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Abstract

We construct translation-invariant nearest-neighbour lattice families whose fixed-coupling
thermodynamic gap stays positive while the entanglement entropy of a growing cell-anchored
region has any prescribed nonnegative limit-computable logarithmic coeflicient. Ordered lower
and upper coefficients have the exact second-level one-sided arithmetic classes within an effective
cell model. Separately, a referee history cell converts low energy into a nonlocal-game strat-
egy with identical pure-state Schmidt coefficients and a mixed-state distillable-entanglement
certificate. The extraction cost is controlled by the clock grid’s corner-to-uniform resistance:
linear, logarithmic, and bounded for one, two, and three clocks. We give a conditional material
theorem with explicit layout and selection hypotheses, a worst-case whole-cell perturbation law,
and necessary temperature, preparation-time, and work bounds. Disjoint quasi-local spin-lattice
measurements yield only the closure of finite-dimensional correlations. All gap limits use factorial
tori before the coupling limit; the entanglement cut grows inside a selected cell. The game-driven
material construction remains conditional.

1 Main statements and conventions

A finite nonlocal game can demand unbounded entanglement as its loss tends to zero. We ask
how that demand can enter a Hamiltonian. There are two distinct statements. An explicit lattice
construction programs a ground-state entanglement coefficient directly. A referee cell instead certifies
entanglement through a game’s precision price. The first is an unconditional construction using an
imported ruler; the second is an unconditional theorem about an ideal legal history space. Their
composition into a particular game-driven translation-invariant material has additional, explicitly
stated hypotheses.

Entropies and distillation rates are in bits. Natural logarithms are written In. For a finite game
G, D¢(e) is the least common local Hilbert-space dimension of a finite strategy of loss at most ¢,
allowing mixed shared states. The usable price is

dg (e) = inf{EA 7P (p) : a finite strategy on p has loss at most ¢}. (1)

An empty infimum is +00. Whenever an energy bound gives a loss larger than one, the resulting
price statement is understood simply as the trivial bound at loss one. We use no precision asymptotic
there. These conventions are those of [24, 26]; in particular, the infimum is over the original mixed
strategy state.

*The authors developed this work with AT models from more than one developer and take responsibility for every
claim. How the work was done, and what the machine checks cover, is described at the end of the paper.



The distinct-level gap of a nonscalar finite Hamiltonian is A(L, g) = Edstinct _ Fy: the whole
ground eigenspace is removed. Write
pu— 1 '
Ao(g) = lim A(n!,g)
when the limit exists. The volume limit always precedes g | 0. A classical block fixes every wall and
tableau label. Our designated cell entropies are evaluated in one minimizing classical block, off the

pitch ties. Degenerate quantum cell spaces require a further state choice; they never imply that all
ground vectors factor over cells.

Theorem 1.1 (Programmed entanglement with a positive gap). Let 0 < a < b < oo, with a € left-9
and b € left-119. There is a fized finite-local-dimension, rational, translation-invariant onsite and
nearest-neighbour family on Z2, affine in g, such that

A(L,g) >1/16 (9<0),  Ax(g)>5/8 (0<g<g).

The second assertion includes pitch ties. Off ties, the cell-anchored bottom-prefix region R.(g) has,
in every single-classical-block ground state,

S(R.) = logy SR(R. : RS) = k(h), k() = bo|AN[0,£(h))], £(h) = bitlength(h — 1),  (2)

where by is a positive integer and h = p.(g) — 1. The lower and upper limits of S(R.)/logy(1/g)
are (a,b). Consequently every nonnegative AY real is an existing coefficient; when it equals k,

SR(R, : RS) = gt

This is a bound on the fixed-g thermodynamic gap, not a positive finite-volume bound uniform
in g near every level crossing. The region grows within a cell and has boundary length O(log(1/g)).
The entropy does not violate an area law. The pitch diverges, but it is not asserted to be a
connected-correlation length. The proof is in Section 3.

For the second main theorem let n = T + 1, M = n”*, and let L; be the unnormalized
combinatorial Laplacian on {0,...,T}*. Its edge quadratic form is > (o ll¥w — Vwl/?. Assume an
exact local rewinding W = W, @ Wg gives

W*HW = L, @ I +[0")(0*| @ (I — P) + |T*)(T*| ® Q. (3)

Here P = |m,0)(m, 0| ® Isys initializes coherent questions and local work, and @ is the final losing
projection conjugated by the two honest local, question-controlled circuits. Section 4 specifies this
assumption fully. Let G = (L;)Okyok and let py be its first positive eigenvalue.

Theorem 1.2 (Referee extraction and resistance). For every unit legal vector WU of energy A, a
finite strateqy on W*W has loss at most Cp, M\, with

2
M /h'

Cr =203+ 4V/Gr)* + (4)
It retains exactly the Schmidt coefficients of W. Thus
SR(V) > Dg(CrMN), Sa(V) > dg (CrpMN).

For every legal density matriz p,

EpP(p) > dg (CuM tr(pH)). (5)



The resistance has the asymptotics
G1 NT/?), Gy = (2/7r)lnT—|—O(1), Gs < 14.

For k > 2, 2/(Mu1) < 1/2; in particular three clocks admit the absolute extraction constant
C3 < 647. Two clocks admit the alternative elementary constant 5(1 + v/2T)2.

The resistance is for injection at a corner and uniform withdrawal, namely (6, — M *11)*L2'(6c —
M~'1). Tt is not obtained by shorting all other vertices together. A third idle clock improves the
extraction coefficient while increasing the referee-volume dilution M. Section 4 proves the theorem
and the logarithmic obstruction. Sections 6 and 9 give, respectively, the conditional material
composition and necessary physical resource bounds.

1.1 Imported results

We use the released version 2.0.0 of Uncomputable critical exponents [25]. Its Lemmas 2.1-2.2 and
Corollary 2.3 give the five-symbol ruler, its charging estimate, and selection/separation on factorial
tori. Section 5 gives the functional nearest-neighbour tableau with the bottom-prefix reader, and
Section 11 anchors it inside ruler cells. Lemma 8.1 supplies a computable binary word with any
admissible density endpoints, with each bit computable in time polynomial in its index’s bitlength.
Proposition 10.1 is the limit calculus. Theorem 1.1 of that paper is the earlier gap-exponent
construction; none of its counter-spectrum argument is needed for our Bell-pair layer.

From The uncomputable price of precision, version 4.0.0 [26], we use Theorem 1.1 for the matched
dimension and original-state usable price, Theorem 1.2 for the halting game, Theorem 7.1 for its
explicit finite models, Theorem 3.1 for its fixed polynomial-to-Boolean compiler, and Theorem 12.3
for its original-state usable coefficient. In particular

3 + HK —(e+1
R = 4 5 9K = Z 4 (e+ )7
eceK
logy D¢ (€) = ok logy(1/¢) + o(log(1/e)),
G (€) = axlogy(1/e) + o(log(1/¢)).

For even N, the finite model has

Ky={e<N/2:h(e) <2V}, Oy= > 47 ay=23"" [y =gyN+O(log(N+2)),
eeKn
(7)

with defining operator defects at most 3 -4~ and 6y 1 6. The compiler and the modification
in Section 5 give strategies of system dimension cody and loss at most ey = C} 16—V, with fixed
constants. The Boolean correspondence is imported from The price of precision, version 1.1.0,
Theorem 4.9 [24]. That paper’s Theorem 11.1 already gives matching pure Schmidt-rank, pure-
entropy, and mixed-state formation coefficients for every positive rational. We do not re-prove these
game or ruler theorems.

1.2 Relation to earlier work

Computational lattice constructions begin here with the gap undecidability of Cubitt, Pérez-Garcia
and Wolf [22]; marker segments and undecidable entanglement behavior occur in [9], size-sensitive
phase changes in [10], and continuous-parameter checkerboard/marker constructions in Bausch,
Cubitt and Watson [11]. Purcell, Li and Cubitt [45] place a transition at a halting probability.



Undecidable renormalisation destinations [55] and complexity of critical locations [54] concern
different asymptotic questions. Schmidhuber’s algorithmic ensemble [47] has computable critical
inverse temperature In2 and a partition function equal to a halting probability there. Public
bootstrap-percolation papers [7, 6] announce algorithmic exponent uncomputability across update
families. We make no claim to the first uncomputable lattice exponent.

Arithmetic limit classifications [59] and density-pair realization [27] are mathematical inputs.
Symbolic growth invariants and entropy classifications already encode noncomputability in local
rules [40, 34]. Commensurate staircases [5, 32, 3] and wall-density transitions [44] also precede
the present construction. Finite analytic spectral branches are governed by Rellich’s theorem as
presented by Kato [38]. Our new realization concerns a programmed logarithmic coefficient for a
specified growing cut in a distinct-level-gapped family. Unusual chain entanglement laws [43, 58, 46]
and standard pure-state entanglement concentration [14] are separate precedents; pair counting
itself is elementary.

Feynman—Kitaev computation [31, 39], local histories [2, 1, 33], multiple clocks [16], modified
and graph clocks [8], idling and endpoint analysis [17], and nonunitary histories [52] are established.
Classical network resistance [21, 28] and resistance-based quantum witnesses [12] are also established.
The contribution here is their quantitative use in fresh-question extraction with unchanged Schmidt
data and an explicit game-price certificate. Precision-dependent dimension witnesses already occur
in Slofstra—Vidick [49]; the matched prices used here are the imports just stated.

The quasi-local approximation argument below is standard in the spirit of Scholz—Werner [48];
tensor/commuting separation is supplied by [37]. Thermal information [56], entangling rates [15, 53],
squashed entanglement [20], and correlation work costs [36] are prior inequalities. Our resource
bounds substitute the imported price into these inequalities. Certified equilibrium algorithms [30]
do not imply computability of an arbitrary limiting coupling coefficient.

Instability already has direct precedents in Castilla-Castellano—Lucia [18] and the October
version of Xu et al. [57]; their gap conventions must be kept distinct from ours. Rotationally
symmetric gap undecidability [19] is another separate result. Strict-boundary stability [41, 42],
robust computation in tilings [29], and low-temperature quasicrystalline Gibbs states [50] do not
supply the selection and interface rules required by our conditional composition. We assert neither
an open interaction-ball stability theorem nor a general local-noise law.

2 The ruler and cell transfer

We state precisely the imported geometric interface. With r = 1/16, a perfect cell of pitch p > 2
has interior side h = p — 1, and the classical density is

_ 9" (i L _ i
=2+ ger(Crag) A -Kern= 22 @

The five symbols are W, V, A, S, D. For orientation, the allowed horizontal pairs are
WW,AA,SA,DS,DD,AV,SV,V S,V D;
the allowed top-to-bottom pairs are
WS, WA WV, SW,DW,VW,AA, AS,SD,DD,VV.

Every other pair costs one. An onsite W bonus is —g; a vertical VW bond costs r. We use the
forcing and charging theorems of [25, Lemmas 2.1-2.2], rather than a new rule-level proof.



For small g > 0, p«(g) = p on (gp,gp—1), with both p,p + 1 minimizing at g,. Each stripe
can choose its own horizontal phase. The source’s Corollary 2.3 gives separation from every
nonminimizing classical block by at least min(5/8, Li(g)), after also making the vacuum excess
exceed that bound, where

i(g) = ) ég;ir(lg)p(fg(p) —min fe(q)) > 0.

At a tie P.(g) contains both minimizers. For fixed rational g, a factorial-volume cutoff is computable.
Every fixed positive g also has eventual commensurability and separation. In particular

p«(g) =2r/g+O(1),  logyhi(g) =logy(1/g) + O(1). 9)

For g < 0 the two wall-free vacua minimize, with classical margin at least r.

The flags in [25, Sections 5 and 11] tie the top, bottom, left and right of a tableau to its enclosing
walls. In a correct cell the classical content is the unique functional tableau of an h x h box. All
extra tests are nonnegative unit penalties. All quantum terms below are positive, conditioned on
local classical labels, and act either onsite or on a bond entirely inside a cell. Exterior quantum
registers have one-dimensional frozen kernels and a specified positive excitation bound.

Lemma 2.1 (Reparametrization). Suppose ¢(g) samples every sufficiently large integer, only large
integers as g 1 0, and In¢(g) = In(1/g) + O(1) uniformly. If Q(h) >0 and |[InQ(h)| = O(Inh), the
lower and upper power exponents of Q(p(g)) are those of Q(h). If Q(h) = O(Inh), the same is true
of the logarithmic coefficients.

Proof. On a plateau with ¢(g) = h, the denominators differ by O(1). The bounded normalized
numerators make the difference of ratios o(1). Every tail integer occurs, and small g excludes any
finite prefix. Consequently the two sets of tail limit points coincide. The argument does not require
a computable convergence rate. O

Proposition 2.2 (Selected-block transfer). Suppose a selection theorem gives minimizing perfect
blocks of pitch p, with all other classical blocks at energy at least Ey + . Let the frozen excitation
bound be vy > 0, and include all tableau, flag, and exterior margins in Yeg = min(7y, vy, Yother). In
each minimizing block assume exactly

H = Eyl + Z(Kh —e(h)I). + ZFw, e(h) = min spec Kj, (10)

on disjoint factors, with ker Fy, = C|0),,. Below Ey + Yer, the full spectrum is the sum spectrum of
the cells, with multiplicities summed over the minimizing blocks. The full gap equals AT (K}) if that
number is less than eg; otherwise the full gap is at least vog. Here AT (K}p) = 400 if the cell has
no positive excitation above its ground space. The ground space is

@ lo) @ <® ker(Kj, — e(h)[)) ® |frozen). (11)

o mminimizing

Effective specified cell quantities with finite normalized endpoints transfer by Lemma 2.1. Uniformly
computable scalar cell data have lower, upper, and existing finite limits in left-X9, left-19, A9,
respectively.



Proof. All classical labels are conserved. Nonminimizing blocks and excited frozen factors cannot
contribute below the stated margin. Diagonalize the disjoint factors in (10); eigenvalues add and
ground spaces tensor. This proves the spectral statement and (11). If dj, = dimker(K}, — e(h)I),

the degeneracy is Nmind£2/p2. The stripe phase count has log Nyin = O((L/p + 1) logp) at fixed
pitch, so its entropy density vanishes; the quantum residual entropy density is (log dy,)/p?.
Reparametrization proves the transfer assertion for the specified quantity. For arithmetic,
uniformly approximate each normalized cell datum by a rational within 27", For a rational sequence
ap,
q<limhinfah < JreQ3IH|[r>qandVh>H: ap>r].

This is a second-level existential left cut. The upper endpoint is dual; an existing finite limit is
computable in the halting set. For an irrational endpoint complement the appropriate strict cut; a
rational endpoint is itself computable. This is membership of an individual real in a cut class, not a
uniform exact-comparison algorithm for arbitrary Cauchy names. It agrees with [25, Proposition
10.1] and the prior calculus [59]. O

If every cell ground state is unique, a single-block ground vector is a product over cells. More
generally, that product is an available choice. For such states, restrictions to any region tensor over
its cell intersections, so all Rényi entropies add over cut cells; whole-cell unions have zero entropy
and different cells’ observables factor. These conclusions are not statements about every vector in
(11). A free logical qubit in each cell permits a Bell state across two cells in a single classical block,
giving a whole cell entropy one. Repeated finite Bell dimers even give a pure clustering example.
Arbitrary cell marginals must therefore be used when cell kernels are degenerate.

Lemma 2.3 (Small-energy perfect-stripe staircase). Let 0 < e(h) < ch™ for h > 1 and set

Fylp)=—g/p+(r+elp—1)/p>, p>2.

Define dp = ((p+1)/p)e(p — 1) — (p/(p + 1))e(p) and g, = gp + dp. Then Fy(p) — Fy(p +1) =
(9, —9)/(p(p+1)). The ties g,, strictly decrease for p > po = [4c/r] + 2, and all sufficiently large
pitches are selected in order among perfect stripes, with p.g — 27.

3

Proof. Subtract the two densities. Nonnegativity gives |d,| < 2¢/(p — 1)°, so

J =g > 2r 4c
PO T p(p+2)  (p- 1

For p > pp use 4c < r(p—2) and 2(p—1)% —p(p+2)(p—2) = p> —6p*+10p—2 > 0 for integers p > 2.
The last polynomial is positive at 2,3,4 and increasing thereafter; the case ¢ = 0 is immediate. At
sufficiently small g, the finitely many smaller pitches have positive density, whereas a pitch near
2r /g has negative density. Adjacent differences then change sign exactly once on the tail. Finally
gp=2r/p+O0(p~?). O

This lemma compares perfect stripes. Selection against irregular configurations with positive cell
energy requires the local charging hypothesis in Section 6. Zero cell energy needs only the imported
ruler theorem.



3 A gapped family with programmed entanglement

Fix by > 1, put d = 2%, and take a fast word A from [25, Lemma 8.1]. The imported bottom reader
selects precisely the first £(h) = bitlength(h — 1) interior columns at the final tableau row. For all
sufficiently large h, the output at its column j is A(j). Indeed the first ¢ bits are written by time
21 — 2 < h — 1 in the imported timing convention. A computable small-g cutoff makes both rows
of every pair interior.

Each site carries C?. Add a classical partner bit, functionally determined by whether the lower
neighbour is an active bottom-prefix site. A two-site equality test determines it uniquely and costs
two if violated. On each active vertical pair put

d—1
Hpoir = 1 — |@)(@q],  |®g) =d 2> |5.5). (12)
§=0

Every other quantum register, including wall registers, receives I — |0)(0]. In a correct tableau
these supports are disjoint. All matrix entries of the Bell projection are zero or 1/d; the whole
construction therefore has rational coefficient matrices, fixed local dimension, and nearest-neighbour
interactions. A finite alphabet enlargement suffices for all added classical flags. For this construction
give every forbidden wall pair and every tableau/flag violation cost two. This leaves the perfect
densities (8) unchanged. The imported wall estimate strengthens by exactly the number of wall
violations, so a defective wall block has margin at least 13/8. The larger penalties will also make
the thermodynamic gap an actual eventually constant limit.

Proof of Theorem 1.1. In a perfect correct block the quantum Hamiltonian has a unique ground
state, a tensor product of Bell pairs and frozen sites. Its ground energy is zero and its gap is one. In
every other classical block all additional quantum and tableau terms remain nonnegative. Thus no
such block can undercut the imported classical lower bounds. For g < 0 the wall-free vacua freeze
every register and the margin is at least 1/16. At fixed small g > 0, defective wall blocks have
margin at least 13/8, and incorrect tableau/flag blocks cost at least two. Choose factorial volume
large enough that all wrong clean stripe pitches and the vacua have excess greater than one. This
is possible by the imported positive separation d(g). Inside every minimizing block the quantum
spectrum is integral and has a unit excitation. Thus A(L,g) = 1 for all sufficiently large factorial
volumes. This proves existence of the thermodynamic limit and the stated lower bound, also at ties
by excluding both minimizing pitches when computing the separation.

Off ties, all cells have side h = p.(g)—1. A single-block vector is a product because the cell kernels
are one-dimensional. Exactly m(h) = |AN[0,£¢(h))| Bell pairs cross the designated bottom-prefix
cut. Its reduced density matrix has d™" equal nonzero eigenvalues, each d~™" . Hence every
Rényi entropy in bits equals bym(h) = k(h), and its rank is 2¥("). Writing p;(A) = [AN0,5)|/], we

obtain
k(h«(g))
logy(1/9)

Every sufficiently large pitch, and hence every sufficiently large prefix length, occurs. Lemma 2.1
gives the two density endpoints. Choose an integer by > max(1,b) and the imported fast word with
endpoints a/bg, b/by. This proves attainment. Equal endpoints are precisely the nonnegative A
targets by the imported density theorem. Zero is included, for example by an eventually empty
word. Local dimension and the finite program may depend on the target. O

= bope(n.(g))(A) + o(1). (13)

The union of all designated bottom prefixes has entropy k(h) per cell, or k(h)/p? per lattice site
in bits. Whole-cell unions have zero entropy in these states. A label-free variant uses the maximum



entropy of a horizontal segment of length s(g) satisfying ¢(h) < s(g) < p/2. Once s(g) + £(h) < p,
such a segment can meet at most one active prefix, and a segment covering that prefix attains
exactly k(h). Thus the maximum equals the cell entropy; a factor-of-two comparison would not
suffice to identify this logarithmic coefficient.

At a fixed finite commensurate volume, approaching a classical pitch crossing from one side
produces an arbitrarily small positive competing block splitting. This explains why the theorem uses
a fixed-g thermodynamic distinct-level gap. It supplies no identification with every infinite-volume
GNS gap and no conventional continuous critical point. In the quantum pair layer, connected
correlations vanish unless the supports touch a common pair; a diverging structural pitch is
compatible with this observation.

Corollary 3.1 (Exact arithmetic classes in an effective cell class). For uniquely grounded selected
cells with uniformly effective algebraic finite matrices and a computably specified cell-anchored region,
finite lower, upper, and existing entropy or log-Schmidt-rank coefficients belong to left-X3, left-19, AY,
respectively. Together with Theorem 1.1, these classes are exact in this class.

Proof. Exact real algebra computes the simple ground eigenvector and its reduced algebraic matrix.
Its exact rank is decidable. Its eigenvalues are computable and —x log, z, extended continuously by
zero, computes the entropy. The normalized data therefore have uniform rational approximants.
Apply Proposition 2.2 and Lemma 2.1; finite endpoints give the eventual boundedness needed in
the ratio comparison. No convergence modulus is asserted. O

3.1 Cell perturbations and content energy

Proposition 3.2 (Perturbed pair cells). Add Hermitian fields v,v" of norm at most n at the two
endpoints of each pair. Forn < 1/4 every pair has a unique ground state and gap at least 1 — 4n.
The cell still factors into pair and single-site blocks. Arbitrary pair fields preserve full Schmidt rank

whenever .

<.
I

Mirror fields v' = v preserve full rank throughout n < 1/4. If the same specified pair fields are
repeated, writing their pair entropy as s(v,v') gives exactly S(R.) = m(h)s(v,v"); for site-dependent
fields it is the sum of the actual pair entropies.

(14)

Proof. The total pair perturbation has norm at most 2n7. Weyl’s inequalities separate the former zero
eigenvalue from the rest by 1 — 47. Frozen single-site blocks have gap at least 1 — 27. Disjointness
gives the cell factorization.

Write a pair ground vector as a®y4 + b, with b L ®4, and write its energy as £ < 2n. With
Qo =1 —|Pg)(Dy|, its eigenvalue equation gives

2
(1= E)T+ QoVQolb = —aQoV®a, [ < 5 _’7477|a\.

The coefficient matrix is aI/v/d + B, with ||B|lop < [|b]|. It is invertible under (14). In particular
a # 0, since the displayed inequality otherwise forces the vector to vanish.
For mirror fields, vectorization makes the local field action X — vX + Xwv. In an eigenbasis of
v, all off-diagonal entries have energy at least 1 — 27 > E. On the diagonal subspace the rank-one
Bell term yields
X proportional to [(1 — E)I + 2v]~L.



All denominators are at least 1 — 4n > 0, so every Schmidt coefficient is nonzero. Tensor products
then multiply ranks and add the actual block entropies. Finite-dimensional continuity gives
s(v,v") — logyd as the fields vanish. Computable algebraic repeated fields give a computable
positive s in the stated radii. O

The entropy factor is not determined by the norm bound. For d = 2, equal scalar fields leave
the Bell entropy one, whereas fields nZ on both endpoints give the ground vector of

1/2+2n —1/2
~1/2  1/2—2n)°

with entropy less than one for n > 0. Repeated specified fields rescale the cell entropy coefficient
by s/bg, while leaving its rank coefficient unchanged within the proved radius. This is a cell-level
statement. Their energy shift can alter classical selection.

Proposition 3.3 (A design-dependent energetic competitor). Suppose a specified legal design admits
a defect costing at most C' which changes m(h) independently priced content units by the favourable
sign, without any other energy change. A field charging those units at magnitude |5| makes this
competitor favourable whenever |§|m(h) > C.

Proof. Subtract the two expectation energies. The difference is at most C' — [0|m(h). O

An actual bounded-cost defect must be exhibited before applying this criterion. It is not a
universal instability theorem. A logarithmically growing content cost does not satisfy the h =3
hypothesis of Lemma 2.3; no material stability window follows from the pair calculation alone.

4 Referee extraction and its clock-grid cost

Let G = (X,Y, A, B, 7, V) be finite. Each party has a system register, a clock, old question, answer
and work registers. The initialization state of the old registers is

’777 0> = Z \/ 71—(‘7:7 y)|x, y>‘0>ans,work'
x?y

The local circuits U4, Up read their own question without changing it; neither uses the other’s
question. Their coherent outputs are tested by the diagonal losing projection Ilj,ee. Put Q =
(Ua®@Up)*pse(Usa @ Up). Equation (3) is an exact assumption on a legal bipartite tensor product;
the two clocks belong to their respective parties. Extra idle clocks can belong entirely to Alice.
Product rewinding is the controlled local prefix circuit on each party’s own clock and data. No
nearest-neighbour realization of this whole initialization projector is implicit in the assumption.

On fresh external questions drawn with the original joint law 7, run these circuits on the system
with new local pure answer/work ancillas. All old registers and clocks are spectators. The resulting
loss effect on the old register space is

F= old®FsySa 0<F <, [F,P]:O, PFP = PQP. (15)

The last identity follows by expanding the coherent old questions: preserved labels and the diagonal
test kill cross terms, including when 7 is correlated. In particular (Pv|F|Pv) = ||QPv|*. Keeping
spectators preserves the shared Schmidt data. There is no postselection at a clock corner.



Lemma 4.1 (Elementary two-clock extraction). For two clocks, a legal unit vector of energy A
yields loss at most 5(1 + v/2T)? M\ under the fresh-question strategy. If Eopt 15 the least initialized
loss with these circuits, Eo(H) < eopt /M.

Proof. Write W*W = 3" |v)1,. Positivity gives

EPYOP = Z va - wwHZ < )‘7 H(I - P)wOHQ < )‘7 ”th”2 < /\7
{'Uﬂ-U}

where t = (T,T). A path of length at most 27" to either corner gives ||, — ¥¢|| < V2T'X by
Cauchy-Schwarz. Set a = 1 4+ v/2T. Then ||(I — P),|| < av'X and ||QPv,| < 2av/X. By (15),
the cross term between initialized and uninitialized components vanishes. Summing their losses
over the M orthogonal clock components gives M (4a® + a?)\. For the variational bound take the
uniform clock with an initialized optimal system input. Propagation and initialization vanish; the
final corner penalty is eopt /M. O

Lemma 4.2 (Hilbert-valued resistance inequality). For a connected graph Laplacian L, a zero-sum
real vector w, and Hilbert-space vectors ,,

1> wohy | < (w*LFw) Y [l — e (16)
v {v.2}

Proof. Diagonalize L on the orthogonal complement of constants. In that basis the left vector
is the inner product of the scalar coefficients L1'/2w with the Hilbert-valued coefficients L'/21).
Hilbert-space Cauchy—-Schwarz gives (16). The constant mode drops out because w sums to zero. [

Proof of Theorem 1.2: energy and price. Let m = M =YY" by, dyy = 1, —m, and G = G},. Using
w = 6 — M1 in Lemma 4.2 gives ||d|| < VGX at either corner. Poincaré’s inequality gives
Sulldull? < A/u1. The corner initialization and test imply

(I = P)m|| < (1 +VG)VA,
1QPm| < VA+||(I = P)yml|| +2VGA.

Define £(v) = (v|F|v). Its square root is a seminorm, and (15) implies

U(m) < |QPm|| + || = P)ml|| < (3 +4VG)VA.

Consequently
Ze ) < 2ML(m) + QZHd 1?2 < CL M. (17)

The shared state is exactly W*W¥, augmented only by local pure ancillas. Since W is a product
unitary, its Schmidt coefficients, rank and entropy are unchanged. Compressing both local POVMs to
their Schmidt supports yields a legitimate strategy of local dimension SR(¥), proving the dimension
bound. Pure-state one-way distillation equals marginal entropy [14]; the definition (1) proves the
entropy bound.

The quadratic-form inequality (17) is an operator inequality for a fixed fresh-question loss effect.
It therefore holds after taking expectation in any legal density matrix. Local unitary invariance of
ES_)B and (1) prove the mixed-state certificate. No entropy of a mixed marginal is being identified
with its entanglement. O
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4.1 The resistance trichotomy

The path eigenvalues and corner weights are

2
fta = 4sin’ %, wo=1/n, w,= ﬁcos2 % (I1<a<n).
Thus, exactly,
w .. w
G, = Z 4 % (18)
0<ay,..., ap<n Mal Tt 'uak
(a1,.-,ax)#0

The first path eigenvalue satisfies py > 4/n?. For k > 2, Mpuy > 4nF=2, proving the variance term
in the theorem.

For a path, the centered potential solving Lg = 6y — n~'1 has edge differences 9i — gj+1 =
(n —1—j)/n. Hence its energy, equal to Gy, is

1 T(2T +1)
Gi=—Y 2= 19
1 712] 1-7 6 ( )

(T+1)

For two paths use w, < 2/n and p, > 4a%/n? to obtain

1
G < Y .
0<a,b<T a? + b
(a,b)#(0,0)

The axes contribute at most 72/3 and (1, 1) contributes 1/2. Each remaining positive-index term is
bounded by the integral of (2 + 3?)~! over [a — 1,a] x [b — 1,b]. Those cells lie inside the quarter
annulus 1 < /22 + 2 < V/2T. Therefore

2

1
£+7+£ln2<glnT+4.4 (T > 2). (20)

T
<
Gy<ghhT+—=+3

To identify the leading constant, for a,b > 1 compare the exact summand in (18) with 4/[7%(a?+b%)].
Taylor bounds for sine and cosine, and sinz > 2z/7 on [0,7/2], bound the difference by O(n~2)
uniformly. Summing contributes O(1); the axes are bounded. The quadrant sum of (a? + b%)~! is
(m/2)Inn + O(1) by unit-square integration, proving G = (2/7)InT + O(1).

For three paths, (18) implies

2 L 3 1
Ga < 2 2z <3 = ><14.
s<2¥ s 2y (320

The shell max; a; = m has 3m? + 3m + 1 vectors. The last bound uses 1/m,1/m? <1 and T/n < 1.
Thus
C3 < 2(3+4V14)? +1/2 < 647.

For any fixed k > 3 the same shell estimate is O(T"%~2) before the prefactor 2¥=2n2=* so G}, = O(1).
This completes the resistance part of Theorem 1.2. The dimensional phenomenon is classical network
theory [21, 28]; the application is the extraction inequality.

Proposition 4.3 (The logarithmic obstruction for all low-energy vectors). No constant independent
of T' can replace the two-clock extraction factor for all legal low-energy vectors in this general cell
class.

11



Proof. Let c be the losing corner, g = L3 6., G = g, and f =1—g/G. Then f. =0, M~ 1Y, f, =1,
and f*Lof =1/G. Take P = I,Q = I, with the always-losing scalar system and normalized clock
f/If]l. The loss is one and the energy is A = 1/(G|| f||?), so

loss _ [If]I?
—=G—F— > G.
ax - = ¢

Since G — 00, a uniform constant is impossible. A direct-sum zero-loss system sector can be added.
This is an all-low-energy-state obstruction and makes no assertion about a special game’s ground
states alone. O

4.2 Approximate clock factorization

Proposition 4.4 (Normalized entropy-support estimate). For k > 2 put u = VM m and z =
|unif) ® Pu. If b= (3/2 4+ /Gr)VMA < 1, then

W — 2| <b,  [[W*T —z/|z]||| < 2b.

Let t be the actual trace distance between the reduced Alice states of these two unit vectors. In the
small-distance regime,

Sa(¥) <logy dsys A + logy | X | + tlogy(Da — 1) + ha(t), t < 2b. (21)
D4 s an actual local support dimension of the compared states.

Proof. Poincaré gives |[W*¥ — |unif) ® ul| < v/MA/2. Initialization bounds ||(I — P)ul| < (1 +
VG)V/ M. Their triangle inequality gives the first estimate. Since W is unit, |||z|| — 1| < b and
z # 0, giving the factor two upon normalization. The normalized reference consists of product-
uniform local clocks, initialized questions and work, and a system vector. Its entropy is at most
logy | X| 4 logy dsys 4. Local rewinding leaves entropy invariant. The trace distance is no larger than
the vector distance; apply the finite-dimensional entropy-continuity bound of [4]. One may replace ¢
by 2b only where that bound is monotone, for example 20 <1 —1/D4. O

There is no compulsory additive logy (7T + 1) in this reference entropy. There is also no exact
clock separability at positive energy. For P = I,Q = 0, orthogonal path modes u (uniform) and v
(first excited) give the entangled clock state (u ® u + dv ® v)/v/1 + 82, of energy 2u16%/(1 + 62) and
entropy ho(62/(1 + 62)) > 0.

For a ground state with M A < ey, an adequate continuity condition, if ¢ counts work qubits, is

Ven(l+ \/a)[q + logy dsys, 4 + logo (T + 1) + O(1)] — 0.

It is a condition on the number of qubits, not on its logarithm.

4.3 Perturbation and dimension certificates

Corollary 4.5 (Total-norm perturbations). For every legal-space Hermitian V' with ||V < n and
every pure ground vector ¥, of H 4V,

Sa(¥y) > dg (Ck[gopt + 2M77])7 SR(\IIW) > D¢ (Ck[gopt + 2M77])-

Proof. The variational principle gives (U, |H|V,) < Eo(H) + 2. Use Lemma 4.1 and Theorem 1.2.
O
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Here 7 is the total cell operator norm. Summing local fields may produce a norm growing with
the number of sites.

Proposition 4.6 (Register-limited frustration). In a fized classical program block with ns measured
system qubits per party, let e be the cell ground energy. Then

Dq(CrMe) < 2%,
Iflogy D (e) = alogy(1/e) + o(log(1/¢)), o > 0, this implies

27115/(170(715)

e> — . 22

B Cip M ( )

Proof. After extraction, trace out old registers and clocks locally. The fresh measurements act only
on the measured system, so its mixed state has the same loss and dimension 2™ on each side. Apply
the definition of Dg. For each £ > 0 the price is at least (o — £)log,(1/¢) at sufficiently small
e. Hence C,Me > 27"/(2=8). outside this small-loss range the claimed asymptotic lower bound
is weaker. Let £ tend to zero. The argument is uniform over fixed classical program blocks. A
quantum program used by the measurement must instead be counted in the system dimension. [J

A matching upper frustration law needs a dimension-matched admitted strategy. Clock prop-
agation does not by itself fix the distinct cell gap: different almost-winning system sectors can
have arbitrarily close low eigenvalues. Honest uniform histories have energy loss/M, which is a
variational scale, not a universal gap formula. A fixed Hamiltonian minimizes a linear functional of
the state; its measurement encoding must therefore already be specified. Fixed circuits and classical
program blocks suffice, without exhausting all possible encodings. Finally the elementary extraction
factor shows that log T' = o(log(1/¢)) is sufficient to preserve a logarithmic coefficient; it is not a
necessary-and-sufficient theorem.

An extension to arbitrary physical states is possible if the legal projection factorizes across the
cut, W has a product-unitary extension, the illegal space is invariant and has energy at least one,
and the extraction processes its clock labels as spectators. The illegal weight is then bounded by its
energy and its loss by its weight; since Cy M > 1, the same inequality holds. Block diagonality or a
list of forbidden clock strings alone does not establish these hypotheses.

5 Strategy circuits, initialization rows, and padding

The halting-game finite model (7) is explicit but has long computation-history labels. A small
system register does not imply a polynomial measurement circuit. The following resource bound is
sufficient for the conditional composition.

Lemma 5.1 (Sequential orthogonality context). For projections E,F on C4, Alice can answer the
context forbidding the simultaneous E = F =1 outcome with the POVM

E, (I - E)F(I—-E), (I-E)YI-F)I-FE).
On a mazimally entangled state, Bob using E7,FT has zero E disagreement and F disagreement

3tr(EF) — 2tr(EFEF)
d

<3|EF|F,  lIAlF = d™" tr(AA). (23)
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Proof. The three positive effects sum to I. Measure F first and, after a negative answer, measure F;
the listed effects are exactly the resulting measurement. Let Mp = (I — E)F (I — E). The maximally
entangled trace identity with Bob’s transpose gives disagreement tr(Mp+ F —2MpF')/d. Expanding,
tr Mp = tr F' — tr EF and tr(MpF) = tr F' — 2tr EF + tr EFEF, proving the identity. The last
trace is nonnegative because it is the trace of (FEF)? on ran F. Also HEFH? =tr(EF)/d. O

This coherent sequential POVM replaces the compiler’s projection onto (I — E) ran F'. It changes
only a constant in its loss bound, by at most a factor 3/2. It is not an operator-norm approximation
to that different projective measurement.

Proposition 5.2 (Halting-game circuit resources). For every fized § > 0 and even N, the finite
models of [26, Theorem 7.1], with the canonical compiler blocks of its Theorem 3.1 and Lemma 5.1,
give mear-winning measurement circuits on system dimension cody, of loss at most en = Ci1167N,
Their size is at most 20TON poly(N) and their work space is O(N?) qubits. They have uniform
classical descriptions generated within the same exponential scale, allowing an arbitrarily small fived
slack in & for synthesis overhead. Finite-gate implementation error in the coherent measurement is
at most 276V,

Proof. We describe the algorithm against the explicit source model; we use, rather than re-prove,
the compiler’s algebraic soundness and finite model identities. Its coordinate registers are N-bit
address, fuel and time, and kx = O(INV) optional slots. The flag is

fN(x>: Z 1{31:54e (mod 4¢+1)}-

ecKn

The residue classes are disjoint. Computing the flag, digits, masks, fuel reset predicates, and partial
counts is polynomial in N once K is known. The count hy(z) =3, ., fn(r) is a sum of residue
counts, using division with remainder for each e; no scan over r < z is needed. Compute the
maximum N-window count defining ky by a 2V poly(NN) scan. Bounded simulation computes Ky
in that time using polynomial space. These are classical preprocessing steps.

The diagonal geometric series for the source contractions B, C' are truncated after O(N) terms.
Every translated slot is determined by the same residue counts and cyclic shifts. Address-clock
dressing is the controlled slot rotation D = @, Rg” @) Time increment, bit permutations and slot
rotation have explicit involutive factorizations. For an increment coordinate, the maps i — —i and
i — 1 — 4 multiply to increment; these maps are polynomial-time reversible arithmetic.

The only less immediate permutation is the dressed V. In the D* gauge it increments address
x, applying a fixed slot permutation Py = RgN ") only on wraparound. Given a slot string z,
enumerate its orbit under Py, of length s < kp; choose the least representative zg and express
z= Pg 2. The coordinate i = = + 2"Vj is a cycle coordinate modulo 2¥s. Apply the two involutions
above in this coordinate, convert back, and conjugate by D. Orbit search is over at most ky
rotations, not over an exponential cycle. An efficiently computable involution is implemented by
compute, swap, and uncompute.

For a diagonal contraction r, the compiler uses

u(r) =2r — 14 2iy/r(1 —r).

Realification is a single controlled rotation. Its two reflection factors are the fixed diagonal reflection
and the rotation-plane reflection. Diagonal labels are computed reversibly, the appropriate rotation
or phase applied, and the label uncomputed. Projections use a Boolean phase; source flips use
controlled bit flips.

14



The expensive labels have the form Step’ ™°% ? (Init(z)). There are fewer than 2V steps. The
fixed counter machine has constantly many counters, each at most N/2 + 2V, hence configurations
use O(N) bits. Direct computation costs 2V poly(N) time and O(N) space. Reversible pebbling
[13] implements compute, copy, and uncompute with time 249N poly(N) and O(N?) work bits,
for each fixed § > 0.

Precision must include square-root sensitivity at endpoints. The uniform inequality |u(r)—u(s)| =
O(+/|r — s|) on [0, 1] follows from the square-root inequality and the Lipschitz bound for r(1 — r).
Use at least 16N 4+ O(log N) fractional bits for contraction values and discard a value 2™ only
beyond that precision. This yields source errors O(273) after square roots. For example discarding
r =2~ N+ would instead cause error 2./7, too large for 27V Compute angles to a comparable
linear precision. A polynomial number of register-controlled rotations is synthesized with polynomial
precision overhead [23]; allocating O(N + log N) synthesis bits to each rotation gives total error
at most 275V, Arithmetic and reversible classical gates may be implemented exactly in a fixed
universal algebraic gate set.

The remaining compiler operations have presentation-dependent constant size: realification,
selector Pauli registers, controlled source words, and doubled reflection blocks. In the source’s first
conjugacy block these have forms diag(X;, I) and ( X; 0 ); the second uses fixed-length products
such as ab, bab, and bc. They require only controlled source reflections and a constant number of
ancillary selector bits. Measure each commuting context with a constant number of controlled-
reflection tests, and use Lemma 5.1 for each orthogonality context. Forbidden answers caused by
gate approximation are mapped to a fixed allowed assignment, changing the losing probability by at
most the implementation error. Every context has an allowed assignment by the imported compiler.
The exact source defects O(4=) give loss O(167"); adding O(27") leaves that scale unchanged.
All preprocessing and gate-label generation are covered by the stated bound, with slack absorbing
fixed polynomial factors. O

This is an algorithmic resource construction. It is not a supplied executable implementation of
the complete compiler, and does not establish polynomial-size measurement circuits. No classical
circuit lower bound is inferred from the long history labels.

5.1 Distributed initialization: a conditional algebraic estimate

To specify what a physical layout must preserve, consider two clocks and a row Rj = {t4 = j}. Let
up; be uniform on that row and u uniform on the grid. Spectral separation in the Bob coordinate
gives

(ur, —u)"L (ur, —u) = (Ly)ii/n < 1/3. (24)

For completeness the centered path diagonal is

n—1—j

(Lpath Z’Lg-i- Z i2

the squared edge-flow sum for injection at j and uniform withdrawal. In particular the corner
diagonal maximizes it and equals (n — 1)(2n — 1)/(6n) < n/3.

Suppose a proposed layout supplies ¢ commuting rewound ancilla projections P;, with a unit
penalty on every vertex of their initialization row. Jensen’s inequality and positivity give ||(I —

P;) avgp, ¥|| < /A/n. Together with (24),
I(Z = Pyyml| < (1/v/n+1/V3)VA.
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Since I —[]; P; < >,;(I — P), initialization error for all ancillas is at most ¢(1/y/n + 1/4/3)2)\.
Include a commuting corner question projection and set

B=(1+VG2)’+q(1/vVn+1/V3)".

The proof of (17) now gives the safe coefficient
C'=2(142VB +2VG2)? +1/2 = O(q + G3), (25)

and the normalized reference distance is at most 2(1/2++v/B)v/ M. These estimates are conditional
on exactly the indicated rewound row penalties; they do not build them.

Lemma 5.3 (Padding). Idle padding to T > h3/2 makes the initialized variational energy at most
h=3 for two clocks. If also T < hC for a fized C, then Gy = O(logh).

Proof. The variational input has loss at most one and energy at most 1/M, where M = (T+1)% > h3.
The upper bound on 7" and (20) give the resistance estimate. A lower bound on 7" alone would not
imply the latter conclusion. O

6 Conditional composition into a material

We isolate both assumptions needed to turn a referee cell into a translation-invariant material.
Neither follows merely from small positive cell energy or from a general circuit-to-Hamiltonian
citation.

Definition 6.1 (Local selection hypothesis). For every classical configuration, intact cells support
disjoint K} and all remaining quantum terms are nonnegative. The area decomposition into wall
segments has indicators vg for divider corners and ¢s < vg for intact-cell corners, at pitch ps. Clean
matching runs have constant pitch and deficit greater than —1, with zero deficit for a closed run.
Open and bad runs can be charged at most six times to each wall violation. Missing intact-cell
corners can be charged at most six times to a wall violation and once to a tableau or flag violation.
The rules specify these assignments locally.

Lemma 6.2 (Selection from the local hypothesis). Assume Definition 6.1 and 0 < e(h) <
min(1/64,ch™3). Perfect stripes are selected by Lemma 2.3; at fized small off-tie g every non-
minimizing block has eventual separation at least 7/16.

Proof. Write es = e(ps — 1), émax = 1/64 and f = min, Fy(p) < 0. The exact area bookkeeping
and intact-cell lower bound give energy excess at least

Zps(Fg(ps) - f:) + Z(T + es)(vs - 1/ps) - Zes(vs - is)
+ Vi + Vi + Areaw _free (— f).

The run hypothesis bounds the second term below by —6(7+ emax)Viy. The missing-corner hypothesis
bounds the third by —6emaxViy—emax Vi Thus the defect coefficients are at least 1—6r—12e,,x = 7/16
and 1 — epax = 63/64. Clean wrong stripes have positive density separation; at sufficiently large
commensurate factorial volume their energy excess exceeds 7/16, as does the vacuum excess. [

This proves the implication from the local hypothesis. The hypothesis itself is an additional
combinatorial rule-level requirement for positive-energy cells.
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Definition 6.3 (Referee layout hypothesis). A fixed finite alphabet and rational algebraic on-
site/bond rule set must implement, inside each selected h x h cell, the following. The depth
is N = 2|(c¢/2)logy h|, the strategies are those of Proposition 5.2, and the padded clocks have
h3/2 < T < h®. There is an exact invariant Cartesian legal propagation space with product rewinding
and either the corner initialization in (3) or the commuting row penalties used in (25). The loss and
question predicates have fixed-size interface support; initialization, transport and folds have specified
nearest-neighbour rules. A local isometric support description gives logy D4 = O(N? + logT) for
low-energy cell vectors and their reference states. Unused sites are frozen. The generated classical
gate labels fit the cell’s time and space budget. All nonlegal sectors have the claimed quantitative
separation and the factorized projection/product extension required for any asserted physical-state
extraction. The effective extraction constant C'y is polynomial in N and the reference distance is

poly(N)vV M.

For an assertion about Gibbs states one must additionally have a genuine bipartite tensor-product
state space and a proved bounded cut norm. An abstract globally conditioned legal subspace alone
does not supply these thermal hypotheses.

Theorem 6.4 (Conditional halting-game cell coefficient). Assume Definitions 6.1 and 6.3, with
¢ = 3/4, the admitted dimension-matched halting-game strategies, and the specified competing/frozen
margins. In every selected cell, every pure ground vector satisfies

Sa=4dagN + o(N) = 3ax logy(1/g) + o(log(1/g)). (26)
For any marginal p. supported on that cell ground space,
Ep7B(pe) = 4daxgN +o(N),  S((pc)a) = 4ax N + o(N). (27)

The coefficient 3ax = 3(3 + 05 ) /4 is Turing-equivalent to K. This is a conditional cell theorem; no
unconditional translation-invariant implementation is asserted.

Proof. The initialized test strategy has target loss budget ey = C116™", so Me(h) < ey and
Lemma 5.3 gives e(h) < h~3. Freeze the finitely many cells below the fixed threshold needed for
e(h) <1/64. Lemma 6.2 and the assumed margins then give selected-block transfer. For every pure
cell ground vector, extraction yields

Sa > dgK(Cfsz) =4agN + o(N),

because log, C'\y = O(log N) and logy(1/en) = 4N + O(1). The actual optimal loss is only upper
bounded by this target budget and is not identified with it. The normalized reference distance is
poly(N)4~" and the assumed support logarithm is polynomial. Proposition 4.4, or its row version,
gives

Sa <logsy(codyn) 4 logy | X |+ 0o(1) = dag N + o(N).

This proves the pure squeeze.

For the mixed marginal, the loss operator inequality gives the same lower usable price. Uniformity
of the projection estimate over the ground space bounds its weight outside the reference subspace
by poly(N)16=". Project and normalize the density matrix. The gentle projection bound gives
trace distance poly(N)4~; its reference Alice support has dimension at most | X |cody. Entropy
continuity with the same actual support bound gives

dagN +o(N) < Ep P (pe) < S((pe)a) < daxN + o(N).
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The middle inequality is the standard upper bound of distillation by local entropy. The last entropy
need not itself be within-cell entanglement when p, is mixed. This argument does not imply entropy
additivity for arbitrary unions of cells.

Lemma 2.3 gives logy h = logy(1/g) + O(1); the even depth rounding changes N by at most two,
so (26) follows. An oracle for K computes fx by finite sums and the geometric tail. Conversely
subtract known contributions below e and put w, = 4=+D. If e ¢ K the residual is at most
we/3; if e € K it is at least w,. Accuracy w./6 separates the two cases, inductively computing K.
Rational affine rescaling preserves this Turing degree. O

The resource inequalities motivate the hypothesis but do not prove its rules. For N =
(3/4)logy h4+0O(1) and small fixed 6 < 1/3, Proposition 5.2 gives generation time o(h) after absorbing
its polynomial factor. Its O(N?) work qubits and padded length h3/2 use h3/2 poly(log h) = o(h?)
time-space area. Exact legal propagation after folding, local endpoint access, distributed initializa-
tion, and label packing still require an actual rule table. The complete layout is a plausible open
construction problem, stated once here. We do not extend this conditional result to every game
with a limiting price coefficient.

7 The finite-dimensional correlation ceiling

Let Ax, Ay be disjoint quasi-local spin algebras, each the norm closure of finite-site matrix algebras,
with finite local site dimension. A state may be mixed or an arbitrary infinite-volume state.
Measurement families are finite and their effects belong to these quasi-local algebras.

Proposition 7.1 (Quasi-local correlations are approximable). Every such correlation belongs to
Cqa = Cy, the closure of finite-dimensional tensor-product correlations. If wy(G) < 1, its loss in G
is at least 1 — wqya(G). In a legal referee cell this implies

1 — wga(G)
B Ci M '

(&

Proof. Choose increasing finite subsets of X and conditional expectations onto their matrix algebras,
using normalized trace on the omitted sites. These maps are unital completely positive, preserve a
POVM'’s positivity and sum, and converge in norm on every quasi-local observable. Do the same
independently in Y. Restrict the state to the resulting finite tensor product of matrix algebras; it is
a density matrix. Thus every approximating correlation is in C;. Norm convergence of the finitely
many effects gives convergence of all joint probabilities and proves membership in its closure. A
Bell functional is continuous on this finite probability space, proving the loss floor. Compose the
floor with extraction for the energy inequality. O

This standard approximation principle [48] does not depend on a pure-state infinite-volume tensor
splitting. General commuting operator correlations need not admit these quasi-local measurements;
the distinction between Cyq and Cy. is substantive [37]. The cell energy floor retains its normalization
CyM; it need not be bounded away from zero as the clock grows.

8 Whole-cell perturbations

All perturbations in this section are arbitrary Hermitian operators on the legal whole-cell space,
bounded in total norm. A rank-one operator on a history is generally nonlocal in the physical lattice.
No random or generic noise ensemble is being assumed.
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First, there can be no universal saturation of entanglement for every norm-n perturbation. For
example V' = nH/| H|| preserves the ground space and all its entropies. A positive perturbation
annihilating that space gives another example. The energy comparison of Corollary 4.5 remains a
lower certificate for every perturbation, but does not by itself supply an upper bound.

Proposition 8.1 (A collapse perturbation). Suppose an honest uniform history ®¢ of a product
system input has loss by < 1, so its entropy is at most logy |X| and its energy is lo/M. For
V = —n|®)(Po|, every unit ground vector ¥ obeys

(@0, ¥)* 21— —-. (28)

If Ly = logy, D4 is an actual local support logarithm and Mn/L% — oo, then Sa(V) < log, | X |+0(1).
Proof. Positivity of H and the test vector give
(o, W)|? < Bo(H + V) < lo/M — 1.

Rearrange to prove (28). The pure-state trace distance is at most /fo/(Mn). Apply entropy
continuity with the specified support dimension. Its error is bounded by that distance times L 4,
plus binary entropy, and hence tends to zero. ]

The condition involves dimension as well as M. In the conditional layout, L4 = poly(/N) and M
grows exponentially in N, so fixed n > 0 suffices. Mere divergence of M without dimension control
would not suffice.

We next specify a different cell: a free-depth menu. For each admissible even depth Ng < j < N,
it contains a classical sector running the admitted dimension-matched strategy at depth j, all with
the same padded clock volume M. Unused system registers are frozen locally, and consistent depth
labels are locally available to both players. The extraction uses a product rewinding on the whole
direct sum and a uniform coefficient C; polynomial in N. The menu has actual local support
logarithm L4 = poly(/N). Assume the uniform reference estimates and the depth-wise dimension
law log, d; = 4aj + 0(j); honest histories have entropy at most 4a;j + o(j) + O(1) and target loss
€j = C11677. The same fixed game has both prices with coefficient o > 0. Implementing this menu
in a local material is an extra layout obligation.

Define Syorst(N,7) as the infimum of S4(¥) over all allowed V' with ||[V|| <7 and all unit pure
ground vectors W of H + V.

Theorem 8.2 (Worst-case free-depth law). In this menu model, put a = Mn and rny =
logy(1/ max(en,a)). In joint limits with ry/log(N + 2) — oo,

Sworst (IV,n) = arny (1 + o(1)). (29)

For every perturbation the lower bound holds. The saturation upper bound uses a chosen rank-one
whole-cell perturbation. In the separate collapse regime Mmn > L124, Proposition 8.1 gives the bounded
upper entropy.

Proof. The deepest admitted history has energy at most /M. For every perturbed ground vector,
the energy comparison and uniform extraction yield

Sa 2 dg (Cylen +2Mn)).

In the stated regime the effective loss tends to zero and its negative logarithm is ry + O(log N).
The imported price therefore gives S4 > ary(1 — o(1)).
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We first justify the unperturbed upper bound for the menu. The system dimension argument of
Proposition 4.6 in sector j gives
16—3+0)
ej Z I r——
poly(N)M
Any fixed bounded sector also has positive fixed dimension-constrained loss, because the game’s
divergent price forbids a perfect strategy in that dimension. For each fixed 6 > 0, sectors j < (1—9§)N
are eventually above ex /M. Thus every unperturbed minimizing sector has j = N — o(N). Sector-
wise normalized reference estimates squeeze its entropy to 4aN + o(NN). Superpositions of at
most O(N) locally distinguished sectors contribute at most logy O(N) additional entropy. Uniform
continuity errors still vanish on the assumed support, proving the unperturbed upper bound. In
particular one can always choose a pure unperturbed ground vector with this bound.
If a < ey, choose V = 0 for the desired upper bound. If a > ey, fix p > 2 and choose the
smallest admissible even depth j satisfying

gj < aL;lp. (30)

When such a depth exists, the logarithmic regime ensures that it eventually exceeds the fixed lower
cutoff and
45 =logy(1/a) + plogy La + O(1).

Take its honest history ®; and V' = —n|®;)(P;|. The same variational argument as (28) gives

overlap at least 1 — L ,” with every perturbed ground vector. Entropy continuity costs O(Lz_p / 2) +

h2(L;‘p/2) = 0(1). Therefore
Sa < daj+o(j) +O(1) = alogy(1/a)(1 + o(1)),

since log Ly = O(log N) = o(ry). If (30) would require j > N, then 1 < a/eny < L up to a fixed
endpoint factor. In that case V = 0 again gives the upper bound, as the difference in the relevant
negative logarithms is only O(log N) = o(ry). This handles the precision floor and completes the
saturation proof. O

The effective variable is Mn, together with the extraction coefficient. In a noise-dominated
logarithmic regime, changing T at fixed total n and fixed k inserts the term —kalogy(T + 1). This
observation is confined to that regime and this menu model. Open-clock perturbation analyses such
as [b1] concern their specified dynamics and do not establish a local-noise version of (29).

9 Temperature, preparation time, and work

The mixed-state certificate (5) applies to any legal state, including a Gibbs state when the legal
space is a genuine bipartite tensor product. Its composition with established physical inequalities
gives necessary resource bounds. We set kg = h = 1. We use [20]

EA™P(p) < Ep(p) < Bxa(p) < I(A: B),/2. (31)

The last inequality uses the trivial extension in the definition of squashed entanglement. All
quantities in (31) are in bits.

Theorem 9.1 (Necessary thermal, temporal, and work budgets). Suppose a finite bipartite state
plays G at loss £. For the Gibbs state of H = Hq + Hp + Hy at inverse temperature [3,

Bl Hol|l = (In2)dg (£). (32)
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For unitary preparation from a product state, with time-dependent cut interaction on fized interacting
dimenstons, let dg be the smaller interacting local dimension. Then

t
18 / 1 Ho ()| logy dp ds > dzi (). (33)
0

For average-work isothermal preparation at temperature © from v4 ® vp, with the noninteracting
Hamiltonian Ha + Hp restored at the endpoint and no uncharged resource,

W >201In2dg (0). (34)

If dz () = aglogy(1/€) +o(log(1/£)), the same imported coefficient appears in the right sides. These
are lower bounds; no matching preparation protocol is asserted.

Proof. For the Gibbs state p, put ¢ = pa ® pp. Free-energy minimality gives
B nats(A 2 B), < tr[H (0 — p)] = tr[Ha(o — p)] < 2||Hp|-

The equality cancels local Hamiltonian terms using equal marginals. This is the thermal mutual-
information bound of [56]. Equation (31) and EA~5(p) > dg (¢) prove (32), with the factor In 2
converting bits to nats.

For pure product input, the small incremental entangling theorem [53], with constant 18,
bounds the entropy derivative by 18||Hy(s)|| logy dg, independent of spectator dimensions. Integrate
from zero initial entropy. For mixed product input, purify each party locally, evolve with those
purifying registers as spectators, and use monotonicity under local discarding. This bounds the
final distillable entanglement by the same integrated entropy, and gives (33). If | Hp| < J, it yields
t > dg (£)/(18J logy dy). Pre-existing shared entanglement or an increasing interface is outside this
hypothesis.

For work, the stipulated free-energy accounting gives

W > F(p) — F(va ®vB) = ©D(p|va ® vB),

with natural relative entropy. Its exact decomposition is

D(pllva ® vB) = Inats(A : B)p + D(pallva) + D(psllvB)
Z Inats(A . B)p

Apply (31). This is the standard correlation work bound [36], with the game’s usable demand
inserted. u

Subtracting a scalar from the cut interaction can improve its norm without changing the
argument. The bounds apply to the true physical tensor product; a nonproduct conditioning on
legality cannot silently replace that state space. The work statement is not a general equality
between creation work and any local-reset heat convention.

Corollary 9.2 (Fixed-temperature and fixed-time coefficients). For Gibbs states with a uniform
cut norm ||Hpl|| < J, every nonnegative entanglement quantity E < I/2 satisfies

0<E<pJ/In2.

At fized positive temperature its coefficient after division by logy(1/g) is zero. The same conclusion
holds at fized preparation time from product input when the integrated interface rate is uniformly
bounded. For a two-corner referee with J < 2, the thermal bound is E < 23/1In 2.
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Proof. The first bound is the Gibbs mutual-information inequality. For preparation, local purifi-
cations give I(A : B)/2 < S(Awith local purifier), since mutual information decreases under local
discarding. The integrated rate therefore bounds every E < /2. Divide either uniform bound by
the divergent logarithm. O

No gap assumption is needed here. Thermal marginal entropy includes local thermal entropy
and is not covered. Nor are all possible mixed entanglement measures, growing interfaces, or
fluctuating-wall Gibbs states without the specified cut and state convention. An uncomputable
coefficient may appear in these necessary precision inequalities without being a proved optimal
resource rate or the only observable that retains it.

9.1 A finite-dimensional Gibbs energy estimate

For any finite legal Gibbs Hamiltonian of dimension D and minimum energy eg, free-energy
minimality against a pure ground state gives

tr(poH) <ey+©InD. (35)

Thus the extraction certificate has effective precision at most C’'[ey + MO In D] when Mey < ey .
To retain a depth-N leading coefficient in this lower certificate it suffices that

—logy(C"MO1n D) > 4N — o(N)

and logy C’ = o(N), or more restrictively M©1In D = O(ey). Smallness relative only to an inverse
polynomial of depth does not imply this exponential precision. No claim of a thermal material
region follows without controlling the full physical dimension, illegal sectors, and wall distribution.

9.2 Thermal pair correlations
The Bell-pair cell provides an exact comparison at the level of mutual information. For a pair (12),
let d = 2% and

I+ (ef = 1)|04)(®
ps = (e Z)‘ al®d g _syp 1 Pz

Both marginals are I/d. The mutual information in bits is
. 1-F

It is computable for computable £, positive for every 5 > 0, and tends to 2by as § — oo. Positivity
follows because equality with the product of the maximally mixed marginals occurs only at 8 = 0.
Independent disjoint pairs therefore give I(R. : RS) = m(h)iy, (8) at every fixed positive inverse
temperature. The normalized half-mutual-information coefficient is the programmed coefficient
times p, (6)/(2[)0)
This is not all-temperature entanglement survival. These isotropic states are separable exactly
when
F<1/d < é°<d+1. (37)

For the separable direction, twirl product states by U ® U; their Bell overlap ranges over [0, 1/d]
and determines the isotropic state. For the other direction, partial transpose has an antisymmetric
eigenvalue [1 — (e — 1)/d]/Z < 0. This is consistent with the isotropic-state criterion in [35]. In
particular, for © > 1/1In(d + 1), every pair and their product are separable despite nonzero mutual
information. The comparison concerns total correlations. Its cut norm grows with the number of
pairs and hence does not satisfy the bounded-interface hypothesis of Corollary 9.2.
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10 Scope and further questions

The explicit gapped construction programs a logarithmic entropy coefficient of a growing sub-cell
region, and a power exponent of its Schmidt rank. It does not classify every entanglement observable
in every gapped spin system. The arithmetic ceiling requires effective algebraic cell data, a specified
region, and a specified state rule. Our correlation ceiling requires norm-quasi-local measurement
effects.

The referee theorem concerns an exact legal-space operator with local rewinding. A physical
implementation must prove its legality, initialization, transport and interface properties. For positive
cell energies it must also prove the local charging hypothesis. Standard history constructions make
these requirements meaningful but do not automatically discharge them. The conditional theorem
records exactly what the game price would then force, without asserting that this particular material
has been constructed.

The perturbation theorem concerns a specified free-depth cell and arbitrary total-norm operators.
The resource bounds are necessary inequalities. The thermal pair calculation retains mutual
information; it supplies no all-temperature entanglement claim. General robust exponents, generic
local-noise saturation, and matching physical preparation costs are not conclusions of this paper.
Further questions include quantitative protection conditions for specified microscopic designs and
sharper extraction constants under additional circuit or ground-state assumptions. No conjectural
theorem is used in any proof.

11 How this work was done

The authors developed the mathematical argument with assistance from AI models from more than
one developer. They take responsibility for the claims, the scope of the imports, and the distinction
between a proof, a conditional implication, and a finite numerical check. The manuscript uses
the released ruler and game theorems at the numbered locations stated in Section 1.1. Its new
arguments are written above; those imported proofs are not reproduced.

The ancillary directory contains a sequential runner, source files, recorded outputs, a summary
with measured peak memory, and a SHA-256 manifest. Four supplied checks are retained for the
elementary two-clock inequality, perfect-stripe arithmetic and pair samples, two-clock resistance
extraction, and three-clock extraction. Their numerical calculations use floating-point eigenvalues. A
description in the pair-sampling script is restricted to the finite scope actually checked. Independent
checks test rational staircase identities, finite-grid pseudoinverses, the extraction operator inequality
for complex projection data, normalized reference estimates, mirror-field formulas, the depth-selection
rule, and thermal-pair formulas.

Scripts run sequentially with numerical-library thread counts set to one and a monitored
combined process-memory ceiling below one gigabyte. Passing these checks is finite consistency
evidence. It does not certify an uncomputable limiting real, a translation-invariant rule table for
the referee, the local positive-energy charging hypothesis, or any statistical claim about local noise.
The analytic proofs and their stated hypotheses govern all infinite-volume conclusions.
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