and the coherence it keeps between levels 0 and 1 is at most 1

2
[
1 − λ +

√
λ(λ− T20)

]
.

The reason is that the bath can give up the energy E2 only from states of total Gibbs weight at
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most λ. Moving the full probability λ to level 2 therefore forces an all-or-nothing transfer on those
states, while Φ acts as if every state of the bath contributed the same partial amplitude

√
λ. With

T20 = λ, Φ keeps the coherence
√

1− λ/2, above the bound by ∆λ/2.

G.6 Undecidability

Our last result concerns generalized dephasing channels, also called Schur multiplier channels:
Φ(ρ) = M ◦ ρ, the entrywise product with a positive semidefinite matrix M that has unit diagonal.
Theorem G.21 (Undecidability). There is a dimension d0 with the following property. For every
d ≥ d0, every Hamiltonian on Cd that is diagonal in the dephasing basis and every temperature, no
algorithm decides whether a generalized dephasing channel on Cd with cyclotomic entries is free in
real time. The set of such channels that are free is not recursively enumerable.

By Theorem G.17, free in real time means a limit of thermal operations; on these channels
the easy direction of Theorem G.17 is enough, because the other direction is supplied by the zero-
Hamiltonian closure theorem of our earlier preprint [24, Thm. 3.2(a)] (Step 1 of the proof below).
In batch the same question is trivial: a generalized dephasing channel preserves every energy
population, hence the Gibbs state, so it is always free in batch. Our earlier work showed that the
zero-Hamiltonian question is undecidable when the dimension may grow [27]; Theorem G.21 settles
the fixed-dimension question left open there.

On dephasing channels the Hamiltonian and the temperature drop out. Being free in real
time becomes a question about which Gram matrices of unitaries finite-dimensional algebras can
approximate, and that question is undecidable at a fixed size by the work of Fu, Miller and Slofstra.

Proof of Theorem G.21. Step 1: on dephasing channels, free means a limit of finitely factorizable
channels. Let Φ(ρ) = M ◦ρ be a generalized dephasing channel, and let the Hamiltonian be diagonal
in the same basis. Then Φ preserves every energy population, so the energy term vanishes and
κβ(Φ) = supρ sρ(Φ), the zero-Hamiltonian purity cost of our earlier work. That cost vanishes exactly
when Φ is a limit of channels that factor through finite-dimensional algebras with a faithful trace [24,
Thm. 3.2(a)], [26]. For dephasing channels these are the limits of channels with Mij = τ(u∗

jui) for
unitaries ui in a finite-dimensional algebra N with faithful trace τ [46, 114]. Each such channel is a
thermal operation. Write N = ⊕

kMnk
with τ = ∑

k wk trnk
(normalized traces), give the bath the

Hamiltonian HB = ⊕
k EkInk

with e−βEk = wk/nk, so that its Gibbs state is the density of τ , and
use U = ∑

i |i⟩⟨i| ⊗ ui. This U commutes with H ⊗ I + I ⊗HB, its bath starts in the Gibbs state,
and it implements Φ. (This is the dilation used for Schur multipliers in [46, 88], with the bath
Hamiltonian read off from the trace as in [88].) Conversely, every limit of thermal operations has
zero real-time cost (Section G.5). So a dephasing channel is a limit of thermal operations exactly
when it is a limit of finitely factorizable channels, at every temperature and for every Hamiltonian
diagonal in its basis. This step does not use the hard direction of Theorem G.17; the direction it
needs, from zero cost to a limit of finitely factorizable channels, is imported from [24, Thm. 3.2(a)].

Step 2: the reduction.

(a) For a recursively enumerable but not recursive set X, Fu, Miller and Slofstra give a number
N of questions, eight answers, and a computable map from n to finite lists of real tables with
cyclotomic entries: if n ∈ X none of them is a commuting-operator correlation, and if n /∈ X
one of them is an approximately quantum synchronous correlation [115, Thm. 7.2]. Exact
tests discard every table that is not a synchronous correlation (Appendix G.16).

(b) Approximately quantum synchronous correlations are exactly those realized by projections in
an ultrapower of the hyperfinite factor [116].
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(c) The construction of Musat and Rørdam turns such projections into unitaries in the same
algebra with a prescribed Gram matrix [113].

(d) The corresponding dephasing channel on Cd0 , d0 = 16N + 1 (the identity, the 8N symmetries
2pj−1 and the 8N unitaries (2pj−1+i)/

√
2), is a limit of finitely factorizable channels exactly

when its Gram matrix is a limit of finite-dimensional ones [114]. Repeating indices embeds it
in every dimension d ≥ d0.

The entries lie in cyclotomic fields: the construction of Fu, Miller and Slofstra uses sines and
cosines of rational multiples of π and finite group-algebra coefficients [115, Sec. 7, Thm. 7.2], and
the transfer to unitaries adds only i and

√
2. The field grows with n; no fixed number field is

claimed. So each channel is a finite, exact input. Appendix G.16 gives the reduction in full:
the faithful Gram transfer, the exact filters on the tables, and the padding to larger dimensions.
Program n never halts exactly when some channel in its list is free; when it halts, no channel in the
list is even factorizable. If the free channels were recursively enumerable, the non-halting programs
would be too, which is impossible.1

G.7 Discussion

Order, not speed. For protocols with a reversible quasistatic limit, the excess work due to finite
speed vanishes as the protocol is slowed. The surcharge here does not: our rates allow devices of
any size and any running time, so the gap between κβ and T survives arbitrarily slow operation. It
is a cost of order: an operation becomes more expensive, without being performed faster, because
some of its outputs must become unavailable sooner.

A laboratory test. The Werner–Holevo bound needs no knowledge of the device beyond our ac-
counting: declared reservoirs, a mechanical battery and a controller that returns. Feed each round
one half of a maximally entangled pair of qutrits, test the output and the kept half for the anti-
symmetric subspace, and record the average failure probability δ. Every real-time implementation,
of any size and with any memory, then draws at least n[log2 3 − g9(min{1, 10

√
δ})]+ bits of free

energy from its battery and controller. With a mechanical battery whose entropy does not change
and a returning controller, this free energy leaves as heat into the reservoirs (Lemma G.7). A
qutrit platform that implements the channel round by round must therefore warm its environment
by nearly kBT ln 3 per use, whereas a batch implementation need not, in principle. The correction
term is weak: the bound is informative only for δ below about 2× 10−4, and within ten percent of
log2 3 only near δ = 10−6. Sharpening it, and turning it into a protocol with confidence intervals,
is a separate task.

Processes with memory. Our results concern repeated uses of one channel. A process whose
later steps depend on earlier inputs is different: if an earlier output must leave before a later input
arrives, the device has to keep a record correlated with an output it has already released, and
erasing the part of that record that later outputs do not reveal costs work even when everything
is classical. For agents whose memory is a function of the past, this is the online cost of [10],
and the modularity dissipation of classical computation, the loss of correlations with degrees of
freedom that a local operation cannot act on, has the same form [7]; agents that extract work

1The reduction asks whether at least one channel in a finite list is free, so it is a disjunctive truth-table reduction
from the complement of the halting problem rather than a many-one reduction. The dimension d0 = 16N + 1 is not
explicit, because Fu, Miller and Slofstra do not give N explicitly.
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efficiently must balance prediction against forgetting [99]. Earlier, Still, Sivak, Bell and Crooks
showed that in a system driven by a stochastic signal the average work dissipated at each change
of the signal equals, in units of kBT , the information its memory keeps about the signal that does
not predict the signal’s next value [51]; the constraint here is different, the loss of access to outputs
at a prescribed release. Processes with several time steps that preserve thermal equilibrium have
been characterized as the causally ordered thermal ones [89]. The common principle is that the
price of real time is the correlation a device must keep with outputs it has already released. For a
repeated classical channel no such correlation is needed on inputs diagonal in its basis, and those
inputs set its optimal cost (Theorem G.2); for a quantum channel it can be forced (the term mρ);
for a process with memory the task itself forces it.

Waiting a little. For time-covariant channels, a device that may hold some outputs before
releasing them sits between the two regimes. For each fixed tolerance δ > 0 there is a constant Cδ
such that running blocks of length Cδ log(n/ε) in batch, a delay that grows with the number of
uses, comes within δ of the batch rate. In this construction, reaching the batch rate itself takes a
delay that grows faster than log(n/ε), and the exact work–latency profile, including the cost at a
fixed latency, is open (Section 5). For other channels with a returned clock, the batch endpoint is
the single-letter cost of Appendix H, which can exceed T .

Open problems. Our constructions use reservoirs of astronomical size; efficient reservoirs, and an
autonomous engine with a time-independent Hamiltonian, are open. For channels that are not time-
covariant, the batch cost with a returned clock is a single-letter quantity (Appendix H); whether
it can be reached with modest reference capital is open. The constant δ(λ) in Proposition G.20
is not optimal. Thermal operations built from partial swaps come within about 0.10λ of Φ(ψ0) at
low temperature and (1 − λ)/2 at high temperature, and numerical searches find nothing closer;
the exact distance is open. Finally, κβ is defined by an optimization whose zero set is undecidable;
computable bounds for typical channels would make the law practical.

G.8 The construction

Except in the first subsection, whose statements hold for every channel and are used again in
Appendix G.11, Φ is time-covariant. Throughout, H and β are fixed, entropies are in bits, and

eH(ρ) = β
ln 2 TrH

(
Φ(ρ)− ρ

)
= Tr ρDH , DH = β

ln 2
(
Φ∗(H)−H

)
.

An exact dilation C = (U, τ) is a finite unitary U on the system and a bath B of dimension R
in state τ , with Φ(ρ) = TrB U(ρ ⊗ τ)U∗. Let Γ(ρ) = TrS U(ρ ⊗ τ)U∗ be its bath output and
fC(ρ) = S(Γ(ρ))− S(τ).

G.8.1 One dilation for all inputs

For each full-rank ρ, the real-time entropy cost is the infimum over exact dilations,

sρ(Φ) = inf
C
fC(ρ), (G.5)

by the pointwise smoothing identity (Lemma G.6). An exact dilation is an exact extension, which
gives ≤. Conversely, an ε-feasible extension lifts to a dilation at diamond error ε/λmin(ρ) with the
same objective, and a repair that changes the objective by a quantity tending to zero, independently
of the extension’s size, makes it exact.
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Lemma G.22 (Minimax). κβ(Φ) = infC maxρ
[
fC(ρ) + eH(ρ)

]
, the infimum over finite exact dila-

tions.

Proof. Write FC = fC + eH . Each FC is continuous and concave on the state space, and a finite
convex combination ∑j pjFCj is realized by the direct sum of the Cj controlled by a flag register
in state ∑j pj |j⟩⟨j|; the flag’s entropy cancels in f . Let a = supρ infC FC(ρ), which equals κβ(Φ)
by (G.5), and fix δ > 0. Each ρ has a dilation with FC(ρ) < a + δ, which persists on an open
neighbourhood. By compactness, finitely many F1, . . . , FN satisfy minj Fj(ρ) < a + δ for every
ρ. The set {x ∈ RN : xj ≤ Fj(ρ) ∀j for some ρ} is closed, convex and closed downwards, and
excludes (a + δ, . . . , a + δ). A separating hyperplane has a normal with nonnegative coordinates,
which we normalize to weights pj ; then maxρ

∑
j pjFj(ρ) < a+δ, and the flagged direct sum realizes∑

j pjFj . Restricting to full-rank inputs changes nothing, since |fC(ρ)− S(ρ)| ≤ log d uniformly in
C, so concavity controls FC near the boundary uniformly.

Fix a dilation C with g := maxρ[fC(ρ) + eH(ρ)] ≤ κβ(Φ) + η, and write σ = S(τ) and v =
g + σ = maxρ[S(Γ(ρ)) + eH(ρ)].

G.8.2 A joint first-order inequality

Let ρ∗ maximize S(Γ(ρ)) + eH(ρ) and ζ = Γ(ρ∗). The support S of ζ contains the support of every
Γ(ρ): mixing in weight s outside S would raise the entropy by order −s log s and change everything
else by O(s). Put LB = − log2 ζ on S and 0 on S⊥. The directional derivative of the concave
maximand at ρ∗ gives Tr Γ(ρ)LB + eH(ρ) ≤ v for every ρ, that is,

Γ∗(LB) +DH ≤ v I. (G.6)

For t ≥ 0 let Ut = etβH/2Ue−tβH/2 (a similarity, not a physical operation) and

A(t) = TrB
[
(I ⊗ τ1/2)U∗

t (I ⊗ 2tLB )Ut (I ⊗ τ1/2)
]
.

Then A(0) = I, A(t) ≥ 0, and A′(0) = ln 2 Γ∗(LB) + β(Φ∗(H) −H) ≤ v ln 2 I by (G.6). Since all
dimensions are fixed, Taylor’s theorem gives C0, t0 > 0 with

A(t) ≤ q(t) I, q(t) = exp
(
t v ln 2 + C0t

2), 0 ≤ t ≤ t0. (G.7)

G.8.3 An energy register

Let the additive group generated by the energy gaps of H have rank r, with rationally independent
generators ω1, . . . , ωr, and write Ee = E∗ + ae · ω with integer vectors ae for the eigenvalues of H,
with spectral projectors Pe. On the lattice Zr let Tu|b⟩ = |b+u⟩ and HL|b⟩ = (E0 + b ·ω)|b⟩. Define

L(X) =
∑
e,f

(Pe ⊗ I)X (Pf ⊗ I)⊗ Taf −ae .

Orthogonality of the Pe and TuTv = Tu+v make L a unital ∗-homomorphism, so V = L(U) is
unitary. The term PeXPf changes the system energy by Ee−Ef and moves the lattice by af − ae,
so V conserves H +HL exactly; the bath cells have zero Hamiltonian. With Q(t) = e−tβHL/2 one
checks Q(t)V Q(t)−1 = L(Ut), and hence, averaging over a fresh bath cell,

TrB
[
(I ⊗ τ1/2)V ∗(I ⊗ 2tLB ⊗ e−tβHL

)
V (I ⊗ τ1/2)

]
= Q(t)L(A(t))Q(t) ≤ q(t) I ⊗ e−tβHL . (G.8)
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This is an operator inequality on system and lattice together, so it holds for every joint input, with
any reference attached. Only a finite box of the lattice is used: with Amax = maxe ∥ae∥∞, the box
∥b∥∞ ≤ 2(n+1)Amax contains every coordinate reachable in n rounds from b = 0, the lifted unitary
is specified exactly on reachable columns, and it is completed to a unitary separately inside each
total-energy eigenspace. The box has dimension polynomial in n. The register starts in |0⟩, a sharp
energy eigenstate of energy E0 = O(n) chosen to make all energies nonnegative, and it is counted
as part of the battery.

G.8.4 Why the register does not disturb the channel

Fourier transformation diagonalizes the lattice translations, and |0⟩ has the uniform distribution on
the torus generated by the gaps. In the fibre of a phase θ, the lifted unitary acts as DθUD

∗
θ , where

Dθ is the corresponding energy phase on the system. Tracing out the register therefore averages
the whole adaptive experiment, with every round conjugated by the same Dθ. Time covariance,
with continuity, makes Φ commute with every Dθ, so every fibre runs n ideal uses of Φ and so does
the average. This is the only place where time covariance is used.

G.8.5 The weighted projector

Run n rounds, each with the lifted unitary on a fresh cell Bi and the same register, and keep
the used cells until the end. Let Wj(t) = ∏

i≤j 2tLBi ⊗ e−tβHL . Before round j the fresh cell is
independent of everything else; the old factors are positive and act on other systems; and the
observer’s operations act on neither the cells nor the register. So (G.8) multiplies the expectation
of Wj(t) by at most q(t) per round, whatever the correlations between system, register, old cells
and references, and

Tr
[
ρfin

n∏
i=1

2tLBi e−tβ(HL−E0)
]
≤ q(t)n. (G.9)

Let P be the spectral projector, inside S⊗n, of ∑i LBi − β(HL − E0)/ ln 2 for values at most
n(v + γ). By Markov’s inequality and (G.9) with t = γ ln 2/(2C0), its rejected weight is at most
exp[−n(γ ln 2)2/(4C0)] for small γ, for every observer. For each lattice label b, P admits only bath
eigenstrings with ∏i zji ≥ 2−n(v+γ)e−β(EL(b)−E0), where zj are the eigenvalues of ζ; there are at
most 2n(v+γ)eβ(EL(b)−E0) of them. Hence P commutes with HL and

ZP := TrP e−βHL ≤ DL e
−βE0 2n(v+γ), (G.10)

where DL is the dimension of the register. Counting the rank of P instead of its Gibbs weight
would lose exactly the cancellation between entropy and energy.

G.8.6 Forming the baths

Take γ = γn = n−1/4. The controller C consists of the n bath cells, a residue register of 2rn levels
with rn = ⌈3nγn⌉+ 4, and an (n+ 1)-level clock, all with zero Hamiltonian, and starts maximally
mixed of dimension mC = (n+ 1)Rn2rn . A unitary on C maps a flat state of rank K = 2⌈n(σ+2γn)⌉

to a state whose cell marginal is within 2e−cτnγ2
n + 2−nγn of τ⊗n: assign ⌊Kpx⌋ flat labels to each

typical eigenstring x of τ⊗n, keeping distinct residue labels for its whole fibre. The flat state is
formed thermally by a standard construction. Let Wf = β−1 ln(mC/K), and take a reservoir with
levels jWf , j = 0, . . . , Lf , of integer degeneracies mj

CK
Lf −j , so that every level has the same Gibbs

weight, and a work qubit with energies 0,Wf starting excited. Swapping the equal-energy, equal-
dimension subspaces C ⊗ |1⟩ ⊗ Rj and ran(Π) ⊗ |0⟩ ⊗ Rj+1 for j < Lf is energy-conserving, and
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produces the flat state with the qubit in its ground state with probability 1− 1/(Lf + 1), without
any measurement. Every later gate on C conserves energy because HC = 0; the clock runs the
schedule, so the whole implementation is one fixed unitary.

G.8.7 Paying the work

Lemma G.23 (Gibbs-weight converter). Let X have Hamiltonian HX , let P,Q be projectors com-
muting with HX , and let w < β−1 ln(ZQ/ZP ), with ZP = TrPe−βHX . For every δ > 0 there is a
finite thermal reservoir and an energy-conserving unitary on X, the reservoir and a two-level work
register with energy gap w such that, with an input-independent probability at least 1−δ, every state
supported on P , with any reference, is sent into Q while the work register moves from its initial to
its final level. On the remaining branch, P -supported inputs are left unchanged.

Proof. Write the energies of X and the value w in an integer basis of the group they generate:
ϵ0 + a · ω and w = wv · ω. Let pa, qc be the ranks of P,Q in energy sector a, c. Give reservoir tile
j ∈ J = {∥j∥∞ ≤ L} the energy E0

R + j · ω and the integer degeneracy gj = ⌊Neβj·ω⌋, with N so
large that (1− θ)Neβj·ω ≤ gj on J , where s = β−1 ln(ZQ/ZP ) − w > 0 and θ ≤ (1− e−βs)/2. All
tiles have nearly equal Gibbs weight, so the interior G = {∥j∥∞ ≤ L−D}, D = max ∥a−wv−c∥∞,
carries probability at least 1 − δ for L large. For each total coordinate u, let Iu be the source
subspace P ⊗RG ⊗ |i⟩ with a+ j = u and Ju the target Q⊗RJ ⊗ |f⟩ with c+ k + wv = u. Then

dim Ju
dim Iu

≥ (1− θ)Neβ(u·ω−w)∑
c qce

−βc·ω

Neβu·ω∑
a pae

−βa·ω = (1− θ)eβs > 1.

Swap each Iu with an isometric image inside Ju and act as the identity elsewhere. Distinct shells
are orthogonal, so this is an energy-conserving unitary, and on the reservoir block G it moves the
whole P -subspace, coherently, into Q with the work register in |f⟩.

After the last output, apply the converter with X = C ⊗ L, HX = HL, the cut PX = P ⊗
Iresidue ⊗ Iclock and the target QX = IC ⊗ |0⟩⟨0|L, for which ZQX

= mCe
−βE0 . By (G.10) one can

extract
wn = β−1 ln mCe

−βE0

(n+ 1)2rnDL e−βE0 2n(v+γn) − sn

with any fixed slack sn > 0, and the register returns to |0⟩. Finally swap C with a fresh maximally
mixed cell of the same dimension, which returns the controller exactly and independently. On the
good branch the net work is

Wf − wn = kBT ln 2
[
n(v + γn)− ⌈n(σ + 2γn)⌉+ rn + log2(n+ 1) + log2DL

]
+ sn

= nkBT ln 2
[
g +O(n−1/4)

]
.

No delivered output is touched, and no part of the device is reset during the n rounds.

G.8.8 The battery and the error

The battery is the formation qubit, the converter’s work register and the lattice register. It starts
in one sharp energy eigenstate, its dimension is polynomial in n, and all its energies are within
O(n). On the good branch it ends in a fixed sharp eigenstate. The failure probability qn is at most
the sum of the formation failure, the typicality error, the rejected weight of P and the converter
failure; with Lf and the converter’s reservoir chosen so that the formation and converter failures
are at most n−8, qn = O(n−8). Because the energy range is O(n), the mean work differs from
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the good-branch value by O(nqn), the battery’s energy variance and entropy tend to zero, and the
battery ends nearly independent of everything else. The complete error of the experiment is at
most the formation and typicality errors, since everything after the last output acts on internal
systems. Choosing dilations with g ≤ κβ(Φ) + η and letting η → 0 slowly with n gives one family
with vanishing error and work rate κβ(Φ), which proves the upper half of Theorem G.1.

G.9 The fixed-error converse

Let T = CR be the controller together with all reservoirs, with Hamiltonian HT , initially in the
Gibbs state γT and independent of a battery B in a pure eigenvector |bi⟩ of HB with energy Ei.
For a projector PB commuting with HB write

bβ(PB) = βEi
ln 2 + log2 Tr

[
PBe

−βHB
]

= log2
TrPBe−βHB

e−βEi
,

the logarithm of the Gibbs weight of PB relative to the initial battery state. For a target eigenvector
of energy Ef , bβ = β(Ei − Ef )/ ln 2 is the work in bits. We bound the error against one observer:
it feeds every round half of a fresh purification ψρ of a fixed input ρ, keeps the references, applies
a fixed test to a random fraction of the rounds, and at the end measures the total energy of its
systems. Since this observer is not adaptive, the bound holds for the complete error.

G.9.1 An input that commutes with H, and an affine price

Let s̄ρ = sρ(Φ). By (G.5), ρ 7→ s̄ρ is an infimum of concave functions and hence concave. Time
covariance makes it invariant under ρ 7→ e−iHtρeiHt, and the energy term is invariant and affine.
Averaging over the closure of the time translations therefore does not decrease s̄ρ + eH(ρ), so for
every η > 0 there is a full-rank ρ with [ρ,H] = 0 and s̄ρ + eH(ρ) ≥ κβ(Φ)− η. Fix it.

On states ν of Y = QO with νQ = ρT , let g(ν) = inf S(QO|F ) over extensions with νQF =
ρT ⊗ σF . Mixing extensions with a flag makes g convex, and its lower semicontinuous hull at χρ is
s̄ρ. By separation there is an affine ℓ ≤ g with ℓ(χρ) ≥ s̄ρ− ζ, for any ζ > 0. Give the reference the
bookkeeping Hamiltonian −HT and set HY = −HT ⊗ I + I ⊗H; then ψρ has HY -energy zero and,
by covariance, [χρ, HY ] = 0. Averaging ℓ over the group generated by HY keeps it affine, below g
and unchanged at χρ, and makes it depend only on the pinching of ν into the eigenspaces of HY .
The device never acts on Q; the reference Hamiltonian is only used in the proof.

G.9.2 An energy-preserving test

In each eigenspace of HY , of dimension mj , take the rank-one informationally complete measure-
ment obtained by normalizing the frame {ei} ∪ {ei + ek} ∪ {ei + iek}i<k; together these give effects
Λx = |vx⟩⟨vx|, L = ∑

jm
2
j ≤ d4 of them, from whose statistics a fixed linear map recovers the

pinching of ν. Fix 0 < γ < 1/4 and let the observer apply in each round the instrument with
Kraus operators

√
1− γ IY (no test) and √γ |uj⟩⟨vx|, where uj is a fixed unit vector in the same

eigenspace as vx. Every Kraus operator commutes with HY , and the instrument has a dilation that
preserves HY exactly, with outcome registers of zero energy.

Let Ai be the round-i system Yi together with its outcome. For every state of the device before
round i, purified by a register Z that the device does not touch, the fresh input makes QiZ a
product, so S(QiOi|Z) ≥ g(νQiOi) ≥ ℓ(νQiOi). On a tested outcome Yi is pure and independent of
Z. Hence S(Ai|Z) ≥ (1− γ) ℓ(νQiOi), and since the outcome statistics q determine the pinching of
ν, the affine function f(q) = (1− γ) ℓ(pinching recovered from qx/γ) is a min-tradeoff function for
every input. No dimension of the device enters f .
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G.9.3 Entropy accumulation

Let q∗ be the ideal distribution of outcomes, fix a slack ζs > 0, put h = f(q∗) − ζs, and let G
be the event that the empirical score is at least h and at most 2γn rounds are tested. The ideal
experiment fails G with probability exponentially small in n, and

|G| ≤
∑
k≤2γn

(
n

k

)
Lk ≤ 2nθγ , θγ = h(2γ) + 2γ log2 L.

With trivial Markov conditions and side information the thermofield purifier E of γT , which nothing
touches, the entropy accumulation theorem [14] gives, whenever pG = Pr(G) > 0 and 0 < δ < 1,

Hδ
min(An|E)|G > nh− Cf

√
n [1− 2 log2(δpG)], (G.11)

with a constant Cf depending only on d, L and the gradient of f .

G.9.4 The energy cut

Let ∆E = TrH(Φ(ρ) − ρ) and u > 0. The instrument preserves HY , so in the ideal experiment
the total energy HAn = ∑

iHYi is a sum of independent bounded terms with mean n∆E, and the
projector PA onto HAn ≥ n(∆E−u) rejects with probability exponentially small in n. It is applied
only at the end, in the analysis. Let p be the probability that G, PA and the battery projector PB
all succeed in the real experiment; these projectors commute. If en bounds the ideal rejection, then

p ≥ 1− εn − en − q, (G.12)

where q is the probability, in this experiment, that the battery ends outside PB. Finitely many
small n are absorbed into the constant c.

G.9.5 A Gibbs-weighted cap

Lemma G.24. Let ωAEK be pure with (HA + HK − HE)ω = Ei ω. Suppose HA ≥ LE on the
support of ωA, ωE ≤ e−βHE/(pZE), and ωK is supported in a subspace commuting with HK of
Gibbs weight ZK . Then for 0 < s < 1

Hs
min(A|E)ω ≤ log2

eβ(Ei−LE)ZK
pZE

+ 2 log2
2

1− s.

Proof. Because the global state lies in one eigenspace of the total charge, ωAE commutes with
HA −HE , and in the block paired with K-energy k its rank is at most the dimension dk of the K-
support at that energy. Let a0 = (1−s)/(2ZK) and let Π project onto the eigenvectors of ωAE whose
eigenvalue in block k is at least a0e

−βk. The rejected trace is at most a0
∑
k dke

−βk = (1−s)/2, and
ωAE ≥ a0 e

β(HA−HE−Ei) Π, all three operators commuting. Using e−βHA ≤ e−βLE on the support
and tracing out A,

TrA Π ≤ eβ(Ei−LE)

a0
eβHE/2ωEe

βHE/2 ≤ eβ(Ei−LE)

a0pZE
IE .

Any subnormalized σAE within purified distance s of ωAE has Tr Πσ ≥ (1 − s)/2. If σAE ≤
2−h0IA ⊗ ζE for a state ζE , then

1−s
2 ≤ Tr ΠσAE ≤ 2−h0 Tr

[
(TrA Π) ζE

]
≤ 2−h0 e

β(Ei−LE)

a0pZE
.

Substituting a0 and optimizing over σAE and ζE gives the bound.

115



Apply the lemma to the normalized state after the three projections, with A = An, E the
thermofield purifier of γT (so HE = HT

T , ZE = ZT ), and K the device, the battery and the
observer’s outcome registers. Energy conservation of every gate and of the observer’s dilation gives
the charge condition. The two copies of the accepted outcome string span a space of dimension |G|
at energy zero, so ZK = ZT Tr[PBe−βHB ] |G|, and the reservoir’s partition function cancels:

H
1/2
min(An|E)proj ≤ bβ(PB)− βn(∆E−u)

ln 2 + nθγ + log2
1
p + 4. (G.13)

No bound on the size or spectrum of the reservoir is used.

G.9.6 From the event G to all three projections

Lemma G.25. Let ψAEK be pure and normalized, let F = P ⊗ PK with projectors P on A and
PK on K, let r = ∥Fψ∥2 > 0 and δ ≤ r/64. Then H

1/2
min(A|E)Fψ/√

r ≥ Hδ
min(A|E)ψ + log2 r.

Proof. Take a near-optimal smoothing σAE within purified distance δ of ψAE and, by Uhlmann’s
theorem, a pure lift ϕ with ∥ψ − ϕ∥ ≤

√
2δ. The filtered marginal σ′

0 = TrK FϕF satisfies σ′
0 ≤

PσAEP , so if σAE ≤ 2−h0IA ⊗ ζE then also σ′
0 ≤ 2−h0IA ⊗ ζE ; and Trσ′

0 ≤ r + δ. The state σ′ =
σ′

0/(r+ δ) is subnormalized and has conditional min-entropy at least h0 + log2(r+ δ) ≥ h0 + log2 r.
Its fidelity with Fψ/

√
r is at least (

√
r−
√

2δ)/
√
r + δ, so their squared purified distance is at most

4δ/r ≤ 1/16, and σ′ is an admissible smoothing at level 1/2.

G.9.7 Assembly

Combine (G.11) with δ = p/64 and pG ≥ p, Lemma G.25 with r ≥ p, and (G.13):

bβ(PB) > n
[
h+ β(∆E−u)

ln 2 − θγ
]
− Cf

√
n [13 + 4 log2(1/p)]− 2 log2

1
p − 4.

Choose η, ζ, γ, ζs, u so small that the bracket is at least κβ(Φ) − δ′/2, where δ′ is the gap of
Theorem G.11; all these choices are made before n. If bβ(PB) ≤ n(κβ(Φ)− δ′) and log2(1/p) ≤ an
with a = min{δ′/16, δ′2/(256C2

f )}, the right side exceeds the left for n large, a contradiction. So
p < 2−an, and (G.12) gives 1− εn ≤ q + en + 2−an, which is Theorem G.11.

G.9.8 Which battery contracts are enough

Remark G.26 (The battery must be counted). Sharpness of energy alone is not enough. At zero
Hamiltonian, a battery made of n pure qutrits with zero energy can be swapped into the controller
to run the exact Werner–Holevo implementation at zero energy cost. Its entropy then rises by
n log2 3. In Theorem G.11 this is paid through bβ(PB), which counts the dimension of the accepted
battery subspace; a projector of rank RB at energies at least Ei −W has bβ ≤ βW/ ln 2 + log2RB.
Remark G.27 (Mean work). For the Werner–Holevo channel at zero Hamiltonian, form the pure
bath cells with a thermal transducer that succeeds with a fixed probability p < 1 and run an
arbitrary implementation on failure. The error is at most 1 − p, the battery entropy is h(p), and
the mean work per use tends to p log2 3 < κβ. The theorem is not contradicted: the battery misses
its target with probability 1− p, and the work on the good branch is at the full rate.
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G.10 What is free in real time

For a dilation C = (U, τ) of a channel Ψ, let Ω = U(γ ⊗ τ)U∗, ω = TrS Ω, and define the Gibbs
defect

GC = S(ω)− S(τ) + β
ln 2 TrH

(
Ψ(γ)− γ

)
= fC(γ) + eΨ

H(γ).
Since S(Ω) = S(γ) + S(τ) and log2 γ = −βH/ ln 2− log2 Z, expanding the relative entropy gives

GC = D
(
Ω
∥∥ γ ⊗ ω) ≥ 0, (G.14)

with no assumption on τ . For a thermal operation, U commutes with γ ⊗ τ , so GC = 0.

G.10.1 From zero cost to dilations with vanishing defect

Since sρ(Φ) ≥ S(ρ)− S(Φ(ρ)), κβ(Φ) ≥ D(Φ(γ)∥γ); so κβ(Φ) = 0 forces Φ(γ) = γ and sγ(Φ) = 0.
Take extensions at input γ with errors εj → 0 and objectives uj → 0. Purifying such an extension
and using uniqueness of purification, as in Appendix G.8, turns it into a finite dilation Cj with
fCj (γ) = uj , whose channel Ψj is within εj/γmin of Φ in half diamond norm. Since Φ(γ) = γ, the
energy term of Ψj at γ is at most β span(H)εj/(γmin ln 2), so GCj → 0. Only the input γ is used.
This proves the single-input criterion stated after Theorem G.17.

G.10.2 A small defect forces time covariance

For states ρ, σ with eigenpairs (ri, |i⟩) and (sj , |j⟩), the distributions pij = ri|⟨i|j⟩|2 and qij =
sj |⟨i|j⟩|2 satisfy D(p∥q) = D(ρ∥σ), and Jensen’s inequality gives Tr√ρ

√
σ ≥ e−Dnat(ρ∥σ)/2, hence

∥√ρ−
√
σ∥22 ≤ Dnat(ρ∥σ). (G.15)

Add a fresh copy A of the system in state γ to the bath, let D = AB, σD = γA ⊗ τB and
W = U∗

ABUSB. The second factor acts on the bath only, so W with bath state σD implements
exactly the same channel Ψ. Applying (G.14) and (G.15) once on SB and once on AB,∥∥[W,√γ ⊗ σD]

∥∥
2 ≤ 2

√
ln 2GC . (G.16)

Replace σD by σt = (1−t)σD+tI/ dimD; this changes the channel by at most t and the commutator
by at most 2

√
2t. For η = γ ⊗ σt and real z, the elementary bound |xiz − 1| ≤ Cz|

√
x − 1|, with

Cz = max{2e1/2|z|, 2/(1− e−1/2)}, applied to matrix elements gives ∥[W,ηiz]∥2,η ≤ Cz∥[W,
√
η]∥2.

The unitary η−izWηiz implements the channel conjugated by γiz, since the bath factor disappears
under the bath trace, and comparing Stinespring vectors weighted by η gives a diamond distance
at most Cz∥[W,

√
η]∥2/

√
γmin. If GCj → 0 and Ψj → Φ, then Φ commutes with conjugation by γiz

for every z. Since γiz is e−iβzH up to a phase, Φ is time-covariant.

G.10.3 Twirling preserves the defect

Let H have r rationally independent energy gaps, with Ee = E∗ + ae ·ω for integer vectors ae, and
Dθ = ∑

e e
iae·θPe. A channel is time-covariant exactly when it commutes with every Dθ, because

Ee − Ef = Eg − Eh if and only if ae − af = ag − ah. Averaging over θ ∈ (2π/Q){0, . . . , Q − 1}r,
with Q larger than the absolute value of every coordinate of ae− af − ag + ah, implements the full
twirl exactly, and is realized by a uniform flag in the bath controlling the conjugations. At input γ
every conjugated dilation has the same bath output, the flag’s entropy cancels, and the energy of
the system is unchanged, so the defect is exactly preserved. We may therefore assume the dilations
Cj have time-covariant channels.
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G.10.4 Replacement

Theorem G.28 (Replacement). There are constants cH,β, G0 > 0, depending only on H and β,
such that every dilation C of a time-covariant channel Ψ with 0 < GC ≤ G0 admits a finite thermal
operation Θ at the same H and β with

1
2∥Ψ−Θ∥⋄ ≤ cH,β G

1/(6 max{1,r})
C .

The constant does not depend on the dimension of the original bath or on its smallest eigen-
value. Together with the two previous subsections, Theorem G.28 proves the hard direction of
Theorem G.17; the easy direction is in Section G.5. We give the proof in four steps.

Commensurate energies. Suppose first that every gap of a Hamiltonian H0 is an integer multiple
of ∆0, with Gibbs state γ0 and m0 = λmin(γ0). Choose a mesh hE dividing ∆0, put h = βhE , η =
γ0⊗σt and q = ∥[W,√η]∥22. In an eigenbasis of η with eigenvalues pa, q = ∑

ab |Wab|2(√pa−
√
pb)2.

Give each bath eigenvector the logarithmic energy ξb = − ln σt,b, pick an offset s uniformly in [0, h),
and round ξb down to the grid hZ − s. The rounded Gibbs state σ′ satisfies e−hσt ≤ σ′ ≤ ehσt.
Because the gaps of H0 are multiples of hE , the rounded total-energy blocks are exactly the bins
of − ln pa. Two logarithms fall in different bins with probability min(1, | ln(pa/pb)|/h) ≤ |

√
pa/pb−

1|/(1− e−h/2), so by Cauchy–Schwarz the expected η-weighted mass Ms of W outside the diagonal
blocks is at most √q/(1− e−h/2). Fix an offset achieving this. In each block, complete PlWPl to a
unitary by its polar decomposition; the direct sum V commutes exactly with H0 plus the rounded
bath Hamiltonian, and ∥W − V ∥22,η′ ≤ 2ehMs with η′ = γ0⊗ σ′. Since every input is dominated by
γ0/m0, the thermal channel Θ0 of (V, σ′) satisfies

1
2∥Ψ−Θ0∥⋄ ≤ t+ eh−1

2 +
[ 2eh√q
m0(1− e−h/2)

]1/2
.

No dimension or smallest eigenvalue of the bath appears.
Irrational energies. Write ω = ∆(1, v2, . . . , vr). By Dirichlet’s theorem, for each integer L there

are 1 ≤ qL ≤ Lr−1 and integers pk with |qLvk − pk| ≤ 1/L. Let ω0 = ∆(1, p2/qL, . . . , pr/qL) and
H0 = ∑

e(E∗ + ae · ω0)Pe, with mesh hE = ∆/(mqL), m = ⌈L1/3⌉. Then ∥H0 −H∥ = O(1/(LqL)),
the original integer relations between gaps are preserved, and ∥√γ0 −

√
γ∥2 = O(∥H0 −H∥). The

commutator bound (G.16) enters linearly, so√q ≤ 2
√

ln 2GC +2
√

2t+O(1/(LqL)), and with t = GC

the previous step gives 1
2∥Ψ−Θ0∥⋄ ≤ cH,β[L−1/3 +G

1/4
C Lr/2−1/3] +GC .

Removing extra coincidences. The approximation H0 may have gap coincidences that H lacks.
Twirling Θ0 over the original grading, as above, gives a thermal operation Ξ0 at H0, since each Dθ

commutes with H0; and since Ψ is covariant for H, twirling does not increase the distance to Ψ.
Conserving the original Hamiltonian exactly. Add a lattice register |ℓ⟩, ℓ ∈ [−N,N ]r, with

Hamiltonian E0
L + ℓ · (ω − ω0) in its Gibbs state. For k in the inner box [−N + A,N − A]r,

A = maxe ∥ae∥∞, the isometries Jk(|e⟩ ⊗ |b⟩) = |e, b, k− ae⟩ have orthogonal images, each reducing
H +HE +HL, with J∗

k (H +HE +HL)Jk = H0 +HE + const. So V = ⊕
k JkV0J

∗
k ⊕ I conserves the

original total Hamiltonian exactly, where V0 is the thermal unitary of Ξ0. For initial labels in the
box [−N +2A,N −2A]r, tracing out the lattice reproduces exactly the original-grading twirl of Ξ0,
which is Ξ0. The remaining labels have Gibbs probability at most 4rA/(2N + 1) + 2βN∥ω− ω0∥1.
With N ∼ L1/3 and L = ⌈G−1/(2r)

C ⌉, all terms are O(G1/(6r)
C ). For r ≤ 1, H0 = H and the lattice

is not needed, which gives the exponent 1/6. The new bath has dimension O(dRG−1/6
C ) if the

original has dimension R.
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G.10.5 The qutrit channel

Proof of Proposition G.20. Write a =
√

1− λ and (g0, g1, g2) for the Gibbs populations, so g2 =
λg0. The channel is covariant because each Kraus operator moves a definite energy, and Gibbs-
preserving because its population map fixes (g0, g1, g2). Its minimal Stinespring isometry is |0⟩ 7→
a|0⟩e0 +

√
λ|2⟩e+, |1⟩ 7→ |1⟩e0, |2⟩ 7→ |0⟩e−. Any exact dilation, with its bath state purified by

a register R that the dilation does not touch, has this form with orthonormal vectors v, z, w in
place of e0, e+, e−. Because R is untouched, the map X 7→ TrSB(·) onto R sends every X to
Tr(X) τR. Applied to X = |0⟩⟨2| it gives aTrB |v⟩⟨w| = 0, so the reduced bath states νv, νw
of v, w have fidelity ∥TrB |v⟩⟨w|∥1 = 0: they are orthogonal. At input γ, the bath output is
ω = (1− 2g2)νv + g2νz + g2νw, and the output is 1 exactly when the bath is in νv, with probability
g1. Dephasing the system in (G.14) and keeping only the output-1 term,

GC ≥ g1D(νv∥ω) ≥ g1 log2
1

TrPω ≥ g1 log2
1

1− g2
,

where P is the support projector of νv, orthogonal to νw.
For an extension at error ε, lift it to a dilation as above, with channel within ε′ = ε/gmin of

Φ. By the continuity of Stinespring dilations [146], after enlarging the bath it is within t =
√

2ε′

in operator norm of an exact dilation of Φ on the same untouched R. The argument above then
holds approximately: ∥TrB |v⟩⟨w|∥1 ≤ 2t/a, a binary test separates νv from νw up to 2t/a, and
the mutual information between the event “output 1” and that test is at least g1d2(2t/a ∥ g2(1 −
2t/a))− t log2 3−3h(t), where d2 is the binary relative entropy. This tends to g1 log2

1
1−g2

as ε→ 0,
uniformly in the bath, and so does the energy correction β span(H)ε′/ ln 2 between the defect and
the objective of the extension. Hence sγ(Φ) ≥ g1 log2

1
1−g2

, and κβ(Φ) is at least this, since the
energy term vanishes at γ. The same estimate with Pinsker’s inequality gives GC ≥ 2

ln 2 [u− c
√

2δ]2+
for every dilation at diamond distance δ from Φ, with u = g1g2 and c = 2 + 6u/a. Since thermal
operations have GC = 0, every thermal operation is at least u2/(2c2) from Φ.

G.10.6 A single input

Let Θ be a thermal operation whose bath has Hamiltonian HB = ∑
E EΠE , eigenspaces HE of

dimension dE , and Gibbs weight pE = e−βE/ZB per state, so that ∑E pEdE = 1 and pE = λpE−E2 .
Write Tji = ⟨j|Θ(|i⟩⟨i|)|j⟩. Since U conserves energy, it maps |i⟩ ⊗ HE into states of total energy
Ei + E. We use three of its blocks, all contractions: AE and BE , the blocks of U from |0⟩ ⊗ HE
to |0⟩ ⊗ HE and from |1⟩ ⊗ HE to |1⟩ ⊗ HE , and CE , the block from |0⟩ ⊗ HE to |2⟩ ⊗ HE−E2 .
Expanding the partial trace and grouping bath states by energy,

c := ⟨0|Θ(|0⟩⟨1|)|1⟩ =
∑
E

pE Tr(B∗
EAE),

T00 =
∑
E

pE∥AE∥22, T11 =
∑
E

pE∥BE∥22, T20 =
∑
E

pE∥CE∥22.
(G.17)

By time covariance, ⟨0|Θ(|i⟩⟨k|)|1⟩ = 0 unless Ek − Ei = E1, so for every input ρ supported on
levels 0 and 1 the 0–1 coherence of Θ(ρ) is c ρ01.

Lemma G.29 (Coherence and transfer). For every thermal operation, T20 ≤ λ and

|c| ≤ 1− λ+
√
λ(λ− T20).

The same holds for every limit of thermal operations.
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Proof. By von Neumann’s trace inequality and ∥BE∥ ≤ 1, |Tr(B∗
EAE)| ≤ ∥AE∥1. The columns of

U on |0⟩⊗HE are orthonormal and have components only at levels 0, 1 and 2, so A∗
EAE ≤ I−C∗

ECE .
The square root is operator monotone, hence

∥AE∥1 ≤ Tr
√
I − C∗

ECE = dE −
∑
i

f(xE,i), f(x) = 1−
√

1− x,

where the xE,i are the squared nonzero singular values of CE ; there are at most rankCE ≤ dE−E2

of them. Give each pair (E, i) the weight pE . The total weight is

W ≤
∑
E

pEdE−E2 = λ
∑
E

pE−E2dE−E2 ≤ λ,

and the weighted sum of the xE,i is T20. Since each xE,i ≤ 1, T20 ≤W ≤ λ. The function f is convex
with f(0) = 0, so Jensen’s inequality gives ∑E,i pEf(xE,i) ≥ Wf(T20/W ), and Wf(T20/W ) does
not increase with W because f(z) ≤ zf ′(z). Hence ∑E,i pEf(xE,i) ≥ λf(T20/λ) = λ−

√
λ(λ− T20).

Summing the bounds on |Tr(B∗
EAE)| over E with ∑E pEdE = 1 gives the claim. Both c and T20

are continuous functions of the channel and the bound does not depend on the bath, so it passes
to limits.

The lemma is tight. Take as bath a truncated oscillator with levels 0, E2, . . . ,KE2, one state
each. In each total-energy shell, rotate |0⟩ ⊗ |kE2⟩ into |2⟩ ⊗ |(k − 1)E2⟩ by a fixed angle with
cosine a, and leave level 1 alone. Then c = 1 − W + Wa and T20 = W (1 − a2), where W =
λ(1− λK)/(1− λK+1)→ λ, so the bound is attained in the limit K →∞ for every T20 ∈ [0, λ]. At
T20 = λ it bounds the coherence of Θ(ψ0) by (1− λ)/2. A thermal operation whose output on ψ0
has exactly the populations of Φ(ψ0) has T20 = λ: the Gibbs-preservation equations force T01 = 0
and T02 = 1, and then T20 = λ. So the lemma recovers the exact value of Ding, Ding and Hu [132]
without their assumption on the bath degeneracies.

Proof of the single-input bound in Proposition G.20. Let Θ be a limit of thermal operations, X =
Θ(ψ0)−Φ(ψ0) and ε = 1

2∥X∥1. Write s =
√

1− λ. Then Φ(ψ0) has populations
(
(1−λ)/2, 1/2, λ/2

)
and 0–1 coherence s/2, and by covariance Θ(ψ0) has populations pj = (Tj0 + Tj1)/2 and 0–1
coherence c/2. Put y = s− |c| and x = λ− T20 ≥ 0.

Step 1. Since X is traceless, ∥X∥ ≤ ε, so T00 ≤ 2p0 ≤ 1− λ+ 2ε. Pinching X onto the blocks
{0, 1} and {2} does not increase its trace norm, and a 2 × 2 Hermitian matrix has trace norm at
least twice the modulus of its off-diagonal entry. Hence

2ε ≥ |c− s|+
∣∣λ

2 − p2
∣∣ ≥ |y|+ |e|, e = 1

2(λ− T20 − T21) = 1
2(x− T21).

Step 2. By the Cauchy–Schwarz inequality in (G.17), |c|2 ≤ T00T11, and T11 ≤ 1 − T21. So
(s− y)2 ≤ (s2 + 2ε)(1− T21), which gives T21 ≤ (2ε+ 2sy)/(1− λ) if y ≥ 0 and T21 ≤ 2ε/(1− λ) if
y < 0.

Step 3. From Step 1, x = 2e + T21 ≤ 2(2ε − |y|) + T21. If y ≥ 0, then using y ≤ 2ε and
s/(1− λ) = 1/s,

x ≤ ε
(
4 + 2

1− λ
)

+ 2y
(1
s
− 1

)
≤ ε

( 2
1− λ + 4

s

)
,

and the same bound holds if y < 0. So λx ≤ kε with k = 2λ(1 + 2s)/(1− λ).
Step 4. Lemma G.29 gives

√
λx ≥ |c| − (1 − λ) = ∆λ − y ≥ ∆λ − 2ε. If 2ε < ∆λ, squaring

gives (∆λ − 2ε)2 ≤ kε, so ∆2
λ ≤ (4∆λ + k)ε and ε ≥ ∆2

λ/(4∆λ + k) = δ(λ). If 2ε ≥ ∆λ, then
ε ≥ ∆λ/2 ≥ δ(λ). The diamond-norm statement follows because 1

2∥Θ− Φ∥⋄ ≥ ε.
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The constant behaves as δ(λ) ≈ λ/32 as λ → 0 and δ(λ) ≈ (1 − λ)2/2 as λ → 1. The bound
u2/(2c2) is larger only at very high temperature, λ ≳ 0.97. For equally spaced levels, E2 = 2E1, with
βE1 = ln 2, so that λ = 1/4, the bounds read κβ(Φ) ≥ 2

7 log2
7
6 ≈ 0.064 and δ(1/4) ≈ 5.9× 10−3.

G.11 A clock that returns approximately

The lower half of Theorem G.19 is (G.4). Its proof uses a product initial state, energy conservation,
real-time release, the complete error and the return of the controller’s free energy up to o(n), all
of which hold when the controller returns approximately; it uses neither time covariance nor exact
return. This appendix gives the construction and the bound on the baths’ range.

G.11.1 The rare-excitation primitive

Let U be a unitary on the system, Q = U∗HU , D = Q−H, w = λmax(D), B = wI−D ≥ 0 and b =
∥B∥. For M > b let G be a qubit with HG = M |1⟩⟨1| in its Gibbs state γG = (1−z)|0⟩⟨0|+z|1⟩⟨1|,
z = (1 + eβM )−1. Put F = B/M , A =

√
I − F and C =

√
F ; they commute and A2 + C2 = I. In

the basis |0⟩, |1⟩ of G define the unitary

WM = (U ⊗ I)
(
A −C
C A

)
.

For either input of G the payload channel is ΦM (ρ) = U(AρA+CρC)U∗, and since ∥A− I∥ ≤ b/M
and ∥C∥2 = b/M , 1

2∥ΦM −U(·)U∗∥⋄ ≤ 3b/(2M). The excitation probability of G after the contact
is (1− z)F + z(I − F ), so

TrG γG
[
W ∗
M (H +HG)WM − (H +HG)

]
= wI +RM ,

with RM = AQA+CQC −Q− 2zB and ∥RM∥ ≤ 3∥H∥b/M + 2zb. The input-dependent part −D
of the energy change has gone into the bath as the heat effect (1− 2z)B, and what remains is the
constant w up to RM . The heat leaves a record, but a small one: purifying γG, the contact maps ψ
to UAψ⊗gz +UCψ⊗hz with orthonormal gz, hz, at squared distance at most 2b/M from Uψ⊗gz.

G.11.2 Lift and pump

Write the energies of the system and G as integer combinations ax ·ω of a basis ω of the group they
generate together with w, and let a reference P on Zr have Hamiltonian ω · J and translations Ta.
The map L(Y ) = ∑

x,y ΠxYΠy ⊗ Tay−ax is a unital ∗-homomorphism, so L(WM ) is unitary, and it
conserves the energy of system, G and reference exactly. At each use, also translate the reference’s
w-coordinate by one while a battery label moves from k to k + 1, with battery energies (n− k)w.
Because the initial state of G is diagonal, bra and ket share the label of G, and

TrG
[
(I ⊗ γ1/2

G )L(Y )(I ⊗ γ1/2
G )

]
= LS

(
TrG γGY

)
for every Y , with LS the corresponding map on the system alone. Applied to the energy, this
shows that the reference’s energy changes by −LS(RM ) per use, an operator of norm at most
∥RM∥, whatever the joint state of input and reference.
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G.11.3 The Hadamard gate

Let H = E|1⟩⟨1| and U = (X + Z)/
√

2, so w = E/
√

2 and b =
√

2E. Take m = (n + 1)4 + 2 and
M = mE. The reference has two coordinates, with energies E and w, in a finite box. It starts
in a product of sine packets, the reference states Chiribella, Yang and Renner use for the same
purpose [43], of widths L1 = (n + 1)8 and L2 = (n + 1)4, with buffers (n + 1)(m + 1) + 2 and
n + 2, so that every history, including every rare heat branch, stays inside the box. On the box
each lifted contact is completed to a square energy-conserving unitary within each energy shell. A
counter with n+ 1 states and zero Hamiltonian schedules the contacts and is returned by a known
permutation. The n qubits G are fresh, independent Gibbs stocks and are never reused.

In the Fourier representation of the reference, one common phase governs all contacts. The
purified history Ψθ satisfies ∥∂1Ψθ∥ ≤ 2n(m+1), ∥∂2

1Ψθ∥ ≤ 4n2(m+1)2 and ∥∂2Ψθ∥ ≤ n, uniformly
over observers, and the Fourier density of a sine packet of width L is even with second moment at
most π4/(4(L+ 1)2). Hence the actual global state is within

δn = π2
[n(m+ 1)
L1 + 1 + n

L2 + 1
]

= O(n−3)

of the initial packet tensored with the history at zero phase, and the controller’s joint state with
all other systems is within 2δn of the product. Evenness cancels the first-order phase effect for
the observer, and at zero phase each use applies ΦM , so the error is at most 3

2nb/M + π4n2(m +
1)2/(L1 + 1)2 = O(n−3). The controller’s energy changes by at most n∥RM∥ = o(1) in mean and
its entropy by O(n−6 logn). The battery starts at label 0 and ends at label n on every path, so the
work is exactly nE/

√
2. The retired qubits absorb a total heat between 0 and 2nw, rarely and in

large quanta.

G.11.4 Every channel

Fix an exact dilation (U, τ) of Φ with a bath of dimension R and cost g = maxρ[f(ρ) + eH(ρ)], let
ζ be the bath output at a maximizing input, and v = g + S(τ). The support of ζ contains that of
every bath output, and the tangent at the maximizer gives the operator inequality

Γ∗(− log2 ζ) +DH ≤ vI.

For δ ∈ (0, 1) put ζδ = (1− δ)ζ + δI/R and give the bath the Hamiltonian HB = −β−1 ln ζδ, whose
partition function is one. With V = (ln 2/β)v−β−1 ln(1−δ), the operator V I−[Φ∗(H)−H+Γ∗(HB)]
is positive. This turns the bath’s entropy into energy: the primitive above, applied to the contact
U on the system and a fresh bath copy, absorbs the input-dependent energy with one positive
operator, and a constant wc = V − Tr τHB is pumped per use.

The bath copies must start in τ⊗n, which need not commute with HB. Forming them, and
returning everything used to form them, is the finite-source module of Appendix F, which uses
nothing from this part, so the dependency is one-way. Its hypotheses hold here with a single slot:
the retained body is one bath copy with Hamiltonian HB, so that its faithful state is q = ζδ; there
is one source per use; the gate is the contact WM of the primitive, with U acting on the system
and the bath copy and with B = V I − [Φ∗(H) − H + Γ∗(HB)], a square unitary on systems the
device holds during the use; the lift and pump above are the module’s own whole-history phase lift
and sharp pumps, which make it conserve energy and complete it on a finite box, so the module’s
bounds also return the phase reference; and the contact, which is the use’s terminal contact, makes
the energy gained by the system, the bath copy and the heat qubit equal to wc plus a remainder of
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norm at most ∥RM∥, uniformly over observers, a remainder that vanishes as M →∞. In the bits
of this part, and since HB = −β−1 ln ζδ, it gives the nominal work per use

ln 2
β

D(τ∥ζδ) + wc + o(1) = ln 2
β

g − 1
β

ln(1− δ) + o(1).

It also gives everything else Theorem G.19 asks for: complete error o(1) with respect to n uses of
the payload channel ΦM of the primitive, which is within 3

2b/M of Φ in half diamond norm, so
the error with respect to Φ is o(1) once M ≥ n2b (unlike in Appendix F, the rotation here acts on
every use rather than on a rare branch); a joint state of the whole controller with all other physical
systems within o(1) of the product; actual changes o(1) of the controller’s mean energy and entropy;
and a battery that starts in an energy eigenstate and ends in a fixed energy eigenstate except with
vanishing probability, with entropy and mean absolute deviation from that level o(1), so that the
work is deterministic. Retired bath copies and heat qubits stay in the reservoir. Lemma G.22
and (G.5) hold for every channel, so g can be chosen within any a > 0 of κβ(Φ). Letting a, δ → 0
slowly with n gives the rate kBT ln 2κβ(Φ).

G.11.5 The range of the baths

Suppose an implementation of n uses of a unitary U has error ε. For orthogonal inputs a, b, let σa, σb
be the final states of everything except the outputs. Feeding the superposition (|0⟩a+|1⟩b)/

√
2 with

a kept qubit, and using that the ideal outputs are pure, the device’s state must nearly factor off,
which gives T (σa, σb) ≤ 2

√
2ε [146]. The argument follows Chiribella, Yang and Renner, who bound

the capacity of a battery that implements a gate in the same way [43]. Take a and b to be n-fold
products of eigenvectors of D for its largest and smallest eigenvalues. The delivered energies differ
by at least n(λmax − λmin)(D) − 2nε span(H). The work is deterministic, so the battery’s energy
changes by the same amount in both runs up to o(n), and the controller’s mean energy changes by
o(n) in both runs, so by energy conservation the mean energies of the heat baths differ by the same
amount up to o(n). For any bath Hamiltonian of total span R, |TrHbaths(σa − σb)| ≤ RT (σa, σb).
Hence

R ≥ n(λmax − λmin)(D)− 2nε span(H)− o(n)
2
√

2ε
,

which grows faster than n as ε → 0 whenever U is not time-covariant. Rare, large heat transfers
are therefore unavoidable, as in the construction.

G.12 Invertible environments

We use the continuity bound of Alicki, Fannes and Winter [131]: if two states of XY satisfy
1
2∥ρ− σ∥1 ≤ t ≤ 1, then

|S(X|Y )ρ − S(X|Y )σ| ≤ gdimX(t), gD(t) = 2t log2D + (1 + t)h
(
t/(1 + t)

)
, (G.18)

whatever the dimension of Y . We also use the stabilized norm ∥Λ∥⋄ = supk ∥Λ⊗ idk∥1→1, which is
finite for every linear map Λ between finite-dimensional matrix algebras.

Proof of Lemma G.14. Let ψQOE = (idQ⊗V )ψρ, so that χρ = ψQO and ψQE = (idQ⊗Φc)(ψρ). The
state χρ ⊗ σF is feasible for every ε and has S(QO|F ) = S(χρ) = S(Φc(ρ)), so sρ,ε(Φ) ≤ S(Φc(ρ)).

For the reverse inequality, let σQOF be feasible at error ε and purify it to |σ⟩QOFG. By the Fuchs–
van de Graaf inequality the fidelity of σQO and χρ is at least 1− ε. By Uhlmann’s theorem there is
an isometry W : E → FG, enlarging G if necessary, such that |⟨σ|(I⊗W )|ψ⟩| ≥ 1−ε; the two pure
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states are then within trace distance
√

2ε. Let Λ(X) = TrGWXW ∗ and τQOF = (idQO⊗Λ)(ψQOE).
Then 1

2∥τQOF − σQOF ∥1 ≤
√

2ε, and in particular 1
2∥τQF − ρ

T ⊗ σF ∥1 ≤
√

2ε.
Let R(X) = Tr(X)σF and ∆ = (Λ − R) ◦ Φc. Then τQF − ρT ⊗ σF = (idQ ⊗∆)(ψρ), whose

trace norm is at most 2
√

2ε. Since ∆ preserves Hermiticity, its stabilized norm is attained on pure
inputs with a reference of the same dimension [147, Thm. 3.51]. Every unit vector of Q ⊗ A has
the form (X ⊗ I)|ψρ⟩ with ∥X∥2 ≤ 1/λmin(ρ), so ∥∆∥⋄ ≤ 2

√
2ε/λmin(ρ). Since Φc is invertible,

Λ−R = ∆ ◦ (Φc)−1, and

∥τQOF − χρ ⊗ σF ∥1 = ∥(idQO ⊗ (Λ−R))(ψQOE)∥1 ≤
2
√

2εM
λmin(ρ) , M = ∥(Φc)−1∥⋄.

Hence 1
2∥σQOF − χρ ⊗ σF ∥1 ≤ t(ε) :=

√
2ε (1 +M/λmin(ρ)), and (G.18) on the system QO gives

S(QO|F )σ ≥ S(Φc(ρ))− gdQdO

(
min{1, t(ε)}

)
.

The correction does not depend on F and tends to zero with ε, which proves sρ(Φ) = S(Φc(ρ)).

G.13 Classical channels

Let Φ(ρ) = ∑
x,y P (y|x)⟨x|ρ|x⟩ |y⟩⟨y| in an eigenbasis of H. Throughout, a dilation is a finite

unitary U on the input and a bath in state τ , possibly singular, with Φ(ρ) = TrB U(ρ⊗ τ)U∗. Its
bath output on input ρ is B′, and fU (ρ) = S(B′) − S(τ). A dilation gives an exact extension in
Definition G.5, with F a purifier of τ , and its value is fU (ρ); so sρ(Φ) ≤ fU (ρ) for every dilation.
Conversely sρ(Φ) ≥ S(ρ)− S(Φ(ρ)) (Section G.1).

Lemma G.30 (Coherence is free). Let U , with bath state τ , implement Φ on diagonal inputs.
Then there is a dilation U ′ of Φ with fU ′(ρ) ≤ fU (diag ρ) for every ρ.

Proof. Add to the bath a register J in the maximally mixed state on Zd. First apply∑j Z
j⊗|j⟩⟨j|J ,

where Z = ∑
x e

2πix/d|x⟩⟨x|, then U , which does not act on J . The input marginal is now diag ρ, and
by linearity the output and the bath output B′ are those of U on diag ρ; in particular U ′ implements
Φ(diag ρ) = Φ(ρ). By subadditivity, S(J ′B′) ≤ log d+S(B′). Subtracting S(J)+S(τ) = log d+S(τ)
gives the claim.

Lemma G.31 (A nearly flat bath). Let µN (l) = 1/(l HN ) on {1, . . . , N}, with HN = ∑
l≤N 1/l.

For every probability vector w on a set of size k, list the products µN (l)ws in decreasing order as
a1 ≥ a2 ≥ · · · . Then ar ≤ µN (r) for r ≤ N , and

∑
r>N

ar ≤
1 + ln k

lnN .

Proof. The number of products exceeding 1/(rHN ) is ∑s #{l ≥ 1 : l < rws} <
∑
s rws = r, so ar ≤

1/(rHN ). The N largest products carry at least the mass of the products with l ≤ ⌊Nws⌋, of which
there are at most N . That mass is ∑swsH⌊Nws⌋/HN ≥

∑
sws ln(Nws)/HN = (lnN−He(w))/HN ,

where He is the entropy in nats; the inequality also holds for terms with Nws < 1. Since HN ≤
1 + lnN and He(w) ≤ ln k, the remaining mass is at most (1 + ln k)/HN ≤ (1 + ln k)/ lnN .

Proof of Theorem G.2(a). Diagonal inputs. Fix a full-rank probability vector p. The rows P (·|x)
have at most d(d−1) interior breakpoints between them in their cumulative distributions, so there is
a random variable R with at most d2 values, independent of X, and a function f with Y = f(X,R)
distributed exactly as P (·|X); the probabilities of R are interval lengths and may be irrational.
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For each y let Fy = f−1(y) and let wy be the conditional law of (X,R) given Y = y. The bath
holds R, a register L ∼ µN and a padding register in a fixed state. The dilation is a permutation of
classical labels that sends (x, r, l) to (y, b) with y = f(x, r) and b the rank of µN (l)wy(x, r) among
the products for that y, completed arbitrarily on labels of weight zero. It implements Φ exactly on
diagonal inputs, and Lemma G.30 turns it into a dilation. Each fibre has |Fy| ≤ d3 elements, so
by Lemma G.31 the conditional law of B′ given Y = y is within total variation (1 + 3 ln d)/ lnN of
µN , extended by zeros, for every y. Comparing the joint law of Y B′ with the product of the law
of Y and µN , and using (G.18) on Y , gives I(Y :B′) ≤ gd

(
(1 + 3 ln d)/ lnN

)
. Since a permutation

conserves entropy, fU (p) = H(p)−H(Pp)+I(Y :B′). Letting N →∞ gives sp(Φ) ≤ H(p)−H(Pp),
hence equality.

All inputs. By Lemma G.30, sρ(Φ) ≤ H(diag ρ)−H(P diag ρ). The energy term TrH(Φ(ρ)−ρ)
depends only on diag ρ, because H is diagonal and Φ(ρ) = Φ(diag ρ). So the supremum in (G.2) is
at most the maximum in (G.1) over diagonal inputs, which is at most T (Φ). Since κβ ≥ T always,
they are equal. A non-full-rank diagonal input is a limit of full-rank ones, and the batch maximand
is continuous.

The second step is needed: on a coherent input the correlation term of a classical channel can
be positive, so the proof bounds the optimized cost rather than mρ. Take complete dephasing ∆
of a qubit in the computational basis, with H = 0. Its basis outputs are pure, so every dilation
acts on the support of τ as |i⟩|v⟩ 7→ |i⟩Vi|v⟩ with isometries Vi, and on input ρ the bath ends
in ∑i ρiiViτV

∗
i , a mixture of states with the spectrum of τ . By concavity its entropy is at least

S(τ), so sρ(∆) ≥ 0, with equality for a controlled Z and a maximally mixed qubit bath. Hence
mρ(∆) = S(∆(ρ))− S(ρ), which for ρ = (I + 0.6X)/2 is 1− h(0.8) ≈ 0.278 bits, for every dilation
and not only for a poor one. At that input the batch integrand is −0.278 and the real-time integrand
is 0; both maxima are 0, attained on diagonal inputs, where mp = 0.

The device depends on the input p, through the ranking. This is unavoidable: for the binary
channel with P (1|1) = 1/2 and P (0|0) = 1, no single dilation leaves its bath nearly independent
of the output for every input. Theorem G.1 does not need such a device, because κβ is defined
input by input and the construction of Appendix G.8 combines input-dependent dilations through
a minimax argument.

Proof of the attainment remark. Here the Hamiltonian is zero, so κβ = T = maxp[H(p)−H(Pp)].
For unital P , Birkhoff’s theorem writes P as a mixture of permutations Πk, so Φ is the mixture
of the unitaries ΠkZ

j with weights λk/d. The controlled unitary with a diagonal bath carrying
these weights leaves the bath marginal unchanged, so fU = 0 = T . For deterministic P , given by a
function y = f(x), the map (x, 0) 7→ (f(x), the index of x in f−1(f(x))), preceded by the register
J of Lemma G.30, has fU ≤ log2 maxy |f−1(y)| = T .

Now let P (0|0) = 1 and P (0|1) = a ∈ (0, 1), and suppose a finite dilation U with bath spectrum
t attains T . Its cost on a diagonal input p is H(p) − H(Pp) + I(Y :B′), so attainment forces
I(Y :B′) = 0 at the batch-optimal input p∗, which has full rank. Let wx = U(|x⟩⟨x| ⊗ τ)U∗; both
have spectrum t, and they are orthogonal. Since input 0 is sent to 0, w0 = |0⟩⟨0|⊗θ0. Independence
at p∗ means p∗

0w0 + p∗
1w1 = diag(q0, q1)⊗ω with q = Pp∗. The |1⟩ block gives ⟨1|w1|1⟩ = (1− a)ω,

and the off-diagonal block gives that w1 is block diagonal, so t ⊇ (1−a) spec(ω). The |0⟩ block gives
q0 ω = p∗

0θ0 + p∗
1⟨0|w1|0⟩ with orthogonal supports, so spec(ω) ⊇ (p∗

0/q0) t. The smallest positive
element m of t then satisfies m ≤ (1− a)(p∗

0/q0)m < m, a contradiction.
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G.14 The Werner–Holevo support test

Let P− be the projector onto the antisymmetric subspace of QO, with Q and O qutrits, and V the
isometry of Section G.4, so that P− = V V ∗ and V I3V

∗/3 = P−/3 is the Choi state JW of W .

Proposition G.32. In a real-time implementation of W with Bell-pair inputs, let δt be the proba-
bility that QtOt fails the test {P−, I−P−}. Then the entropy of the device rises in round t by at least[
log2 3−g9

(
min{1, 10

√
δt}
)]

+, and the free energy drawn satisfies w ≥ n
[
log2 3−g9(min{1, 10

√
δ̄})
]
+

with δ̄ = 1
n

∑
t δt.

Proof. Let σ = σQOF be the state after round t, with F as in Lemma G.8, so that σQF = τ3 ⊗ βF
with τ3 = I3/3. Project onto P− ⊗ IF and renormalize to get σ′; the gentle-measurement lemma
gives ∥σ − σ′∥1 ≤ 2

√
δt. Since σ′ is supported on ran(V ) ⊗ F , it equals (V ⊗ I)ζ(V ∗ ⊗ I) for a

state ζ on C3 ⊗ F , and σ′
QF = (W ⊗ id)(ζ) because tracing out O after V is W . The inverse

W−1(Y ) = Tr(Y )I − 2Y T has ∥W−1∥⋄ ≤ 3 + 2 · 3 = 9, and W−1(τ3) = τ3. Applying it,

∥ζ − τ3 ⊗ βF ∥1 ≤ 9 ∥σ′
QF − τ3 ⊗ βF ∥1 ≤ 9 · 2

√
δt.

Conjugating by V , which preserves the trace norm and maps τ3⊗ βF to JW ⊗ βF , gives ∥σ− JW ⊗
βF ∥1 ≤ 20

√
δt. By (G.18) on the nine-dimensional system QO,

S(QO|F )σ ≥ S(JW )− g9(min{1, 10
√
δt}) = log2 3− g9(min{1, 10

√
δt}).

The increment is also nonnegative, since S(QO|F ) ≥ S(Q) − S(O) ≥ 0 for a maximally
mixed Q. Summing over rounds and using Lemma G.7 gives the first form. The function
δ 7→ g9(min{1, 10

√
δ}) is increasing and concave on [0, 1], so δ 7→ [log2 3 − g9(min{1, 10

√
δ})]+ is

convex and Jensen’s inequality gives the averaged form.

G.15 Zero error and extreme channels

Proof of Proposition G.16. Let the device start in τD = ∑
a λa|a⟩⟨a|, independent of the inputs,

and let it implement Φ⊗n exactly. Each |a⟩ gives an isometric dilation Ua of a channel Φa with∑
a λaΦa = Φ⊗n; since Φ⊗n is extreme, Φa = Φ⊗n for every a. By uniqueness of the minimal dilation

V , Ua = (I⊗Ta)V for isometries Ta, and unitarity gives U∗
aUb = δabI, that is V ∗(I⊗T ∗

aTb)V = δabI.
Extremality makes X 7→ V ∗(I ⊗X)V injective, so T ∗

aTb = δabI. The final device state is therefore
the orthogonal sum ∑

a λaTaΦc⊗n(ρ)T ∗
a , and its entropy rises by exactly S(Φc⊗n(ρ)) on every input.

Lemma G.7 then gives w ≥ A+ β∆Esys/ ln 2 = n
[
S(Φc(ρ)) + β

ln 2 TrH(Φ(ρ)− ρ)
]

on ρ⊗n, with no
error term; the o(n) enters only when w is converted into mechanical work, using that the battery’s
entropy changes by o(n) and that the controller returns. Entropy is subadditive, so entangled
inputs give no more, and the bound is naβ(Φ).

It remains to show sρ(Φ) = S(Φc(ρ)) for full-rank ρ; the minimal dilation gives ≤. Let σQOF
be feasible in Definition G.5 at error ε. A rank-one measurement on F leaves Q in ρT , so it splits
σQO into states (id ⊗ Φk)(ψρ) of channels Φk whose average is within Oρ(ε) of Φ. Because Φ is
extreme, the point mass at Φ is the only probability measure on channels with barycentre Φ, and
compactness gives ∑k qk∥Φk − Φ∥⋄ ≤ gρ(ε) → 0 uniformly over all such splittings. Expanding
σQOF −σQO⊗σF in an orthonormal operator basis of QO bounds its trace norm by 2d5(gρ(ε) + ε),
whatever the size of F , and the Alicki–Fannes–Winter inequality [131], whose error depends only
on dimQO = d2, gives S(QO|F )σ ≥ S(χρ)− fd(ε) with fd(ε)→ 0. Since S(χρ) = S(Φc(ρ)), we get
sρ(Φ) = S(Φc(ρ)), and hence aβ(Φ) = κβ(Φ). The modulus fd is steep, so finite-size statements at
small error must carry it.
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G.16 Exact inputs and the fixed-dimension reduction

This appendix proves Theorem G.21 in full. We fix exact encodings of the inputs, state the results
we use, prove a transfer lemma from correlations to Gram matrices of unitaries, and assemble the
reduction. Every test is exact; no step uses numerical approximation. Let

K0 =
⋃
ℓ≥1

Q(ζℓ), K = K0 ∩ R.

Elements have finite exact encodings, for example rational polynomials modulo a cyclotomic poly-
nomial, with ζℓ = e2πi/ℓ. Bring any finite collection to one common field using the least common
multiple of root orders. Equality, conjugation, field arithmetic and signs of real algebraic expres-
sions are decidable; isolating-real-root algorithms give the signs. Gaussian elimination gives exact
ranks, and a Hermitian matrix is PSD exactly when all its principal minors, which are real, are
nonnegative. These tests are necessary conditions only; they do not decide membership in a closure.

Notation. For N questions and eight answers, Csqc and Csqa are the synchronous correlations of
commuting-operator and approximately quantum type. Gmatr(m) is the set of m×m Gram matrices
[τ(u∗

jui)] of unitaries in full matrix algebras with normalized trace. FMmatr(d) and FMfin(d) are the
unital Schur channels on Md that factor through full matrix algebras and through finite-dimensional
algebras with a faithful trace; Kd is the closure of either set. R is the hyperfinite II1 factor and Rω
its ultrapower, not the reservoir of Section G.1.

Results we use. Fu, Miller and Slofstra [115], in the opening paragraph of their Section 7, replace
the earlier field of all real algebraic numbers by K = K0 ∩ R. Their Theorem 7.2 gives, for any
recursively enumerable set X, a fixed N and computable finite lists Fn ⊂ KN2×82 such that n ∈ X
gives no Cqc member and n /∈ X gives a Cqa member; the construction is synchronous. Section
6, equation (2), uses rational coefficients and sines/cosines of integer multiples of π/p. Section
7’s σ(x, a) are finite products of those projections and rational group-algebra expressions; Cf =
f(σ(x, a)σ(y, b)) uses finite coefficient sums with f valued in {0, 1}. Thus each list is computably
cyclotomic, not merely algebraic. Indeed sine/cosine coefficients lie in Q(ζ4p), and adding the
transfer’s i and

√
2 stays in Q(ζ8p). Root orders and degrees grow with n; no one fixed number

field is claimed. The choice of a suitable primitive root and the resulting N is existential, so the
theorem does not yield a numerical dimension here.

Kim, Paulsen and Schafhauser [116, Thm. 3.6] identify synchronous Cqa with limits of
finite-dimensional synchronous tracial projection correlations and with projection correlations
in Rω. Musat and Rørdam [113, Prop. 3.2] supply the projection-to-unitary trick. Musat [114,
Prop. 3.9(iii)] identifies a Schur channel in the closure of matrix-factorizable channels exactly with
its matrix in Gmatr. For completeness we prove the transfer.

Lemma G.33 (Formal faithful Gram transfer). Let P (a, b|x, y) be a real synchronous normalized
table with N questions and eight answers, with consistent marginals. Enumerate m = 8N symbols
pj = px,a. Put

Mjk = P (a, b|x, y), qj = P (a, a|x, x), A =
(

1 qT

q M

)
.

Define the formal vectors

u0 = 1, uj = 2pj − 1, um+j = (uj + i1)/
√

2 (1 ≤ j ≤ m),
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and let CP be their formal Gram [τ(u∗
jui)], computed from A (i, j = 0, . . . , 2m; by traciality this

equals [τ(uiu∗
j )], the convention of [114]). For tables that pass the exact consistency and PSD filters,

P ∈ Csqa ⇐⇒ CP ∈ Gmatr(2m+ 1). (G.19)

If CP is a unitary Gram in any faithful finite tracial von Neumann algebra, then P ∈ Csqc.

Proof. All entries of CP are affine expressions in P with coefficients in Q(i,
√

2); it is computed
by the coefficient matrix acting on A. A tracial PVM representation of P makes the displayed uj
actual unitaries and gives this Gram. By the theorem of Kim, Paulsen and Schafhauser, if P ∈ Csqa,
finite-dimensional synchronous PVM correlations approach it. The same formulas give approaching
unitary Grams. If their traces use finite direct sums, approximate the weights by rational weights
and duplicate blocks, giving full matrix normalized traces with arbitrarily small moment error.
This proves the forward implication.

For the converse first work in an arbitrary faithful finite tracial algebra realizing CP by unitaries
vi. Replace all of them by v∗

0vi so v0 = 1, without changing any Gram entry. The formal relation

um+j − (uj + iu0)/
√

2 = 0

is a null vector of the Gram. Its corresponding actual L2(τ) norm is zero, and faithfulness implies
vm+j = (vj + i1)/

√
2. Since both are unitary,

1 = v∗
m+jvm+j = I + i

2(v∗
j − vj),

so vj = v∗
j and rj = (vj + I)/2 is a projection. Expanding the known Gram gives τ(rj) = qj

and τ(rkrj) = Mjk. For each fixed question, synchronicity gives τ(rx,brx,a) = 0 for a ̸= b. But
∥rx,brx,a∥22 = τ(rx,arx,b) = 0, so these projections are orthogonal. Their sum is a projection of trace∑
a qx,a = 1, hence equals I by faithfulness. They are PVMs with correlations P .

Such a tracial PVM representation yields a commuting correlation: in L2(A, τ), left multiplica-
tion by rx,a and right multiplication by ry,b commute and, on vector 1, have correlation τ(rx,ary,b).
This proves the last assertion.

If CP is a limit of full matrix unitary Grams, take the tracial ultraproduct of their matrix
algebras. The coordinatewise unitaries have exact Gram CP in the faithful ultraproduct trace.
Each matrix embeds trace-preservingly into the hyperfinite factor R; these embeddings induce an
embedding of the ultraproduct into Rω. The preceding null-vector argument gives exact PVMs in
Rω realizing P . That theorem therefore gives P ∈ Csqa. This proves the reverse implication.

Theorem G.34 (Fixed dimension, finite-list non-enumerability). Fix an RE-complete set X, and
let N be as in [115, Thm. 7.2]. Set d0 = 16N + 1. For every d ≥ d0 there is a total computable
map n 7→ Ln to a finite list of unital Schur channels on Md with exact entries in K0 such that

n /∈ X ⇐⇒ some Σ ∈ Ln lies in Kd,
n ∈ X =⇒ no Σ ∈ Ln is factorizable,

where Kd = FMmatr(d) = FMfin(d). Membership in Kd on these exact Schur inputs is not recursively
enumerable, and hence undecidable. The reduction is a disjunctive truth-table reduction, and d0
exists but is not given numerically.

Proof. Compute Fn. For each table make exact tests of realness, nonnegativity, normalization,
synchronicity, marginal consistency, the required symmetry ofM , PSD of A, and PSD/unit diagonal
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of CP . Discard any failure. Every Cqa table passes these necessary conditions, so no positive-side
witness is lost; all the tests use exact arithmetic.

For each surviving table output ΣCP
(Eij) = (CP )ijEij . PSD and unit diagonal prove complete

positivity, trace preservation and unitality. The size is 2(8N) + 1 = d0. The entries stay in K0
because the formal transfer only adds i and

√
2. If n /∈ X, some table of Fn is synchronous Cqa;

Lemma G.33 and [114, Prop. 3.9(iii)] put its channel in Kd0 . If n ∈ X, none of the input tables
is Cqc. Any factorizable output Schur channel would, by the unitary-Gram characterization [114,
Prop. 3.9(i)], give a Gram in a faithful finite tracial algebra; the final assertion of Lemma G.33
would put its table in Cqc, contradiction. This is stronger than merely lying outside Kd0 .

For d > d0 choose a surjection f : {1, . . . , d} → {1, . . . , d0} equal to the identity on the first
d0 indices, and put C ′

ij = Cf(i),f(j). Duplicating Gram vectors proves PSD and unit diagonal.
A unitary representation or an approximating sequence extends by duplicating the corresponding
unitaries; conversely, restricting to the first d0 indices recovers the old Gram. The closure and
factorizability predicates are therefore both preserved in every larger dimension. All padded entries
remain exact cyclotomic.

If Kd membership were RE on these exact inputs, enumerate accepted channels and dovetail
the enumerator on the finite computed list Ln. Accept n as soon as any member is accepted. This
would enumerate N \X, contradicting the RE-completeness and nonrecursiveness of X. An empty
list simply never accepts. If a decider existed, evaluate all finitely many members and OR the
answers, deciding N \X. This is a finite disjunction of nonadaptive membership queries.

From factorizability to work. For a Schur channel and diagonal H, every input population
and its mean energy are preserved, so the energy term of the real-time functional is zero for every
input. So κβ is the zero-Hamiltonian purity cost, and by the zero-Hamiltonian closure theorem
of [24, Thm. 3.2(a)] and [26] it vanishes exactly when the channel belongs to Kd. As in Step 1 of
Section G.6, the hard direction of Theorem G.17 is not used, and nothing here comes from [115].
Its easy thermal realization can be checked directly: if A = ⊕

kMnk
and τ = ∑

k wk trnk
, choose

e−βEk = wk/nk, HB =
⊕
k

EkInk
, U =

∑
i

|i⟩⟨i| ⊗ ui.

Then the bath partition function is one, its block density is wkI/nk, and U commutes with diagonal
payload H and the block-scalar HB. It gives the prescribed Schur multiplier exactly; blocks of zero
weight are removed, and with unnormalized traces the factor nk must be kept. Limits stay free,
and zero cost forces membership in Kd, by the zero-Hamiltonian closure theorem [24, Thm. 3.2(a)]
(the first direction also [26, Sec. 8]). Together with Theorem G.34, this proves Theorem G.21 for
every fixed diagonal H and every β > 0.

Scope. The dimension d0 is not computed, and the cyclotomic fields grow with n. The reduction
is a disjunctive truth-table reduction, not a many-one reduction, and it gives no uniform distance
from Kd on the hard side, where the channels are not factorizable. It covers neither rational inputs
nor devices with a fixed delay. Exact membership in Kd is in Π0

2: for every precision there exists
a matrix size and unitary tuple achieving it, and each fixed-size semialgebraic feasibility predicate
over exact algebraic coefficients is decidable. This does not imply RE or decidability.
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H Batch with a returned clock
This part proves Theorem 4.3 and the rows of Table 4 that concern a returned clock: the batch
law B(Φ), its dual form and construction, the size of the clock, the lottery of its energy, a process
and its time reverse, the noise horizon, and the controller that returns only in state.

H.1 Setting

We use the model of Appendix G. There κβ(Φ) denotes the optimal real-time work rate, in bits;
its general formula is not needed here, and for a unitary U it equals βλmax(U∗HU −H)/ ln 2. A
device consists of a controller C, a battery B and Gibbs reservoirs, all declared in advance; every
operation is a unitary that conserves the total energy of the systems it acts on, and there is no
external coherence. The controller holds all hardware, including the clock. The battery is stationary
if it starts in a state that commutes with its Hamiltonian, as an energy eigenstate does. Throughout
this part the battery is stationary, so that every phase reference the device holds is in its controller:
a battery in a broad superposition of energy levels would itself be a clock, which the device could
spend without returning it (Appendix G). Errors lie in [0, 1]: the error ε is the complete strategy
distance to n ideal uses, the largest half trace distance over adaptive observers who keep quantum
references; in batch it is the half diamond distance 1

2∥Φ̃n −Φ⊗n∥⋄ of the implemented channel Φ̃n,
with U⊗n for a gate. Work is the mean energy the battery loses. It is deterministic, as in Section 2,
when the battery starts in an energy eigenstate, ends in a fixed eigenstate with probability tending
to one, and its mean absolute deviation from that eigenvalue is o(n). The last clause matters when
the controller returns only approximately. Without it, a broad reference could lend the device
its energy and be refilled from the battery in one rare, large event, leaving the battery’s typical
endpoint untouched. The constructions that attain the rates of this part meet this condition; where
they convert purity into work with the protocols of [136], the battery misses its endpoint only with
vanishing probability, and then by at most the O(n) work converted. Some lower bounds need only
the weaker, signed condition that the battery’s mean energy differ from that eigenvalue by o(n):
Theorem H.7, Proposition H.19 and Corollary H.17 state their converses under it, which makes
those converses stronger and leaves the contract unchanged. The two conditions are not equivalent:
excursions of ±n2 from the endpoint, each with probability 1/(2n), leave the signed deviation at
zero and make the absolute one n. Theorem H.1(b) is recalled from Appendix G, and Table 3 gives
the battery condition of its real-time constructions.

A controller returns approximately if, uniformly over observers, its final joint state with all
other systems is within η → 0 in trace distance of αC tensored with their final state, and its
mean energy and its entropy change by o(n). Trace-distance closeness alone would not suffice.
As Faist, Oppenheim and Renner warned, a catalyst returned only approximately can embezzle
work [36]: here a broad reference could hand over energy of order n while staying close to its
initial state, and would then act as a second battery. Section H.7 gives the exact free-energy
ledger of such a controller. The controller may start with any declared amount of phase reference.
Entropies are in nats when they appear as kBT S and in bits when they appear as kBT ln 2S. Write
D = U∗HU −H, span(X) for the difference between the largest and smallest eigenvalues of X, and
g for the spread of the diagonal of D in an energy eigenbasis. If U does not commute with H, then
g > 0 (Appendix H.8). The thermodynamic capacity T (Φ) is an energy here; it equals kBT ln 2
times the capacity in bits used in Section 3 and Appendix G. The batch cost B(Φ) is also an energy,
and βB(Φ)/ ln 2 is its rate in bits. Time evolutions are written with ℏ = 1; the interaction strength
of Proposition H.2 restores it. Table 10 lists the conditions that each group of results uses.
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Results Controller
starts

Controller returns Battery Error and conclusion

Batch law
(Theorems H.6
and H.7,
Proposi-
tion H.5)

in any
declared state;
its free energy
is invested
capital

the whole
controller, jointly
with everything
else, with actual
energy and entropy
changes o(n)

starts in an energy
eigenstate; ends
with entropy and
mean absolute
energy deviation
from its nominal
endpoint o(n); the
converse needs only
a signed mean
deviation o(n)

error tending to zero
against entangled
inputs; optimal work
B(Φ) per use, the
capacity when D lies
in the span of the
A∗

iAj

Clock spread
(Proposi-
tions H.4, H.8
and H.9)

in any state;
the spread sn

of its capital is
what is
bounded

not required at
fixed error; for
vanishing error,
independent of
everything else
within ηn,
uniformly over
inputs

starts in a state
commuting with its
Hamiltonian; any
work, or work
below the capacity
in Proposition H.4

below the spreads of
Table 11, error
tending to one

Gate resources
(Proposi-
tions H.2
and H.3)

in any state approximately,
within η, for the
capital and bath
bounds; the lottery
needs no return,
and its variance
bound only a mean
refund

sharp for the
capital and bath
bounds; in the
lottery every system
but the controller
starts stationary

error ε; capital of
order n/(ε+ η), bath
range and interaction
strength of order
n/
√
ε, controller

energy moving by
order n

Free-energy
ledger (Corol-
lary H.17)

in any
declared state

no condition for (a);
for (b), its own
state within ηn of
αC on every input,
with no refund of
energy or entropy;
in (c), jointly
within ηn + o(1),
entropy refunded,
energy not

as for the batch law error tending to zero;
battery and controller
together supply at
least nB(Φ)− o(n) on
the most demanding
input

Table 10: The contracts of the four groups of results; all hold in batch as well as in real time,
except the batch law and the free-energy ledger, which are batch statements. Every error is a
complete strategy distance, a half diamond distance in batch, against observers that keep quantum
references. Startup capital is declared and is not part of the work. Constructions are built for a
known number n of uses, and each channel has the same Hamiltonian at input and output.
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H.2 The dichotomy

Theorem H.1 (Exact and approximate return (Appendix G); (a) after [12, 13]). (a) If the
controller returns exactly and the battery is stationary, every implementation of a channel Φ
has error at least 1

4 supt ∥JΦ − e−itGJΦe
itG∥1, with JΦ the Choi state and G = HO −HT

I ; this
is positive exactly when Φ is not time-covariant.

(b) If the controller returns approximately, the optimal real-time work per use at vanishing error
is kBT ln 2κβ(Φ) for every channel Φ. For a unitary it is exactly λmax(D), with the battery
reaching its target on every branch.

The construction behind (b) rests on one primitive. With w = λmax(D) and B = wI−D ≥ 0, a
thermal qubit with a large gap M absorbs the input-dependent energy −D by a rare excitation: a
rotation between payload and qubit by the angle whose sine is

√
B/M changes the payload channel

by only O(∥B∥/M), yet takes up the energy B on average. The constant w is supplied by a sharp
battery, and lifting the whole contact with a phase reference, as in the construction of Chiribella,
Yang and Renner [43] after Åberg [142], makes it conserve energy exactly. For the Hadamard gate,
a reference of two sine-shaped packets, the reference state of [43], with widths (n+ 1)8 and (n+ 1)4

gives work exactly nE/
√

2 with errors O(n−3); the rest of this part shows that such large resources
are not an accident of the construction.

H.3 What the clock costs

The operating work is the formula of Theorem H.1, but the clock and the baths are not cheap.

Proposition H.2 (What the clock costs). Let U be a unitary that does not commute with H, let
D = U∗HU−H, and let g > 0 be the spread of the diagonal of D in an energy eigenbasis. Consider
any implementation of n uses whose controller returns approximately, with error ε and return error
η, ε+ η ≤ 1/16, Gibbs reservoirs and a sharp battery.

(a) Capital. For all large n, the controller’s initial free energy above its Gibbs state satisfies

β−1D(αC∥γC) ≥ g n

2048(ε+ η) −
ln 2
β

;

for the Hadamard gate, nE/(256(ε+ η))− ln 2/β for every n.

(b) Baths. On the two products of extreme eigenvectors of D, the laws of the heat Q absorbed
by the baths are within 2

√
2ε in total variation, while their means differ by Ln = n(λmax −

λmin)(D) − 2nε span(H) − o(n). So the baths’ total energy range is at least Ln/(2
√

2ε). If
every interaction that changes the baths’ energy acts on cells of total energy span at most q0,
there are at least Ln/(4q0

√
2ε) such interactions, and, if ε ≤ 1/(8e2), their integrated strength

An =
∫ ∑

l ∥hl(t)∥ dt/ℏ satisfies

An ≥
Ln/(8q0

√
2ε)− ln

(
1/(2
√

2ε)
)

2(
√
e− 1) ,

which grows like n/
√
ε.

Both parts hold for batch implementations too.
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The ideas are simple (Appendix H.8). For (a), an observer feeds K uses half of a GHZ state
whose partner carries compensating energy, so that everything except the controller starts station-
ary. The ideal outputs then carry coherence 1/2 at frequency KE, and only the controller can
supply it. As in the argument of Chiribella, Yang and Renner [43], a clock that returns approx-
imately can be reused, here for about 1/(8(ε + η)) blocks of n uses, so K grows as n/(ε + η).
For (b), accuracy forces the baths’ final state to be nearly independent of the input, while energy
conservation forces their mean heat to depend on it. A bounded-span interaction of total strength
A gives the heat exponential tails of scale A, which forces A to be large.

The capital bound is nearly tight at slowly vanishing error. For the Hadamard gate there are
implementations with work exactly nE/

√
2, errors O(1/ logn) and capital O(E n log2 n/ log logn),

and the rare high-energy qubits can be replaced by blocks of ordinary qubits of gap E, flipped
together (Appendix H.8). Errors alone force capital of order n/

√
ε, by the energy, coherence and

free-energy cost laws of Chiribella, Yang and Renner, of Tajima, Shiraishi and Saito, and of Tajima,
Yamaguchi, Takagi and Kuramochi [43, 44, 148], applied to n uses. Chiribella, Yang and Renner
show that for a fixed register a battery recycled through a circuit needs energy independent of the
number of gates; here each use acts on a fresh input, so the register, and with it the capital, grows
with n. In (a) the return error enters linearly because a clock that returns can be reused; in our
constructions η is of order

√
ε, and the two scalings agree. In real time, asymmetry is paid in

invested free energy, which comes back, in the range of the baths and in interaction effort, never in
operating work; in batch, Section H.5 shows that it can also cost operating work.

H.4 The clock’s energy is a lottery

In the construction of Appendix G, for any input other than the top eigenvector of D, the controller
typically ends with energy higher by order n; rare branches in which a high-gap thermal qubit
absorbs a large quantum balance this on average. This is not an accident of the construction.

Proposition H.3 (The clock’s energy is a lottery). Let U be a unitary that is not time-covariant,
let di = ⟨i|(U∗HU −H)|i⟩ in an energy eigenbasis of H, and let g = maxi di −mini di; then g > 0.
Take any energy-conserving implementation of n uses of U with error ε in which every system
other than the controller starts in a state that commutes with its Hamiltonian. Feed |i⟩⊗n, with i
maximizing or minimizing di, and let q be the energy gained by the controller, read off from energy
measurements of everything else at the start and at the end. Let pmax and pmin be the probabilities
that |q| > an on the two feeds. Then for every 0 < a < g/2,

pmax + pmin ≥ 1− 2
√

2ε− 2ε− 4e−n(g−2a)2/(2 span(H)2).

If in addition the controller’s mean energy changes by at most u on both feeds, then on one of them
the standard deviation of q is at least(

ng − 2nε span(H)− 2u
)√

1− 16ε
8
√
ε

−
(√n

2 +
√
ε n
)
span(H).

The measurement that defines q never touches the controller. Everything else starts in a station-
ary state, so measuring its energy first changes nothing. Each outcome then shifts the controller’s
energy by exactly q, whatever its coherence, and the first two moments of q are those of the oper-
ator V ∗HCV −HC , where V is the whole circuit. The proof combines two facts (Appendix H.8).
Accurate service makes the final state of the heat baths and the battery nearly independent of the
input, while energy conservation requires the input-dependent part of the energy, of size about ng,
to go somewhere. If the controller’s energy change were small on both feeds, two nearly identical
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heat distributions would have to concentrate on intervals about ng apart. So no accurate clock
returns its energy branch by branch. One that returns it on average does so through a lottery, in
which rare, large transfers balance a typical change of order n.

The bounds are sharp in order. The construction of Appendix G has a standard deviation of
order n/

√
ε, and the value 1/2 for the larger of the two probabilities cannot be improved; only

the size of q is forced, not its sign. On a coherent input, the variance of V ∗HCV −HC is at least
n2[span(U∗HU−H)−4ε span(H)]2/4, with no condition on its mean. Chiribella, Yang and Renner
bound the clock’s initial mean energy, energy range and energy spread, and Tajima, Shiraishi and
Saito its initial coherence [43, 44]; Proposition H.3 bounds its energy change.

Capital and reliability. Capital also decides whether a device that saves work must fail. With
an approximately returning controller, a broad energy bank can make loans that depend on the
branch and cancel in the mean, and so run a covariant reset at half the vanishing-error rate with
error exactly 1/2, even with a sharp battery. Only a broad bank can do this: what matters is the
spread of the controller’s capital, not its size.

Proposition H.4 (Strong converse with a reusable controller). Let Φ be a channel on a finite-
dimensional system with Hamiltonian H and thermodynamic capacity T (Φ) = maxρ[F (Φ(ρ)) −
F (ρ)], where F (ρ) = TrHρ − β−1S(ρ) with S in nats, and let ρ be a maximizer. Consider imple-
mentations of n uses of Φ, in batch or in real time, in which the battery starts in an energy eigenstate
|i⟩ and ends in a fixed energy eigenstate |f⟩ except with probability qn, with Ei−Ef ≤ n (T (Φ)−∆)
for a fixed ∆ > 0. Let the controller start in αC = ∑

a λa|a⟩⟨a|, with Gibbs state γC = ∑
b µb|b⟩⟨b|,

and call
sn = min

c

∑
a,b

λa|⟨a|b⟩|2
∣∣∣ln λa

µb
− c
∣∣∣

the spread of its capital. There are b > 0 and fn → 0, depending only on Φ, β and ∆, such that
the error εn satisfies:

(a) 1− εn − qn ≤ eDmax(αC∥γC)−bn + fn;

(b) if on the input ρ⊗n the controller returns independently of everything else, 1
2∥ΩC,rest − αC ⊗

Ωrest∥1 ≤ ηn, then
1− εn − qn ≤ 51√ηn max

{
1,
( 8sn
β∆n

)2}
+ fn;

(c) under the return condition of (b), also

1− εn − qn ≤ C ηn max
{

1,
( 8sn
β∆n

)2}
+ fn,

with C = 217, and C = 36 if αC commutes with HC and the maximizer ρ commutes with H. A
maximizer that commutes with H exists whenever Φ is time-covariant; for other channels the
bound with C = 36 holds with T (Φ) replaced by the largest value of [D(Φ(ρ)∥γ)−D(ρ∥γ)]/β
over states ρ that commute with H.

In particular, if qn → 0, ηn → 0 and sn = o(n/√ηn), then εn → 1. No time covariance is assumed.

Part (a) needs no return: capital below bn cannot help, which extends the converses for a
controller that starts in its Gibbs state (Appendix G). Parts (b) and (c) are the reusable case,
and they charge the spread of the capital, not its size. Mean capital of order n is enough, since
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sn ≤ D(αC∥γC) + 2/e, and so is every controller with ln dimC = O(n) and an energy span of order
n. A controller in an energy eigenstate has sn = 0 however much energy it holds, and for a pure
controller sn is β times the mean absolute deviation of its energy from a median. The threshold
in the last sentence of the proposition is sharp up to constants: a flat energy bank of spread about
0.159nη−1/2

n runs n resets at half the vanishing-error rate with error exactly 1/2, while its mean
energy and entropy return exactly (Appendix H.8.4). What the bank lends is energy variance, not
energy or entropy. Approximately returned catalysts are usually controlled through the product of
their return error and their size, ηnK with K = β span(HC) + ln dimC [149, 150]. For reliability
this is not enough: for the flat bank ηnK tends to zero when its number of levels grows faster than
n, and the quantity that decides reliability is ηns2

n/n
2. The proof uses the spread only to keep the

characteristic function of the controller’s log-likelihood law at least 1/2 in modulus near zero, so
what matters is how concentrated that law is: a controller that puts weight at least 3/4 on a single
value of the log-likelihood is covered whatever its spread. Reliability can be broken only by a broad
bank, but breadth alone is not enough. The converse is at the capacity; Proposition H.8 extends
it to the batch cost B(Φ) of Section H.5. For a gate, Proposition H.2 shows that vanishing error
already needs capital of order n/(ε + η), more than linear, so the proposition bears on covariant
channels and on noisy channels whose clocks are cheap, such as the channel of Proposition H.13 at
slowly vanishing error. The proof is in Appendix H.8.

H.5 Batch with a returned clock

A batch device may hold all its outputs until the end and erase its baths using them as side
information; this is how Faist, Berta and Brandão reach the thermodynamic capacity of time-
covariant channels with thermal operations [3, Sec. 7]; with Gibbs-preserving maps they reach it for
every channel [3, Sec. 6]. For channels that are not time-covariant, whether thermal operations reach
the capacity is their open question [2], [3, Sec. 9], and Faist, Oppenheim and Renner asked more
generally whether thermal operations with a time reference can match Gibbs-preserving maps [36].
For a clock that must return, this section answers both questions at the level of work per use in
batch: the batch cost of every channel is a single-letter quantity, which equals the capacity whenever
the environment can carry the channel’s energy change, and for a Gibbs-preserving channel only
then. The expectation of Faist, Berta and Brandão that a very large amount of coherence is needed
is borne out for gates (Proposition H.2); and when the coherence must be returned, even unlimited
coherence does not reach the capacity of some channels (Theorem H.10). A reference that is not
returned, or that comes back only in state, such as an embezzling state, can lower the battery’s
share of the work, even below the capacity, but not the total: it pays the difference from its own
free energy (Section H.7).

H.5.1 Inputs the environment cannot tell apart

If two inputs ρ and σ of a channel Φ leave the same state in its environment, then every implemen-
tation of n uses whose controller returns approximately spends at least

n
[
TrH

(
Φ(ρ)− ρ

)
+ kBT ln 2

(
S(σ)− S(Φ(σ))

)]
− o(n),

with entropies in bits. The idea is this. The inert purifier of the device’s entire initial internal state
does not depend on the input. If the environment cannot tell ρ from σ, accurate service forces the
outputs on ρ to look, to that purifier, like the outputs on σ. Continuity of conditional entropy on
the outputs then forbids the device’s internal entropy from falling by more than σ allows, so the
energy that ρ requires cannot be drawn from the baths’ entropy beyond that amount and must
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come from the battery. Nothing depends on the dimension of the controller or on the tails of the
heat. For a unitary every input leaves the environment unchanged, and the bound is the capacity.

The best bound of this kind is single-letter. Write Ψ for a complementary channel of Φ,
D = Φ∗(H)−H, and

B(Φ) = max
{
Tr ρD + kBT [S(σ)− S(Φ(σ))] : Ψ(ρ) = Ψ(σ)

}
,

with entropies in nats. For example, for qubit dephasing in the X basis with H = E|1⟩⟨1|, the
ground state and the maximally mixed state leave the environment in the same state. The first
requires the channel to supply energy E/2; the second offers no entropy decrease to pay for it. So
B(ΦX) ≥ E/2, above the capacity β−1 ln cosh(βE/2), and Theorem H.10 shows that this is the
cost.

Proposition H.5 (A single-letter batch bound). Consider implementations of n uses whose con-
troller returns approximately, with its actual energy and entropy changing by o(n), and whose
battery starts in an energy eigenstate and ends with entropy o(n).

(a) Every implementation spends at least nB(Φ)−o(n), and B(Φ⊗N ) = NB(Φ): neither entangled
inputs nor pairs whose environment states differ by a vanishing amount give more.

(b) B(Φ) is at least the thermodynamic capacity, with equality whenever D lies in the range of Ψ∗,
in particular for every covariant channel and every channel whose complementary channel is
injective.

(c) B(Φ) = 0 if and only if Φ(γ) = γ and D lies in the range of Ψ∗. For a qubit this holds exactly
when Φ is Gibbs-preserving.

The range of Ψ∗ is the span of the products A∗
iAj of Kraus operators, and D lies in it exactly

when some dilation conserves mean energy for a suitable environment Hamiltonian: the environment
can carry the energy change, input by input on average. We call such a channel balanced; balance
concerns the mean energy and does not make the channel time-covariant. Covariant channels always
satisfy this. The criterion makes precise the obstruction that Faist, Berta and Brandão anticipated:
for superposed inputs of different energy, the environment must compensate the energy difference
without disturbing the process [2].

H.5.2 The batch law

Theorem H.6 (A returned clock reaches the capacity). Suppose Φ∗(H) + Ψ∗(K) = H for some
Hermitian K on the environment of a Stinespring dilation of Φ; equivalently, D lies in the span of
the products A∗

iAj. Then, with a returned clock, the optimal batch work per use is the thermody-
namic capacity, attained with deterministic work. In particular, a Gibbs-preserving channel costs
no work per use in batch with a returned clock if and only if H − Φ∗(H) lies in the span of the
A∗
iAj, and every Gibbs-preserving qubit channel costs none. For time-covariant channels the rate

is that of [3, Thm. 7.1], which is stated there with an information battery.

The construction prepares the environment in a zero-energy eigenstate of K, runs the dilation
with the clock absorbing the energy of each branch, which on average is zero for every input, and
then erases the environment using the held outputs as side information, recovering the preparation
cost up to the capacity. A returned clock can supply phase, but it cannot provide net extensive
energy: for every observer its actual mean energy change must be sublinear, although it can still
make large loans that depend on the branch, as long as their mean is refunded. So thermal
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operations with a returned time reference implement a Gibbs-preserving channel at zero work per
use in batch exactly when its energy change lies in the span of its Kraus products.

When the environment cannot carry the whole energy change, the remainder must be paid, and
the bound of Proposition H.5 says exactly how much.

Theorem H.7 (The batch law). For every channel Φ on a finite-dimensional system with Hamil-
tonian H at input and output, and every 0 < T < ∞, consider batch implementations of n uses
that hold all outputs until cleanup, with independently supplied Gibbs reservoirs, a controller in any
declared initial state whose free energy is counted as invested capital, a battery that starts in an en-
ergy eigenstate, and finite energy-conserving gates. Require that the error, against inputs entangled
across uses and with a reference, tend to zero, that the whole controller, not only the clock, return
jointly with everything else, with actual energy and entropy changes o(n), and that the battery end
with entropy o(n) and with mean energy within o(n) of its nominal endpoint. The optimal work per
use, the drop of the battery’s nominal energy, is B(Φ). A single family attains it with a common
nominal battery endpoint, reached except with vanishing probability, and with battery entropy and
mean absolute deviation from that endpoint o(n); its reservoirs, capital and running time grow with
n. For time-covariant channels, where B(Φ) is the capacity, the rate is that of [3, Thm. 7.1], which
is stated there with an information battery.

The dual form of B shows how. For every Hermitian Y on the environment,

B(Φ) ≤ λmax
(
D −Ψ∗(Y )

)
+ max

σ

[
kBT

(
S(σ)− S(Φ(σ))

)
+ TrσΨ∗(Y )

]
,

with one σ serving both terms of the inner maximum, and the infimum over Y is B(Φ). Write tY
and gY for the two terms on the right, so that B(Φ) = infY (tY + gY ). Each Y is a device. Give the
environment the Hamiltonian λmax(Y )I − Y and prepare it in its ground state; the environment
then carries the part Ψ∗(Y ) of the energy change. Pay the part it cannot carry, D −Ψ∗(Y ), at its
top eigenvalue by rare excitations of a thermal qubit of large gap; run the dilation with a returned
clock; and erase the environment using the held outputs as side information. The erasure step uses
an energy-conserving decoder. Every input leaves the environment with conditional free energy
Tr Ψ(ρ)HE−kBT [S(ρ)−S(Φ(ρ))] ≥ λmax(Y )−gY , directly from the definition of gY . So one energy-
conserving test, invariant under the energy and accepting every code state uniformly in operator
norm, separates the code from a thermal environment at that rate; with Gibbs-weighted rejection
and the thermal-operation form of position-based decoding [151, 3] it erases the environment, and
an exact mechanical factory converts the resulting information label into work. When D lies in
the range of Ψ∗, the rare excitations are unnecessary and the device is that of Theorem H.6. The
complete construction, with its physical ledger, is in Appendix H.9. It uses large capital and
reservoirs; it shows what is possible in principle, not an efficient engine.

How large the clock must be. The balanced case is also the case of small clocks.

Proposition H.8 (Unbalanced channels need a broad clock). Let Φ be a channel whose energy
change D = Φ∗(H)−H lies outside the span of the products A∗

iAj of its Kraus operators. Consider
implementations of n uses of Φ, at any work, whose battery, like the Gibbs reservoirs, starts in a
state that commutes with its Hamiltonian, and let sn be the spread of the controller’s capital, as in
Proposition H.4. If sn = o(n), the error tends to one. If the controller returns independently of
everything else, uniformly over all inputs and references, with return error ηn, the error also tends
to one whenever ηn max{1, (sn/n)2} → 0; and if ηn > 0, there are b, c,N > 0 depending only on Φ
and H such that sn ≥ c βn/

√
ηn(εn + ηn) whenever n ≥ N and εn+ηn ≤ b. Consequently, for every
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channel, nominal work below n[B(Φ)−∆] with a fixed ∆ > 0 and the battery as in Proposition H.4,
together with qn → 0, ηn → 0 and sn = o(n/√ηn), forces the error to one.

The second statement combines the first with Proposition H.4, since B(Φ) is the capacity when
D lies in the span. The reason is metrological. The generator i∑iA

∗
i Ȧi of the channel’s orbit

under time evolution is exactly D, and when it lies outside the span of the A∗
iAj , that orbit can be

estimated at the Heisenberg limit, with phase resolution of order 1/n rather than the 1/
√
n of the

standard quantum limit, using error correction [16, 15]: inputs that the environment cannot tell
apart differ in the energy the channel adds, Tr ρD, and a code built from them turns n uses into a
probe of phase with resolution 1/n. Related metrological arguments limit codes that are covariant
under a continuous symmetry [123, 124]. Rotating the controller rotates the implemented channel
along that orbit, so a device that implements Φ reliably reads its own clock to within 1/n. A clock of
spread o(n) cannot be read that finely at all, and a clock that returns within ηn needs spread of order
n/
√
ηn even at fixed error. To make the error vanish it must be broader still: passing one logical

qubit through about 1/(εn + ηn) consecutive runs before reading its phase multiplies the signal
while the noise grows only at second order, so every reliable implementation has sn

√
ηn/n → ∞,

with spread at least of order n/ηn when εn = O(ηn). Since sn ≤ D(αC∥γC) + 2/e, the same bound
holds for the capital; for a gate it improves Proposition H.2(a) whenever ηn = o(εn). When D lies
in the span there is no such probe, since the quantum Fisher information of n uses then grows only
linearly in n [118, 119, 121, 122, 15], as under Markovian noise inside the Lindblad span [17], and
the clock can be small: the channel of Proposition H.13 needs spread only of order

√
n at fixed

error. The balanced criterion of Theorem H.6 is therefore also the line between clocks that may
be small and clocks that must be read at the Heisenberg limit. X-dephasing lies on the far side:
every reliable implementation, at any work, needs a clock whose spread grows faster than n/

√
ηn.

The proof is in Appendix H.8.

The exponent of the clock. The span criterion also sets how the clock must grow with n.
Proposition H.8 gives the linear lower bound for unbalanced channels; the next proposition gives
the rest. Its parts (a) and (b) use only the time orbit of the channel and the standard quantum
limit, part (c) a lift whose errors cancel between uses, and part (d) the code of Proposition H.8
together with the no-programming theorem [152, 153].

Proposition H.9 (How large the clock must be). Let Φ be a channel that is not time-covariant,
consider implementations whose battery, like the Gibbs reservoirs, starts in a state that commutes
with its Hamiltonian, and let sn, εn and ηn be as in Proposition H.8. There are constants c, C,N >
0, depending only on Φ, H and β, such that the following hold, in batch and in real time.

(a) At any work, and without any return of the controller, sn = o(
√
n) forces εn → 1.

(b) If the controller returns independently of everything else, uniformly over all inputs and ref-
erences, then sn ≥ c

√
n/(εn + ηn) whenever n ≥ N and εn + ηn ≤ 1/32.

(c) If D lies in the span of the A∗
iAj, then for every a ∈ (0, 1] and every n there is a batch

implementation of n uses with error at most a/2, whose whole controller returns jointly with
everything else within 2a, with actual changes o(1) of its mean energy and O(logn) of its
entropy, whose battery starts in an energy eigenstate and ends in a fixed one except with
probability at most 1/n, and with sn ≤ C

√
n/a.

(d) For X-dephasing, ΦX(ρ) = (ρ+XρX)/2 with H = E|1⟩⟨1|: at any work and without return,
sn ≥ βEn/(512√εn) whenever n ≥ 4096 and 0 < εn ≤ 1/4096. Conversely, for all ε, η ∈ (0, 1]

138



there is a real-time implementation with error below ε, return error below η, actual changes
o(n) of the controller’s mean energy and entropy, work exactly E/2 per use on every branch,
and sn = O(βEn/min{η,

√
ε}).

Table 11 collects the bounds. For X-dephasing with εn = O(ηn) they match: the optimal spread
is of order βEnmax{η−1

n , ε
−1/2
n }, and it is reached at the optimal work E/2 per use. When εn ≪ η2

n

the bound of (d) decides it, and when η2
n ≲ εn ≲ ηn the reliable bound of Proposition H.8; when

ηn ≪ εn the two sides differ by a factor
√
εn/ηn. The construction in (c) spends work of order

n log(n/a), which is not the batch rate, and for irrational gaps its controller is astronomically large,
although its spread is not. Without return, vanishing error need not cost a balanced channel any
extra spread: the replacement channel ρ 7→ |+⟩⟨+|, which is balanced, is run exactly by swapping
in a stock of |+⟩ states, whose spread is about βE

√
n/(2π). For X-dephasing, which is unbalanced,

it must: by Proposition H.8 and (d), its spread is at least of order n, and of order n/√εn as the
error vanishes.

Channel Fixed error Vanishing error, controller returned
Time-covariant no clock no clock
Balanced, not co-
variant

sn ≍
√
n

√
n/(εn + ηn) ≲ sn ≲

√
n max{η−1

n , ε−1
n }

Unbalanced sn ≳ n sn ≳ n/
√
ηn(εn + ηn)

X-dephasing sn ≍ n sn ≍ nmax{η−1
n , ε

−1/2
n } if εn = O(ηn)

Table 11: The spread of the clock needed for n uses of a fixed channel (Propositions H.8 and H.9),
with constants depending on Φ, H and β. At fixed error 0 < ε < 1 the lower bounds are strong
converses and need no return. The balanced upper bound is a batch construction whose work is of
order n log(n/a), not the batch rate; the X-dephasing upper bound runs in real time at the optimal
work. All lower bounds assume a battery that starts in a state commuting with its Hamiltonian.

H.5.3 Examples

Theorem H.10 (For X-dephasing, batch costs as much as real time). Let ΦX(ρ) = (ρ+XρX)/2
on a qubit with H = E|1⟩⟨1|; its thermodynamic capacity is T (ΦX) = β−1 ln cosh(βE/2) < E/2.
Among implementations of n uses at vanishing error whose controller returns approximately, with
its actual energy and entropy changing by o(n), the optimal work per use is E/2, in batch and in
real time alike. The lower bound allows any controller, however much entropy it holds, reservoirs
of any spectrum, any amount of phase reference, and cleanup assisted by the outputs; it uses only
that the controller’s free energy comes back up to o(n) and that the battery’s entropy changes by
o(n), so it covers catalysts returned only as marginals too. The upper bound is attained by a finite
construction with deterministic work.

Here B(ΦX) = E/2, with ρ = |0⟩⟨0| and σ = I/2. The batch cost therefore exceeds the capacity
by β−1 ln[2/(1 + e−βE)], and waiting saves nothing. On the ground-state input, ΦX must deliver
the maximally mixed state while preserving the eigenstates of X on the other inputs, and the
environment cannot tell the ground state from the maximally mixed state.

The necessary condition settles two families of non-covariant channels exactly. In the first, σ
is the input with its coherences removed; in the second, it is the input with its discarded part
decorrelated.
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Proposition H.11 (Which channels reach the capacity in batch). Consider implementations as
in Theorem H.10.

(a) Phase noise. If Φ fixes every state of an orthonormal basis, every implementation of n uses
spends at least nw−o(n), where w = λmax(Φ∗(H)−H). If Φ = ∑

j pjVj(·)V ∗
j with commuting

unitaries Vj and pj > 0, then w is the optimal work per use, in batch and in real time, and Φ
reaches its thermodynamic capacity if and only if the top eigenspace of Φ∗(H) −H contains
a common eigenvector of all V ∗

j Vk. In particular, a projective pinching reaches its capacity
if and only if it is time-covariant, while a Hadamard gate on one qubit tensored with energy
dephasing on another, with additive H, reaches it although it is neither covariant nor unitary.

(b) A protected subsystem. Let Φ = idA ⊗ RB, where RB replaces B by its maximally mixed
state, and let H act on AB. Every implementation spends at least nL− o(n), where

L = max
ρ

{
Tr
[
(Φ∗(H)−H)ρ

]
+ kBT

[
S(ρB)− ln dB

]}
,

with entropies in nats, and L is also the optimal real-time rate of Appendix G. The capacity
equals L if and only if H = HA ⊗ I + I ⊗HB, equivalently if and only if Φ is time-covariant.

For instance, let H = E(I − |Φ+⟩⟨Φ+|) on two qubits and Φ = idA ⊗ RB. Every output is
mixed. The batch and real-time work is 3E/4 per use at every temperature, attained by a finite
construction with deterministic work, while the capacity is−E/4+β−1 ln[(eβE+3)/4], about 0.072E
at βE = ln 2. So the obstruction does not come from pure outputs. In both families, the capacity
is reached exactly when an energetically optimal input gives the environment nothing beyond what
its decohered or decorrelated version gives: a clock that must return can lend asymmetry, but it
cannot recover information the channel throws away. The gaps are strict at every finite temperature
and close as T → 0.

Proposition H.12 (Gibbs preservation is not enough). On a qutrit with H = diag(0, E1, E2), let
K1 = x|0⟩⟨1|+ y|1⟩⟨0| and K0 = diag(

√
1− y2,

√
1− x2, 1) with x2 = y2eβE1 ≤ 1. This channel is

Gibbs-preserving, so its capacity is zero, yet with a returned clock every implementation spends at
least ny2E1 − o(n).

The environment learns that a jump happened but not its direction. So the ground state,
which must be excited, looks to the environment exactly like a stationary mixture with the third
level, from which no entropy can be drawn. Gibbs preservation, which makes a channel free in the
framework of [3], therefore does not make it free for a device whose clock must return. Tajima
and Takagi showed that some Gibbs-preserving maps need unbounded coherence, and Tajima,
Yamaguchi, Takagi and Kuramochi that some need free energy and work diverging as the error
vanishes when the resource is consumed [49, 148], which leaves the corresponding work cost open.
Here the coherence is unlimited and returned, and the cost is a work rate that does not depend on
the error.

Channels that only create coherence, like the example of Faist, Oppenheim and Renner [36],
are the opposite case, and they show that a returned clock can be cheap.

Proposition H.13 (A Gibbs-preserving channel that reaches its capacity). Let H = E|1⟩⟨1| with
βE = ln 3, so that γ = diag(3/4, 1/4), and let Φ(ρ) = ⟨0|ρ|0⟩σ0 + ⟨1|ρ|1⟩σ1 with

σ0 =
(

3/4
√

3/12√
3/12 1/4

)
, σ1 =

(
3/4 −

√
3/4

−
√

3/4 1/4

)
.
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This channel, the map of Faist, Oppenheim and Renner [36] for a pure target with the populations of
γ, preserves γ, is not time-covariant, and has thermodynamic capacity zero. With a returned clock
its optimal batch work per use is zero, attained with deterministic work. In the implementation, the
clock’s energy changes by a sum of n independent increments in {−E, 0, E} with mean zero and
variance 3E2/8 each, whatever the input, and a clock in a uniform superposition of L ≥ 2

√
3n/8/ε2

consecutive levels, with n spare levels on each side, returns within ε plus the error of the rest of the
construction, jointly with everything else.

The channel reads only populations and writes coherence: Φ ignores the coherences of its input,
and the populations of its output are γ whatever the input. Tajima and Takagi bounded the
coherence cost of the qubit maps of [36], which include this channel, by a finite amount [49, Suppl.
Sec. IV]. So the clock lends coherence but never has to absorb an energy that depends on the input,
and its energy spreads like

√
n rather than n. The costs of Propositions H.2 and H.3 are therefore

those of gates; noisy channels can need far less.
None of this contradicts the theorem of Faist, Berta and Brandão. For channels that are not

time-covariant they reach the capacity with Gibbs-preserving maps, which are free by assumption
and need not be realizable by energy-conserving interactions with Gibbs reservoirs [2, 36, 49]; with
thermal operations they treat time-covariant channels, for which B(Φ) equals the capacity. Nor
does it contradict their thermal-operation implementation of any channel on a fixed, known i.i.d.
input [3, Prop. 8.3], which consumes a coherence source of sublinear size. They treat that source
as disposable, but by the overlap bound in their proof of Lemma 8.1 [3, Eq. (8.25)] it returns
approximately, jointly with the rest, and its energy and entropy change by o(n), so it meets our
return condition, and their conclusion that Gibbs-preserving maps and thermal operations become
asymptotically equivalent on given i.i.d. inputs [2] stands. What the batch law prices is a device
that must be correct on every input and return its controller’s energy and entropy; for such devices
the equivalence fails (Proposition H.12).

H.6 A process and its time reverse

For a Gibbs-preserving channel Φ, the reverse process of quantum fluctuation theorems is its Petz
map [47, 48]

Φ♯(σ) = γ1/2Φ∗(γ−1/2σγ−1/2)γ1/2,

which also preserves γ. Thermal operations are closed under this reversal: the reverse of TrB[U(·⊗
γB)U∗] is TrB[U∗(· ⊗ γB)U ] [47, 154], and Aw, Zaw, Balanzó-Juandó and Scarani showed that
the Petz map of any channel is obtained by reversing a dilation once system–bath correlations are
accounted for [155]. Once a clock must be returned, they need not be.

Proposition H.14 (A process and its reverse can cost differently).
On a qutrit with γ = diag(1/2, 1/3, 1/6) and H = kBT diag(0, ln 3

2 , ln 3), let |±⟩ = (|0⟩ ± |1⟩)/
√

2,
P± = |±⟩⟨±|, P2 = |2⟩⟨2|, and

N (ρ) =
2∑
i=0

Tr(Miρ) |i⟩⟨i|, M0 = P+ + 1
2P2, M1 = 4

5P−, M2 = 1
5P− + 1

2P2.

Both N and its Petz reverse N ♯ preserve γ and have capacity zero. With a returned clock, N ♯

costs no work per use in batch, while N costs exactly c kBT per use, where c = 0.15471030022 . . . is
the value of a strictly concave three-variable maximization, given explicitly in terms of the unique
positive solution of two equations, in Appendix H.8.12.
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The reverse reads only populations, so its energy change is diagonal and lies in the span of
its Kraus products. The forward channel reads the populations of |±⟩; its Kraus products have
no matrix element between |+⟩ and |−⟩, while H does, so inputs that differ only in their |+⟩⟨−|
coherence are indistinguishable to the environment but differ in energy. The value is B(N ), reached
by Theorem H.7.

In coherence the same pair is already asymmetric. The inputs |+⟩ and |−⟩ of N have orthogonal
outputs and ⟨+|H − N ∗(H)|−⟩ = −1

2kBT ln 3
2 ̸= 0, so by the theorem of Tajima and Takagi an

implementation of N by thermal operations needs coherence that diverges as the error vanishes,
while N ♯, which reads energy populations and prepares coherent states, can be implemented with
finite coherence by their construction for the qubit maps of [36], which applies here as well [49, Suppl.
Sec. IV]. Proposition H.14 shows that this asymmetry between detecting and creating coherence
survives in work when the coherence is supplied by a clock that must return, and that the two
channels are each other’s thermodynamic time reverse.

Which direction is free is decided by linear algebra. Write Φ(X) = ∑
iAiXA

∗
i . The Petz reverse

has Kraus operators γ1/2A∗
i γ

−1/2, so the criterion of Theorem H.6 for Φ♯ can be written in terms
of Φ alone:

forward free ⇐⇒ H −Φ∗(H) ∈ span{A∗
iAj}, reverse free ⇐⇒ γH −Φ(γH) ∈ span{AiγA∗

j}.

Both, one or neither of the two tests can hold.

Proposition H.15 (The asymmetry is not generic). If a Gibbs-preserving channel Φ has a Choi
matrix of full rank, then Φ and Φ♯ both cost nothing in batch with a returned clock. In particular,
for every Gibbs-preserving Φ and every 0 < δ ≤ 1, the channel (1−δ)Φ+δ γ Tr and its reverse both
cost nothing. Separated pairs lie on the boundary of the Gibbs-preserving channels, in continuous
families: replacing |±⟩ in Proposition H.14 by cos θ|0⟩ + sin θ|1⟩ and − sin θ|0⟩ + cos θ|1⟩, with
M0 = Puθ

+ zP2, M1 = 2
2+zPvθ

, M2 = z
2+zPvθ

+ (1− z)P2 and z = sin2 θ, gives a separated pair for
every 0 < θ < π/2.

So the cost of the forward channel jumps from c kBT to zero under any fixed amount of full-rank
thermal noise. Tajima and Takagi found the same geometry for coherence: every Gibbs-preserving
map that needs unbounded coherence lies on the boundary of the Gibbs-preserving channels, and
every map in their relative interior has finite coherence cost [49]. For a finite device, what matters
is the expected number of noisy uses.

Proposition H.16 (Noise horizon). Let Φ be Gibbs-preserving with B(Φ) > 0, and let Φδ =
(1 − δ)Φ + δ γ Tr. Call a family of batch implementations of Φ⊗N

δN
admissible if its error tends to

zero, its controller returns approximately with actual energy and entropy changes o(N), and its
battery starts in an energy eigenstate and ends with entropy and mean absolute deviation from its
nominal endpoint o(N); write WN for its nominal work. Although Φδ costs nothing for every fixed
δ > 0, the noise helps only through the expected number NδN of replacements:

(a) if NδN → 0, every admissible family has WN ≥ NB(Φ) − o(N), and some has WN ≤
NB(Φ) + o(N);

(b) some admissible family has WN = o(N) if and only if NδN → ∞, and then one has WN =
O
(
N(NδN )−1/4 + logN

)
;

(c) for λ ∈ (0,∞), let L(λ) and U(λ) be the infima of lim infN WN/N and of lim supN WN/N
over admissible families with NδN → λ; they do not depend on the sequence. Then 0 <
L(λ) ≤ U(λ) ≤ B(Φ); both are nonincreasing, λL(λ) and λU(λ) are nondecreasing, and both
tend to B(Φ) as λ→ 0.
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So the asymmetry of Proposition H.14 is invisible to fixed noise but not to a finite device whose
noise per use is small compared with the inverse of the number of uses. Tajima and Takagi found
a related sensitivity, in the coherence some Gibbs-preserving maps need as the error vanishes [49];
here it is work, and the noise rather than the error sets the threshold. The positivity of L(λ) is
qualitative: its constant can be very small. The proof is in Appendix H.9. The asymmetry is an
implementation asymmetry created by the obligation to return the clock, not a violation of any
fluctuation theorem: those compare a protocol with its reversed protocol, not the cheapest devices
for a channel and for its reverse. Nor is it carried by the clock, whose entropy changes by o(n). On
the equilibrium input γ⊗n, which both channels fix, the work of a deterministic implementation
equals the correlations it leaves plus the departure of its reservoirs from equilibrium, up to o(n); with
ideal reservoirs this is ordinary entropy production in the baths. For qubits the asymmetry cannot
occur, since every Gibbs-preserving qubit channel costs nothing; likewise, the construction of Tajima
and Takagi of cost-diverging maps on a single system needs at least three distinct energies [49].

H.7 A controller that returns only in state

The batch law requires the controller to come back jointly with everything else and to refund its
actual energy and entropy up to o(n). The refund is not a technicality: a broad reference could
hand over energy of order n while staying close to its initial state (Section H.1). We say that a
controller comes back only in state if its final state is close to its initial one in trace distance, with
no condition on its energy or entropy, and we ask what such a controller buys. Write

FC(ϱ) = TrHC ϱ− kBT S(ϱ)

for the free energy of a state ϱ of the controller, with the entropy in nats, and Rn for the largest
drop FC(αC) − FC(α′

C) over inputs, where α′
C is the controller’s final state on that input. As in

Section H.4, the size of the controller is K = β span(HC) + ln dC , where span(HC) is its energy
range and dC its dimension.

Corollary H.17 (A controller returned only in state is a second battery). Consider batch im-
plementations of n uses of a channel Φ with error tending to zero, independently supplied Gibbs
reservoirs, finite energy-conserving gates, a controller in any declared initial state, and a battery
that starts in an energy eigenstate and ends with entropy o(n) and with mean energy within o(n)
of its nominal endpoint. Write Wn for the nominal work.

(a) Whatever the controller does, Wn +Rn ≥ nB(Φ)− o(n).

(b) If, on every input, the final state of the controller is within ηn > 0 of αC in trace distance,
then

Rn ≤ kBT [ηnK + r0(ηn)], r0(x) = (1 + x) ln(1 + x)− x ln x.

So if Wn ≤ n[B(Φ) − ∆] with a fixed ∆ > 0, the size of the controller is at least K ≥
[βn∆− r0(ηn)− o(n)]/ηn.

(c) For every real w ≤ B(Φ), every energy ω > 0 and every sequence ηn ∈ (0, 1], some family
meets the conditions of Theorem H.7 on the error and the battery and has nominal work
nw + o(n); its whole controller returns jointly with everything else within ηn + o(1) in trace
distance, with entropy change o(n), but its free energy drops by n[B(Φ)−w] + o(n) on every
input. The part that pays is a classical ladder of spacing ω and energy range at most (1 +
1/ηn) (n[B(Φ)− w] + ω).
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Part (a) is Proposition H.19 with the controller’s actual change of free energy kept rather than
bounded. Part (b) is the usual control of an approximately returned catalyst by the product of
its return error and its size [149, 150], applied to that change. Part (c) adds to the device of
Theorem H.7 a ladder in a uniform mixture of N levels, which pays the battery in advance by one
energy-conserving swap and moves by k/N in trace distance when it is lowered by k levels. Applied
to the ladder alone, the bound of (b) is then met up to a factor 1 + ηn and terms of lower order, so
it cannot be improved by more than that factor, and it is sharp as ηn → 0. The payment needs no
coherence; a pure ladder in a sine-shaped superposition also works, at a range larger by a factor
that approaches π as ηn → 0. The proof is in Appendix H.8.14.

This answers, under both ways of counting, the case left aside in Section H.5. A controller that
comes back only in state, whether it holds a coherent reference, an embezzling state or a plain store
of energy, lets the battery’s work reach the capacity, or any smaller value, negative ones included,
so the battery’s work alone has no meaningful optimum. What it cannot do is lower the total.
Counting its free energy, no batch implementation, with any time reference, returned or not, draws
less than nB(Φ) − o(n) from battery and controller together on its most demanding input, and
the returned clock of Theorem H.7 attains this. So B(Φ) is the batch cost of Φ with every time
reference; it exceeds the capacity for X-dephasing (Theorem H.10) and for the Gibbs-preserving
qutrit channel of Proposition H.12. A controller that comes back only in state is a second battery,
and hiding its payment behind a small return error takes size: to pay a fixed amount of work per
use within return error η, it needs a size K at least of order n/η.

H.8 Proofs

H.8.1 The range of the baths

Suppose an implementation of n uses of a unitary U has error ε. For orthogonal inputs a, b, let σa, σb
be the final states of everything except the outputs. Feeding the superposition (|0⟩a + |1⟩b)/

√
2

with a kept qubit, and using that the ideal outputs are pure, the device’s state must nearly factor
off, which gives dtr(σa, σb) ≤ 2

√
2ε [146]. Take a and b to be n-fold products of eigenvectors of D for

its largest and smallest eigenvalues. The delivered energies differ by at least n(λmax − λmin)(D)−
2nε span(H). The work is input-independent and the controller’s mean energy changes by o(n) in
both runs, so by energy conservation the mean energies of the heat baths differ by the same amount
up to o(n). For any bath Hamiltonian of total span R, |TrHbaths(σa − σb)| ≤ Rdtr(σa, σb). Hence

R ≥ n(λmax − λmin)(D)− 2nε span(H)− o(n)
2
√

2ε
,

which grows faster than n as ε → 0 whenever U is not time-covariant. Rare, large heat transfers
are therefore unavoidable, as in the construction.

H.8.2 What the clock costs

Capital. Let Λ be a time-covariant channel from the controller C to a system Y , L a contraction
on Y with [HY , L] = −qL for some q > 0, and A = Λ∗(L). Then A∗A ≤ I, [HC , A] = −qA, and
Tr γCA∗A = e−βq Tr γCAA∗ ≤ e−βq. Measuring the effect A∗A and using TrαCA∗A ≥ |TrαCA|2,

Dnat(αC∥γC) ≥ βq |TrαCA|2 − ln 2,

with no dependence on any dimension. For the Hadamard gate, let an observer feed K uses the state
(|0⟩⊗K |q0⟩+ |1⟩⊗K |q1⟩)/

√
2, where a kept qubit has energies 0 and −KE, so that the whole tester is
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stationary. The ideal output is (|+⟩⊗K |q0⟩+ |−⟩⊗K |q1⟩)/
√

2, and L = Z⊗K ⊗|q1⟩⟨q0| lowers energy
by KE and has expectation 1/2 there. If the actual output is within δ, then |Tr ρL| ≥ 1/2 − 2δ.
Everything except the controller starts stationary, so the whole experiment is a covariant channel
from C, and the lemma gives β−1D(αC∥γC) ≥ KE(1/2− 2δ)2 − ln 2/β.

A controller that returns approximately can serve m consecutive blocks of n uses, with fresh
reservoirs for each block, at total error at most mε + (m − 1)η. To see this, compare with a
mathematical hybrid in which the controller is replaced by a fresh copy of αC at block bound-
aries. Each replacement costs at most η by approximate product return, and the hybrid with all
replacements runs m independent blocks, each within ε of ideal. Take m = ⌊1/(8(ε + η))⌋ and
K = mn; then δ ≤ 1/8 and (a) follows for the Hadamard gate. General unitaries. The lemma
above needs only that every matrix element of L between energy eigenspaces lowers the energy
by at least q. Then A = Λ∗(L) has the same property, A∗A ≤ I, and detailed balance still gives
Tr γCA∗A ≤ e−βq Tr γCAA∗ ≤ e−βq. For a general U , pick energy eigenvectors |a⟩, |b⟩, of energies
ha, hb, whose diagonal values of D are extreme, db − da = g. The observer feeds K uses the state
(|a⟩⊗K |qa⟩+ |b⟩⊗K |qb⟩)/

√
2, where the kept states |qa⟩, |qb⟩ are orthogonal, with energies −Kha and

−Khb, so that the tester is stationary. The ideal output is (ψa + ψb)/
√

2 with ψx = (U |x⟩)⊗K |qx⟩.
On ψx the total energy is the kept energy plus a sum of K independent payload energies, each
of range span(H), and its mean is Kdx. Let Px project, within the label qx, onto total energies
in [Kdx − Kg/4, Kdx + Kg/4]. Hoeffding’s inequality [66] gives px = ∥Pxψx∥2 ≥ 1 − hK with
hK = 2e−Kg2/(8 span(H)2). With ux = Pxψx/

√
px, the contraction L = |ua⟩⟨ub| lowers energy by at

least Kg/2, because the bottom of the window of b lies Kg/2 above the top of the window of a,
and its expectation on the ideal output is √papb/2 ≥ (1− hK)/2. The lemma gives

β−1D(αC∥γC) ≥ Kg

2
[1− hK

2 − 2δ
]2
− ln 2

β
.

With the same reuse, K = mn and δ ≤ 1/8; once hn ≤ 1/4, which holds for all large n since
hK ≤ hn, the bracket is at least 1/8, and K ≥ n/(16(ε+ η)) gives the constant g/2048.

Baths. Record the baths’ initial energies in an inert purification and let Q be the heat they
absorb. For the two product inputs of (b), the decoupling argument above makes the two laws of
Q within δ = 2

√
2ε, while energy conservation, the deterministic work and the controller’s mean

return make their means differ by Ln. If the laws are supported in an interval of length R, then
Ln ≤ Rδ, which gives the range bound; and a circuit of m interactions, each changing the baths’
energy by at most q0, has R ≤ 2q0m. For the integrated strength, an interaction built from terms
of span at most q0 and total strength A gives the exponential moments E e±Q/(2q0) ≤ e2(

√
e−1)A,

by a Dyson expansion in the style of [156]. Write M = e2(
√
e−1)An , and write the difference of

the two laws P, P ′ of Q as µ+ − µ− with µ+ ≤ P , µ− ≤ P ′ and common mass δ′ ≤ δ. Jensen’s
inequality for µ+/δ

′ gives
∫
Qdµ+ ≤ 2q0δ

′ ln
(
EP eQ/(2q0)/δ′) ≤ 2q0δ

′ ln(M/δ′), and in the same way
−
∫
Qdµ− ≤ 2q0δ

′ ln(M/δ′). Since x 7→ x ln(M/x) increases for x ≤M/e, and δ ≤ 1/e ≤M/e when
ε ≤ 1/(8e2), the means differ by at most 4q0δ ln(M/δ), so Ln ≤ 4q0δ

[
2(
√
e−1)An+ln(1/δ)

]
, which

is the bound on An. All three bounds use only the two product inputs and energy conservation, so
they hold in batch as well.

A cheaper clock. In the construction of Appendix G for the Hadamard gate, the reference’s
widths were chosen against the worst case, in which every one of the n contacts emits rare heat.
Given the past, a contact emits it with probability at most b/M , so the number J of emissions has
EJ2 ≤ nb/M+(nb/M)2, and J exceeds a cutoffKc only with probability at most (nb/M)Kc+1/(Kc+
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1)!. Factoring the phase of each emission into an orthogonal record of the bath, the reference’s phase
sensitivity becomes O(n+

√
nm) instead of O(nm), and the reference’s box needs a buffer of only

n+m(Kc+2)+2, with the rare histories beyond the cutoff handled by a coherent comparison with
the ideal circuit and no guard. With errors O(1/ logn) the capital is then Θ(E n log2 n/ log logn);
with errors O(n−a) it is Θ(E n1+3a/2). The work is still exactly nE/

√
2, and the controller returns

its energy and entropy up to o(1) on average. Finally, a qubit of large gap M can be replaced by a
block of k = ⌈M/(E tanh(βE/2))⌉ Gibbs qubits of gap E flipped together by iX⊗k: a flip always
moves a block to an orthogonal state, so the heat effect and the disturbance of the payload are as
before.

H.8.3 The clock’s energy

Proof of Proposition H.3. First, g > 0: in an energy eigenbasis with energies hi,
∑
i,j |Uji|2(hj −

hi)2 = −2∑i hidi, and if every di vanished this would force [U,H] = 0.
Let R be everything except the controller and the payload outputs, including the heat baths

and the battery. Since R and the input |i⟩⊗n start in states that commute with their Hamiltonians,
measuring their total energy at the start does not disturb anything, and comparing it with a final
measurement defines a positive instrument on the controller whose outcomes shift its energy by
definite amounts q. By energy conservation, q is minus the change of energy of R and the payload.
Its first two moments are those of V ∗HCV −HC on these inputs; its higher moments in general are
not.

Accurate service makes the final states of R on the two feeds within δ = 2
√

2ε in trace distance
(the range of the baths, above). On the feed |i⟩⊗n the payload gains energy ndi up to nε span(H),
and the sum of the n independent output energies concentrates around its mean, with Hoeffding
tails e−n(g−2a)2/(2 span(H)2). If |q| ≤ an with high probability on both feeds, the energy change of
R would concentrate on two windows centred about ng apart, each of width less than ng. Two
distributions within δ in total variation cannot do this, which gives the sum bound. For the standard
deviation, the comparison is made in Hellinger distance; this is where the factor ε−1/2 enters. Feed
the two product inputs in superposition, marked by a kept qubit. By Uhlmann’s theorem there
is a pure state e of everything except the outputs such that the actual final state has fidelity at
least 1 − ε with the ideal output tensored with e, so on each feed its branch has overlap at least
1 − 2ε with that product. Let ℓx be the energy change of R on feed x, read off from the same
energy measurements, and px its law. Both laws have Bhattacharyya coefficient at least 1 − 2ε
with the law of the same measurement on e, so ∥√pa −

√
pb∥2 ≤ 4

√
ε. For every function f , the

Cauchy–Schwarz inequality gives the classical comparison

|Eaf − Ebf | ≤ ∥
√
pa −

√
pb∥2

(
2Eaf2 + 2Ebf2)1/2

.

Take f = ℓ minus the midpoint of its two means, and let ∆ be the distance between the means.
Then Exf2 = Varxℓ+ ∆2/4, so ∆2 ≤ 16ε(∆2 + 2 Varaℓ+ 2 Varbℓ), and

max
x

Varxℓ ≥
∆2(1− 16ε)

64ε .

By energy conservation ℓx = −qx−∆Sx, where ∆Sx is the energy gained by the payload. Its means
on the two feeds differ by at least ng − 2nε span(H), while those of q differ by at most 2u, so ∆ ≥
ng−2nε span(H)−2u. Finally σ(qx) ≥ σ(ℓx)−σ(∆Sx), and σ(∆Sx) ≤ (

√
n/2+

√
ε n) span(H): the

ideal output energies are n independent variables, each with standard deviation at most span(H)/2,
and the actual law differs from the ideal one with probability at most ε, on an interval of length
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n span(H). This gives the stated bound. The variance bound on a coherent input follows from
the uncertainty relation between V ∗HCV −HC and an output observable that detects the relative
phase of the ideal output.

H.8.4 A strong converse with a reusable controller

Proof of Proposition H.4. Write σ = Φ(ρ), Din = D(ρ∥γ) and Dout = D(σ∥γ), so that βT (Φ) =
Dout −Din, and let W = Ei − Ef .

(a) Choose a smoothed input τn ≤ en(Din+κ)γ⊗n with ∥τn − ρ⊗n∥1 ≤ fn, and an output test
Pn with TrPnσ⊗n ≥ 1 − fn and TrPnγ⊗n ≤ e−n(Dout−κ). Let M be the success instrument on
the controller: run the device on τn, apply Pn ⊗ |f⟩⟨f |, and trace out everything except C. It
is completely positive. Because the dilation conserves energy, it fixes the global Gibbs state, so
M(γC) ≤ r γC with r = eβW−n(βT (Φ)−2κ) ≤ e−bn for κ = β∆/8. Since αC ≤ eDmax(αC∥γC)γC ,
TrM(αC) ≤ eDmax(αC∥γC)−bn, while TrM(αC) ≥ 1− εn − qn − 2fn.

(b) For a density X = ∑
a xa|a⟩⟨a| and a positive definite Γ = ∑

b gb|b⟩⟨b|, the weights
xa|⟨a|b⟩|2 form a probability law for L = ln(xa/gb), whose characteristic function is Ξ(X; Γ, t) =
TrX1+itΓ−it [157]. Its mean is D(X∥Γ) when Γ is normalized. Two properties are used.

Acceptance. If a projection A commutes with Γ, then for every real x,

TrAX ≤ ex TrAΓ + Pr(L ≥ x). (H.1)

Indeed, in a joint eigenbasis of A and Γ, TrAX = ∑
b∈A

∑
a xa|⟨a|b⟩|2, and the terms with L < x

have xa < exgb.
Continuity. For densities A,B and every positive definite Γ,

|Ξ(A; Γ, t)− Ξ(B; Γ, t)| ≤ 2
√

1 + t2 ∥A−B∥1/2
1 .

Put z = (1 + it)/2. The map u 7→ u1+it is
√

1 + t2-Lipschitz on u ≥ 0, so expanding in eigenbases
and using the Powers–Størmer inequality [158],

∥Az −Bz∥22 ≤ (1 + t2)∥
√
A−
√
B∥22 ≤ (1 + t2)∥A−B∥1.

Then A1+it − B1+it = Az(Az − Bz) + (Az − Bz)Bz, Hölder’s inequality with ∥Az∥2 = ∥Bz∥2 = 1,
and unitarity of Γ−it give the claim.

Conservation. Let Γ = γC ⊗ γ⊗n ⊗ γG ⊗ e−βHW and let ΓR be the same without γC . The
dilation V conserves energy, so it commutes with Γ and leaves Ξ unchanged. The baths con-
tribute Ξ(γG; γG, t) = 1, so the final state Ω has Ξ(Ω; Γ, t) = Ξ(αC ; γC , t) Ξ(ρ; γ, t)n eitβEi , while
Ξ(αC ⊗ΩR; Γ, t) = Ξ(αC ; γC , t) Ξ(ΩR; ΓR, t). Centering the controller’s law at a minimizing c gives
|Ξ(αC ; γC , t)| ≥ 1−|t|sn ≥ 1

2 for |t| ≤ 1/(2B), B = max{1, sn}. With v the variance of the one-copy
law of (ρ, γ), |Ξ(ρ; γ, t)n−eitnDin | ≤ nvt2/2. Dividing by the controller’s factor and using continuity
with ∥Ω− αC ⊗ ΩR∥1 ≤ 2ηn, for |t| ≤ 1/(2B),∣∣Ξ(ΩR; ΓR, t)− eitcR

∣∣ ≤ 4
√

2ηn
√

1 + t2 + nvt2/2, cR = βEi + nDin. (H.2)

Test. Let κ = β∆/2. Pinching σ⊗n in the at most (n+1)d eigenspaces of γ⊗n gives a projection
Pn that commutes with γ⊗n, with TrPnσ⊗n ≥ 1− fn and TrPnγ⊗n ≤ e−n(Dout−κ) [159]. Take A =
Pn⊗ IG⊗|f⟩⟨f |. It commutes with ΓR, TrAΓR ≤ e−βEf −n(Dout−κ), and TrAΩR ≥ 1−εn− qn−fn.

Combination. Put g = n(Dout −Din − κ)− βW ≥ nβ∆/2 and x = cR + g/2 in (H.1); the first
term is at most e−g/2. For the second, let h = min{1/(2B), 2/g} and average (H.2) over t ∈ [−h, h]:
E[1− sinc(h(LR − cR))] ≤ 4

√
2ηn
√

1 + h2 + nvh2/6. Since 1− sinc y ≥ min{y2, 1}/8,

Pr(LR ≥ x) ≤ Pr
(
|LR − cR| ≥ g/2

)
≤ 51√ηn max{1, 16B2/g2}+ 16nv

3g2 .
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The last term is O(1/n), and max{1, 16B2/g2} ≤ max{1, (8sn/(β∆n))2} whenever sn ≥ 1 or
n ≥ 8/(β∆); for the finitely many remaining n we put fn = 1. Collecting e−g/2, the test error and
16nv/(3g2) into fn proves (b). Finally, sn ≤ E|LC | = D(αC∥γC) + 2E(LC)−, and E(LC)− ≤ 1/e
because x ln(1/x) ≤ 1/e.

(c), general case. As in the reuse argument of Chiribella, Yang and Renner [43], run the same
device m times on the input ρ⊗n, reusing only the controller: each run gets a fresh input block,
fresh Gibbs stocks and a fresh battery in |i⟩, and earlier blocks are never touched again. This
is a composition of energy-conserving unitaries, so it commutes with Γm = γC ⊗ Γ⊗m

R . After k
runs, compare the actual state with αC ⊗ Ω⊗k

R , tensored with the untouched fresh blocks. The
next run contracts their distance, and it maps the comparison state, whose controller is exactly
αC and independent of everything else, to Ω⊗k

R ⊗ ΩC,rest, which the return condition puts within
ηn of αC ⊗ Ω⊗(k+1)

R . So the final state Ω(m) satisfies 1
2∥Ω(m) − αC ⊗ Ω⊗m

R ∥1 ≤ mηn. Conservation
and factorization give Ξ(Ω(m); Γm, t) = Ξ(αC ; γC , t) Ξ(ρ; γ, t)nmeitmβEi and Ξ(αC ⊗ Ω⊗m

R ; Γm, t) =
Ξ(αC ; γC , t) Ξ(ΩR; ΓR, t)m. With ϕ(t) = e−itcRΞ(ΩR; ΓR, t) and ψ(t) = e−itnDinΞ(ρ; γ, t)n, continu-
ity and division by the controller’s factor give |ϕm − ψm| ≤ 4

√
2mηn

√
1 + t2 for |t| ≤ 1/(2B).

Let 0 < ηn ≤ 2−14, m = ⌊1/(8192ηn)⌋, a = nβ∆/4 ≥ 1 and

h = min{1/2, 1/(2B), (8mnv)−1/2, 1/(2a)}.

On [−h, h], |ψm − 1| ≤ mnvt2/2 ≤ 1/16, so r = ϕ/ψ is continuous, r(0) = 1, and, since
√

1 + t2 ≤√
5/4 for |t| ≤ h, |rm− 1| ≤ τ = (16/3)

√
2mηn ≤ 1/12; in particular r has no zero. The continuous

logarithm of r that vanishes at 0 satisfies mLog r = Log(rm) on the whole interval, because the
difference is continuous, takes values in 2πiZ and vanishes at 0. Hence |Log r| ≤ 12τ/(11m)
and |ϕ − ψ| ≤ 2τ/m: continuity for one block that is linear in ηn. Averaging over [−h, h] gives
E[1− sinc(h(LR − cR))] ≤ nvh2/6 + 2τ/m, and since ha ≤ 1/2,

Pr(LR − cR ≥ a) ≤ 12nv
a2 + 16

3m max
{

1, B
2

a2

}
≤ 192v
nβ2∆2 + 217ηn max

{
1,
( 4B
nβ∆

)2}
.

With the test of (b), g ≥ nβ∆/2 and x = cR + g/2, the first term of (H.1) is at most e−a and the
second is bounded by this tail. For ηn > 2−14 the claim is trivial, and for ηn = 0 any m gives τ = 0.
Since max{1, (4B/(nβ∆))2} ≤ max{1, (8sn/(nβ∆))2} once nβ∆ ≥ 4 (for the finitely many n with
nβ∆ < 4 put fn = 1), this proves (c) with C = 217.

(c), commuting case. The initial state αC ⊗ ρ⊗n ⊗ γG ⊗ |i⟩⟨i| commutes with every local
Hamiltonian, hence with Γ, and so does Ω. Since TrC [Ω, HC ⊗ I] = 0, the partial trace of [Ω, HC +
HR] = 0 gives [ΩR, HR] = 0, so αC ⊗ ΩR commutes with Γ too. Both are block diagonal in the
eigenspaces of Γ, on which Γ−it is a scalar. For positive semidefinite X,Y and fδ(x) = (x+ δ)1+it,
d
ds Tr fδ(Y + s(X − Y )) = Tr f ′

δ(Y + s(X − Y ))(X − Y ) and |f ′
δ| =

√
1 + t2, so |Tr fδ(X) −

Tr fδ(Y )| ≤
√

1 + t2∥X − Y ∥1; letting δ → 0 and summing over blocks gives |Ξ(Ω; Γ, t) − Ξ(αC ⊗
ΩR; Γ, t)| ≤ 2

√
1 + t2 ηn. In (H.2) the term 4

√
2ηn becomes 4ηn, and the combination step of (b)

gives 32
√

5/4 ηn ≤ 36 ηn in place of 51√ηn, which is (c) with C = 36. A maximizer that commutes
with H exists for time-covariant Φ: writing D(ρ∥γ) = D(Pρ∥γ) + A(ρ), with P the pinching in
energy and A the relative entropy of asymmetry, which does not increase under covariant channels,
the objective at ρ is at most its value at Pρ.

The proof is a statement about one implementation; no controller is measured and nothing is
postselected.

The flat bank. A bank with levels jA, A = ⌈n/2⌉ ln 2/β, j = 0, . . . , L + 1, in the flat state
on a subspace of rank 2j(L + 1 − j) − 2 at interior levels and L at the two ends, together with
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about n pure seed qubits that it returns and a fresh Gibbs bit, runs n resets of zero-Hamiltonian
qubits at work ⌈n/2⌉ ln 2/β with error exactly 1/2. Its mean energy and entropy return exactly,
its joint state with all physical systems (not the purifications of the Gibbs reservoirs) is within
ηn = 6/((L+ 1)(L+ 2)) of the product, and its spread is sn = ⌈n/2⌉ ln 2 E|j − (L+ 1)/2| over the
bank’s level j, which is

(
3
√

6 ln 2/32 + O(1/L)
)

2⌈n/2⌉ η−1/2
n , about 0.159nη−1/2

n for even n and
within 1.5% of that for every L ≥ 10. What the bank lends is energy variance, A2, not energy or
entropy. If L grows faster than n, for instance L = n2, its return error weighted by its size, ηnK
with K = β span(HC) + ln dimC, tends to zero.

H.8.5 The single-letter bound

Proof of Proposition H.5. (a) The lower bound is Proposition H.19, with error and budgets o(1)
and o(n), applied to product pairs. If Ψ⊗N (ρ) = Ψ⊗N (σ), equality passes to every pair of marginals;
the energy term is additive, and the entropy decrease is subadditive because local channels cannot
increase the total correlation D(σ∥σ1 ⊗ · · · ⊗ σN ). So B(Φ⊗N ) ≤ NB(Φ), and products attain it.
If the environment states differ by δN → 0 in trace distance, let Bδ be the same maximum over
pairs whose environment states are within δ; compactness in finite dimension gives Bδ → B(Φ) as
δ → 0, and marginalization, additivity of energy and subadditivity of the entropy decrease give the
bound up to o(N).

(b, c) Taking ρ = σ gives B ≥ the capacity. If D = Ψ∗(Y ), then Tr ρD = TrYΨ(ρ) = TrσD on
every fibre, and the objective is the capacity’s. If Φ(γ) = γ but D /∈ range Ψ∗, there is a Hermitian
X ∈ ker Ψ with TrXD ̸= 0; then ρ = γ ± tX and σ = γ are admissible for small t and give B > 0.
For a qubit, suppose Ψ(X) = 0 for a nonzero traceless X. Uhlmann’s theorem applied to the two
eigenvectors of X gives an isometry relation that, with orthogonality, forces Φ to be unital. A
unital Gibbs-preserving qubit channel with E > 0 and β <∞ is phase-covariant.

Proof of Proposition H.12. Completeness and Gibbs preservation follow from x2γ11 = y2γ00. With
γ′

0 = (1 + e−βE1)−1, γ′
01 = diag(γ′

0, 1 − γ′
0, 0) and a = 1/(2γ′

0) ≤ 1, the input ρ = |0⟩⟨0| and the
fixed point σ = aγ′

01 + (1− a)|2⟩⟨2| both leave the environment in diag(1− y2, y2). Since Φ(σ) = σ
and Tr ρD = y2E1, the necessary condition gives ny2E1 − o(n). The channel is not covariant:
on the input (|0⟩ + eiϕ|1⟩)/

√
2 the two Kraus operators carry the output coherence with opposite

phases.

H.8.6 A returned clock reaches the capacity

Proof of Theorem H.6. The lower bound is Proposition H.5(b). For the construction, let V be the
dilation and K the environment Hamiltonian with V ∗(H ⊗ I + I ⊗K)V = H; add a level of energy
zero to K if needed, and take the environment F from the reservoir. Stage 1 prepares F in a
zero-energy eigenstate of K, at work kBT lnZF per use with ZF = Tr e−βK , by the deterministic
protocols of [136]. Stage 2 applies V to each input, lifted to an exactly energy-conserving unitary
by one shared ladder clock in a flat superposition of L = ⌈n8⌉ levels: each matrix element between
energy eigenstates of SF moves the clock by the energy difference, which is bounded. By exact
conservation and the balance identity, the clock’s mean energy change equals minus that of OnFn,
which vanishes for every joint input; its joint state with everything else is within O(n/

√
L) of its

initial state tensored with the rest, and its entropy changes by o(1). Stage 3 holds the outputs
and erases Fn conditionally on On, by position-based decoding [3, Prop. 7.1] with the universal
conditional and relative typical smoothing operator of [3, Prop. 6.1] for ΓOF = e−β(H+K) and
ΓO = e−βH . Since these commute, it can be chosen to be a projector commuting with both [3,
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Prop. 6.1], hence with the physical Hamiltonian, although Φ need not be covariant, and in [3,
Thm. 7.1] covariance is used only to make the dilation energy-conserving, which here the clock
does: on each input ρ the environment carries D(ωρOF ∥γF ⊗ ω

ρ
O) = lnZF + q(ρ) nats with q(ρ) =

β[F (ρ) − F (Φρ)], so the erasure returns nkBT [lnZF + infρ q(ρ)] − o(n) uniformly over product
inputs, and the postselection technique [160] extends this to arbitrary inputs with polynomial
overhead. The outputs and their correlations with any reference are untouched. Converting purity
back to mechanical work with [136] gives the net rate −kBT infρ q(ρ), which is the capacity. For
incommensurate gaps, a finite product of clock ladders handles a rational basis of the energy
differences.

For a Gibbs-preserving channel the capacity is zero, so the rate is zero exactly when D lies in the
range of Ψ∗, by Proposition H.5(c). For a qubit, Proposition H.5(c) shows that Gibbs preservation
already implies this.

H.8.7 The batch law

Proof of Theorem H.7. The lower bound is Proposition H.19; the construction, with its complete
physical ledger, is Theorem H.20.

H.8.8 Unbalanced channels need a broad clock

Proof of Proposition H.8. Write Ut = e−itH , Φt = AdUt ◦ Φ ◦ AdU∗
t
, αt = e−itHCαCe

itHC , h =
span(H), and let Θn be the implemented channel on n uses.

Programming. The dilation conserves energy and the reservoirs and battery start stationary, so
starting the controller in αt implements AdU⊗n

t
◦Θn ◦AdU∗⊗n

t
, which is εn-close to Φ⊗n

t ; by uniform
return, the controller started in αt also returns within ηn.

Rotating the controller. 1
2∥αt − αC∥1 ≤

√
2|t|sn/β. Purify αC = ∑

a λa|a⟩⟨a| as ∑a

√
λa|a⟩|a⟩,

let c minimize the spread, and compare e−itHC on the first factor with the phases e−itha , βha =
c − lnλa − lnZC , on the second. With γC = ∑

b µb|b⟩⟨b|, µb = e−βEb/ZC , the squared distance
of the two purifications is ∑a,b λa|⟨a|b⟩|2|e−itEb − e−itha |2 ≤ (2|t|/β)∑a,b λa|⟨a|b⟩|2| ln(λa/µb)− c|,
since |eix − 1|2 ≤ 2|x|.

A code from the fibre, as in [15, Sec. V]. Since D is not in the range of Ψ∗, there is a Hermitian
X with Ψ(X) = 0 and TrXD ̸= 0; its normalized positive and negative parts ρ± leave the same
environment state, and after relabelling a = TrD(ρ+ − ρ−) > 0. For a fixed M ≥ 2, let ρj , j =
0, . . . ,M − 1, interpolate linearly from ρ− to ρ+, and purify each with an orthogonal reference flag,
giving orthonormal |cj⟩. Equality of the environment states gives the Knill–Laflamme conditions
⟨cj |A∗

iAk ⊗ I|cj′⟩ = cikδjj′ , so a recovery isometry undoes the Kraus operators on the code. Since∑
iA

∗
i Ȧi = −iD, the encoded and recovered channel Λt has Λ0 = id and Λ̇0 = −i[DL, · ] with

DL = diag(Tr ρjD), and it is within C0t
2 of Ade−itDL , with C0 depending only on Φ and H.

Reading the clock. Encode the logical GHZ state M−1/2∑
j |j⟩⊗n into n uses. At the phases

tk = 2π(M − 1)k/(Mna), k < M , the ideal outputs after recovery are orthogonal up to C0K
2
M/n,

where KM = 2π(M −1)2/(Ma), so a fixed measurement identifies k from the implemented outputs
σn(tk) with probability at least 1− εn − C0K

2
M/n. Replacing every σn(tk) by σn(0) leaves success

1/M and changes it by at most maxk 1
2∥αtk−αC∥1 ≤

√
2KMsn/(βn), so εn ≥ 1−1/M−C0K

2
M/n−√

2KMsn/(βn); if sn = o(n), letting n → ∞ and then M → ∞ gives εn → 1, with no return
condition. For the second statement, suppose εn ≤ 1−δ along a subsequence, and take M = ⌈4/δ⌉.
For large n the success exceeds 1/M by δ/2, so some σn(tk) is at trace distance at least δ/2 from
σn(0), and since tk ≤ KM/n there is a phase t∗ with ∥σ′

n(t∗)∥1 ≥ δn/KM . The orbit acts on
n ports only, so ∥σ′′

n∥1 ≤ 4n2h2. For t = 1/(2hn
√
m) with m ≥ (4hKM/δ)2, a two-outcome
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measurement therefore separates σn(t∗) from σn(t∗ + t) by at least cδ/
√
m, cδ = δ/(8hKM ), and

by multiplicativity of fidelity their m-fold products are at trace distance at least pδ = 1− e−c2
δ/2.

Reuse. Run the same device m times, as in the proof of Proposition H.4(c), once with the
controller started in αt∗ and once in αt∗+t, with identical fresh inputs, reservoirs and batteries.
Each run is within mηn of m independent copies, and the two runs differ only in the controller’s
initial state, so

pδ ≤ 2mηn +
√

sn
βhn
√
m
.

Put An = max{1, (sn/n)2} and Rn = ηnAn → 0. If ηn > 0 take m = ⌈An/
√
Rn⌉, and if ηn = 0

take m = ⌈nAn⌉; then m → ∞, mηn → 0 and sn/(n
√
m) → 0, a contradiction. For the reliable

bound, take M = 2 in the code from the fibre and encode one logical qubit into the repetition code
|j⟩ 7→ |cj⟩⊗n; the ideal logical block is within nC0t

2 of Ade−itnDL , and the implemented block Ft
is within εn of it. Pass the same logical qubit through k consecutive blocks, re-encoding it each
time and keeping every syndrome, so that Γt = F kt is within kεn + knC0t

2 of Ade−itknDL . With
logical input |+⟩ and t0 = π/(kna), the outputs σ(0) and σ(t0) are at trace distance at least 1/2
once kεn ≤ 1/64 and n is large, so some θ∗ ≤ t0 has ∥σ′(θ∗)∥1 ≥ kna/π, while ∥σ′′∥1 ≤ 4k2n2h2.
For √g ≥ max{16, 4πh/a} and t = 1/(2knh√g) a two-outcome measurement separates σ(θ∗)
from σ(θ∗ + t) by at least a/(8πh√g), so their g-fold products are at trace distance at least a
constant p > 0. Running the device for kg blocks, with every logical system and syndrome kept,
independent return costs 2kgηn, and as above p ≤ 2kgηn+

√
sn/(βhkn

√
g). Taking k ≍ 1/(εn+ηn)

and g ≍ 1/(kηn), with constants depending only on Φ and H, gives sn ≥ c βn/
√
ηn(εn + ηn). For

X-dephasing the code is exact, the logical channel being Ade−itDL followed by dephasing by cos(Et),
and one may take N = 64, b = p/8192 and c = 9p3E/(4096

√
2) with p = 1 − e−1/(128π2). For the

third statement, if D lies in the span, equal environment states force Tr ρD = TrσD, so B(Φ) is
the capacity and Proposition H.4(c) applies.

H.8.9 How large the clock must be

Proof of Proposition H.9. We use the notation and the first two steps of the proof of Proposi-
tion H.8: starting the controller in αt implements the channel rotated along the orbit Φt, and
1
2∥αt − αC∥1 ≤

√
2|t|sn/β. The first step uses that the battery and the reservoirs start in states

that commute with their Hamiltonians; neither step uses return. Since the complete strategy error
bounds the batch error, the lower bounds hold in real time as well.

(a) Since Φt+u = AdUt ◦ Φu ◦ AdU∗
t
, a vanishing derivative Φ̇0 would make Φt constant, so

Φ̇0 ̸= 0. Choose an input ρ with a reference such that B = d
dt(Φt ⊗ id)(ρ)|t=0 ̸= 0, let P project

onto the positive part of B, and measure M = (I + P )/3. Its probability p(t) on (Φt ⊗ id)(ρ)
lies in [1/3, 2/3], and p′(0) = TrPB/3 = ∥B∥1/6 =: λ > 0. Since ∥Φ̈t∥⋄ ≤ 4h2, p′(t) ≥ λ/2 for
|t| ≤ τ = λ/(8h2). Feed ρ, each with its own reference, to the n uses and measure M on every
output. For an integer J ≥ 2 and v > 0 put tj = jv/

√
n, j < J , and let n ≥ ((J − 1)v/τ)2. Under

Φ⊗n
tj the outcomes are independent, adjacent means differ by at least λv/(2

√
n), and the sample

mean has variance at most 1/(4n), so by Chebyshev’s inequality the nearest mean identifies j with
error at most δ = 4/(λv)2. The device started in αtj is within εn of Φ⊗n

tj , so it identifies j with
probability at least 1− δ − εn. With every αtj replaced by αC the outputs no longer depend on j
and the average success is 1/J , while the replacement changes it by at most maxj 1

2∥αtj − αC∥1.
Hence

εn ≥ 1− 4
(λv)2 −

1
J
−
√

2(J − 1)v sn
β
√
n

.
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If sn = o(
√
n), let n→∞ at fixed J and v, and then let J and v grow.

(b) Put ζ = εn+ηn ≤ 1/32 and k = ⌊1/(16ζ)⌋ ≥ 1/(32ζ). As in the proof of Proposition H.4(c),
run the same device on k blocks of n uses, with fresh inputs, reservoirs and batteries for every
block, and keep all old outputs, reservoirs, batteries and references aside. By uniform return the
run is within (k − 1)ηn of k runs with independent controllers, so it implements Φ⊗kn within
(k− 1)ηn + kεn ≤ 1/16, and started in αt it implements Φ⊗kn

t within the same error, since uniform
return holds at αt too. Apply the test of (a) with J = 2 and v = 8/λ to these kn uses, taking
n ≥ N = ⌈(v/τ)2⌉. The ideal outputs at the phases 0 and v/

√
kn are then at distance at least 7/8,

so
7
8 −

1
8 ≤

1
2∥αv/√

kn − αC∥1 ≤
√

2vsn
β
√
kn
,

and sn ≥ 9β
√
kn/(32v) ≥ 9βλ

1024
√

2

√
n/(εn + ηn).

(c), errors that cancel between uses. Balance gives a Stinespring isometry V : A→ A⊗ E and
a Hermitian K on E with V ∗(H ⊗ I + I ⊗ K)V = H. Add to E a seed level |0⟩, from which V
starts, and put HE = K + e0I, giving the seed the energy e0, with e0 large enough that HE is
positive; with W = H ⊗ I + I ⊗ HE this reads V ∗WV = H + e0I. Put R = WV − V (H + e0I)
and κ = ∥R∥. Then V ∗R = 0, and κ > 0, since κ = 0 would make Φ time-covariant. For n copies,
Rn = WnV

⊗n−V ⊗n(Hn +ne0I) is the sum of the terms with R in one factor and V in the others.
Every cross term of R∗

nRn contains V ∗R or R∗V , so R∗
nRn = ∑

i(R∗R)i and ∥Rn∥ ≤
√
nκ on all

inputs, entangled ones included. The energy orbit Vt = e−itWnV ⊗neit(Hn+ne0) therefore satisfies
V ∗
t WnVt = Hn + ne0I for every t, and, since its derivative is a unitary conjugate of Rn,

∥Vt − V ⊗n∥ ≤ |t|
√
nκ.

(c), the clock. Suppose first that all energy differences lie in ωZ. Lift V ⊗n to a ladder clock
of spacing ω by V̂ = ∑

x,y ΠxV
⊗nΠy ⊗ T(ey−ex)/ω, with Πx the energy projections and T the

shifts of the ladder. V̂ is an isometry that conserves energy exactly; complete it, in each total-
energy eigenspace, to a full square energy-conserving unitary. Start the clock in a sine packet on
ℓ consecutive levels, with nu empty levels on each side, where u bounds the shift of one use. In
the Fourier representation of the clock the lift acts as Vθ/ω at phase θ, and the phase law of a sine
packet has Eθ2 ≤ π4/(4(ℓ + 1)2) (Appendix G). So the vector error from V ⊗n tensored with the
packet is at most π2κ

√
n/(2ω(ℓ+ 1)), which is at most a/4 for ℓ = ⌈2π2κ

√
n/(ωa)⌉, and the spread

of the pure clock is at most βω(ℓ + 1)/2 ≤ C
√
n/a. Since V ∗

t WnVt = Hn + ne0I for every t, the
clock’s mean energy does not change, and its final state lies in the span of the 2nu + 1 translates
of the packet, so its entropy is at most log(2nu+ 1).

If the energy differences generate a group of rank m ≥ 2, with basis ω1, . . . , ωm, narrow clocks
on each coordinate do not suffice: balance of the energy does not give balance of each coordinate.
Use instead one clock on Zm with Hamiltonian ω · q and the packet ϕΛ(q) ∝ fL(ω · q)G(q/Λ),
where fL(x) = L−1/2 cos(πx/(2L)) on |x| ≤ L and G is a smooth, even, nonnegative bump on
(−1, 1)m. Its energy lies in an interval of length 2L, so sn ≤ βL however large Λ is. For each
fixed z ∈ Zm, ⟨ϕΛ|TzϕΛ⟩ →

∫
fL(x)fL(x − ω · z) dx as Λ → ∞, by equidistribution of (ω2q2 +

· · · + ωmqm)/ω1 modulo one: approximate the periodized profile by trigonometric polynomials;
each nonzero harmonic carries an irrational ratio ωj/ω1 and its sums stay bounded, while the
zero harmonic is a Riemann sum. With the continuous profile fL, for which ∥f ′

L∥2 = π/(2L),
the same estimate gives squared vector error at most nκ2π2/(4L2) and exact mean balance. Take
L = 2πκ

√
n/a, Mn = dn(d dE)n, and Λ so large that the finitely many Gram coefficients that enter

are within ζn = min{a2/(32Mn), E0/(2n2∥W∥M2
n)} of their limits, for a fixed energy E0. The
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squared vector error is then at most a2/8, and the finite clock’s mean energy changes by at most
n∥W∥M2

nζn ≤ E0/n. Its entropy is at most m log(2nu+ 1). No rate in Λ is claimed.
(c), returning the seeds. The n seeds belong to the controller and must return. After the lift,

erase each seed with its own fresh Gibbs record cell R and its own sharp two-level battery W of
gap w > span(HE). Let R have a ground level of energy 0 and levels rj of energy w + ej − e0,
start W in |1⟩, and swap |j⟩E |1⟩W |g⟩R with |0⟩E |0⟩W |rj⟩R for every j, acting as the identity
elsewhere. Each swap conserves energy, so this is a full energy-conserving unitary; it fails only if R
starts excited, with probability q ≤ dEe

−β(w−spanHE) independent of the input. Choose w so that
q ≤ min{a2/(4n), n−2}; then w = O(log(n/a)). With probability at least 1−nq every seed returns
to |0⟩; this costs at most √nq ≤ a/2 in trace distance and never touches the outputs. So the error
is at most a/2 and the return error at most 2a. The seeds’ entropy and energy change by at most
n[h(q) + q log(dE − 1)] and nq span(HE), both o(1), so the controller’s mean energy changes by
o(1) and its entropy by O(logn). The battery starts sharp and ends at a fixed level except with
probability nq ≤ 1/n.

(d), lower bound. Encode a logical qubit as |1⟩S |0⟩A and |0⟩S |1⟩A, with A held by the observer,
and recover with the permutation that writes the logical bit and the syndrome. On this code
ΦX,t acts after recovery as Ade−itDL ◦ ∆cosEt, where DL = diag(−E/2, E/2) and ∆r multiplies
the off-diagonal entries by r. With the n-fold repetition code, the decoded implemented channel
Ft is within εn + nE2t2/4 of the unitary Ut = e−itnDL , because 1

2∥∆r − id∥⋄ = (1 − r)/2 and
1 − cosn x ≤ nx2/2. Take t = 64√εn/(nE). For n ≥ 4096, F0 is within εn of the identity and Ft
within 2εn of Ut, whose eigenvalues are e±iφ/2 with φ = 64√εn ≤ 1.

Let |p⟩ and |q⟩ purify αC and αt with overlap f , their root fidelity, and let Wp and Wq be
the resulting Stinespring isometries of the logical channel, keeping everything else as environment.
They differ only in the program, so W ∗

pWq = fI. If a qubit channel is within δ of a unitary U , each
of its Stinespring isometries W has ∥W − U ⊗ e∥ ≤ 2

√
δ for some unit vector e: the Bell state of

the channel has overlap at least 1− δ with that of U , Uhlmann’s theorem aligns the environment
within

√
2δ, and the operator norm is at most

√
2 times that distance. With z = ⟨ep|eq⟩ this gives

∥fI − zUt∥ ≤ 2√εn + 2
√

2εn < 8√εn. On the two eigenvectors of Ut one of |f − ze±iφ/2| is at least
f sin(φ/2), so f sin(32√εn) ≤ 8√εn and f ≤ π/8. Hence 1

2∥αt − αC∥1 ≥ 1− f > 1/2, the rotation
bound gives 1/4 < 2tsn/β, and sn ≥ β/(8t) = βEn/(512√εn). No return, work bound or variance
enters.

(d), construction. Let

τ = min{η,
√
ε, 1

4}, L =
⌈100π2n

τ

⌉
, M = mE, z = 1

1 + eβM
,

m =
⌈
max

{
2, 104n

τ2 ,
1
βE

ln 104n

τ2

}⌉
.

Each use takes a fresh program bit B in the state I/2 and a fresh Gibbs qubit G of gap M , and
applies (U ⊗ IG)J , where U = |0⟩⟨0|B ⊗ I + |1⟩⟨1|B ⊗X and J is the rotation between the system
and G with blocks A =

√
I −H/M and F =

√
H/M , as in Appendix G. Tracing B and G gives ΦX

composed with a map within 1/(2m) of the identity, and the initialized energy gain of the system,
B and G is the operator (E/2)I − 2zH. Lift each contact to a ladder clock P of spacing E/2,
prepared in a sine packet on L levels in the middle of a ladder of L+ 2b levels, b = n(2m+ 3) + 1,
a margin that no history, rare hot ones included, can exhaust; raise P by one level per use while
a sharp battery loses E/2; complete each stage shell by shell to a full energy-conserving unitary;
schedule the stages with a zero-Hamiltonian counter that returns exactly; and swap each used
program bit out with a fresh flat bit. At a fixed phase of P , tracing the stationary G and B leaves
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ΦX conjugated by an energy phase, one phase for the whole strategy; the phase law is even with
second moment at most π4/(4(L+ 1)2), and the second derivative of the observer’s state is at most
16n2. So the error is at most π4n2/(L+ 1)2 + n/(2m) < ε for every adaptive observer. The energy
of P drifts by the operator 2zLS(H), so 0 ≤ ∆EC ≤ 2nzE. Compared with the same circuit
without the contact J , which moves the clock by at most 3n levels in each Fourier fibre, the full
state is within v ≤ 2

√
nz+

√
n/m+n/m+ 3π2n/(2(L+ 1)) < τ/10 of the packet tensored with the

ideal rest. So the controller returns jointly with all physical systems within 2v < η, and its entropy
changes by at most h(v2) + v2 ln dimP = o(n). The battery moves from nE/2 to 0 on every path,
and the spread of the pure packet is at most βEL/4 = O(βEn/τ).

H.8.10 The two families

(a) The Kraus operators of a channel that fixes every state of a basis are diagonal in that basis, so
its environment output depends only on the diagonal of the input. Apply the necessary condition
of Section H.5 with ρ = ψ, a top eigenvector of Φ∗(H) − H, and σ its diagonal, so that S(σ) =
S(Φ(σ)). For a mixture of commuting unitaries, the upper bound applies the rare-excitation lift of
Appendix G to the controlled unitary ∑j Vj ⊗ |j⟩⟨j| with a Gibbs program register; this dilation
leaves the device’s entropy unchanged on every input. The criterion is the case of equality in the
strict concavity of entropy.

(b) The lower bound takes σ = τA ⊗ ρB. The upper bound swaps B with a flat cell and uses
the returning-clock theorem of Appendix G. The criterion is the optimality condition of the maxi-
mization defining L: a positive operator with zero partial trace must vanish. For the Bell example
the finite construction gives the exact gain 3

4EI − 2zH with deterministic work, independently of
that theorem.

H.8.11 A channel that reaches its capacity

Proof of Proposition H.13. Both σ0 and σ1 are states (detσ0 = 1/6, detσ1 = 0), and 3
4σ0+ 1

4σ1 = γ,
so Φ is a Gibbs-preserving measure-and-prepare channel; it maps the stationary state |0⟩⟨0| to
σ0, which does not commute with H. Moreover Φ ◦ ∆ = Φ and ∆ ◦ Φ(ρ) = γ for every ρ,
where ∆ removes coherences in the energy basis. Gibbs preservation and data processing give
F (Φρ) ≤ F (ρ) with equality at γ, so the capacity is zero; by the accounting identity of Appendix G,
no implementation spends less than −o(n). Directly: on the input γ⊗n the output is o(1)-close to
γ⊗n, so its energy and, by Fannes’ inequality, its entropy change by o(n); with the controller’s energy
and entropy refunds and the battery’s entropy refund, conservation of entropy and subadditivity
give ∆SR ≥ −o(n) for the reservoir, and ∆ER ≥ β−1∆SR because it starts in its Gibbs state, so
Wn = ∆ER + o(n) ≥ −o(n).

For the construction, take from the reservoir a qubit D with zero Hamiltonian, in its Gibbs
state I/2, and let Ψ(ρAD) = γA⊗Φ(ρA)D. Since Φ ignores input coherences and its output sits on a
zero-Hamiltonian system, Ψ is time-covariant. Using S(ρAD) ≤ S(ρA) + ln 2 and F (ΦρA) ≤ F (ρA),
its capacity is a = β−1[ln 2 − S(γ)] = E(3

4 − ln 2/ ln 3) ≈ 0.119E, attained at γ ⊗ I/2. Stage 1
runs Ψ⊗n with the thermal-operation construction for time-covariant channels of [3, Thm. 7.1], at
work n(a+ δ) + o(n) for any δ > 0 and error tending to zero. That construction uses only energy-
conserving unitaries and Gibbs ancillas (the dilation environments and the copies used for position-
based decoding, all reservoir cells), and counts work in zero-Hamiltonian information batteries. We
draw those registers from the reservoir in their Gibbs state and convert the purity they consume
and return into mechanical work with the protocols for degenerate registers of [136], which give
deterministic work at a loss o(n) and vanishing error. So the controller holds only the clock. Stage
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2 swaps An and Dn in the computational basis, mapping |a⟩A|z⟩D|j⟩C 7→ |z⟩A|a⟩D|j+ |a|− |z|⟩C on
a clock with levels of energy jE, which conserves energy. Stage 3 extracts the free energy na−o(n)
of the known state γ⊗n, now on the zero-Hamiltonian register Dn, which needs no coherence. The
net work is o(n). Each stage has deterministic work, and δ is arbitrary.

Since ∆ ◦ Φ = γ, the computational labels z of Φ⊗n(ρ) are independent with law γ for every
input ρ, including inputs entangled across uses and with a reference, and so are the labels a of
γ⊗n. The clock shift K = |a|− |z| is therefore a sum of n independent increments taking the values
±1 with probability 3/16 each and 0 with probability 5/8, so EK = 0 and EK2 = 3n/8. Take
the clock on the ladder j = 0, . . . , 2n + L − 1, starting in the uniform superposition of the levels
n, . . . , n+L−1; on basis states that would leave the ladder, which carry no weight, the gate acts as
the identity, which keeps it an energy-conserving unitary. The overlap of the clock with its translate
by k is max(0, 1 − |k|/L) [142], so, purifying everything, the joint state is within trace distance√

2E|K|/L ≤
√

2
√

3n/8/L of the exact output of Stage 1 tensored with the initial clock; the error
of Stage 1 adds to this. The clock’s marginal is a mixture of at most 2n+ 1 translates of its initial
state, so its entropy changes by O(logn). Its mean energy is unchanged on the exact output of
Ψ⊗n, and by energy conservation of the gate it changes by O(ε1nE) = o(n) on the implemented
one, where ε1 is the error of Stage 1.

The proof uses only Φ ◦ ∆ = Φ, ∆ ◦ Φ = γ Tr and Φ(γ) = γ: every channel with these three
properties, on a system with commensurate gaps, reaches capacity zero in the same way, with
increments of mean zero and variance 2 Varγ(H). On a qubit these channels form the family whose
output coherences satisfy c1 = −(γ0/γ1)c0 and |c1|2 ≤ γ0γ1; the channel of the proposition is its
extreme point, where σ1 is pure.

H.8.12 A process and its reverse

Proof of Proposition H.14. TheMi sum to the identity, and Tr(P±γ) = 5
12 , Tr(P2γ) = 1

6 give output
populations (1

2 ,
1
3 ,

1
6), so N (γ) = γ. The reverse is N ♯(ρ) = ∑

i ρii γ
1/2Miγ

1/2/γi, which ignores
input coherences; its Kraus products contain every |i⟩⟨i| and N ♯∗(H) is diagonal, so Theorem H.6
gives zero cost.

The Kraus products of N span B(span{|+⟩, |2⟩}) + B(span{|−⟩, |2⟩}), so two inputs leave the
environment in the same state exactly when they differ only in their |+⟩⟨−| coherence. Dephasing
σ in the basis |+⟩, |−⟩, |2⟩ raises its entropy without changing N (σ), and the coherence of ρ between
|±⟩ and |2⟩ can be removed without changing feasibility or energy. So the maximum in B(N ) is
attained at σ = pP+ + qP− + rP2 and ρ = (√p|+⟩ + √q|−⟩)(√p⟨+| + √q⟨−|) + rP2, and with
a = ln 3

2 , b = ln 3,

B(N )
kBT

= max
p+q+r=1

[
−a

2p+
(3a

10 + b
5
)
q − b

2r + a
√
pq + h(p, q, r)− h

(
p+ r

2 ,
4q
5 ,

q
5 + r

2
)]
,

where h is the Shannon entropy in nats. The objective is strictly concave, its maximum is interior,
and equating the three partial derivatives gives, for t =

√
q/p and z = r/(2p),

12z2(1 + z)
(3

2
)t−1 = z + t2

5 , (1 + z)5 = 3
(4

5
)4(1

5 + z
t2

)(3
2
)4+ 5

2 (1/t−t)
,

whose positive solution is unique, t ≈ 1.02099 and z ≈ 0.16236. Euler’s relation for the homogeneous
extension gives the value c = ln(1 + z) + 1

2 ln 3
2 (t − 1). Interval arithmetic at a rational point

near the optimum certifies 0.1547103002210 < c < 0.1547103002225. For the upper bound, put
X = diag

(
a
2 (t − 1), 3a+2b

10 + a
2t ,−

b
2
)

in the basis |+⟩, |−⟩, |2⟩ and Y(i,s) = Xs/β on the five Kraus
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labels. Then β(D −Ψ∗(Y )) = −a
2

(
t −1 0

−1 1/t 0
0 0 0

)
≤ 0, so tY = 0, and βgY = c, attained at the faithful

optimal σ∗. The construction of Theorem H.7 with this Y therefore attains B(N ) = c kBT with
deterministic work; since σ∗ > 0, it needs no regularization of N .

Proof of Proposition H.15. If the Choi matrix of Φ has full rank, its Kraus operators span all
matrices, and so do their products A∗

iAj ; both tests then hold trivially. The map Ai 7→ γ1/2A∗
i γ

−1/2

is invertible, so Φ♯ also has full Kraus rank. The channel γ Tr has Choi matrix I ⊗ γ > 0, so every
mixture (1− δ)Φ + δ γ Tr with δ > 0 has full rank. For the family, the Mi form a POVM because

2
2+z + z

2+z = 1, and ⟨uθ|γ|uθ⟩ = 1
2 −

z
6 and ⟨vθ|γ|vθ⟩ = 2+z

6 give Gibbs preservation; the Kraus
products have no matrix element between uθ and vθ, while ⟨uθ|H|vθ⟩ = kBT ln 3

2 sin θ cos θ ̸= 0, and
the reverse reads only populations.

H.8.13 The noise horizon

Proof of Proposition H.16. Appendix H.9 gives a lower bound at fixed error with explicit budgets,
the uniform noise construction, and the envelopes.

H.8.14 A controller that returns only in state

Proof of Corollary H.17. (a) Follow the proof of Proposition H.19, with m = n, but keep the
controller’s actual changes ∆EC and ∆SC on the input ρ of an exact-fibre pair instead of bounding
them. Energy conservation, the battery budget uW , the bath inequality β∆Ebath ≥ ∆Sbath and
∆Sbath ≥ Aρ −∆SC − S(Wf ) give

Wnom ≥ ∆Epayload + β−1Aρ −
(
β−1∆SC −∆EC

)
− uW − β−1bW ,

and β−1∆SC −∆EC = FC(αC)− FC(α′
C) ≤ Rn, where α′

C is the controller’s final state on ρ. The
payload term and Aρ refer to the same run on ρ, and the lower bound on Aρ in that proof uses no
property of the controller beyond the independence of its initial state from the input. Hence, with
t = min{1, 4ε1/4},

Wnom +Rn ≥ nB(Φ)− β−1{n[(2βh+ ln d)ε+ 4t ln d] + r0(ε) + r0(t)
}
− uW − β−1bW .

Under the budgets of Proposition H.19, Rn ≤ eC + β−1sC , so this contains (H.4). With ε→ 0 and
uW , bW = o(n) it gives (a).

(b) On a given input, let x ≤ ηn be the trace distance between α′
C and αC . Writing αC −

α′
C = x(τ+ − τ−) with states τ± gives |TrHC(αC − α′

C)| ≤ x span(HC), and Lemma H.18 gives
|S(αC)−S(α′

C)| ≤ x ln dC + r0(x). Both bounds increase with x, since r′
0(x) = ln(1 + 1/x) > 0. So

FC(αC)− FC(α′
C) ≤ kBT [ηnK + r0(ηn)] on every input, which is the bound on Rn; together with

(a) it gives the bound on K.
(c) Take the family of Theorem H.20, with controller C0, battery W and nominal work nB(Φ)+

o(n), whose controller returns jointly within η0
n → 0 with actual energy and entropy changes o(n).

Let k = ⌈n[B(Φ) − w]/ω⌉; if k = 0 the family itself serves. Otherwise let N = ⌈k/ηn⌉ ≥ k,
add to the controller a ladder L with Hamiltonian ω

∑k+N
ℓ=1 ℓ |ℓ⟩⟨ℓ| in the uniform mixture µL =

N−1∑N
j=1 |k+ j⟩⟨k+ j|, and add to the battery a register W2 with Hamiltonian kω|1⟩⟨1|, starting

in |0⟩. Before anything else, apply the permutation that exchanges |k + j⟩L|0⟩W2 with |j⟩L|1⟩W2

for j = 1, . . . , N and fixes every other basis vector. It is an involution and conserves energy,
since both vectors of each pair have energy (k + j)ω, and it maps µL ⊗ |0⟩⟨0| to µ′

L ⊗ |1⟩⟨1|, with
µ′
L = N−1∑N

j=1 |j⟩⟨j|. Then run the device of Theorem H.20, which does not act on L or W2.
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The error is that of the original family. The battery W ⊗W2 starts in an energy eigenstate,
and W2 ends in |1⟩ with certainty, so the battery reaches its new nominal endpoint except with
the original vanishing probability, with the original entropy and mean deviation; its nominal work
is nB(Φ) + o(n) − kω = nw + o(n), since 0 ≤ kω − n[B(Φ) − w] < ω. The ladder ends in µ′

L,
in a product with everything else, so by the triangle inequality the joint return error of C0 ⊗ L
is at most η0

n + D(µ′
L, µL), with D = 1

2∥ · ∥1. The two uniform distributions share N − k levels
and differ on k levels each, so D(µ′

L, µL) = k/N ≤ ηn. The ladder’s entropy is lnN before and
after, and it loses exactly the energy kω. So the controller’s entropy changes by o(n) and its free
energy drops by kω + o(n) = n[B(Φ) − w] + o(n) on every input. The ladder’s energy range is
(k +N − 1)ω ≤ (1 + 1/ηn)kω ≤ (1 + 1/ηn)(n[B(Φ)− w] + ω).

Applied to the ladder alone, the bound of (b) requires βkω ≤ ηn[β span(HL)+ln(k+N)]+r0(ηn),
that is, a range of at least kω/ηn up to terms of order kBT [ln(k + N) + r0(ηn)/ηn]; the range
(k +N − 1)ω ≤ (1 + ηn)kω/ηn exceeds this by at most the factor 1 + ηn and those terms.

If the ladder must be pure, take instead ψ = ∑N
j=1 aj |k+j⟩ with aj =

√
2/(N + 1) sin(jπ/(N+

1)), so that ∑j a
2
j = 1, and N = ⌈kπ/ηn⌉. The same permutation maps ψ ⊗ |0⟩ to φ ⊗ |1⟩

with φ = ∑
j aj |j⟩, and for pure states D(φ,ψ) ≤ ∥φ − ψ∥. Let J lower the ladder by one level,

J |ℓ⟩ = |ℓ−1⟩ for ℓ ≥ 2 and J |1⟩ = 0. It is isometric on vectors supported on levels ≥ 2, which every
vector it acts on below is, and φ = Jkψ. Telescoping, ∥ψ−Jkψ∥ ≤∑k−1

i=0 ∥J i(ψ−Jψ)∥ = k∥ψ−Jψ∥.
With θ = π/(N + 1) and a0 = aN+1 = 0, the coefficients satisfy aj−1 + aj+1 = 2 cos θ aj , so
2⟨ψ|Jψ⟩ = 2∑N−1

j=1 ajaj+1 = ∑N
j=1 aj(aj−1 + aj+1) = 2 cos θ and ∥ψ − Jψ∥2 = 2 − 2 cos θ ≤ θ2.

Hence D(φ,ψ) ≤ kπ/(N + 1) ≤ ηn. The pure ladder also loses exactly kω, stays pure and stays in
a product with everything else, and the range bound holds with π/ηn in place of 1/ηn.

H.9 Physical construction for the batch law and the noise horizon

This appendix proves Theorem H.7 and Proposition H.16 with every physical resource counted.
Section H.9.1 states the contract and Section H.9.2 proves the lower bound with explicit finite
budgets. Section H.9.3 builds the device for a fixed channel, and Sections H.9.4 and H.9.5 treat
noisy channels, first at a uniform rate and then over finite horizons.

H.9.1 The operational contract

All logarithms and entropies are natural. Input and output have dimension d and the same Hamil-
tonian H, shifted to ground zero. Write h = oscH = ∥H∥ and fix β > 0. Every implemented
gate is a full finite-dimensional unitary conserving the fixed additive Hamiltonian. Every reservoir
supply starts in its Gibbs state, independently of the controller, inputs, other supplies and battery.
Used, failed, idle and retired supplies remain part of the physical rest. Mathematical purifications
are inert: they are neither manipulated nor required to be returned.

The whole controller C includes the phase bank, initially pure environment seeds, flat routing
label, dilation flag and scheduling counter. Its initial state αC is independent of the inputs. The
mechanical battery W starts in a sharp energy eigenstate. Debit is initial minus nominal final
battery energy. Uniformly over every joint input and reference, require half diamond error εn → 0
and

D(ωCRphys , αC ⊗ ωRphys)→ 0, |∆EC | = o(n), |∆SC | = o(n).

Here D = 1
2∥·∥1, Rphys is all physical systems other than C, and the endpoint changes are actual and

unconditional. The battery has a common nominal sharp endpoint with vanishing failure, S(Wf ) =
o(n) and Tr |HW − EW,nom|ωW = o(n). Startup capital β−1D(αC∥γC) is declared separately,
unrestricted, and not charged as operating work.
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This is a batch contract: all outputs are held until cleanup, and one device covers inputs
entangled across all uses and with a reference. Real-time release and efficient resources are outside
its scope.

H.9.2 The lower bound with explicit budgets

Let V : S → OE be a minimal Stinespring isometry, with channel Φ, complement Ψ, and dimE = r.
Put

D = Φ∗H −H, hΦ(σ) = S(σ)− S(Φσ), B(Φ) = max
Ψρ=Ψσ

[Tr ρD + β−1hΦ(σ)].

hΦ(σ) = S(E|O)V σV ∗ is concave. The faithful feasible pair ρ = σ = I/d gives Slater strong duality
after removal of redundant affine constraints:

B(Φ) = inf
Y=Y ∗

(tY + gY ), tY = λmax(D −Ψ∗Y ), gY = max
σ

[β−1hΦ(σ) + TrσΨ∗Y ]. (H.3)

Indeed, add TrY (Ψσ−Ψρ) to the objective and maximize independently over the two states. The
entropy and energy in gY use the same σ. The primal value is finite, and the faithful feasible pair
lies in the relative interior of the set of state pairs, so the same condition also gives dual attainment:
the infimum in (H.3) is attained by some Hermitian Y .

Exact complement equality for a block implies marginal equalities. Relative-entropy data pro-
cessing for total correlation gives

S(σn)− S(Φ⊗nσn) ≤
∑
i

[S(σi)− S(Φσi)].

The energy is additive; hence B(Φ⊗n) = nB(Φ), with products attaining the reverse bound. With
complement tolerance ζ, marginal contraction gives nB1(0) ≤ Bn(ζ) ≤ nB1(ζ). Compactness of
the single-copy state-pair set gives B1(ζ) ↓ B1(0) as ζ ↓ 0.

Lemma H.18 (Active-dimension continuity). Set r0(x) = (1 +x) ln(1 +x)−x ln x, r0(0) = 0. For
states at half trace distance x ≤ 1,

|S(A|F )ρ − S(A|F )σ| ≤ 2x ln dA + r0(x), |S(A)ρ − S(A)σ| ≤ x ln dA + r0(x).

No dimension of F enters.

Proof. The Jordan decomposition is ρ− σ = x(τ+ − τ−). The common state (ρ+ xτ−)/(1 + x) =
(σ+xτ+)/(1+x) is a mixture of weight p = x/(1+x). Conditional entropy of a mixture lies between
its averaged value and that average plus h2(p): use concavity and then append the classical mixture
label. Subtract the bounds and use the range [− ln dA, ln dA]. For ordinary entropy the range is
[0, ln dA]. Finally (1 + x)h2(x/(1 + x)) = r0(x).

Proposition H.19 (A finite-error lower bound with explicit budgets). A finite device implements
Φ⊗m with half diamond error ε ≤ 1. Suppose uniformly |∆EC | ≤ eC , |∆SC | ≤ sC , S(Wf ) ≤ bW ,
and |⟨HW ⟩f − EW,nom| ≤ uW . Define t = min{1, 4ε1/4} and b = eC + uW + β−1(sC + bW ). Then

Wnom ≥ mB(Φ)− β−1{m[(2βh+ ln d)ε+ 4t ln d] + r0(ε) + r0(t)} − b. (H.4)

Controller and reservoir dimensions, gaps and athermal capital may grow arbitrarily.
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Proof. Let I be all final physical hardware except visible outputs. We may assume that the outputs
occupy the input registers, appending a conserving swap otherwise, so that I consists of the same
systems at the start and at the end; and F purify its initial product state. Purify input τ by Q,
dimQ ≤ dm. The actual QOIF state is pure; QF remains product. Thus Aτ = S(QO|F )act ≥
S(τ)−S(Oact(τ)). Stinespring continuity [146, Thm. 1] gives a common environmental embedding
of actual and ideal channels at operator distance at most a =

√
2ε. For an exact-fibre pair, that

is, inputs with Ψ(ρ) = Ψ(σ), the aligned ideal IF marginals coincide, so the actual IF marginals
are at half trace distance at most 2a. Uhlmann aligns their actual purifications by a mathematical
unitary on QO at half trace distance at most 2

√
a. Conditional entropy is invariant under that

unitary. Lemma H.18 on dimension at most d2m gives Aρ ≥ Aσ − 4mt ln d − r0(t); the cap t = 1
follows from the entropy range. These alignments are comparisons, not physical operations on F .
Output entropy continuity then gives

Aρ ≥ hΦ⊗m(σ)−mε ln d− r0(ε)− 4mt ln d− r0(t).

Initial S(F ) = S(Iinitial) and final purity give ∆SI = Aρ. Endpoint subadditivity implies ∆Sbath ≥
Aρ −∆SC − S(Wf ). The initial product Gibbs bath obeys β∆Ebath ≥ ∆Sbath by relative entropy
positivity, with no bath dimension or span bound. Conservation and the nominal-to-mean battery
budget give Wnom ≥ ∆Epayload + β−1Aρ − b. The actual payload gain differs from its ideal gain by
at most mhε; (H.4) uses the looser 2mhε. Maximize over exact-fibre pairs and apply additivity.

H.9.3 The device for a fixed channel

Theorem H.20 (The batch law). For every finite channel whose input and output carry the
same Hamiltonian, one family of implementations meets the contract of Appendix H.9.1 for all
inputs, including inputs entangled across uses and with a reference, with nominal mechanical work
nB(Φ) + o(n). Every admissible family has lim inf Wn/n ≥ B(Φ). For each fixed Y in (H.3), the
construction below attains Wn ≤ n(tY + gY ) + o(n).

We describe the design of the eraser before the contact that feeds it, so the order of the subsec-
tions is not the order in which the device runs. The physical device runs as follows: it starts with
the invested environment seeds and the phase bank initialized; it pumps the sharp work budget
into the bank; it runs the n lifted contacts, each preceded by its rare-excitation rotation; it decodes
the environment’s position using the held outputs; it converts the resulting label into mechanical
work in the factory; it resets the routing label by a swap with a fresh Gibbs stock; and it closes
the counter’s cycle. The auxiliary Hamiltonians and the band filter below are tools for designing
one uniform, energy-conserving test; they are not physical resources supplied to the device. All
nonstandard physical steps are proved below. The only standard mathematical imports are the
finite Hayashi–Nagaoka inequality, Stinespring continuity and Uhlmann’s theorem; no asymptotic
eraser or general source compiler is assumed.

H.9.4 Faithful auxiliary balance

Fix Y , η = (n + 1)−6 and Φn = (1 − η)Φ + ηTr(·)I/d. Use Kraus list
√

1− ηKj and
√
η/d|a⟩⟨b|,

with fixed size r′ = r + d2. On its environment put

Yn = (1− η)−1Y ⊕ 0, X = Ψ∗
nYn = Ψ∗Y, p = λmaxYn, HE = pI − Yn, ZE = Tr e−βHE .

Write Dn = Φ∗
nH − H, tn = λmax(Dn − X), gn = maxσ[β−1hΦn(σ) + TrXσ] and a = p − gn.

Physical HE has bounded span for fixed Y . The maximizer σn is faithful: adding a small full-
rank component to a state with a kernel increases input entropy by a positive −u ln u term, while
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Φn(σ) ≥ ηI/d makes the output entropy change only linear, as is the X term. Stationarity, with
ωn = Φn(σn), therefore gives

− ln σn + Φ∗
n lnωn + βX = βgnI.

For auxiliary, never supplied Hamiltonians H ′
in = −β−1 ln σn, H ′

O = −β−1 lnωn,

V ∗
n (H ′

O +HE)Vn = H ′
in + aI. (H.5)

The expectation in σn identifies the stationary scalar. The bounds ∥ lnωn∥ ≤ ln(d/η) and ∥ ln σn∥ ≤
ln(d/η) + 2β∥X∥ + ln d follow directly. For R = (H ′

O + HE)Vn − Vn(H ′
in + a), V ∗

nR = 0 and
∥R∥ ≤ CY ln(n + 2), where CY = 20[β−1(1 + ln d) + ∥Y ∥] suffices. Tensor residual ranges are
orthogonal; hence ∥R(n)∥ ≤

√
n∥R∥.

H.9.5 Uniform test and two pinchings

Use the positive normalized kernel

k(s) = 3
8π

[sin(s/4)
s/4

]4
, kw(t) = wk(wt), w = 100CY (n+ 1)3/4 ln(n+ 2).

Its Fourier support is [−1, 1] before scaling and
∫
|s|k(s) ds = 12 ln 2/π ≤ 12/π. The finite matrix

A =
∫
kw(t)e−it(H′

O+HE)(n)
V ⊗n
n eit((H

′
in)(n)+na)dt

is a contraction, with exact energy-shift band na ± w. Duhamel gives δA = ∥A − V ⊗n
n ∥ ≤

12
√
n∥R∥/(πw) = O(n−1/4). The integral defines a matrix, not a physical filter.

Pinch in auxiliary output energy, with at most ν′ ≤ (n+1)dr′ shells. Set α = θ = (n+1)−(dr′+6)

and Q = 1[α,∞)(P ′(AA∗)). The pinching inequality AA∗ ≤ ν ′P ′(AA∗) yields ∥(I −Q)A∥ ≤
√
ν ′α.

In shell b, the exact band gives

ΠbAσ
⊗n
n A∗Πb ≥ e−β(b−na+w)ΠbAA

∗Πb.

Therefore
e−β(H′

O+HE)(n)
Q ≤ α−1e−β(na−w)P ′(Aσ⊗n

n A∗).
Positive-kernel operator Jensen bounds Aσ⊗n

n A∗ by
∫
kw(t)UtV ⊗n

n σ⊗n
n V ∗⊗n

n U∗
t dt. Its environment

partial trace is ω⊗n
n , also after auxiliary pinching. Sandwiching by ω−1/2

n proves

TrEn [e−βH(n)
E Q] ≤ α−1e−β(na−w)I. (H.6)

This uses total-energy commutation and cyclicity only on the traced environment.
Now let Z = Pphys(Q) pinch in the physical energy H

(n)
O + H

(n)
E , and put P = 1[θ,∞)(Z). The

number of shells is ν ≤ (n + 1)dr′ . Since Q ≤ νZ, ∥(I − P )Q∥ ≤
√
νθ. Since P ≤ Z/θ, physical

pinching preserves the weighted partial-trace bound in (H.6). Thus

[P,H(n)
O +H

(n)
E ] = 0,

TrPV ⊗n
n ρV ∗⊗n

n ≥ 1− κ, κ = (δA +
√
ν ′α+

√
νθ)2, (H.7)

TrEn [e−βH(n)
E P ] ≤ (αθ)−1e−β(na−w)I.

All bounds act on the entire code and survive any reference extension.

160



H.9.6 Conserving position decoder

Set ε′ = (n + 1)−4 and Lpos = ε′αθZnEe
β(na−w). When Lpos ≥ 2, set q = ⌊Lpos⌋. Controller J is

a zero-energy q-level system initially in its true Gibbs state πq. A separate zero-energy qubit K
starts pure 0 and is invested controller capital. Supply q independent Gibbs blocks Aj ≃ En in
γ⊗n
E . First swap En with Aj conditioned on J = j, a conserving unitary W1. Define Pj = POnAj ,

Σ = ∑
j Pj , and Ωj = Σ−1/2PjΣ−1/2 on its support. All effects commute with total energy. The

finite Hayashi–Nagaoka inequality [161, Lemma 2, with c = 1] is

I − (A+B)−1/2A(A+B)−1/2 ≤ 2(I −A) + 4B (0 ≤ A ≤ I, B ≥ 0).

The correct slot obeys (H.7); each wrong slot is independent Gibbs. Its weighted rejection bound
gives ⟨Ωj⟩ ≥ 1− b, b = 2κ+ 4ε′ = O(n−1/2).

For cyclic shifts SJ , the operator Ddec = ∑
j Ωj ⊗ SJ(−j) is a contraction: compress the

block-diagonal shifts with the isometry having columns
√

Ωj and the unused complement. For
T = DdecW1 the full Halmos square

UT =
(

T
√
I − TT ∗

√
I − T ∗T −T ∗

)
K

is unitary; T
√
I − T ∗T =

√
I − TT ∗T proves this, and functional calculus preserves energy com-

mutation. An input branch J = j,K = 0 has overlap at least 1− b with its post-swap vector and
J = K = 0. Purify πq by an inert orthogonal j label and sum these amplitudes. The full purified
overlap remains at least 1− b, retaining all cross-history Gram matrices. Half trace error is at most√

2b and Pr[J ̸= 0 or K ̸= 0] ≤ 2b. No factorization of the post-decoder environment is needed
next.

H.9.7 Exact mechanical factory

The factory works on every En state, including coherences and entanglement with all retained
systems, when J = 0. Take positive frequencies ω1 = β−1 and each nonzero eigenenergy of HE

as separate further coordinates; redundant or rationally dependent frequencies are allowed. Let
s ≤ r′ +1. An environment eigenvector l has a coordinate charge vl in {0, . . . , n}s and energy ω ·vl.
Put

Ctile = (n+ 1)2, k = ⌊ln q − n lnZE − ln(1 + C−1
tile)⌋, Ttile = ⌈(n+ 1)8 + 4(n+ |k|+ 1)⌉.

Stock F has tiles t ∈ {0, . . . , Ttile − 1}s of energy ω · t and integer degeneracy dt = ⌈Ctilee
βω·t⌉.

Its true Gibbs partition satisfies CtileT
s
tile ≤ ZF ≤ (Ctile + 1)T stile. A coordinate-interior tile with

margin n+ |k|+ 1 has bad probability

f ≤ 2s(1 + C−1
tile)(n+ |k|+ 1)/Ttile = O(n−7).

The extraction battery has distinct orthogonal labels Wi,Wf even at k = 0, with energies

Ei = max{0,−k/β}, Ef = max{0, k/β}.

Its extraction is k/β, of either sign.
At coordinate-sum u, count all source columns El, J0,Wi, Fu−vl

simultaneously:∑
l

du−vl
≤ (1 + C−1

tile)Ctilee
βω·uZnE .
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The target Eground, Jany,Wf , Fu−ke1 has dimension at least qCtilee
βω·u−k, dominating the entire

source dimension by the choice of k. Restrict initialized source columns to good tiles. Their
target tiles exist. Inject these columns into target basis columns, pair-swap each source with its
target, include reverse swaps, and leave unmatched columns unchanged. Distinct battery labels
make source and target orthogonal. Different u have disjoint target tiles even when scalar energies
coincide, so redundant frequencies cause no collision. Every pair has equal total scalar energy. This
is a full conserving square, not postselection. Linearity proves reset and extraction on arbitrary
coherent entangled environment inputs. All initialized bad-tile and J ̸= 0 columns are unchanged.
Thus failure is at most 2b+ f . The factory never touches On or the bank.

Always swap J with a fresh independent zero-energy Gibbs πq stock. Then J = πq exactly
independently of physical rest; old correlations are declared reservoir residue. K is not discarded. If
Lpos < 2, use q = 1, omit decoding, unconditionally swap En with a fresh Gibbs environment block,
and run this factory, extracting −n lnZE/β − O(1). At the optimizing state a = TrHEΨn(σn) −
β−1S(E|O). Conditional entropy and the Gibbs variational inequality show c = lnZE + βa ≥ 0.
The fallback condition gives nc < βw − ln(ε′αθ) + ln 2 = o(n); hence it has the same asymptotic
rate bound.

H.9.8 Rare excitation and a finite conserving bank

Complete the pure-ground column Vn to a full USE . Let Bhot = tnI−(Dn−X) ≥ 0 and w0 = p+tn.
Its initialized gain effect is pI+(Dn−X). Testing a payload ground state in the nonnegative output
energies proves w0 ≥ 0. Supply a true Gibbs qubit of gap M = 100[β−1 + ∥H∥+ ∥Y ∥](n+ 1)3 and
excited probability z = (1 + eβM )−1. Before USE apply

Jhot =
(
C0 −F0
F0 C0

)
, C0 =

√
I −Bhot/M, F0 =

√
Bhot/M.

For either Gibbs eigenstate the preprocessing is Λ(ρ) = C0ρC0 + F0ρF0, with half diamond distur-
bance at most 3∥Bhot∥/(2M). For Q0 = Φ∗

nH + Ψ∗
nHE , exact external gain is

gain = w0I + En,

En = C0Q0C0 + F0Q0F0 −Q0 − 2zBhot,

∥En∥ ≤ χn = 3 osc(Q0)∥Bhot∥/M + 2z∥Bhot∥ = O(n−3).

The actual energy is controlled by this direct calculation of the effect; a bound by the channel error
times the hot gap would not suffice. Before cleanup, the bare state is still in the exact V ⊗n

n code,
after preprocessing, with all other systems treated as a reference.

Assign separate bank coordinates to distinct nonzero payload energies, environment energies,
M and w0; dependencies are harmless and ℓ ≤ d + r′ + 2 is fixed. On a bilateral mathematical
bank,

L(U) =
∑
x,y

Uxy|x⟩⟨y| ⊗ Tay−ax

is a unital norm-preserving ∗-homomorphism, by matrix multiplication and translation addition. It
makes unitaries exactly conserving. Use an actual finite box of side DP = L+8(n+1), L = (n+1)8,
with product sine packet

|ξ⟩ =
ℓ⊗

j=1

√
2

L+ 1

L−1∑
u=0

sin π(u+ 1)
L+ 1 |4(n+ 1) + u⟩j .
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Pump nw0 from a two-level sharp battery into the bank, then execute n lifted contacts. External
basis charges use at most one unit in each relevant coordinate. All initialized paths, including
excited Gibbs paths, remain buffered. Prescribe the lift on all reachable columns and complete
orthogonal complements in each exact finite energy shell. Initialized boundary error is zero.

At torus phase ϑ, each contact differs from its phase-zero version by at most 6∥ϑ∥2 and the
pump contributes n∥ϑ∥2. The sine packet has Eϑ2

j ≤ π4/[4(L + 1)2]. Telescoping the full purified
history gives kfront ≤ 10π2√ℓ(n + 1)/(L + 1) = O(n−7). The probability outside the initial bank
vector is at most k2

front; no phase measurement or history dephasing occurs.
For stationary fresh seeds and Gibbs qubits, expansion in equal source energy indices proves

TrEG[τEGL(A)] = LS(TrEG[τEGA]). This remains true for arbitrary payload–bank correlations.
Conservation, the nw0 pump and the initialized effect imply

|∆EP | ≤ nχn. (H.8)

Cleanup never acts on the bank, so its growing span never multiplies a trace distance.

H.9.9 Whole-controller and battery refunds

A pure zero-energy counter of dimension n + O(1) executes the pump, contacts, decoder, factory,
unconditional label reset and closing identity through a cyclic controlled-unitary. Its full cycle
returns the counter exactly. It is counted in C and in startup capital. Set conservatively

pE = 2b+ kfront + f, pK = 2b+ kfront, pC = k2
front + pE + pK = O(n−1/2).

The pure PEnK block has probability at least 1− pC in its initial pure target; J and counter are
returned exactly and independently of physical rest. Projection implies whole-controller product
error at most 2√pC . Dephasing in that initial pure vector gives

0 ≤ ∆SC ≤ h2(pC) + pC ln(Dℓ
P (r′)n2− 1) = O(

√
n).

Together with (H.8) and bounded seed energy,

|∆EC | ≤ nχn + n∥HE∥pE = O(
√
n).

This bounds the entire block entropy, including cross-correlations. The pump battery is exactly
sharp. The extraction battery fails with probability at most pE , has entropy at most h2(pE) and
absolute nominal energy tail at most |k|pE/β = O(

√
n). The composite battery dimension is four.

Complete service error is

nη + 3n∥Bhot∥
2M + kfront +

√
2b = O(n−1/4).

The factory and reset act on the complement only, so cannot change the output marginal together
with its reference.

Rounding gives

Wnom = nw0 − k/β ≤ n(tn + gn) + w + β−1[− ln(ε′αθ) + ln 2 + ln(1 + C−1
tile) + 1].

Finite-dimensional continuity gives tn + gn → tY + gY . Take for Y a minimizer in (H.3), which
exists; then tY + gY = B, and the construction for this one fixed Y is a single family at rate B.
Proposition H.19 gives the converse.

Controller dimension isDℓ
P (r′)nq 2(n+O(1)). Capital is the actual packet mean plus β−1[lnZP+

n lnZE + ln 2 + ln(n+O(1))]; the Gibbs label J adds no athermality. Bank span is O(n11) for fixed
Y . Supplies are n hot Gibbs qubits, q Gibbs environment blocks, the explicit factory stock, one
flat reset stock and, if needed, a fallback stock. All are finite and retained.
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Remark H.21 (The eraser). Equation (H.7) verifies, on the whole code space, the hypotheses of
the finite eraser of Faist, Berta and Brandão [3, Prop. 7.1]: an energy-invariant effect that accepts
every true state uniformly and rejects Gibbs decoys. We add an energy-conserving decoder and a
mechanical factory that turns the erased label into work, with the whole controller counted.

H.9.10 Uniform noise construction

Assume Φ(γ) = γ, B = B(Φ) > 0, and Φδ = (1 − δ)Φ + δγ Tr, γ = e−βH/Tr e−βH . Write
Dδ = Φ∗

δH −H, pδ = λmaxDδ ∈ [0, h] and Bδ = pδI −Dδ ≥ 0, ∥Bδ∥ ≤ 2h. Use old Kraus labels√
1− δKj and replacement labels

√
δγa|a⟩⟨b| in an energy basis. Environment dimension R = r+d2

is fixed. Give old labels energy zero and replacement labels Hamiltonian Ia ⊗ Bδ/δ. Expanding
Kraus products gives exactly

Ψ∗
δHE,δ = Bδ, V ∗

δ (H +HE,δ)Vδ = H + pδI, V ∗
δ H

2
E,δVδ = B2

δ/δ.

The residual norm is at most 5h/
√
δ and the n-copy norm at most 5h

√
n/δ, by orthogonal ranges.

Although ∥HE,δ∥ = O(δ−1), its Gibbs mean eδ satisfies βeδ ≤ lnR. Also r ≥ 2: a Gibbs-preserving
unitary commutes with H and has B = 0. Therefore r ≤ ZE,δ ≤ R.

Theorem H.22 (Diverging noise horizon). For every tn = nδn →∞, an admissible family has

Wn = O(nt−1/4
n + ln(n+ 1)), εn, ηC,n = O(t−1/4

n ) + o(1),

and actual controller energy, entropy and absolute battery tail O(nt−1/2
n ) + o(n). Constants depend

on fixed Φ, H, β, not on changing environment gaps.

Proof. Use the physical bandfilter with w = 100β−1(1 + βh)n/t1/4
n , α = (n + 1)−(dR+6), ε′ =

(n+1)−4. The residual estimate gives δA = O(t−1/4
n ). Pinch AA∗ in physical energy and threshold:

then κ = O(t−1/2
n + n−6) and

TrEn(e−βH(n)
E Q) ≤ α−1e−β(npδ−w)I.

Positive-kernel partial trace is the physical Gibbs operator because Φδ is Gibbs-preserving. Set
q = ⌊ε′αZnEe

β(npδ−w)⌋, eventually at least two since ZE ≥ r ≥ 2 and w = o(n). Decoder failure
uses b = 2κ + 4ε′. There is no hot qubit or extra regularization. The finite sine bank has fixed
coordinate rank, width n8, and kfront = O(n−7) independently of frequency magnitudes. Initialized
mean gain is exactly pδI, so the npδ pump gives ∆EP = 0 exactly.

After decoding and before the factory, always swap En with a fresh independent γ⊗n
E,δ stock.

Old code, correlations and failures become physical reservoir rest. The new environment is Gibbs
independently of physical rest, not independently of its inert purifier. The factory acts identically
on all initialized J ̸= 0 and bad-tile columns. Good branches reset to ground; failed branches retain
the fresh Gibbs environment. Those failure events are independent of it. Distinct battery labels
remove cross-branch energy terms. Thus with pJ ≤ 2b+ kfront and f = O(n−7),

∆EEn ≤ neδ(pJ + f) ≤ β−1n lnR(pJ + f) = O(nt−1/2
n ) + o(n).

This uses the actual Gibbs mean; a bound by n∥HE∥ times the error could diverge. Set pE = pJ+f ,
pK = 2b + kfront, pC = k2

front + pE + pK . The same pure-block projection and unconditional label
reset give joint return at most 2√pC and ∆SC ≤ h2(pC) + pC ln(Dℓ

PR
n2 − 1) = o(n). Factory

rounding gives npδ − k/β ≤ w +O(lnn) and |k| = O(n) uniformly since ZE ≤ R, pδ ≤ h. Battery
entropy and tail are bounded by h2(pE) and |k|pE/β. Capital may grow as O(n8(1 + h/δn)), and
is declared rather than charged as operating work.
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H.9.11 Finite horizons

A genuine Gibbs flag with probabilities (1 − δ, δ), controlling a swap with a fresh Gibbs payload,
implements (1 − δ) id +δγ Tr at zero mechanical work. The flag label does not change, so the
square conserves energy. Retain flag and swap stocks as physical rest. Append this module to the
fixed-channel engine to obtain WN ≤ NB + o(N) for every noise sequence.

H.9.12 Full-horizon padding and strict positivity

Feed N −m ports of a horizon-N device with independent genuine Gibbs payload supplies, retain
their outputs as reservoir rest, and run the entire N -horizon device and cleanup. This implements
m visible ports with the original nominal work and the original full actual controller and battery
budgets. There is no prefix controller refund. Error against Φ⊗m is at most

xN,m = min{1, εN + 1− (1− δN )m} ≤ min{1, εN +mδN}.

Indeed, the product-channel mixture has an all-unreplaced branch of weight (1−δN )m. This proves
the diamond bound.

Define t(x) = min{1, 4x1/4} and f0(x) = (2βh+ ln d)x+ 4t(x) ln d. The explicit converse gives

WN

N
≥ m

N
[B − β−1f0(xN,m)]− r0(xN,m) + r0(t(xN,m))

βN
− bN
N
, (H.9)

where bN is the full-horizon actual budget in Proposition H.19. For m/N → θ > 0, bN = o(N) is
also enough per visible port. With c = βB, choose explicitly

x∗ = min
{

1
2 ,
(

c

64 ln d

)4
,

c

4(2βh+ ln d)

}
> 0.

B > 0 implies d ≥ 2, and f0(x∗) ≤ c/2. On a bounded subsequence of NδN , choose fixed θ > 0
so that θ supNδN < x∗/2 and m = ⌊θN⌋. Vanishing service error and full o(N) budgets then give
a strictly positive rate on that subsequence. Thus o(N) work requires NδN → ∞; the preceding
construction proves sufficiency. If NδN → 0, take m = N to get WN ≥ NB − o(N), matched by
NB + o(N).

H.9.13 Envelopes

There is no finite-horizon optimum at vanishing error without an error and refund schedule. Let
Fλ be all implementation families for Φ⊗N

λ/N (ignore finitely many N < λ) satisfying the contract of
Appendix H.9.1. Define

L(λ) = inf
Fλ

lim inf WN/N, U(λ) = inf
Fλ

lim supWN/N, L(0) = U(0) = B.

These optimize over families with vanishing error and actual budgets; they do not identify targets
at a fixed prescribed finite error.

Theorem H.23 (The finite-noise statement). For finite λ > 0, 0 < L(λ) ≤ U(λ) ≤ B. Both
envelopes are nonincreasing, and both λL(λ) and λU(λ) are nondecreasing. They are unchanged
on replacing λ/N by any sequence with NδN → λ, and tend to B as λ ↓ 0. This does not prove
L = U or a single limiting rate w(λ).
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Proof. Full-horizon padding gives for every θ ∈ (0, 1] the common bound

L(λ), U(λ) ≥ θ[B − β−1f0(1− e−θλ)].

Choose θ so that 1 − e−θλ ≤ x∗; the bound is at least θB/2. The free replacement module gives
upper bound B. Ordinary Gibbs-input accounting also bounds every admissible noisy-channel rate
below by zero up to o(1).

Two noise sequences with N |δN − δ′
N | → 0 have product target half diamond distance at most

N |δN − δ′
N | → 0. The same family is admissible for either, with identical actual endpoint and

battery budgets. For λ2 ≥ λ1 append free replacement probability (δ2 − δ1)/(1 − δ1) to each
output. It changes Φδ1 exactly to Φδ2 and preserves the controller marginal, actual endpoints and
mechanical work. Contractivity preserves joint return. Thus both envelopes are nonincreasing.

Let 0 < µ = θλ ≤ λ. Padding gives m = ⌊θN⌋ visible ports, mδN → µ, vanishing error,
and original budgets o(N) = o(m). For an upper envelope, select one Nm for every large m
(every m occurs as ⌊θN⌋), obtaining U(µ) ≤ U(λ)/θ. For a lower envelope, select a subsequence
attaining a family’s lower rate; after removing repeated m values it is increasing. Fill absent m
with the bounded-rate fixed-channel engine and free replacement. The filled family’s lower rate
is no greater than the selected subsequence rate, so L(µ) ≤ L(λ)/θ. Apply these arguments to
families approaching the respective infima; no minimizing family is assumed. This proves the
scaling monotonicity. The lower bound with θ = 1 tends to B as λ ↓ 0, and both envelopes are
bounded above by B.
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I Continuation classes and fibers
This appendix proves Theorem 7.1 and Proposition I.9. Entropies are in bits. The upper bounds
are explicit devices; the real-time lower bound is an information-flow argument that holds uniformly
at small error, with an explicit dimension-independent small-error loss per episode, the same for
every number of episodes.

I.1 Setting

Fix nonempty finite sets X,Y, Z and g : X×Y → Z. One episode of the task Tg has two visits. The
first carrier P1, with computational basis {|x⟩}, arrives, is dephased in that basis, and is released
holding the same x. The second carrier P2 has dimension d2 = max{|Y |, |Z|}. Its admissible input
states, together with the observer’s references, are supported on span{|y⟩ : y ∈ Y } tensored with
the references; its output uses designated orthonormal states {|z⟩ : z ∈ Z} of the same carrier.
This input-subspace promise is part of the task contract. P2 arrives after P1 has left and is released
holding g(x, y): as a channel, Tg measures x and y in their bases and prepares |x⟩ and |g(x, y)⟩.
All Hamiltonians are zero, so KS

β (Tg) is a pure entropy rate. For lower bounds we use admissible
classical observers, which are included in the supremum. For upper bounds we exhibit an extension
implementing the full dephased target on carriers and references. The device is fully quantum: its
record may be any state of any finite system.

Classes (the causal states of the ε-transducer of Tg [28]), K(g), c(x), g(c, y), F (g) and F ′(g) are
as in Section 7. For an answer z let Φ(z) = {(c, y) : g(c, y) = z} be its fiber, so F ′(g) = maxz |Φ(z)|.

I.2 Dephasing

The target measures both inputs. A device that only permutes basis states does not: for X a
singleton and g(y) = y the identity permutation is a correct classical computation, yet it returns
|+⟩⟨+| where the target returns I/2, at trace distance 1/2. So every construction below dephases
each arriving carrier first, and the following lemma says that this is free.

Lemma I.1 (Dephasing with a reservoir coin). Let a carrier of dimension d arrive, possibly entan-
gled with the observer’s references, and let a coin K of dimension d be drawn from the reservoir,
which at zero Hamiltonian is maximally mixed. The controlled phase

∑
y,k e

2πiyk/d|y⟩⟨y| ⊗ |k⟩⟨k|
dephases the carrier exactly, and it leaves the coin’s marginal maximally mixed.

Proof. On the carrier and everything the observer holds, the gate acts as ρ 7→ d−1∑
k Z

kρZ−k with
Z the clock matrix on the carrier, which removes every off-diagonal term in the computational
basis. The gate is diagonal in the coin’s basis and the coin starts diagonal, so its diagonal, and
hence its marginal, does not change.

Coins enter the accounting through S(Z|F ) = S(Df ) − S(Di): by subadditivity S(Df ) is at
most the sum of the coins’ final entropies, which equal their initial ones by Lemma I.1, and the
entropy of the remaining registers. Dephasing therefore adds nothing to the functional, and in the
physical device the coins are thermal systems that need not be returned.

I.3 Upper bounds

Lemma I.2 (Real time). KS
β (Tg) ≤ log2 F

′(g) in real time, attained by a classical device.
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Proof. Label the classes 0, . . . ,K − 1. The device holds a register M with at least max{K,F ′}
levels 0, 1, . . . , initialized to 0. When P1 arrives it dephases P1 with a reservoir coin (Lemma I.1),
computes c(x) into M by a permutation of P1M extending (x, 0) 7→ (x, c(x)), and releases P1.
Fix for each answer z an enumeration ιz : Φ(z) → {0, . . . , |Φ(z)| − 1}. When P2 arrives the
device dephases it with a second coin and applies to MP2 a permutation extending the injection
(c, y) 7→ (ιg(c,y)(c, y), g(c, y)) from {0, . . . ,K − 1} × Y into {0, . . . , F ′ − 1} × Z; it is an injection
because an answer together with an index within its fiber determines the pair, and an injection
between finite sets extends to a permutation of a common padded register. The device releases P2,
which holds g(x, y), and keeps M , which holds an index with at most F ′ values.

Because both inputs are dephased before any permutation acts, the device’s action on the
carriers and everything the observer holds is exactly Tg, for every observer, including observers
that entangle the carriers with references. Over n episodes the registers end diagonal on at most F ′

levels each and the coins’ entropies are unchanged, so S(Z|F ) ≤ n log2 F
′ against every observer,

and no energy is handed over. The infimum in the functional is therefore at most log2 F
′. The

physical module of Appendix F turns this extension into an energy-conserving device at the same
rate, with the registers swapped at the end into fresh thermal cells at the Landauer price of their
entropy.

Lemma I.3 (Held). If x may be held until y arrives, KS
β (Tg) ≤ log2 F (g), attained by a classical

device.

Proof. Hold P1, and dephase each carrier on arrival with its own reservoir coin. When P2 arrives
apply to P1MP2 a permutation extending

(x, 0, y) 7→
(
x, ιx,g(x,y)(y), g(x, y)

)
,

with ιx,z an enumeration of {y : g(x, y) = z}; the index has at most F values. Release both carriers
and keep M . As in Lemma I.2, the action is exactly Tg on the held schedule for every observer,
and S(Z|F ) ≤ n log2 F .

I.4 Records at the moment the question arrives

From here on we consider any private extension of n episodes of Tg on the real-time schedule. Its
device B (everything the extension holds) starts in τB, independent of the observer, and evolves
by unitaries on B and the carrier present. A deterministic observer sends a fixed sequence of basis
states. We say the extension has error at most ε against an observer if the final state of everything
that observer holds is within trace distance ε of the target’s; an extension with strategy error ε has
error at most ε against every observer.

Lemma I.4 (Distinguishable records). Suppose the extension has error at most ε against every
deterministic observer. Fix an episode i, and for a class c let ρc be the device’s state just after P1,i
has been released, when the observer has sent the representative xc in episode i and earlier inputs
drawn from any distribution that does not depend on c. If c ̸= c′, then 1

2∥ρc − ρc′∥1 ≥ 1 − 2ε; for
an exact extension, ρc ⊥ ρc′.

Proof. Choose y∗ with g(c, y∗) ̸= g(c′, y∗). Let N be the channel on B that appends P2,i in |y∗⟩,
applies the extension’s gates from the release of P1,i to the release of P2,i, which form one fixed
unitary on B⊗P2,i, discards B, and measures P2,i in the output basis. For each fixed earlier history,
the deterministic observer who sends that history, then xc, then y∗ receives an answer within trace
distance ε of |g(c, y∗)⟩; averaging over the earlier histories, N (ρc) is within total variation ε of the
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point mass at g(c, y∗), and likewise N (ρc′) of the point mass at g(c′, y∗). The two point masses are
at total variation 1, so 1

2∥N (ρc) − N (ρc′)∥1 ≥ 1 − 2ε, and trace distance does not increase under
N .

Remark I.5. The argument must go through a common continuation. Orthogonality of two purifi-
cations says nothing about their marginals: the Bell states (|00⟩±|11⟩)/

√
2 are orthogonal and have

the same marginal I/2. What forces the device’s records apart is that one fixed later operation
tells them apart.

In the language of Thompson et al., distinct classes are causal states that a single question tells
apart with certainty, so no two of them form a causally wasteful pair [10]. Consistently with their
Result 2, quantum memory brings no saving here: the lower bound below uses classical observers
only and holds against every quantum device, and a classical device attains it (Lemmas I.2 and I.7).

I.5 Information flow

The lower bound tracks how much the device knows about the observer’s choices, visit by visit.
Let H be a classical register holding the observer’s choices. At a visit a carrier C arrives in a basis
state |in(h)⟩ fixed by the choices, the device applies a unitary to BC, and C leaves as C ′; write B
and B′ for the device before and after.

Lemma I.6 (Information flow). At every visit,

I(H:B′) = I(H:B) +H(IN |B)− I(H:C ′ |B′), S(B′|H) ≥ S(B|H)− S(C ′|H),

where H(IN|B) is the conditional entropy of the classical input label given the device.

Proof. Mutual information with H is unchanged by a unitary on BC, so I(H:B′C ′) = I(H:BC).
Expanding both sides by the chain rule gives I(H:B′) + I(H:C ′|B′) = I(H:B) + I(H:C|B). Given
H = h the carrier is pure and independent of B, so S(C|BH) = 0 and I(H:C|B) = S(C|B),
which for a basis-state input is H(IN|B). For the inequality, fix h: S(B′) ≥ S(B′C ′) − S(C ′) =
S(B)− S(C ′), because the input carrier is pure and the gate is unitary; average over h.

The identity has a plain reading. A visit can teach the device at most what the arriving carrier
holds that the device does not already know, and the departing carrier can take away what the
device does not keep. The XOR circuit (a, y) 7→ (y, a⊕ y) of Section 7 shows that the second term
can be large: the departing answer carries away the record of the past. The observer in the next
lemma closes that exit by making every answer the same.

I.6 Lower bounds

For d ≥ 2 and 0 ≤ t ≤ 1 − 1/d write fd(t) = t log2(d − 1) + h2(t), the continuity bound of [162]:
a state within trace distance t of a pure state on Cd has entropy at most fd(t); fd is concave and
increasing on this range. For d = 1 set f1(t) = 0, since every state on C1 is pure. Let d1 = |X| and
d2 = max{|Y |, |Z|} be the carrier dimensions, and

pε = 2(K − 1)
√
ε, δg(ε) = h2(pε) + pε log2(K − 1) + 3fd1(ε) + 3fd2(ε),

defined for ε ≤ 1/2 with pε ≤ 1− 1/K. For K = 1 the class-decoding term h2(pε) + pε log2(K − 1)
is set to zero, so that δg(ε) = 3fd1(ε) + 3fd2(ε) for every ε ≤ 1/2. Then δg(ε)→ 0 as ε→ 0, and δg
depends on g only through K and the alphabet sizes.
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Lemma I.7 (Real time, uniformly at small error). Let z0 attain F ′ = |Φ(z0)|, fix a representative
xc of each class, and let the steering observer draw, independently in each episode, a pair (ci, yi)
uniformly from Φ(z0) and send xci and then yi. If a private extension of n episodes on the real-time
schedule has error at most ε against every deterministic observer and against the steering observer,
with ε in the range where δg is defined, then against the steering observer

S(Z|F ) ≥ n
[
log2 F

′(g)− δg(ε)
]
.

The bound does not depend on n or on the dimension of the device. Consequently KS
β (Tg) ≥

log2 F
′(g) in real time.

Proof. By global purity S(Z|F ) = S(Bf ) − S(τB) = I(H:Bf ) + S(Bf |H) − S(τB), where H =
(ci, yi)i≤n is the steering observer’s record; gates on B alone between visits change neither I(H:B)
nor S(B|H). Write X ′

i and Z ′
i for P1,i and P2,i on release, whose targets are |xci⟩ and |z0⟩, and B+

1,i,
B+

2,i for the device just after each release. For each fixed history h the steering observer acts as
the deterministic observer who sends h, whose final state is within trace distance ε of the target’s
by hypothesis, and by contractivity so is each released carrier; the bound holds history by history,
so no probability of a history enters. Averaging over H, concavity and monotonicity of fd give
S(X ′

i|H) ≤ fd1(ε), S(Z ′
i|H) ≤ fd2(ε), and, because the target |z0⟩ is the same in every history,

S(Z ′
i) ≤ fd2(ε).
Entropy given the history. By the inequality of Lemma I.6, applied at all 2n visits, S(Bf |H) ≥

S(τB)− n[fd1(ε) + fd2(ε)].
Information about the history. Apply the identity of Lemma I.6 at every visit, starting from

I(H:B0) = 0. At the arrival of P1,i the device’s state depends only on earlier choices, which
are independent of ci, so H(IN|B) = H(Ci). At the arrival of P2,i, given ci the question yi is
independent of everything else the device’s state depends on, so H(IN|B) ≥ H(Yi|Ci). Their sum
is H(Ci, Yi) = log2 F

′. It remains to bound what the released carriers take away. For the answer,
I(H:Z ′

i|B
+
2,i) = S(Z ′

i|B
+
2,i)−S(Z ′

i|B
+
2,iH) ≤ S(Z ′

i)+S(Z ′
i|H) ≤ 2fd2(ε), using S(A|BH) ≥ −S(A|H)

for classical H. For the past,

I(H:X ′
i|B+

1,i) ≤ S(X ′
i|B+

1,i) + S(X ′
i|H) ≤ H(Ci|B+

1,i) + S(X ′
i|Ci) + fd1(ε) ≤ H(Ci|B+

1,i) + 2fd1(ε),

where the middle step adds the classical Ci to the conditioned system and uses strong subadditivity.
The device knows the class. If K = 1 the single class is known with certainty, H(Ci|B+

1,i) = 0 and
F ′ = F , and the rest of this step is not needed. For K ≥ 2, by Lemma I.4 the states ρc of B+

1,i given
Ci = c are pairwise at trace distance at least 1−2ε, hence at fidelity F (ρc, ρc′) = ∥√ρc

√
ρc′∥1 ≤ 2

√
ε

by the Fuchs–van de Graaf inequality [163]. The pretty-good measurement for the ensemble {pc, ρc}
errs with probability at most ∑c̸=c′

√
pcpc′F (ρc, ρc′), by the proof of Theorem 5 of [130] (Eq. (39) of

arXiv version 2; Theorem 4 and Eq. (14) in version 1), and this is at most 2(K − 1)
√
ε = pε, since∑

c̸=c′
√
pcpc′ = (∑c

√
pc)2 − 1 ≤ K − 1. A measurement on B+

1,i can only increase the conditional
entropy of Ci, so by Fano’s inequality H(Ci|B+

1,i) ≤ h2(pε) + pε log2(K − 1).
Collecting the terms, I(H:Bf ) ≥ n log2 F

′ − n[h2(pε) + pε log2(K − 1) + 2fd1(ε) + 2fd2(ε)], and
adding the entropy given the history proves the bound. Zero Hamiltonians make the energy term
of the functional vanish, so every extension with strategy error ε has value at least log2 F

′ − δg(ε)
per episode; letting ε→ 0 along the regularization gives the rate.

At ε = 0 the proof gives more. Every visit then preserves the device’s entropy given the history,
so S(Bf |H) = S(τB) and I(H:Bf ) = n log2 F

′ = H(H): the device’s final states for distinct
histories of the steering observer are pairwise orthogonal. The proof also shows why it needs both
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kinds of observer. The deterministic observers who might ask a distinguishing question force the
device to know the class when the past leaves; the steering observer forces it to keep that knowledge,
by leaving no answer that could carry it away. Neither suffices alone. For g(x, y) = x ∧ y on bits,
K = 2 and F ′ = 3, and a device that keeps no record of x and swaps each question into its register
while emitting 0 serves the steering observer perfectly while adding only H(Y ) = h2(1/3) ≈ 0.918
bits per episode, below log2 3; it fails the observer who sends x = y = 1.
Lemma I.8 (Held). If x may be held until y arrives, let the observer fix x0 and z0 attaining
F = |{y : g(x0, y) = z0}| and send x0 and a uniform y from that set in every episode. Every private
extension with error at most ε against this observer has S(Z|F ) ≥ n[log2 F (g) − ε log2(d1d2)] − 1
against it. Consequently KS

β (Tg) ≥ log2 F (g).
Proof. The device and all carriers evolve unitarily from τB and the classical mixture of inputs,
whose entropy is n log2 F , so the final device and released carriers have entropy S(τB) + n log2 F ,
and S(Bf ) ≥ S(τB) + n log2 F − S(OUT). The target output is the same pure state, x0 and z0
in every episode, and the actual output is within trace distance ε of it on a space of dimension
(d1d2)n, so S(OUT) ≤ nε log2(d1d2) + 1.

Lemmas I.2–I.8 prove Theorem 7.1. The bounds F ≤ F ′ ≤ KF give the range of the order
price; for reversible questions each fiber Φ(z) contains exactly one pair per class, so F ′ = K and
F = 1; for a constant answer F = F ′ = |Y |.

I.7 The order price is not submodular

For a task whose past is a string x = (x1, . . . , xk) of bits, some of which may be held until y arrives,
write P (L) for the real-time price when exactly the coordinates in L are released. For reversible
questions, Theorem 7.1 applied for each value h of the held coordinates gives P (L) = log2 maxhKh,
where Kh is the number of classes among the pasts that agree with h: the device knows h, so it
needs only the class of xL relative to h, and the observer who fixes the worst h forces it.
Proposition I.9 (A three-bit violation). Let X = {0, 1}3, Y = Z = Z3 and g(x, y) = y +
f(x) mod 3, where f(011) = 1, f(100) = 2 and f(x) = 0 for the other six pasts. The questions are
reversible, and

P ({3}) = 1, P ({1, 3}) = 1, P ({2, 3}) = 1, P ({1, 2, 3}) = log2 3,

so P ({1, 3}) + P ({2, 3}) < P ({1, 2, 3}) + P ({3}) by log2(3/2) bits. No task of this form on three
bits violates submodularity by more.
Proof. For a reversible task g = y + f(x) the classes are the level sets of f , so Kh is the number
of values f takes on the pasts agreeing with h. With all three bits released f takes three values.
The two special pasts 011 and 100 differ in every coordinate, so when any coordinate is held, at
most one of them agrees with the held value and f takes at most two values; holding bits 1 and 2
at (0, 1) leaves f(010) = 0 and f(011) = 1, so P ({3}) = 1, and similarly for the other two. The
last sentence is the exhaustive search over all 38 functions f in the script check_classes.py of the
verification package, which also recomputes the four prices.

J Glossary
Carrier

A system the observer owns and lends to the device for a visit; it returns with the Hamiltonian
it arrived with.
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Schedule
A finite ordered list of arrivals and releases of carriers; batch holds all outputs until cleanup,
real time releases each output before the next input arrives.

Loan
A later visit of a carrier the observer already holds; its state may be correlated with everything
the observer has.

Observer (tester)
An adaptive party with quantum memory and references that supplies carriers, may act on
loans, and sees only released outputs; the error is the largest trace distance over all observers.
In the schedule functional it is purified: it keeps its purifying systems and everything it
discards.

Strategy distance
The largest trace distance, over adaptive observers, between the final states produced by two
interactions; the half diamond norm in batch.

Private extension
A mathematical implementation of a target: an initial device state, an inert purification F
of it, and unitaries that follow the schedule and need not conserve energy.

Inert purification F
A purifying system of the device’s initial state that no gate touches; for a purified observer,
S(Z|F ) is then the entropy the device adds to its record.

Schedule functional KS
β

inf over private extensions of sup over purified observers of S(Z|F ) + βEt/ ln 2, regularized
over blocks; the work rate is kBT ln 2KS

β .

Controller
All hardware of the device other than the battery and the reservoirs: memory, clocks, cata-
lysts, records, workspace.

Returns approximately
The controller’s final joint state with everything else is close to its initial state tensored with
the rest, and its actual mean energy and entropy change by o(n).

Startup capital
The controller’s initial free energy; it may grow with n, is invested, must come back, and is
not part of the rate.

Spread
A measure of how broad the controller’s capital is over energy levels, the quantity sn of
Proposition H.4; a clock of spread sn resolves phase no better than 1/sn.

Mechanical battery
A system whose mean energy loss is the work; its entropy changes by o(n) so it cannot act
as a bath.

Sharp battery, deterministic work
A battery that starts in an energy eigenstate and ends in a fixed level with probability tending
to one, with mean absolute deviation o(n); the nominal work is the drop between the two
levels.

172



Stationary battery
One whose initial state commutes with its Hamiltonian, so it holds no phase reference.

Nominal work
The drop between the battery’s nominal endpoints. The absolute difference between nominal
work and mean work is at most the mean absolute deviation of the final battery energy from
its nominal value.

Heat form
A lower bound on the net heat into a monitored bath that needs no refund of the controller’s
energy and no sharp battery, only a ledger of every sink’s entropy change.

Time-covariant channel
A channel that commutes with the time evolution generated by the Hamiltonian; the ones
energy-conserving dynamics implement without a clock.

Thermal operation
A unitary that conserves energy acting on the system and a bath in its Gibbs state, then
discarding the bath.

Noisy operation
A thermal operation at zero Hamiltonian: a unitary with a maximally mixed bath.

Finitely factorizable
A finitely factorizable channel admits a factorization through a finite-dimensional algebra with
a faithful trace. At zero Hamiltonian, real-time freeness means membership in the closure of
this class, equivalently the closure of the noisy operations. A free channel need not admit a
finite-dimensional factorization [113].

Real-time entropy cost sρ
The infimum of S(E′) − S(τ) over exact dilations on the input density operator ρ, with the
device initially independent of the incoming carrier and its reference. The real-time rate then
optimizes against the allowed input states and histories.

Correlation term mρ

The least mutual information, over finite exact dilations, between the released output and the
device at input ρ. For a classical channel it vanishes on inputs diagonal in the channel’s basis,
but need not vanish on coherent inputs. The surcharge is the difference of the optimized
real-time and batch costs, not mρ at any one input.

Balanced channel
One whose energy change D = Φ∗(H) −H lies in the span of the Kraus products A∗

iAj , so
that some environment Hamiltonian carries it; its batch cost with a returned clock is the
capacity.

Continuation class
An equivalence class of pasts x under g(x, ·) = g(x′, ·); the order price of releasing x lies
between 0 and log2 of the number of classes, and equals it for reversible questions (Theo-
rem 7.1).

Release rank
The rank of the released part FL of a linear task; the price in bits when the carriers in L
leave early.
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Generalized dephasing (Schur) channel
ρ 7→M ◦ ρ, entrywise product with a positive semidefinite matrix of unit diagonal.

K Results from the companion papers
Most of the results of this paper first appeared, with complete proofs, in four companion papers [19,
20, 21, 22], and Appendices A–H reproduce those proofs. Table 12 gives, for every numbered
definition, result and remark taken from them, its number there, so that a reader can match the
two texts and the machine checks of the companion repositories. Numbers refer to the versions
cited in the bibliography: version 1.0.2 of the first three papers and version 1.1.0 of [22]. Cross-
references now point to the appendices of this paper, and a few statements are reworded without
a change of content, as when Theorem 3.3 names its range of temperatures. Every other change
from the cited versions is recorded here or in the last column of Table 12.

Four of these changes correct the companion papers.

• Definition 2 of [19] lets Z be everything the tester holds at the end, without requiring the tester
to be purified. Read that way, a tester that discards the reference of its input would charge the
identity channel one bit per use. Definition 3.2 takes the supremum over purified testers, as the
contract of [19, App. B.1] and its proofs already do.

• In Lemma 10 and equation (6) of [19], the normalization TrZ1 = 1 stands among the equations
that define the space V of testers. With it, V is not a linear space, and V ∩ PSD is not the
homogeneous cone that the lemma names: for a single qubit arrival it contains I/2 but neither 0
nor I. Here V is defined by the homogeneous causal equations (A.6) alone, the normalization is
imposed on the separate section n(Z) = 1, and the cone consists of the nonnegative multiples of
normalized testers (Lemma A.5). This is what the positive representative of Lemma A.7 needs,
since its proof projects onto V .

• Lemma 13 of [19] states one faithful q for every s, while its proof, and Lemma A.8 here, choose
q for each s, which is all the law uses.

• The sentence that introduces Theorem 2 of [20], that the term in which the real-time and batch
costs differ vanishes for classical channels, holds only on inputs diagonal in the channel’s basis;
the optimized rates of Theorem G.2(a) are unaffected (Appendix G.13).

Two results are used from our earlier work rather than proved here: the pointwise smoothing
identity of Lemma G.6, which is [26, Thm. 4.1 and Cor. 4.3], and, in the proof of Theorem G.21,
the zero-Hamiltonian closure theorem [24, Thm. 3.2(a)], which that proof uses in place of the
hard direction of Theorem G.17. The zero-Hamiltonian forms of several results are earlier work;
Section 4.1 and Appendices F and G say which.

Table 12: Statements taken from the companion papers, with their
numbers here and there.

Here Source Note
Definitions 3.1, 3.2, Theorem 3.3 [19, Defs. 1, 2, Thm. 1] the testers of Definition 3.2 are

purified (see above); the module
is cited here as Appendix F

174



Here Source Note
Proposition 5.1 [19, Prop. 2], [20,

Prop. 8]
main-text statement of
Proposition G.16; it says what
is paid, free energy drawn from
the battery and controller at no
less than the real-time rate,
where [19, Prop. 2] says that the
implementation pays that rate

Proposition 5.2, Theorem 6.1 [19, Prop. 3, Thm. 4]
Proposition 9.1, Lemma 11.1 [19, Prop. 6, Lemma 5]
Theorem A.1, Lemma A.2, Definition A.3,
Lemmas A.4–A.10

[19, Thm. 7, Lemma 8,
Def. 3, Lemmas 9–15]

Lemma 3.4 restates Lemma A.2;
Lemmas A.5 and A.8 carry the
corrections above

Appendix F: Theorems F.1, F.2,
Proposition F.3, Lemma F.4, Remark F.5

[21, Thms. 1, 2,
Prop. 3, Lemma 4,
Remark 1]

Definition F.6, Proposition F.7,
Lemmas F.8, F.9

[21, Def. 1, Prop. 5,
Lemmas 6, 7]

Theorems F.10, F.11, F.13, Lemmas F.12,
F.14

[21, Thms. 8, 9, 11,
Lemmas 10, 12]

Theorems G.1–G.3, Definition G.5 [20, Thms. 1–3, Def. 1] in Theorem G.3 the batch entry
reads o(n) where [20] has
O(logn)

Lemmas G.7, G.8, Theorem G.11,
Lemma G.14

[20, Lemmas 4, 5,
Thm. 6, Lemma 7]

Proposition G.16, Theorem G.17,
Proposition G.18, Theorem G.19

[20, Prop. 8, Thm. 9,
Prop. 10, Thm. 11]

Proposition G.20, Theorem G.21 [20, Prop. 12, Thm. 13]
Lemmas G.22–G.25, Theorem G.28 [20, Lemmas 14–17,

Thm. 18]
Lemmas G.29–G.31, Proposition G.32 [20, Lemmas 19–21,

Prop. 22]
Lemma G.33, Theorem G.34 [20, Lemma 23,

Thm. 24]
Remarks G.4, G.9, G.10, G.12, G.13, G.15,
G.26, G.27

[20, Remarks 1–8] the open question of
Remark G.13 names its
controller, one whose capital
has spread o(n/√η)

Lemma G.6 [26, Thm. 4.1, Cor. 4.3] stated here as a lemma; quoted
in [20]

Theorem H.1, Propositions H.2–H.5 [22, Thm. 1,
Props. 2–5]

Theorems H.6, H.7, Propositions H.8, H.9,
Theorem H.10

[22, Thms. 6, 7,
Props. 8, 9, Thm. 10]

for time-covariant channels,
Theorems H.6 and H.7 credit [3]
with the rate, which is stated
there with an information
battery

Propositions H.11–H.16, Corollary H.17 [22, Props. 11–16,
Cor. 17]

Proposition H.16 says “mean
absolute deviation”, as the
contract of Appendix H.9.1
does, where [22, Prop. 16] says
“mean deviation”
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Here Source Note
Lemma H.18, Proposition H.19,
Theorem H.20, Remark H.21,
Theorems H.22, H.23

[22, Lemma 18,
Prop. 19, Thm. 20,
Remark 1, Thms. 21,
22]

here the dual infimum of
Section H.9 is shown to be
attained, which shortens the
proof of Theorem H.20

Theorems 4.1–4.4 [20, 22] main-text statements of
Theorems G.1, G.2, G.3, G.17,
G.21 and H.6–H.10;
Theorem 4.4 states the data
hypothesis for batch
decidability

Theorem 7.1, Appendix I, Section 10 new here Section 10 designs a test of the
classical witness of Section 9,
which is from [19, Sec. 8]
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