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Abstract
How much memory does it take to apply the same quantum channel many times,

when each output must be released before the next input arrives and every retained
qubit counts? The usual one-use invariants do not decide it. We exhibit two channels on
C1664 with identical normalized Choi spectra (32 eigenvalues 1/32), the same maximal
complementary entropy 5, and zero asymptotic purity cost. At the same exchange
budget, J ≤ 5n/2 qubit replacements for n uses, which attains the optimal rate, one is
implemented exactly with five memory qubits for any number of uses, while the other
needs Ω(n1/(2 log2 107+2)) memory qubits for n uses, at every fixed error at most 1/16 and
whatever purity is available; memory O(n1/3 log4/3 n) suffices for it. The hard channel is
built from Houghton’s group H3, and its memory cost is inherited from how hard the
group is to approximate by finite ones.

Behind the example is a general theory. For vanishing error and sublinear memory,
the closure of the achievable pairs of exchange rate j and consumed-purity rate b is b ≥ κ,
j ≥ b, 2j−b ≥ H, where H is the maximal complementary entropy and κ the closed-device
purity cost; achievability relies on the closed-device rate theorem of a separate preprint.
That preprint shows that κ vanishes on the closure of finite tracial factorizations; we
prove that it vanishes only there, and that it is bounded below by the squared Choi
distance to the closure. Inside the closure, memory is bracketed by two readings of how
well the channel’s environment is approximated by finite ones, and for channels built
from finite presentations, by the approximation profile of the group. Channels that need
polynomial memory at every exchange rate when purity is limited to O(logn) lie on the
relative boundary of the closure: any fixed depolarizing admixture brings them down to
polylogarithmic memory at the rank rate, and on a face containing the Houghton channel
a single moment of a trace on the group decides between the two behaviours; one free
fermion per site already forces polynomial memory at logarithmic purity.

Contents
1 Introduction 3

1.1 What Theorem A depends on . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.2 Finite budgets and asymptotic rates . . . . . . . . . . . . . . . . . . . . . . 7

2 Setting 7

3 The exchange and purity boundary 9
3.1 Purity and the closure class . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
3.2 A round is an extension . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

4 Houghton’s group and the channel 13
4.1 What we use from the group paper . . . . . . . . . . . . . . . . . . . . . . . 15
4.2 Corner models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

1



4.3 Smoothed corner models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
4.4 The Choi profile . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

5 From service to memory lower bounds 21
5.1 Local tracialization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
5.2 Sequential extraction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
5.3 The actual-memory obstruction . . . . . . . . . . . . . . . . . . . . . . . . . 24
5.4 Purity at the rank rate . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

6 Reservoir services from finite approximations 27
6.1 Closure channels . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
6.2 Service at the rank rate . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

7 Equal Choi spectra, different memory requirements 30

8 Exchange thresholds for exact factors 31
8.1 Constant memory at the rank rate . . . . . . . . . . . . . . . . . . . . . . . 32

9 Group profiles and channel memory 34

10 Where the expensive channels lie 36
10.1 The boundary of the closure . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
10.2 The Houghton face . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37
10.3 Other gadgets and physical reservoirs . . . . . . . . . . . . . . . . . . . . . 39

11 Accuracy scales and open problems 40

Use of AI 41

A The rolling-reservoir proof 42

B A one-round bound for memory states that are not flat 46

C Exact-factor converse and slack estimates 49

D Static tracial and support profiles 52

E Additional finite models and services 54

F Further properties of the purity cost 62

G Proofs of the group-profile correspondence 65

H The Slofstra application 67

I A smaller matched-invariant pair 68

J Spectrum completion for general gadgets 70

K Adaptive accuracy comparisons 73

2



1 Introduction
How much memory is needed to apply the same quantum channel repeatedly? If fresh pure
environments are free, a Stinespring implementation answers this question with a fixed-size
device. If environments can neither be reset for free nor returned after disposal, retained
memory becomes a resource distinct from exchange and purity. We study a device that releases
each output before the next input arrives and must reproduce the complete experiment of
independent channel uses, including against adaptive observers with quantum references.

Our main result separates memory costs while matching the complete normalized Choi
spectrum, maximal complementary entropy and asymptotic purity cost. At the same exchange
budget of 5

2n replacement slots for n uses, which attains the optimal exchange rate, one
explicit channel has an exact implementation with five memory qubits; another requires
polynomially many qubits, even at constant error and without a separate restriction on purity.
Thus the spectrum of one use does not determine the memory needed for causal repeated use.

Resources and terminology. Memory Q counts every retained qubit. Exchange J counts
replacement slots: exporting a qubit and importing its replacement counts once, not twice.
The initial state β0 has purity deficit P = Q−S(β0), and imported registers have total deficit
C. There is no free reset, postselection or measurement record. Error is the largest half trace
distance between the complete real and ideal observer states. Section 2 gives the precise
contract.

Write H(Φ) = maxρ S(Φc(ρ)) and let Kd be the closure of channels on Md with finite
tracial factorizations. These are realizations by a unitary and a finite maximally mixed bath.
On this closure class the optimal exchange rate with sublinear memory and purity is H/2.
For a general channel the purity cost κ also matters: the closed region of exchange and
consumed-purity rates is b ≥ κ, j ≥ b, 2j − b ≥ H (Theorem 3.4, whose achievability uses [20,
Theorem 2.1]). The implication Φ ∈ Kd ⇒ κ(Φ) = 0 is proved in [20, Section 8]; we prove the
converse, so κ = 0 exactly on Kd. The main separation takes place entirely inside that class.

Let ZD = diag(e2πij/D)D−1
j=0 and put Ξ∗(X) = 32−1∑31

a=0 Z
a
1664XZ

−a
1664. Section 7 con-

structs the second channel Ω by balancing the group-label weights of a channel built from
Houghton’s group.

Theorem A (Memory beyond the Choi spectrum). The channels Ξ∗ and Ω on M1664 have
identical normalized Choi spectra, with 32 eigenvalues 1/32 and all others zero. Both have
maximal complementary entropy 5, attained at the maximally mixed input, and lie in K1664,
so both have κ = 0 [20, Section 8] and optimal exchange rate 5

2 . Put βH = 1/(2 log2 107 + 1).
At exchange J ≤ 5

2n:

(a) Ξ∗ has a causal service with error 0, Q = 5 and P = C = 0 for every n ≥ 1;

(b) every causal service of Ω with error ϵ ≤ 1/16 has Q = Ω(n1/(2 log2 107+2)), whatever its
purity;

(c) for every n ≥ 1 and 0 < ϵ ≤ 1, Ω has a causal service with error ϵ, P = C = 0 and
Q = O((n/ϵ)1/3 log4/3(2n/ϵ)).

At any exchange and for every fixed A ≥ 0, every causal service of Ω with error ϵ ≤ 1/16
and P + C ≤ A log(n + 1) has Q ≥ cA+3(n/ log(n + 1))βH − 33

8 , where cA is defined after
Theorem 5.7. Above the optimal exchange, with excess Ex = (J − 5

2n)+, every service of Ω
with error ϵ ≤ 1/16 satisfies the bound of Corollary 5.10(d) with Q+ 4 in place of Q; so the
separation survives an excess exchange of O(nγ) for every γ < 1.
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The lower and upper exponents do not match. The conclusion is a separation of memory
requirements, not an exact asymptotic memory law. A smaller pair matches fewer invariants
(Appendix I); the dimension 1664 is explicit, not claimed minimal.

Why the separation holds. The hard channel retains a corner implementing a 104-
dimensional Houghton gadget ΦH . The group paper [22] supplies quantitative obstructions
to small approximate group representations. Sequential support tests extract from a service
a round with small leakage and entropy production; a weighted extraction transfers the
group obstruction to its actual memory. At the optimal exchange rate a flat-probe estimate
bounds the available purity in terms of memory itself. Finally, a recyclable tag transfers this
lower bound to the spectrum-matched channel. For the upper bound, smoothed finite group
models give accurate Choi approximants, and a reservoir compiler serves them at the rank
rate. These explicit constructions and their separation do not use the external closed-device
achievability theorem needed for the general exchange–purity region.

Beyond the example. The two sides of the argument apply more broadly. Sequential
extraction reads a support-sensitive one-round profile at leakage plus entropy production of
order (P + C + logn)/n. The compiler reads the Choi approximation profile at accuracy of
order ϵ/n, with a square-root improvement for full-Choi-rank targets at positive exchange slack.
For group gadgets these become lower and upper readings of a fixed finite-word approximation
profile (Theorem 9.3). Exact finite factors exhibit a separate exchange dependence: a nonflat
entropy-maximizing complementary spectrum forces a square-root-order memory lower bound
at the entropy rate for sufficiently small fixed error; at fixed intermediate rates memory
is logarithmic, while bounded memory can suffice at the rank rate (Section 8). Finally,
Section 10 locates the channels that need polynomial memory at every exchange rate when
purity is limited to O(logn).

Theorem B (Where the expensive channels lie).

(a) Every channel in the relative interior of Kd, and every channel (1 − η)Φ + ηDepd with
Φ ∈ Kd and 0 < η ≤ 1 (which lies in the relative interior because Depd does, by a
theorem of Watrous [59, Corollary 2]), has causal services at its rank rate with zero
purity and memory polylogarithmic in n/ϵ. So channels that need polynomial memory
at every exchange rate when purity is limited to O(logn) lie on the relative boundary of
Kd (Proposition 10.1).

(b) Evaluating the gadget of ΦH with an arbitrary tracial state τ of H3 in place of the
regular one gives a face of K104 containing ΦH . Its channels need only polylogarithmic
memory when τ(γ) = 1, for a three-cycle γ, and polynomial memory at logarithmic
purity when τ(γ) < 1 (Theorem 10.3).

For example, the Thoma character of the finitary symmetric group with α1 = β1 = 1
2 [56],

which is the fermionic Fock trace with one mode per site, extends by zero to a trace on H3
with τ(γ) = 1

4 , so by Theorem B(b) its trace channel needs polynomial memory at logarithmic
purity (Section 10.2).

In a companion paper [21] we extend the weighted extraction to every group gadget
and combine it with an elementary amenable group of nearly exponential sofic profile; the
resulting explicit channel needs memory n1−o(1) at logarithmic purity.

Related work. Kretschmann and Werner developed causal memory-channel representations
[38]; quantum networks provide a general sequential framework [14]. Bisio, D’Ariano, Perinotti
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and Chiribella found the minimal memory needed to realize a quantum strategy sequentially [7];
with classical-memory assistance, Bisio, D’Ariano, Perinotti and Sedlák showed that this
memory cost must be optimized globally, not step by step [8]. Here every retained register is
counted, and exchange and purity are constrained. Rybár and Ziman studied repeatability of
a fixed channel under reuse of one environment [52]; our entropy bookkeeping extends the
subadditivity argument in their proof of Theorem 2. Correct one-use marginals need not imply
independent repeated uses, a distinction also important for catalytic randomness [9, 41]. The
closed resource model, a quantitative version of Rybár and Ziman’s setting with complete error,
is treated in [20]; our purity theorem proves the converse of its implication Φ ∈ Kd ⇒ κ(Φ) = 0.
Memory effects [13, 61], collision models [16] and sequential instruments [53] address related
but different tasks.

Quantum reverse Shannon theorems price communication with entanglement assistance [5,
6], and thermodynamic channel simulation prices work [24, 25]; they do not impose our
immediate-output resource contract. At trivial Hamiltonians the work rate of the universal
parallel implementation of Faist, Berta and Brandão, their thermodynamic capacity [24], is
maxρ[S(ρ) − S(Φ(ρ))] in units of kBT ln 2, which vanishes on unital channels. The purity
cost κ is at least this rate [20, Proposition 7.4], and Theorem 3.2 shows that the gap is
positive for unital channels outside Kd; the difference comes from our contract, which releases
each output immediately and counts every retained register. Exchange at rate H/2 recalls
the rates of state merging, due to Horodecki, Oppenheim and Winter [30, 31], and of the
mother protocol [1]. Factorizable maps originate in [2]; their connection to Connes’ embedding
problem and finite-ancilla non-closure is developed in [27, 28, 48, 47]; for related non-closure of
synchronous correlation sets see [51]. Those qualitative results do not supply the quantitative
service-memory bounds proved here. Channels built from the moment matrices of unitaries
in a tracial algebra, whose approximability by finite-ancilla channels is equivalent to finite-
dimensional approximability of the moments, appear in [28, 48] (see also [47, Proposition 3.9]);
our gadget channels are of this kind, with triangle blocks that force multiplication. That
a quantum resource bound reads the approximation profile of a group is the theme of [55].
For group approximation profiles see [18, 3, 55, 54, 12]. The reservoir’s matrix-concentration
method is compared with existing semigroup methods in Appendix A.

Reading guide. Section 2 fixes the model; Section 3 identifies the exchange and purity
boundary. Section 4 constructs the channel and its approximants. Sections 5 and 6 give the
memory lower and upper bounds, and Section 7 assembles the matched-spectrum separation.
Sections 8 and 9 state the general consequences, and Section 10 locates the channels that
need polynomial memory at every exchange rate when purity is limited to O(logn). The
appendices retain the analytic compiler proof, weighted extraction, exact-factor refinements,
alternative constructions and all further applications.

1.1 What Theorem A depends on

Table 1 sorts the inputs of Theorem A by origin: results of other papers, results of the
companion paper on Houghton’s group [22], and the arguments of this paper. Standard
inequalities are named where they are used and are not listed. Theorem A does not use the
closed-device achievability theorem [20, Theorem 2.1], which enters only the achievability
parts of Theorem 3.2(c), Corollary 3.3(c) and Theorem 3.4. In Theorem A the exchange rate
5
2 is attained by the services of parts (a) and (c), and Corollary 3.3(a) gives the matching
converse. The other statements of Section 4.1, Propositions 4.4, 4.8 and 4.9, are not used in
Theorem A.
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Input Where it enters Theorem A

(i) Results of other papers
The purity cost κ [20, Definition 1.3]; the implication
Φ ∈ Kd ⇒ κ(Φ) = 0, proved there and again in
Theorem 3.2(a)

the statement κ = 0

Strong subadditivity [44] proof of Theorem B.1; part (b)

(ii) Results of the companion paper [22], stated in Sections 4.1–4.3
Far-commutator area bound, Theorem 4.3 ([22,
Theorem 3.2])

proof of Theorem 5.5; part (b)

Lemmas 4.5 and 4.6, Theorem 4.7 ([22, Lemmas 4.1, 4.3,
Theorem 4.4]); the argument of [22, Section 4], carried out
with weights in Appendix B

Appendix B, which proves
Theorem 5.5; part (b)

Corner models, Proposition 4.10; Lemmas 4.11 and 4.12
([22, Proposition 6.1, Lemmas 6.3, 6.4]); the unitary corner
model and its regions [22, Section 6.2]

Section 4.3, Lemmas 4.16 and 4.17;
part (c)

(iii) Arguments of this paper
Construction of Ω (proof in Section 7); Proposition 4.2;
Table 3

equal Choi spectra; H = 5

Proposition 8.4 part (a); the invariants of Ξ∗
Proposition 3.1; Corollary 3.3(a) converse for the rate 5

2
Theorems 5.2, 5.5 (Appendix B) and 5.7 part (b); the clause for

P + C ≤ A log(n+ 1)
Theorem 5.8; Corollary 5.10(d); tag recycling in the proof
of Corollary I.1

part (b) whatever the purity; excess
exchange

Lemmas 4.16 and 4.17, with the models in the proofs of
Propositions 4.13 and E.4

Ω ∈ K1664 and its Choi profile (8)

Theorem 6.3; Appendix A part (c)

Table 1: Inputs of Theorem A, by origin; parts (a)–(c) are those of the theorem. Numbers
in [22] refer to its version 1.1.
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1.2 Finite budgets and asymptotic rates

Table 2 sets the results stated at a finite exchange budget beside those stated as asymptotic
rates. A finite budget, such as J ≤ n

2 log r, is imposed at every n; an asymptotic rate
constrains only Jn/n as n → ∞, and so permits any excess exchange Ex = o(n). A finite
budget at the rank rate is therefore stronger than a sublinear excess. For ΦH at the budget
J ≤ n

2 log 26, Corollary 5.10(c) gives Q = Ω(nβH/(1+βH)) whatever the purity. With an excess
Ex = O(nγ), 0 ≤ γ < 1, Corollary 5.10(d) gives the exponent min{βH/(1 + βH), βH(1 − γ)};
if the excess is only known to be o(n), it still shows that Q cannot stay bounded, but gives
no polynomial rate. By Theorem A the same bounds hold for Ω with Q+ 4 in place of Q.

Exchange Results

Stated at finite n, with an explicit exchange budget
J ≤ n

2 log r (rank rate) Theorem A(a)–(c) (r = 32); Corollaries 5.10(c) and 6.7 (r = 26);
Theorems 6.3, 8.6 and 9.3(c),(d); the services of Proposition 10.1
and Theorem 10.3(c)

rank rate plus excess
Ex = (J − n

2 log r)+

Theorem 5.8; Corollary 5.10(d); the excess clause of Theorem A

J ≤ n(H/2 + s), fixed s ≥ 0 Theorems 6.1, 6.2, 9.3(b) and C.2
J ≤ n

2H Corollary 3.3(b)
J ≤ n( 1

2 log r − g), fixed g > 0 Theorem 8.1
any J Proposition 3.1; Theorems 3.2(b), 5.7, 5.11, C.1, 10.3(d)

and 9.3(a); Corollary 3.3(a); the clause of Theorem A for
P + C ≤ A log(n+ 1)

Stated as rates, for sequences of services as n → ∞
limits of Jn/n and (Pn +Cn)/n Theorem 3.2(c) (vanishing error); Theorem 3.4 and

Corollary 3.3(c) (vanishing error, Qn = o(n)); Corollary 8.2 (fixed
error, Qn = o(logn)); the optimal exchange rate 5

2 in Theorem A

Table 2: How the main results constrain the exchange J .

2 Setting
Channels and distances. All channels act on Md = Md(C) for a fixed d. For a channel Ψ
write J (Ψ) = (Ψ⊗ id)(|Ω⟩⟨Ω|) for its normalized Choi state, with |Ω⟩ = d−1/2∑

i |ii⟩, and put
dJ(Ψ,Ψ′) = 1

2∥J (Ψ) − J (Ψ′)∥1 and d⋄(Ψ,Ψ′) = 1
2∥Ψ − Ψ′∥⋄. Logarithms are base two unless

written ln. On Mm we use the normalized trace τm and the norms ∥X∥2 = τm(X∗X)1/2 and
∥X∥1 = τm|X|. We have

dJ(Ψ,Φ) ≤ d⋄(Ψ,Φ) ≤ d dJ(Ψ,Φ) : (1)

a pure input with any reference has the form (I ⊗ A)|Ω⟩ with ∥A∥2
∞ ≤ d, and ∥AXB∥1 ≤

∥A∥∞∥X∥1∥B∥∞.

Definition 2.1 (Tracial factorizations and profiles). A channel Ψ on Md has a finite tracial
factorization with bath dimension m if Ψ(ρ) = (id ⊗ τm)

[
U(ρ⊗ Im)U∗] for a unitary U on

Cd ⊗Cm. Let Fm be the set of finite convex combinations of such channels whose components
have bath dimension at most m. For a channel Φ define

DJ
Φ(δ) = min{m : ∃ Ψ with a factorization of bath dimension m, dJ(Ψ,Φ) ≤ δ},

Dmix
Φ (δ) = min{m : ∃ Ψ ∈ Fm, dJ(Ψ,Φ) ≤ δ}.
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Clearly Dmix ≤ DJ . The closure class consists of channels with DJ(δ) < ∞ for every δ > 0.
A channel with a finite tracial factorization is called an exact factor.

Exact factors are the noisy operations of [29], called m-noisy operations in [46], so the
closure class is the closure of the noisy operations on Md. It is convex, and it is also the
closure of the finite convex combinations of exact factors [47, Proposition 3.8]; see also [28].

Definition 2.2 (Support-sensitive profile). Let ΠΦ be the support projection of J (Φ) and
define the support leakage ℓΦ(Ψ) = Tr[(I − ΠΦ)J (Ψ)]. Put

DΦ(u, v) = min{m : ∃ Ψ ∈ Fm, d⋄(Ψ,Φ) ≤ u, ℓΦ(Ψ) ≤ v}.

Since Tr[PX] ≤ 1
2∥X∥1 for a projection P and a traceless Hermitian X, the leakage

changes by at most dJ under a change of channel, and (1) gives

Dmix
Φ (u) ≤ DΦ(u, v) ≤ Dmix

Φ (min{u/d, v}) ≤ DJ
Φ(min{u/d, v}). (2)

For channels of full Choi rank ΠΦ = I and the leakage condition is empty. Throughout, a
dimension profile has value +∞ when its defining feasible set is empty.

A static profile does not determine memory without an exchange rate. For example, biased
dephasing has DJ ≤ 4 at every accuracy, yet at sufficiently small fixed error its memory is at
least of square-root order at the entropy rate, logarithmic at any fixed rate strictly between
the entropy and rank rates, and constant at the rank rate. Remark 8.5 gives the channel and
precise bounds.

For a channel Φ let H(Φ) = maxρ S(Φc(ρ)) be its maximal complementary entropy,
computed with a minimal complement.

Definition 2.3 (Causal service). A causal service of Φ for n rounds consists of a memory
register of Q qubits prepared in a fixed state β0, and, for each round t, fixed unitaries on
the input and memory, a release of the d-dimensional output, and, if t < n, a replacement
step in which a prescribed set of memory qubits is exported permanently and replaced by
the same number of imported qubits in a fixed joint state, independent of everything else
(the qubits imported in one step may be correlated with each other). The protocol is public.
An observer chooses each input, possibly entangled with its own references and adaptively
after all earlier outputs. The error is the supremum over observers of the half trace distance
between the observer’s final state in this experiment and in the ideal experiment with n
independent uses of Φ. Exported registers are inaccessible to the observer. The resources are:
Q; the exchange J , the total number of exported qubits, which equals the total number of
imported qubits since each exported qubit is replaced by an imported one; the initial deficit
P = Q−S(β0); and the imported deficit C, the sum over imports of (number of qubits minus
entropy). Counting exports and imports separately would double J , and the rate H/2 in
Proposition 3.1 would become H. A service is collision-at-call if each round is one unitary
on the fresh input and the retained memory and all imports happen between rounds.

Remark 2.4. The contract counts every qubit that is retained, including clocks, padding and
workspace. There is no free reset, postselection or measurement record. Efficient gate synthesis
is not required. In Definition 2.3 imports happen between rounds, with no replacement after
the final output. A bath-only final replacement may be retained in a mathematical dilation
and omitted from the physical device: it cannot change the observer’s state. After composing
the unitaries of a round every service is collision-at-call. Theorem 5.1 also allows imports
inside a round. Theorem 5.2 does not: a retained maximally mixed qubit, refreshed between
four controlled Pauli twirls, serves the completely depolarizing channel on M4 exactly with
Q = 1 and P = C = 0, while one unitary with a two-dimensional bath gives Choi rank at
most four and so stays at Choi distance at least 3/4 from it.
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A concrete setting is a processor with a fixed-size buffer coupled to a supply of disposable
ancillas: an occupied slot is released and refilled at each replacement. J counts these
replacement events per qubit; charging both directions instead is a change of units, not a
different set of admissible devices. P and C distinguish the preparation of nonflat ancillas
from the use of fresh maximally mixed ones.

3 The exchange and purity boundary
Proposition 3.1 (Exchange converse). Every causal service of a channel Φ on Md for n
rounds with error ϵ satisfies

2(Q+ J) − P − C ≥ n
(
H(Φ) − 2ϵ log d

)
− 1.

In particular, if Q+ P + C = o(n) and ϵ → 0, then J ≥ nH(Φ)/2 − o(n).

Proof. Let ρ∗ maximize S(Φc(ρ)) and let ψ be a purification of ρ∗ on the input and a
d-dimensional reference. The observer feeds the input halves of n independent copies of
ψ and keeps the references; its final system O consists of n outputs and n references, of
total dimension d2n. In the ideal experiment its state is ω⊗n with ω = (Φ ⊗ id)(ψ), and
S(ω) = S(Φc(ρ∗)) = H(Φ) because output, reference and environment of a Stinespring
dilation are in a pure state. By the Fannes–Audenaert inequality the actual final state τO

has S(τO) ≥ nH(Φ) − 2nϵ log d− 1.
Purify the initial memory state β0 by a register F0 and each imported state ωt by a

register Ft. All operations of the device are unitary, so the final state of O, the retained
memory M , the exported registers E and F = F0F1 · · · is pure, and

S(τO) = S(MEF ) ≤ S(M) + S(E) + S(F0) +
∑

t

S(Ft) ≤ Q+ J + (Q− P ) + (J − C).

The count uses no structure of Φ; exported qubits paired with fresh imports carry up to
two units of the environment’s entropy each, which is the source of the factor one half. A
rank count removes the dependence on the error.

3.1 Purity and the closure class

Write Kd for the closure class of channels on Md (Definition 2.1) and

∆J(Φ) = inf
m

inf
Θ∈Fm

dJ(Θ,Φ)

for the Choi distance from Φ to finite tracial mixtures. A channel is generally factorizable if
Φ(ρ) = (id⊗τN )[U(ρ⊗1)U∗] for a finite von Neumann algebra N with a faithful normal tracial
state τN and a unitary U ∈ Md ⊗N [2, 27]. Every channel in Kd is generally factorizable: a
limit of finite factorizations factors exactly through an ultrapower of the hyperfinite II1 factor,
by the ultraproduct argument in the proof of [28, Theorem 3.6] that derives its condition (1)
from (2), through (3); see also [47, Section 3]. The channel ΦH is generally factorizable
through the group von Neumann algebra of H3, and every generally factorizable channel is
unital.

The purity cost of repeated use is the closed-device cost of [20]. For a state ρ > 0 on Cd

let ψρ = (I ⊗
√
dρ)|Ω⟩ be its purification with a reference Q, whose Q-marginal is ρT , and let

χρ = (idQ ⊗ Φ)(ψρ) be the joint state of reference and output A. For ε > 0 put

kρ,ε(Φ) = inf
{
S(QA | Z)σ : σQZ = ρT ⊗ σZ ,

1
2∥σQA − χρ∥1 ≤ ε

}
, (3)
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the infimum over all finite systems Z and states σ on QAZ, and

κ(Φ) = sup
ρ>0

lim
ε↓0

kρ,ε(Φ), κε(Φ) = sup
ρ>0

kρ,ε(Φ)

[20, Definition 1.3]. Since kρ,ε does not increase with ε, κε increases to κ as ε ↓ 0. We define
κ0(Φ) = κ(Φ) by this right limit, not by an unsmoothed extension infimum. An exact service
is η-accurate for every η > 0, so the positive-error converses extend to this convention by
taking η ↓ 0. In words, kρ,ε is the least conditional entropy of reference and output given a
side system that is independent of the reference. For closed devices, which exchange nothing,
the least bath-dimension rate is (H(Φ) + κ(Φ))/2 [20, Theorem 2.1].

Theorem 3.2 (Purity marks the closure). Let Φ be a channel on Md.

(a) 0 ≤ κ(Φ) ≤ min{H(Φ), log d} and

κ(Φ) ≥ ∆J(Φ)2

2 ln 2 .

∆J(Φ) is the Choi distance from Φ to Kd, and κ(Φ) = 0 if and only if Φ ∈ Kd (the
implication Φ ∈ Kd ⇒ κ(Φ) = 0 is [20, Section 8]).

(b) Every causal service of Φ for n rounds with error ϵ satisfies, at any exchange and with
any memory,

P + C ≥ nκϵ(Φ) and P + C ≥ n
(∆J(Φ) − ϵ)2

+
2 ln 2 .

(c) The least purity rate at vanishing error is κ(Φ): every sequence of causal services of
Φ for n rounds with errors ϵn → 0 has lim infn(Pn + Cn)/n ≥ κ(Φ), and for every
η > 0 there are causal services for every n, with errors ϵn → 0 and no exchange, with
lim supn(Pn + Cn)/n ≤ κ(Φ) + η (achievability uses [20, Theorem 2.1]).

Inside the closure class zero purity suffices at every fixed horizon and positive error at
the rank rate (Theorem 6.3); the general entropy-rate compiler of Theorem 6.2 likewise
has P = C = 0 in its stated regime log(256n/ϵ) < n. Thus purity separates Kd from its
complement, while memory, as the rest of this paper shows, resolves the structure inside Kd.
The forward implication in (a), κ = 0 on Kd, is proved in [20, Section 8]; the equivalence
in (a) proves the reverse implication, which [20, Section 8] notes is not proved there. The
services in (c) come from closed devices and have memory linear in n; blocking them gives
sublinear memory, as the next corollary shows.

Purity and exchange are coupled: with sublinear memory and vanishing error, unavoidable
purity consumption raises the least exchange rate from H/2 to (H + κ)/2.

Corollary 3.3 (Exchange and purity together). Let Φ be a channel on Md.

(a) Every causal service of Φ for n rounds with error ϵ satisfies

2(Q+ J) ≥ n
(
H(Φ) + κϵ(Φ) − 2ϵ log d

)
− 1.

So services with Q = o(n) and vanishing error have lim infn Jn/n ≥ (H(Φ) + κ(Φ))/2.

(b) At exchange J ≤ nH(Φ)/2, every causal service with error ϵ has

Q ≥ n

2
((∆J(Φ) − ϵ)2

+
2 ln 2 − 2ϵ log d

)
− 1

2 .

So every channel outside Kd needs memory linear in n at the entropy rate H/2 once
the error is small enough.
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(c) For every η > 0 there are causal services of Φ for every n with errors ϵn → 0, memory
Qn = o(n), Jn/n ≤ (H(Φ) + κ(Φ))/2 + η + o(1) and (Pn + Cn)/n ≤ κ(Φ) + η + o(1)
(using [20, Theorem 2.1]).

So at leading order the exchange and the purity of repeated use are set jointly by H and
κ: the least exchange rate with sublinear memory is (H + κ)/2 and the least purity rate is
κ. On Kd, where κ = 0, the exchange threshold is H/2. For a channel whose membership
in Kd is unknown we call H/2 its entropy rate, and 1

2 log r its rank rate. The services in (c)
have no prescribed error decay and purity linear in n when κ > 0; finer requirements, such as
logarithmic purity at a fixed error, are where approximation enters.

Theorem 3.4 (Exchange–purity rate region). Fix a channel Φ. Consider sequences of causal
services, one for every horizon n, with Qn = o(n) and error tending to zero. The closure of
their finite achievable rate pairs

j = lim
n→∞

Jn/n, b = lim
n→∞

(Pn + Cn)/n

is exactly
b ≥ κ(Φ), j ≥ b, 2j − b ≥ H(Φ).

In particular, at a prescribed actual purity-consumption rate b ≥ κ(Φ), the least exchange
rate in this closed region is max{b, (H(Φ) + b)/2}. Achievability uses the closed-device rate
theorem [20, Theorem 2.1]; it does not prescribe an error-decay rate.

Here b is the consumed purity rate, not an upper budget. Increasing an allowed budget
need not increase the least exchange; requiring actual consumption at rate b is a different
constraint.

3.2 A round is an extension

Lemma 3.5 (Entropy ledger at a fixed input). Let a causal service of Φ for n rounds have
error ϵ, let ρ > 0, and let an observer feed the input half of a fresh copy of ψρ in every round
and keep the references. Let ρt be the memory state entering round t, Ut the unitary of that
round, and

at = S
(
TrdUt(ρ⊗ ρt)U∗

t

)
− S(ρt)

its entropy production at input ρ. Then
∑n

t=1 at ≤ P + C, and at ≥ kρ,ϵ(Φ) for every t.

Proof. Ledger. After round t the memory state is TrdUt(ρ⊗ ρt)U∗
t , since the input marginal

is ρ. Exporting jt qubits lowers its entropy by at most jt, and importing jt qubits in a
product state of entropy jt − ct, independent of everything else, raises it by exactly jt − ct.
So S(ρt+1) ≥ S(ρt) + at − ct. Summing, with S(ρ1) = Q− P and entropy at most Q at the
end, gives

∑
t at ≤ P + C.

Extension. Purify the initial memory and the imports. The observer does not act, so
before round t the fresh pair ψρ on the reference Qt and the input is in product with a pure
state of the memory M and the remaining registers F (earlier references and outputs, exported
qubits, purifiers). The round acts on the input and M only. Afterwards σQtF = ρT ⊗ σF

exactly, because neither register is touched; the marginal σQtAt of reference and output is kept
unchanged to the end, and it is χρ in the ideal experiment, so 1

2∥σQtAt − χρ∥1 ≤ ϵ; and since
the global state is pure, S(QtAt | F ) = S(Mout) − S(F ) = S(TrdUt(ρ⊗ ρt)U∗

t ) − S(ρt) = at.
So σ is feasible in (3) with Z = F , and at ≥ kρ,ϵ(Φ).

11



Proof of Theorem 3.2. (b) Lemma 3.5 gives P+C ≥
∑

t at ≥ nkρ,ϵ(Φ) for every ρ > 0; take the
supremum. For the second bound take ρ = τd, so that ψρ is maximally entangled. The round-t
channel Ψt(X) = TrMUt(X ⊗ ρt)U∗

t has as Choi state the marginal σQtAt , so dJ(Ψt,Φ) ≤ ϵ,
and its entropy production is at. Lemma 5.4 gives Θt ∈ F2Q with dJ(Ψt,Θt) ≤

√
2 ln 2 at, so

∆J(Φ) ≤ ϵ+
√

2 ln 2 at and at ≥ (∆J(Φ) − ϵ)2
+/(2 ln 2). Sum over t.

(a) Range. If σQZ = ρT ⊗σZ then S(QA | Z) = S(Q | Z)+S(A | QZ) ≥ S(ρ)−log d, which
is 0 for ρ = τd; so κ ≥ 0. With Z trivial and σQA = χρ, kρ,ϵ ≤ S(χρ) = S(Φc(ρ)) ≤ H(Φ),
since reference, output and environment of a Stinespring dilation are in a pure state. The
bound κ ≤ log d is Proposition F.1(a).

The closure class. A mixture with rational weights nk/N of factorizations Uk with bath
dimensions mk is itself a factorization, with unitary

⊕
k Uk ⊗ InkL/mk

on a bath of dimension
NL, L the least common multiple of the mk, in its flat state. Approximating the weights,
every element of

⋃
m Fm is a dJ -limit of single factorizations. So Kd, which is closed, is the

dJ -closure of
⋃

m Fm, and ∆J(Φ) = infΘ∈Kd
dJ(Θ,Φ).

κ = 0 on Kd. Let Φ ∈ Kd, ρ > 0 and ϵ > 0. By (1) there is a factorization Ψ with
bath dimension m and d⋄(Ψ,Φ) ≤ ϵ. Feed ψρ into it with the flat bath purified by F . The
resulting state has σQF = ρT ⊗ σF , 1

2∥σQA − χρ∥1 ≤ ϵ and S(QA | F ) = S(Bout) − S(τm) ≤
logm− logm = 0. So kρ,ϵ(Φ) ≤ 0 for all ρ and ϵ, and κ(Φ) = 0. This is the direction proved
in [20].

The quantitative converse. Take any feasible σQAZ in (3) for ρ = τd, and put D =
max{rank σQAZ , rank σZ}. Purify σQAZ with a memory M of dimension D, and purify σZ

with another copy of M . The latter purification tensored with a Bell state on QAin and the
former purification have the same QZ marginal τd ⊗ σZ . Their purifying spaces both have
dimension dD, so a unitary on AinM maps one to the other. With bath state β from the
purification of σZ , this unitary realizes a channel Ψ with Choi state σQA. Its bath entropy
gain at τd is a = S(σQAZ)−S(σZ) = S(QA | Z)σ ≥ 0. Lemma 5.4 gives ∆J(Φ) ≤ ϵ+

√
2 ln 2 a.

Taking the infimum over feasible extensions proves the finite-error bound

kτd,ϵ(Φ) ≥
(∆J(Φ) − ϵ)2

+
2 ln 2 .

Letting ϵ ↓ 0 gives the assertion for κ. Thus κ(Φ) = 0 implies ∆J(Φ) = 0 and Φ ∈ Kd.
(c) The lower bound follows from (b), since κϵn(Φ) → κ(Φ). For the upper bound, [20,

Theorem 2.1] gives, for every η > 0, closed devices for every horizon n with errors tending to
zero, bath dimensions Rn and bath states ωn such that (logRn−S(ωn))/n ≤ κ(Φ)+η+o(1). A
closed device applies one fixed unitary to the input and its bath in every round and exchanges
nothing, and its error is the complete-experiment error against adaptive observers with
references. Embedding the bath in ⌈logRn⌉ qubits, with the added dimensions unoccupied,
gives a causal service with J = C = 0 and P ≤ logRn − S(ωn) + 1.

Proof of Corollary 3.3. The bounds of Proposition 3.1 and Theorem 3.2(b) concern the
resources of one device, so they hold together.

(a) Proposition 3.1 gives 2(Q+ J) ≥ n(H − 2ϵ log d) − 1 + P + C, and Theorem 3.2(b)
gives P + C ≥ nκϵ. If Q = o(n) and ϵn → 0, divide by 2n and use κϵn → κ.

(b) Insert instead P + C ≥ n(∆J − ϵ)2
+/(2 ln 2) from Theorem 3.2(b), and J ≤ nH/2.

(c) Apply the achievability construction in the following proof of Theorem 3.4 to closed
pairs approaching ((H + κ)/2, (H − κ)/2). Its converse and construction do not use part (c)
of this corollary.

Proof of Theorem 3.4. The purity converse gives b ≥ κ. Since P ≤ Q and C ≤ J , sublinear
memory gives b ≤ j. Dividing the entropy ledger of Proposition 3.1 by n gives 2j − b ≥ H.
These inequalities are closed.
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Figure 1: Left: Houghton’s group H3 acts on three rays of points. The generator a translates
along rays 1 and 2: points of ray 1 move toward the centre and on into ray 2. The generator
b does the same with rays 1 and 3, and α swaps the first two points of ray 1. Right: a corner
model (Section 4.2) follows the quotient Z2 on a clock torus (Z/M)2 and colours the points.
The relation r4 = aba−1b−1α−1 fails only over one corner clock, a fraction M−2 of the model,
whose size is exp(O(M)).

Conversely, put r = j and s = j − b. The three inequalities are precisely s ≥ 0, r − s ≥ κ
and r + s ≥ H, the closed-device region of [20, Theorem 2.1]. Take an actually achievable
closed pair arbitrarily near (r, s). Its devices exist for every length L, with bath dimension
RL, initializer entropy SL, error δL → 0, and actual rates logRL/L → r and SL/L → s. It
suffices to turn this pair into (j, b) = (r, r − s) for open devices and then take closures.

Set an = supL≥⌊
√

n⌋ δL → 0. Choose integers Bn = ⌊min{
√
n, a

−1/2
n }⌋, omitting the

second entry when an = 0 and using at least one block for small n. Then Bn → ∞, Bn ≤
√
n

and Bnan → 0. Partition n into Bn nearly equal integer lengths Li. Their minimum is at
least ⌊

√
n⌋ and their maximum is o(n). Run the closed device of length Li in block i. Pad the

retained register with flat unused qubits to Qn = maxi qLi , where qL = ⌈logRL⌉. Before each
later block replace the qLi slots assigned to its bath by an independent copy of its initializer.
Slots not in that block’s bath are not acted upon during it; any residual correlations in them
cannot affect the fresh bath or the observer’s subsequent reduced state.

The complete-experiment hybrid bound is at most Bnan → 0, with the observer’s entire
memory treated as the reference at each block. Also Qn = O(maxi Li) = o(n), and

Jn =
Bn∑
i=2

qLi , Pn + Cn =
Bn∑
i=1

(qLi − SLi).

The first omitted bath size is o(n), and integer rounding contributes at most Bn = o(n).
Since every Li → ∞ uniformly and

∑
i Li = n, division by n gives the rates r and r − s.

Taking closures proves the theorem.

4 Houghton’s group and the channel
We use Houghton’s three-ray group [32] to construct the channel and its finite approximants.
The quantitative group estimates are stated in Section 4.1 with their precise companion-paper
dependencies.

The group. Let Y = {(i, j) : i ∈ {1, 2, 3}, j ≥ 1} be three rays. Permutations act on
the right and gh means g followed by h. Let a send (1, 1) 7→ (2, 1), (1, j) 7→ (1, j − 1) for

13



j ≥ 2 and (2, j) 7→ (2, j + 1), fixing ray 3; let b be defined in the same way with rays 2 and 3
exchanged; let α be the transposition of (1, 1) and (1, 2). These generate H3, the group of
permutations of Y that are eventually translations on each ray. They satisfy

r1 = α2, r2 = (αaαa−1)3, r3 = [α, a2αa−2], r4 = aba−1b−1α−1, r5 = aαa−1bα−1b−1,
(4)

with [x, y] = xyx−1y−1; each identity can be checked directly on the finitely many points
where the word moves anything. By a theorem of Johnson [35] (see also [39, Theorem 2.8])
these relators present H3. The lower bound below uses only that r1, . . . , r5 hold in H3, the far-
commutator areas of Section 4.1, and that the three-cycle γ = α (aαa−1) on (1, 1), (1, 2), (1, 3)
is nontrivial. The short exact sequence 1 → FSym(N) → H3 → Z2 → 1 shows that H3 is
elementary amenable.

The channel. Introduce formal symbols for the six letters a±1, b±1, α±1 and for every
proper prefix of length at least two of each relator; there are 33 symbols. Each relator of
length l contributes l − 1 multiplication triangles (x, y, z) meaning xy = z along its prefixes,
and three further triangles record ss−1 = e for s ∈ {a, b, α}; there are 35 triangles. For
unitaries λ(w) assigned to the symbols, set

Uλ = diag
(
1, (λ(w))w

)
⊕

⊕
(x,y,z)

1√
2

(
1 λ(y)

λ(x) −λ(x)λ(y)

)
,

an operator on C104 ⊗ H (104 = 1 + 33 + 2 · 35). Each block is unitary for arbitrary
unitaries λ(x), λ(y), so Uλ is unitary. The channel ΦH is defined with λ the right regular
representation of H3 and the bath in the canonical trace of the group von Neumann algebra:
ΦH(ρ) = (id ⊗ τ)[Uλ(ρ⊗ 1)U∗

λ ]. Because the relators hold, the lower right entry −λ(x)λ(y)
of each triangle block equals −λ(z).

Proposition 4.1 (Finite approximants). For every M ≥ 1 there is a finite tracial factorization
of bath dimension M2(2M)! whose channel is within dJ -distance min(1, 26/M) of ΦH . Hence
logDJ

ΦH
(δ) ≤ (55/δ) log(54/δ) for 0 < δ ≤ 1/2.

Proof. Let Ω = {(1, j) : 1 ≤ j ≤ 2M} and FM = {σambn : σ ∈ Sym(Ω), 0 ≤ m,n < M}.
The translation part determines (m,n) and then σ, so |FM | = M2(2M)!. With t(p) = ambn

and the cocycle c(p, s) = t(p) s t(p + π(s))−1 one computes c(p, b) = e, c(p, a) = amςna
−m

with ςn = bnab−na−1 the cycle (1, 1) → (1, 2) → · · · → (1, n + 1) → (1, 1), and c(p, α) the
transposition of (1,m+ n+ 1) and (1,m+ n+ 2). All lie in Sym(Ω) when the translation
coordinates stay in [0,M)2. Hence FMα = FM , and each of a±1, b±1 moves exactly a fraction
1/M of FM out of FM . Extend the partial bijections x 7→ xs−1 inside FM to permutations
Ps of FM and use them as λ(s); for a prefix symbol use the product of the corresponding Ps.
No relation is imposed on the Ps, and UP is unitary by construction.

The normalized Choi state of the finite channel is the average over x ∈ FM of states Jx,
each the (normalized) Gram matrix of the entry vectors at x. Call x good if every entry
word, read letter by letter from x, stays inside FM ; then the entry vectors at x are distinct
basis vectors exactly when the words are distinct in H3, so Jx = J (ΦH). The five relator
paths contain 0, 6, 8, 4, 4 translation letters and the four single-letter symbols add four more;
each translation step expels at most a fraction 1/M of the surviving points, because the
preceding partial word map is injective. So at most a fraction 26/M of points is bad, and
J (ΦM ) = (1 − t)J (ΦH) + tJbad with t ≤ min(1, 26/M). Choosing M = ⌈26/δ⌉ ≤ 27/δ and
log(M2(2M)!) ≤ (2M + 2) log(2M) gives the bound.
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π(g) labels g = h aubv and their permutations h of the points (1, 1), . . . , (1, 4), written
1, . . . , 4

(0, 0) e: id; α = α−1 = p4,4: (1 2); p2,4: (1 3 2); p2,5: (1 3); p2,8: (1 2 3); p2,9 = p5,3:
(2 3); p3,6: (1 2)(3 4); p3,7: (3 4)

(1, 0) a = p2,11 = p3,11: id; p2,2 = p3,2: (1 2); p2,3: (1 3 2); p2,6: (1 3); p2,7: (1 2 3);
p2,10 = p5,2: (2 3); p3,5: (1 2)(3 4); p3,8: (3 4)

(2, 0) p3,3: (1 2); p3,4: (1 2)(3 4); p3,9: (3 4); p3,10: id
(0, 1) b = p5,5: id; p4,3: (1 2); p5,4: (2 3)
(1, 1) p4,2: id
(−1, 0), (0,−1) a−1: id; b−1: id

Table 3: The 26 elements of H3 carried by the entries of Uλ, grouped by translation. Here
pi,l is the prefix of length l of ri, a permutation is written in cycle notation, and g = h aubv

means h followed by aubv.

Proposition 4.2 (Choi rank and entropy). The entries of Uλ carry exactly 26 distinct
elements of H3. Grouping entries by element, Uλ =

∑
g∈G Kg ⊗ λ(g) with |G| = 26 and

Kg ∈ M104 of pairwise disjoint supports, so

ΦH(ρ) =
∑
g∈G

KgρK
∗
g , J (ΦH) = 1

d

∑
g∈G

|Kg⟩⟩⟨⟨Kg|,

the Choi rank of ΦH is 26, and H(ΦH) = log 26.

Proof. The entry labels are the identity, the 33 symbols, and the lower-right entries of the
triangles, which equal −λ(x)λ(y) = −λ(z) and whose elements are therefore among the
symbols or the identity. Evaluating the 34 labels as permutations of the rays shows exactly
26 distinct elements, listed in Table 3. Writing pi,l for the prefix of length l of ri, the eight
coincidences are p2,2 = p3,2 (the same word αa) and seven consequences of the relators:
p2,11 = p3,11 = a, p5,5 = b, α−1 = p4,4 = α, p2,9 = p5,3 = aαa−1 and p2,10 = p5,2 = aα. Every
label is h aubv with (u, v) = π(g) and h a permutation of the points (1, 1), . . . , (1, 4), and
labels with the same translation have different h. Disjoint supports make the Kg orthogonal,
hence linearly independent, and τ(λ(g)λ(h)∗) = δgh gives the displayed formulas. Every
g has a singleton diagonal position ig whose column contains only the entry of Kg. For
ρ = 1

26
∑

g |ig⟩⟨ig| the complementary output

Φc
H(ρ)gh = Tr(KgρK

∗
h) = δgh/26

is maximally mixed, and log 26 is the largest entropy of a complement of dimension 26.

4.1 What we use from the group paper

The lower bounds use the following results about approximate representations of Johnson’s
presentation, proved in the companion paper [22]; we state them here without proof. Let
P = ⟨a, b, α | r1, . . . , r5⟩, put σj = ajαa−j , and let A∗(M) be the largest area in P of a
commutator [σ±1

p , σ±1
q ] with 0 ≤ p, q ≤ M and |p− q| ≥ 2. These commutators are trivial in

H3 because the transpositions have disjoint supports.

Theorem 4.3 (Reweighted far-commutator area [22, Theorem 3.2]). A∗(M) ≤ 135M log 107

for every M ≥ 2.

Proposition 4.4 (Quadratic lower bound [22, Proposition 3.4]). For odd k ≥ 9, every filling
of Ck = [α, akαa−k] uses at least (k − 7)(k − 5)/8 cells of type r4. Hence A∗(M) ≥ M2/16
for every integer M ≥ 23.
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The area bound is proved by a doubling self-similarity of H3, with finite relations
certified by machine; [22, Theorem 3.1] gives the certified bound A∗(M) ≤ M11. Write
k(u, v) = ∥uv − vu∥2 and G(t) = h2(min{2

3 t,
2
3}) + min{2

3 t,
2
3}.

Lemma 4.5 (Projection products [22, Lemma 4.1]). Let P1, . . . , Pm be orthogonal projections
on a Hilbert space and ∥x∥ = 1. Then 1 − Re⟨x, Pm · · ·P1x⟩ ≤ 2

∑
j ∥(I − Pj)x∥2.

Lemma 4.6 (Exact S3 rounding [22, Lemma 4.3]). If A,B ∈ U(D) satisfy ∥A2 − I∥2, ∥B2 −
I∥2, ∥(AB)3 − I∥2 ≤ e, there is a unitary representation u of S3 = ⟨s, t | s2, t2, (st)3⟩ on CD

with ∥u(s) − A∥2 ≤ e, ∥u(t) − B∥2 ≤ 8e and ∥u(st) − AB∥2 ≤ 9e, and each normal form
1, s, t, st, ts, sts evaluated in u is within 10e of the same word in A,B.

Theorem 4.7 (Phase-robust sector bound [22, Theorem 4.4]). Let ci, xi ∈ U(D), 1 ≤ i ≤ N ,
satisfy c3

i = x2
i = I and xicixi = c−1

i , with no condition on the commutators of xi and xj.
Put ∆i = ∥ci − I∥2 and f(g) = cg1

1 · · · cgN
N for g ∈ ZN

3 , let g(i) be g with its i-th coordinate
negated, and, for uniform g,

â2
i = Eg∥f(g + ei) − f(g)ci∥2

2, b̂2
i = Eg∥xif(g(i)) − f(g)xi∥2

2.

Then â2
i ≤ 4

3
∑

j>i k(ci, cj)2, b̂2
i ≤ 4

3
∑

j ̸=i k(xi, cj)2, and

logD ≥
N∑

i=1

[(∆2
i − â2

i )+
3 − b̂2

i

2 ln 2 −G(â2
i )
]
.

In particular ∆i ≥ 49/100 and âi, b̂i ≤ 1/100 for all i give logD ≥ N/16.

Call ϕ : {a, b, α} → U(D) an e-representation if ∥ϕ(ri) − I∥2 ≤ e for i = 1, . . . , 5, where ϕ
is extended to the free group. If w is null in P with area A, then ∥ϕ(w) − I∥2 ≤ Ae.

Proposition 4.8 ([22, Proposition 4.5]). Let ϕ be an e-representation with ∥ϕ(γ)−I∥2 ≥ 1/2,
and let N ≥ 1 satisfy 750

√
N ANe ≤ 1, where AN = max{1, A∗(3N)}. Then logD ≥ N/16.

Proposition 4.9 (Every separation margin [22, Proposition 4.6]). Let 0 < ∆ ≤ 1 and
K ′

∆ = 135 · 3log 107√80000(1 + log(1/∆))/∆. Every e-representation with ∥ϕ(γ) − I∥2 ≥ ∆
has logD ≥ ∆2

12
(
(K ′

∆e)−2βH − 1
)
.

4.2 Corner models

The approximants above fail on a layer of about M clock positions out of M2. A torus of clock
positions with a single bad corner does better. Fix integers M ≥ 2 and s ≥ 2, put ℓ = 2M + 2
and L = 3ℓ, and let ΩM,s = (Z/MZ)2 × [s]L. For 2 ≤ r ≤ L let cr = (1 r r−1 · · · 2) ∈ Sym(L)
be the reverse cycle and τ = (1 2); products of permutations are read from left to right, and a
permutation π of the coordinates acts on colorings by (x · π)(t) = x(tπ−1). For 0 ≤ i, j < M
put Ai,j = cℓ−i−j and, for j < M − 1, Bi,j = c2ℓ−j . On the top row put Bi,M−1 = Di, where

D0 = c2ℓ−M+1, Di+1 = c−1
ℓ−i−(M−1) τ Di cℓ−i (0 ≤ i < M − 1). (5)

Define permutations of ΩM,s, with clock coordinates modulo M , by

(i, j, x) · a = (i+ 1, j, x ·Ai,j), (i, j, x) · b = (i, j + 1, x ·Bi,j), (i, j, x) · α = (i, j, x · τ).

Proposition 4.10 (Corner models [22, Proposition 6.1]). In these permutations r1, r2, r3, r5
hold exactly and r4 fails only at the clock (M − 1,M − 1), where it acts as the product
RM = (1 M+4)

∏M+3
t=5 (t t+M) of M disjoint transpositions of the colours; so every relator

moves at most a fraction M−2 of ΩM,s, and γ moves a fraction 1 − s−2. At every clock the
colour permutations of aαa−1, a2αa−2 and bαb−1 are (2 3), (3 4) and (2 3). A word of length
at most t that represents a nonidentity element of H3 fixes at most a fraction s−1 + 4t/M of
ΩM,s when M > 2t.
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The proof is in [22, Section 6.1]; it also records the colour permutations above and the
identities crτc

−1
r = (2 3) and cr(2 3)c−1

r = (3 4) for r ≥ 4 used below.

4.3 Smoothed corner models

In a permutation model a relator that fails costs the fraction of points it moves. In a unitary
model it costs a sum of squared angles, so a single defect can be spread thin. Doing this
for the corner models gives unitary approximants of ΦH whose leakage is of order M−3, not
M−2, at the same size. Throughout, products are read from left to right, the left factor
acting first, as in Section 4.2, and e1 = (1, 0), e2 = (0, 1).

One-particle models. Use the reduced colour coordinates 1, . . . , L with L = 4M + 4, and
read each link permutation Ac, Bc and τ of Section 4.2 as a permutation matrix on CL. A
one-particle model replaces some of these link matrices by unitaries. For a word w and a
clock c the holonomy Wc(w) ∈ U(L) is the product of the link matrices along the path of w
from c, with inverse matrices for inverse letters. For a two-element set S = {x, y} let QS be
the projector onto (ex − ey)/

√
2; then exp(iπQS) is the transposition (x y), and exp(iϑQS)

is a phase rotation in the plane of S.
Fermionic quantization. For W ∈ U(L) let Λ(W ) act on the exterior algebra Λ(CL), of

dimension 2L, by v1 ∧ · · · ∧ vm 7→ Wv1 ∧ · · · ∧Wvm. It is multiplicative on all of U(L), and
Tr Λ(W ) = det(I +W ), since in degree m its eigenvalues are the products of m eigenvalues
of W . For k ≥ 1 put Λk = Λ⊗k, so that 2−kL Tr Λk(W ) = det

(
(I +W )/2

)k. The quantized
model has bath H = CM2 ⊗ Λ(CL)⊗k with its normalized trace τ . A letter moves the clock c
to c + π(s) and applies Λk of its link matrix at c, and ρ(s) is the adjoint of this operator,
as for P (g) in Proposition 4.10, so ρ is a representation of the free group on a, b, α. A word
whose translation is nonzero modulo M has τ(ρ(w)) = 0, and a word that closes has

∥ρ(w) − I∥2
2 = Ec

[
2 − 2 Re det

(
(I +Wc(w))/2

)k]
,

with Ec the average over clocks. For a three-cycle σ of coordinates det((I + σ)/2) = 1
4 .

Lemma 4.11 (Rotating the links [22, Lemma 6.3]). In a corner model, replace every link
Ac by UcAc and every link Bc by VcBc, where Uc commutes with (2 3) and (3 4), and Vc

commutes with (2 3). Then at every clock the holonomies of α, aαa−1, a2αa−2 and bαb−1

are (1 2), (2 3), (3 4) and (2 3), so r1, r2, r3, r5 have identity holonomy everywhere and γ
acts as a three-cycle.

A plaquette q with base v0 has the vertices v0, v1 = v0 + e1, v2 = v0 + e2, v0 + e1 + e2; its
bottom and top edges are the a-links at v0 and v2, and its left and right edges the b-links
at v0 and v1. Its r4 holonomy is Wq = Av0Bv1A

−1
v2 B

−1
v0 τ . A region consists of a set R of

plaquettes, a source q0 ∈ R, a sign sR = ±1, and a two-element label lab(v) ⊂ {1, . . . , L} at
every vertex of every plaquette of R. An edge is interior if it lies on two plaquettes of R.

Lemma 4.12 (Spreading a defect [22, Lemma 6.4]). Take a permutation model satisfying the
local identities AcτA

−1
c = (2 3), Ac(2 3)A−1

c = (3 4) and BcτB
−1
c = (2 3) of Lemma 4.11 at

every clock. Suppose Wq is the identity except at finitely many sources, where it is the product
of the transpositions given by the base labels of the regions with that source. Let finitely many
regions satisfy:

(R1) for each region R, every edge of a plaquette q ∈ R other than its own source q0(R), from
v to w, carries labR(v) onto labR(w) under its link permutation, even if q is another
region’s source;
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(R2) every base label avoids {1, 2}, and the label at the initial vertex of every interior edge
avoids {2, 3, 4};

(R3) each region is connected through its interior edges, and the only interior edge of its
source is the bottom edge;

(R4) labels of different regions are disjoint wherever both are defined; on an interior link
carrying a region’s rotation, its label is disjoint from any additional modification of that
link.

Here the link permutations belong to the base model, including preliminary exact moves.
Boundary potentials vanish, so a region requires no disjointness from an additional modification
on a link where it carries no rotation. Let FR,q be real numbers with

∑
q∈R FR,q = sRπ for

each region. Then there are potentials φR on the interior edges of R such that the model with
Uc =

∏
R exp(iφR(a-edge at c)QlabR(c)) and Vc =

∏
R exp(iφR(b-edge at c)QlabR(c)) still has

r1, r2, r3, r5 exact, and its r4 holonomy at every plaquette q is
∏

R∋q exp(iFR,qQlabR(v0)), with
v0 the base of q.

Lemmas 4.11 and 4.12 are proved in [22, Section 6.2], where the same construction gives
unitary models of Johnson’s presentation.

Proposition 4.13 (Smoothed corner models). For every M ≥ 48 there is a finite tracial
factorization with bath dimension M2 28M+8 whose channel is within half-diamond distance
0.106 of ΦH and has support leakage at most 0.3M−3. Its bath is flat, so its entropy production
is zero. Consequently, for every v > 0, with M = max{48, ⌈(0.3/v)1/3⌉},

logDΦH
(1/8, v) ≤ 8M + 8 + 2 logM and logDent

ΦH
(1/8, v) ≤ 8M + 8 + 2 logM.

Proof. The unitary model. We recall the construction of [22, Section 6.2]. Let c∗ = (M −
1,M − 1), where the r4 holonomy is RM (Proposition 4.10). Replace Ac∗ by η1Ac∗ and
B(0,M−2) by η2B(0,M−2), with η1 = (1 M+4) and η2 = (5 M+5). Then r1, r2, r3, r5 stay
exact, the r4 holonomy at c∗ becomes

∏M+3
t=5 (t t+M), at (0,M − 2) it becomes η2, and

elsewhere it is the identity.
The regions. For 5 ≤ t ≤ M + 3 let Rt have source c∗ and sign (−1)t−5, and consist of c∗,

the plaquettes (M − 1, j) with 1 ≤ j ≤ M − 2, and the plaquettes (i, j) with 0 ≤ i ≤ M − 3,
0 ≤ j ≤ M−2 and i+j ≤ t+M−8; label the vertex (i, j) by {t+M−1−i−j, t+2M−1−j}
for 0 ≤ i ≤ M − 2 and (M − 1, j) by {t+M − 1 − j, t+ 2M − 1 − j}. Let T have source
(0,M − 2) and sign (−1)M−1, and consist of (0,M − 2) and the plaquettes (i, j) with i, j ≥ 0
and i+ j ≤ M − 3, with labels {M + 3 − i− j, 2M + 3 − j}. The source labels are the defect
pairs {t, t+M} at c∗ and {5,M + 5} at (0,M − 2).

These regions satisfy (R1)–(R4) [22, Section 6.2]. Moreover Rt ⊂ Rt+1, and every region
has at least mM = (M − 1)(M − 2)/2 + 1 plaquettes.

The defect. Take FR,q = sRπ/|R| on each region and k = 2. By Lemma 4.12 the r4
holonomy at q is a product of phase rotations by angles FR,q in disjoint planes, so det((I +
W ′

q)/2) =
∏

R(1 + eiFR,q )/2 = eiΘqCq with Θq = 1
2
∑

R FR,q and Cq =
∏

R cos(FR,q/2) ∈ [0, 1].
Using 1 − Ck ≤ k(1 − C), 1 −

∏
R cR ≤

∑
R(1 − cR) and 1 − cosx ≤ x2/2,

2 − 2 Re
(
eikΘqCk

q

)
= 2(1 − Ck

q ) + 2Ck
q (1 − cos kΘq) ≤ k

4
∑
R

F 2
R,q + k2Θ2

q .

Summed over the plaquettes,
∑

q

∑
R F

2
R,q =

∑
R π

2/|R| ≤ Mπ2/mM . The bulk regions
containing q are those with t at least some tq; their signs alternate and their magnitudes
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π/|Rt| decrease, so they sum to at most π/mM in absolute value, and T adds at most π/mM .
Hence |Θq| ≤ π/mM , and averaging over the M2 clocks,

M3e2
4 := M3∥ρ(r4) − I∥2

2 ≤ π2M2

2mM
+ 4π2M3

m2
M

≤ π2M2

(M − 1)(M − 2) + 16π2M3

(M − 1)2(M − 2)2 ,

which decreases in M and is below 14.26 at M = 48. So e2
4 ≤ 14.26M−3 for M ≥ 48.

The channel. Build the gadget from ρ with k = 2; its bath has dimension M2 22L =
M2 28M+8. By Lemma 4.11 the normal forms in the proof of Proposition E.4 hold for ρ: every
literal entry word u carrying a label g has ρ(u) = ρ(ĝ), where ĝ = h t is the normal form
of g, except aba−1, aba−1b−1 and aba−1b−1α−1, for which ∥ρ(u) − ρ(ĝ)∥2 = e4. For labels
g, g′ with normal forms ĝ = h t and ĝ′ = h′ t′, Ggg′ = τ(ρ(ĝ′)∗ρ(ĝ)) is 0 if t ̸= t′; otherwise
the holonomy is conjugate to h′−1h, a permutation of the coordinates 1, . . . , 4, so Ggg′ is
det((I4 + h′−1h)/2)k up to conjugation: 1 if h = h′, 4−k for a three-cycle, and 0 for every
other element of S4, each of which has the eigenvalue −1. By Table 3, in each translation
class of eight labels the three-cycle relation splits by parity into two copies of the complete
graph on four vertices minus one edge, whose largest eigenvalue is (1 +

√
17)/2, and the other

classes give smaller graphs. So ∥G− I∥op = 4−k(1 +
√

17)/2.
Write Uρ = W + R with W =

∑
g Kg ⊗ ρ(ĝ). For operators A,B on C104 ⊗ H put

VAψ = (A⊗ I)(ψ ⊗ Ω), with Ω ∈ H ⊗ H a purification of τ ; then X 7→ (id ⊗ τ)[A(X ⊗ I)B∗]
has diamond norm at most ∥VA∥ ∥VB∥, and ∥VA∥ is at most its Hilbert–Schmidt norm. The
remainder R lives on the entries carrying the three exceptional words, of squared-coefficient
weight 2 + 2 + 1

2 , so ∥VR∥2 ≤ 9
2e

2
4, and ∥VW ∥ ≤ 1 + ∥VR∥ because VUρ is an isometry. The

channel of W is X 7→
∑

g,g′ Ggg′KgXK
∗
g′ , within diamond norm ∥G − I∥op of ΦH by (16).

Therefore

d⋄(Ψ,ΦH) ≤ 1
2∥G− I∥op + ∥VR∥(1 + ∥VR∥) + 1

2∥VR∥2 < 0.0801 + 0.0247 + 0.0003 < 0.106

for M ≥ 48, since ∥VR∥2 ≤ 9
2 · 14.26 · 48−3 < 5.81 · 10−4. In the leakage formula of the proof

of Proposition E.3, with 1 − Re τ(ρ(u′)∗ρ(u)) = 1
2∥ρ(u) −ρ(u′)∥2

2 in place of 1 − τ(P ∗P ′), only
the pairs counted in the proof of Proposition E.4 contribute, each with 1

2e
2
4. So the leakage is

κ0
2 e

2
4 = 61

2925e
2
4 ≤ 61

2925 · 14.26M−3 < 0.3M−3.
Profiles. The bath is flat, so the round has entropy production zero, and the choice of

M makes the leakage at most v and the distance below 1/8. The logarithm of the bath
dimension is 8M + 8 + 2 logM .

So the one-round profile of ΦH at distance 1/8 grows at most like exp(O(v−1/3)), and
Theorem 5.5 cannot hold with any exponent above 1/3 in place of βH . Sequential extraction
reads the profile at the stricter distance ϵ/(1 − ϵ), so the ceiling has to hold at every fixed
distance; it does, with the fermionic power chosen from the distance.

Proposition 4.14 (One-round profile at every fixed distance). For every u0 > 0 there is C(u0)
such that logDent

ΦH
(u0, v) ≤ C(u0) v−1/3 and logDΦH

(u0, v) ≤ C(u0) v−1/3 for 0 < v ≤ 1.

Proof. Run the construction of the proof of Proposition 4.13 with fermionic power k and
M ≥ 6. Its estimates hold for every k: ∥G − I∥op = 4−k(1 +

√
17)/2, ∥VR∥2 ≤ 9

2e
2
4, the

leakage is κ0
2 e

2
4, and the defect computation gives e2

4 ≤ kπ2

4MmM
+ k2π2

m2
M

≤ kπ2

M3 + 16k2π2

M4 ,
since mM ≥ M2/4. Choose k with 4−k(1 +

√
17)/4 ≤ u0/2, and then M so large that

∥VR∥(1+∥VR∥)+ 1
2∥VR∥2 ≤ u0/2 and the leakage is at most v; this needs M of order (k/v)1/3.

The bath is flat, so the entropy production is zero, and its dimension is M2 2k(4M+4).
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A memory lower bound obtained solely from this two-parameter one-round profile, as in
Theorem 5.7, therefore cannot exceed order (n/(B + logn))1/3 at a fixed error. This does not
exclude stronger arguments that use more information about the extracted round, or several
rounds; and C(u0) grows as u0 → 0. Our permutation models have no such smoothing: in
them the fraction of points moved by a relator adds up over a van Kampen diagram [22],
and the corner models, with exponent 1/2, are the best permutation approximants we know.
Whether better permutation models exist is open.

4.4 The Choi profile

The proof of Proposition 4.13 bounds the distance to ΦH through the remainder VR, which is
of first order in the defect e4; this suffices at constant diamond accuracy. In Choi distance
the defect enters only at second order. Fix k ≥ 1 and an even M ≥ 6; the construction of the
proof of Proposition 4.13, and Lemmas 4.11 and 4.12, need only M ≥ 6. Let ρ = ρM,k be the
resulting representation with fermionic power k, ΨM,k its gadget channel, of bath dimension
M22k(4M+4), and z = τ(ρ(r4)). Matrix products below are written with later letters on the
left. For words u, v,

τ
(
ρ(v)∗ρ(u)

)
= M−2∑

c

1[endu(c) = endv(c)] det
(I +Wc(v)Wc(u)∗

2
)k
, (6)

where endu(c) is the clock at which the path of u from c ends: on the fibre over c the
operator acts by Λk(Wc(v)Wc(u)∗) when the ends agree. Index the Choi matrices by the
174 entries of the gadget as in the proof of Proposition E.3, and let Γ, Γc and ΓH be 104
times the Choi matrices of ΨM,k, of the channel ΘG : X 7→

∑
g,g′ Ggg′KgXK

∗
g′ of the proof

of Proposition 4.13, and of ΦH . Let EXC be the seven entries that carry the words aba−1,
aba−1b−1 and aba−1b−1α−1.

The smoothed corner models of Section 4.3 approximate ΦH in Choi distance to second
order in their defect, which lowers the exponent of the Choi profile from 1

2 to 1
3 .

Theorem 4.15 (Choi profile of ΦH). For 0 < δ ≤ 1/2,

logDJ
ΦH

(δ) = O
(
δ−1/3 log4/3 1

δ

)
.

Lemma 4.16 (Structure). Γµν = Γc
µν unless exactly one of µ, ν lies in EXC. For µ ∈ EXC

and ν /∈ EXC, Γµν = z Γc
µν and Γνµ = z̄ Γc

νµ.

Proof. Holonomies. A non-exceptional entry word u with normal form û = h t has Wc(u) =
Wc(t)Ph at every clock, where Ph permutes the coordinates 1, . . . , 4: by Lemma 4.11 the
conjugates α, aαa−1, a2αa−2 act as (1 2), (2 3), (3 4), and for words containing b the relator
r5 is exact. An exceptional word is u = r4û in the free group (proof of Proposition E.4), so
Wc(u) = Wc(û)W ′

c with W ′
c the r4 holonomy at the plaquette with base c, and the ends agree.

By Lemma 4.12 W ′
c is a product of rotations in planes whose coordinates are at least 5, so

W ′
c = I4 ⊕Rc; put ζc = det((I +Rc)/2). Since ρ(s) is the adjoint of the transport operator,

z = M−2∑
c ζc

k.
Canonical entries. For labels with normal forms h t and h′ t′ and t ≠ t′, the ends differ at

every clock, since M ≥ 6 exceeds the translation differences, and both entries vanish. For
t = t′, Wc(û′)Wc(û)∗ is similar to Ph′h−1 ⊕ I, and det((I4 + P )/2)k is 1 for the identity, 4−k

for a three-cycle and 0 otherwise; this is Γc.
Exceptional entries. Let µ be exceptional and ν not. Then Wc(wν)Wc(wµ)∗ =

Wc(ŵν)W ′ ∗
c Wc(ŵµ)∗, which is similar to

Wc(ŵµ)∗Wc(ŵν)W ′ ∗
c = (P ⊕ I)(I4 ⊕R∗

c) = P ⊕R∗
c ,
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whose determinant factorizes; by (6) the entry is the canonical one times M−2∑
c ζc

k. If both
are exceptional the factors W ′

c cancel. The transposed entries are complex conjugates.

Lemma 4.17 (Second order). For even M ≥ 6, with mM = (M − 1)(M − 2)/2 + 1,

|1 − z| ≤ kπ2

8MmM
+ k2π2

2m2
M

.

Proof. In the notation of the proof of Proposition 4.13, ζq = eiΘqCq with Θq = 1
2
∑

R∋q FR,q

and Cq =
∏

R∋q cos(FR,q/2) ∈ [0, 1]. The net flux vanishes for even M :
∑

q 2Θq = π
∑

R sR,
the M−1 bulk signs (−1)t−5 sum to 1, and sT = (−1)M−1 = −1. Hence, since |1−z| = |1− z̄|,

|1 − z| =
∣∣∣M−2∑

q

(
1 + ikΘq − ζk

q

)∣∣∣ ≤ M−2∑
q

[k2Θ2
q

2 + k

8
∑
R∋q

F 2
R,q

]
,

by |eix − 1 − ix| ≤ x2/2, 1 − Ck ≤ k(1 − C), 1 −
∏

R cR ≤
∑

R(1 − cR) and 1 − cosx ≤ x2/2.
As in that proof |Θq| ≤ π/mM and

∑
q

∑
R F

2
R,q ≤ Mπ2/mM .

For odd M the net flux is π and z differs from 1 at first order; this is why M is even.

Lemma 4.18 (Choi distance). dJ(ΨM,k,ΦH) ≤ 41
324−k + Υk|1 − z|, where 104 Υk =

√
21/2 +

2
√

21/4 +
√

11 + 4−k
(
2 + 2

√
2 +

√
6 + 2

√
3
)
.

Proof. We have dJ(ΨM,k,ΦH) ≤ 1
208∥Γ − Γc∥1 + 1

208∥Γc − ΓH∥1. The second term is at most
d⋄(ΘG,ΦH) ≤ 1

2∥G − I∥op by (16), and 1
2∥G − I∥op = 4−k(1 +

√
17)/4 ≤ 41

324−k (proof of
Proposition 4.13). By Lemma 4.16, Γ − Γc = (z − 1)K + (z̄ − 1)K∗ with K the part of Γc

with rows in EXC and columns outside it, so ∥Γ − Γc∥1 ≤ 2|1 − z| ∥K∥1. The trace norm is at
most the sum of the Euclidean norms of the rows. Write K = K1 + 4−kK3 for its same-label
and three-cycle parts. With the class weights of the proof of Proposition E.4, the squared
row norms of K1 are 21

2 ,
21
4 ,

21
4 for the three entries of aba−1b−1, 11 for the entry of r4 and 0

for those of aba−1, which is alone in its class. Those of K3 are 6, 3, 3 (partners p2,5 and p2,9),
2 (partners p2,4, p2,8) and 2, 1, 1 (partner p5,4). So ∥K∥1 ≤ 104 Υk.

Proof of Theorem 4.15. Let 0 < δ ≤ 1
2 and k = ⌈log4(41/(16δ))⌉, so 41

324−k ≤ δ/2 and k ≥ 2.
For k ≥ 2, Υk ≤ Υ2 < 0.1136 < 1

8 , and for M ≥ 6, mM ≥ M2/4, so Lemma 4.17 gives
|1 − z| ≤ kπ2/(2M3) + 8k2π2/M4. Every even M ≥ max{6, (kπ2/(2δ))1/3, (8k2π2/δ)1/4}
makes each term at most 2δ, so Υk|1 − z| ≤ δ/2 and dJ(ΨM,k,ΦH) ≤ δ by Lemma 4.18.
The least such M is O(k1/3δ−1/3 + k1/2δ−1/4), and the bath dimension is M22k(4M+4), so
logDJ

ΦH
(δ) ≤ k(4M + 4) + 2 logM = O(δ−1/3 log4/3(1/δ)).

For example, the sharper estimates of Lemmas 4.17 and 4.18 permit k = 16 and M = 2120
at δ = 10−9, rather than the conservative sufficient threshold used above. The constructed
bath has logD = k(4M +4)+2 logM = 135766.099697 . . ., and therefore fits in 135767 qubits
before any service overhead.

5 From service to memory lower bounds
Theorem 5.1 (One round bounds the mixture profile). Every causal service of a channel Φ
for n rounds with memory Q, error ϵ and P + C ≤ nζ satisfies

Dmix
Φ
(
ϵ+K

√
ζ
)

≤ 2Q, K =
(
4 + 1√

2
)√

ln 2.

For collision-at-call services, K may be replaced by
√

2 ln 2.

21



Theorem 5.2 (Sequential extraction). Let a causal service of a channel Φ on Md for n
rounds, with imports between rounds as in Definition 2.3, have memory Q, error ϵ < 1/2 and
P + C ≤ B. Put

tn = B + ϵ+ h2(ϵ) + ϵ logn
n(1 − ϵ) , hn =

√
2 ln 2 tn.

Then, at any exchange,
DΦ
( ϵ

1 − ϵ
+ d hn, tn + hn

)
≤ 2Q.

For fixed ϵ and B = O(logn) the leakage parameter is tn + hn = O(
√

logn/n). More
precisely, some round t defines a channel Ψt(X) = TrMUt(X ⊗ ρt)U∗

t with bath dimension
2Q, d⋄(Ψt,Φ) ≤ ϵ/(1 − ϵ), support leakage qt and entropy production at = S(Tt(ρt)) − S(ρt)
with qt + at ≤ tn, where Tt(ρ) = TrdUt(τd ⊗ ρ)U∗

t .

Remark 5.3 (The profile read by one round). Let Dent
Φ (u, v) be the least M for which some

unitary U on Cd ⊗ CM and bath state ρ give a channel Ψ(X) = TrMU(X ⊗ ρ)U∗ with

d⋄(Ψ,Φ) ≤ u, ℓΦ(Ψ) + S(T (ρ)) − S(ρ) ≤ v,

where T (ρ) = TrdU(τd ⊗ρ)U∗ as in Theorem 5.2. That theorem gives Dent
Φ (ϵ/(1−ϵ), tn) ≤ 2Q,

with no square root. The square root enters only when the round is converted into a finite
tracial mixture:

DΦ
(
u+ d

√
2 ln 2 v, v +

√
2 ln 2 v

)
≤ Dent

Φ (u, v) ≤ d4 DΦ(u, v).

The first inequality is Lemma 5.4 together with the fact that leakage moves by at most dJ . For
the second, write a mixture in Fm with at most d4 components (Carathéodory) and realize it
as one round whose bath is the direct sum of the component baths, in the state

⊕
i piτmi ;

tracial channels are unital, so its entropy production is zero. Hence, if logDΦ(u0, v) ≥
γ log(1/v) − O(1) for some u0 > ϵ/(1 − ϵ) and γ > 0, and logDJ

Φ(δ) = O(log(1/δ)), then
Theorems 5.2 and 6.2 give memory Θ(logn) at purity budget O(logn) and fixed exchange
slack: the accuracy scale matters only for profiles that grow faster than every power.

Proof of Theorem 5.1. Entropy ledger. Feed maximally mixed inputs and keep their purifica-
tions. The complete-experiment guarantee implies dJ(Λt,Φ) ≤ ϵ for the effective channel Λt of
each round t, whose bath is the unconditional memory marginal ηt. Let F (η) = log dim −S(η)
be the memory deficit. Put all imports of round t in a register A of dimension a in product
state χ, with ct = log a− S(χ), and let U dilate the round on system, memory and A. With
ρ = U(τd ⊗ ηt ⊗ χ)U∗ and σ = τd ⊗ ηt+1 ⊗ τa one has exactly Dnat(ρ∥σ) = ℓt ln 2, with
natural-log relative entropy and ℓt = F (ηt) + ct − F (ηt+1). Hence ℓt ≥ 0 and

∑
t ℓt ≤ P + C.

Transport and repair. Let V be a unitary on Cd ⊗ Cm with bath spectrum λ (decreasing)
and a comparison spectrum µ, and let Tij = d−1∑

a,b |V(a,i),(b,j)|2 in the respective eigenbases.
T is doubly stochastic. Put R =

∑
ij Tij |λj − µi|. Sorted matching gives

∑
i |λi − µi| ≤ R,

so after a bath-only rotation
∑

ij Tij |λj − λi| ≤ 2R. For the spectral projection Ps of the
bath above level s let es = ∥(I − I ⊗ Ps)V (I ⊗ Ps)∥2

HS ; then
∫
es ds/d =

∑
Tij(λj − λi)+ ≤

R. On a layer of rank r write A = PV P = V H in polar form, B = V
√
I −H2 and

W± = A± iB. Both W± are unitary, the original channel on the flat layer is ΓA + ΓL with
L = (I − P )V P , the mixture of W± is ΓA + ΓB, and both remainders are positive with trace
∥L∥2

HS/(dr) = ∥B∥2
HS/(dr). Writing η =

∑
j wjPj/j as a mixture of flat layers, the repaired

channel lies in Fm at distance at most R. By Cauchy–Schwarz, R ≤
√
h(4 − h) ≤ 2

√
h with

h =
∑
Tij(

√
λj − √

µi)2.
Arbitrary import timing. Replace the imports by maximally mixed states. Exchanging

k memory qubits for flat ones is the map X 7→ Trk(X) ⊗ τ2k = 4−k ∑
cWcXW

∗
c , with Wc

22



the Weyl operators on those qubits, so the resulting comparison channel Nt is a mixture∑
c pc AdVc of unitaries Vc on the actual system and the Q memory qubits; this is why

the repaired channel below lies in F2Q . By data processing and Pinsker’s inequality the
replacement changes the round by at most

√
ct ln 2/2. With h(x, y) = ∥

√
x − √

y∥2
HS =

2 − 2 Tr
√
x

√
y ≤ −2 ln Tr

√
x

√
y ≤ Dnat(x∥y) (the middle quantity is the Rényi divergence

of order 1
2) and the triangle inequality for

√
h, ht := h(ρ̃, σ) ≤ ln 2(√ct +

√
ℓt)2. For Kraus

operators K of Nt the sum
∑

K
1
d∥K(I ⊗ √

ηt) − (I ⊗ √
ηt+1)K∥2

HS does not depend on the
Kraus decomposition, and for the Kraus operators of the dilation of the round by U with the
flat register it equals ht; for the Weyl decomposition this is the identity

ht =
∑

c

pc
1
d

∥∥Vc(I ⊗ √
ηt) − (I ⊗ √

ηt+1)Vc

∥∥2
HS
.

Applying the repair to each Vc with comparison state ηt+1 and Jensen’s inequality gives a
channel in F2Q within 2

√
ln 2

√
ℓt + (2 + 2−1/2)

√
ln 2√

ct of Λt. Averaging over t and choosing
the best round proves the claim. In the collision-at-call case the import step is absent and
the bath entropy gain kt ≥ 0 of one collision directly gives R ≤

√
2kt ln 2.

5.1 Local tracialization

Lemma 5.4 (Small entropy production gives a nearby flat mixture). Let U be a unitary
on Cd ⊗ CM , ρ a bath state, Ψ(X) = TrMU(X ⊗ ρ)U∗ and T (ρ) = TrdU(τd ⊗ ρ)U∗. Then
a = S(T (ρ)) − S(ρ) ≥ 0, and some Θ ∈ FM satisfies dJ(Ψ,Θ) ≤

√
2 ln 2 a.

Proof. Diagonalize ρ = diag(λ1, . . . , λM ) and T (ρ) = diag(µ1, . . . , µM ), both decreasing,
write the blocks of U in these bases as Uji ∈ Md, and put tji = 1

dTr(U∗
jiUji). The matrix

t is doubly stochastic and µj =
∑

i tjiλi. The distributions pji = tjiλi and qji = tjiµj

satisfy D(p∥q) = S(µ) − S(λ) = a, so Pinsker’s inequality gives
∑

ji tji|λi − µj | ≤
√

2 ln 2 a.
Integrating threshold indicators shows

∑
i |λi − µi| ≤

∑
ji tji|λi − µj |.

Write ρ =
∑

k wkPk/k with Pk the top-k input projection and wk = k(λk − λk+1), and
let Qk be the top-k output projection. The compression Ak = (I ⊗ Qk)U(I ⊗ Pk) is a
contraction between dk-dimensional spaces; with a unitary polar extension Ak = VkHk, the
unitaries Wk,± = Vk(Hk ± i

√
I −H2

k) satisfy 1
2
∑

±Wk,±XW
∗
k,± = AkXA

∗
k + CkXC

∗
k with

Ck = Vk

√
I −H2

k . For the input bath Pk/k the original channel and this flat mixture share
the part from Ak, and their positive remainders have equal trace ek = 1

k

∑
i≤k<j tji, so their

distance is at most ek. Mixing with weights wk gives Θ ∈ FM with

dJ(Ψ,Θ) ≤
∑

k

wkek =
∑
i<j

tji(λi − λj) = 1
2
∑
ij

tji|λi − λj | ≤
∑
ij

tji|λi − µj |,

where the middle equality uses that the signed sum
∑

ij tji(λi − λj) vanishes by double
stochasticity.

For a = 0 the lemma is the trivial-Hamiltonian case of the characterization of thermal
operations by informational equilibrium due to Lie, Son, Boes, Ng and Wilming [42, Proposi-
tion 4 and Eq. (14)]: after a unitary on the bath, U leaves the bath state invariant when the
input is maximally mixed, and the unital channels with such a dilation are exactly the finite
tracial mixtures. The lemma is a quantitative version of that characterization; it gives the
reverse implication in Theorem 3.2(a).
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5.2 Sequential extraction

Proof of Theorem 5.2. A test with perfect completeness. In every round the observer submits
half of a fresh maximally entangled pair, measures {ΠΦ, I − ΠΦ} on output and reference,
keeps the outcome, discards the pair and continues. Let pt be the probability that the
tests of rounds 1, . . . , t − 1 all pass, qt the probability of failing round t given that, and
F ∈ {1, . . . , n,∞} the first failure, with ∞ for none. The ideal experiment never fails, so
f = Pr(F ≤ n) ≤ ϵ. Hence pt ≥ 1 − ϵ and

∑
t ptqt = f ≤ ϵ.

Entropy ledger. Let ρt be the memory state given that the first t− 1 tests passed; for the
bookkeeping, a branch that fails is frozen. Since the input marginal is τd, the round takes ρt

to Tt(ρt), raising the entropy by at. Recording the outcome lowers the average conditional
entropy by at most h2(qt). Exporting k qubits lowers the entropy by at most k, and importing
k qubits in a state of entropy k− c raises it by k− c, so an exchange lowers it by at most the
imported deficit c. The average entropy starts at Q− P and ends at most at Q, so∑

t

ptat ≤ P + C +
∑

t

pth2(qt) ≤ B +H(F ) ≤ B + h2(ϵ) + ϵ logn,

where
∑

t pth2(qt) = H(F ) by the chain rule and H(F ) ≤ h2(f) + f logn. Therefore∑
t pt(qt + at) ≤ B + ϵ + h2(ϵ) + ϵ logn, and since

∑
t pt ≥ n(1 − ϵ), some round has

qt + at ≤ tn.
The extracted channel. Each round’s unitary acts only on the input and the Q memory

qubits, and the memory state ρt conditioned on the earlier passes does not depend on the
current input, since the earlier test registers are discarded; so the round defines a channel Ψt

with bath of dimension 2Q. Its support leakage is exactly qt. For an arbitrary current input
with reference, the actual state is pt times a normalized pass-block state σ plus a failure
block, while the ideal state ω lies in the pass block; closeness of the complete experiments
gives 1

2∥ptσ − ω∥1 + 1−pt

2 ≤ ϵ, hence pt
1
2∥σ − ω∥1 ≤ ϵ and d⋄(Ψt,Φ) ≤ ϵ/(1 − ϵ). Lemma 5.4

gives Θ ∈ F2Q with dJ(Θ,Ψt) ≤ hn; by (1) and the leakage bound after Definition 2.2,
d⋄(Θ,Φ) ≤ ϵ/(1 − ϵ) + dhn and ℓΦ(Θ) ≤ qt + hn ≤ tn + hn.

The device performs no test; the tests and the conditioning on success belong to one
particular observer and to the proof.

5.3 The actual-memory obstruction

Theorem 5.5 (One round with a memory state that is not flat). Let Ψ(X) = TrMU(X⊗ρ)U∗

with U unitary on C104 ⊗CM and ρ a state, and suppose d⋄(Ψ,ΦH) ≤ 1/8. Let ℓ be its support
leakage and a = S(T (ρ)) − S(ρ) its entropy production, where T (ρ) = Tr104U(τ104 ⊗ ρ)U∗.
Then

log rank ρ ≥ S(ρ) ≥ c∗(ℓ+ a)−βH − 1
8 ,

with c∗ = (16K2βH
H )−1 > 1.7 · 10−4 and KH = 108 · 135 · 3log 107 · 217. In particular no such

channel has ℓ+ a = 0.

Remark 5.6 (Flat Choi support does not give linear trace-distance repair). Let Φ = id2 ⊗ D2,
where D2(X) = Tr(X)I2/2, and let ρt = diag((1 + t)/2, (1 − t)/2), 0 < t < 1. Swapping
the second system qubit with a bath in state ρt realizes Ψt = id2 ⊗ Rρt , where Rρ(X) =
Tr(X)ρ. The Choi state of Φ is flat of rank four, and Ψt has exactly the same support,
hence zero support leakage. Its bath entropy production at the maximally mixed input is
at = 1 −h2((1 + t)/2) = t2/(2 ln 2) +O(t4). Every finite tracial mixture Θ is unital. Applying
the output marginal of its Choi state shows dJ(Ψt,Θ) ≥ 1

2∥Ψt(τ4) − τ4∥1 = t/2; the tracial
channel Φ attains equality. Thus a uniform trace-distance repair of order ℓ+ a is false even
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with flat Choi support and ℓ = 0. This does not refute a leakage-only repair bound that still
allows square-root trace-distance error.
Theorem 5.7 (Constant-error lower bound). Every causal service of ΦH for n rounds with
error ϵ ≤ 1/16 and P + C ≤ B has, at any exchange,

Q ≥ ca

( n

B + log(n+ 1)
)βH

− 1
8 , ca = c∗ (16/15)−βH > 1.7 · 10−4.

The constants are far from optimal: the bound is positive only when n/(B+ log(n+ 1)) >
(8ca)−1/βH ≈ 2.1 · 1041. For A ≥ 0 we write cA = ca(A+ 2)−βH : if P + C ≤ A log(n+ 1) + 1,
then B + log(n+ 1) ≤ (A+ 2) log(n+ 1) and the theorem gives Q ≥ cA(n/ log(n+ 1))βH − 1

8 .
What Theorem 5.7 establishes is the exponent.

The proof of Theorem 5.5 is in Appendix B. Its weighted sector estimate applies directly
to the extracted memory state; it does not first replace that state by a flat tracial mixture.
This avoids the loss of a square root in the Houghton bound.

Proof of Theorem 5.7. Apply Theorem 5.2 with B = P + C. Since ϵ ≤ 1/16, the selected
round has a bath of dimension 2Q, d⋄(Ψt,ΦH) ≤ 1/15 < 1/8 and qt+at ≤ tn. As ϵ+h2(ϵ) < 0.4
and 0.4 + 1

16 logn ≤ log(n+ 1), tn ≤ 16
15(B + log(n+ 1))/n. Theorem 5.5 gives Q ≥ S(ρt) ≥

c∗t
−βH
n − 1

8 ≥ ca(n/(B + log(n+ 1)))βH − 1
8 .

At the rank rate of a channel with flat probe spectrum a device cannot buy memory with
purity. The next bound is a purity budget in terms of memory, at every fixed error.
Theorem 5.8 (Memory bounds purity at the rank rate). Suppose a pure reference-input probe
ψ∗ has output ω = (Φ ⊗ id)(ψ∗) flat of rank r; the probe need not maximize complementary
entropy. Let a causal service have error 0 ≤ ϵ < 1, put b = P + C and Ex = (J − n

2 log r)+.
For every ϵ < α < 1,

b ≤ 2Q+ 2Ex +

√
5Qb

1 − α
+ log 1

α− ϵ
, b ≤

(
4 + 5

1 − α

)
Q+ 4Ex + 2 log 1

α− ϵ
.

In particular b = Oϵ(Q + Ex + 1) at every fixed error below one. For ϵ ≤ 1/16 the choice
α = 1/2 gives

P + C ≤ 14Q+ 4Ex + 2 log 16
7 .

In particular P + C ≤ 14Q+ 2 log 16
7 at J ≤ n

2 log r.
The general fixed-error form does not widen the error range of the Houghton extraction

or of Theorem A and Corollary I.1, which remains ϵ ≤ 1/16.
For ΦH the probe spectrum is flat on 26 levels (Theorem C.1), so Theorem 5.7 applies

with a budget B = 14Q+ 3 and gives a memory bound at the optimal rate that needs no
assumption on the purity (Corollary 5.10(c)).

5.4 Purity at the rank rate

Lemma 5.9 (Entropy variance). Let p be the spectrum of a state on q ≥ 1 qubits with deficit
D = q − S(p). Then the surprisal − log pi, drawn with probability pi, has variance at most
(q + 2/ ln 2)D ≤ 5qD.
Proof. Put φ(u) = u ln u−u+1 ≥ 0. For u ≥ 0 we claim u(ln u)2 ≤ (2+ln+ u)φ(u). For u = et

with t ≥ 0 the difference is f(t) = et(t− 2) + t+ 2, with f(0) = f ′(0) = 0 and f ′′(t) = tet ≥ 0.
For t ≤ 0 it is at least g(t) = 2et(t − 1) + 2 − ett2, with g(0) = 0 and g′(t) = −t2et ≤ 0.
Now put m = 2q and ui = mpi ≤ m, so that 1

m

∑
i ui = 1 and D ln 2 = 1

m

∑
i φ(ui). The

variance is at most E[(log(mpi))2] = 1
m(ln 2)2

∑
i ui(ln ui)2 ≤ 2+q ln 2

(ln 2)2 D ln 2 = (q + 2/ ln 2)D,
and 2/ ln 2 ≤ 4q.
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Proof of Theorem 5.8. Put b = P + C and assume b > 0. Preloading. The imports are fixed
independent states and the exports are never used again, so the observer’s final state does
not change if all imports are prepared at the start in a register of J qubits and all exports are
kept in the device. The device then starts in the product state σ0 = β0 ⊗

⊗
t ωt on L = Q+J

qubits, of entropy S = L− b, and against a non-adaptive observer the whole experiment is
one unitary V on the inputs, the references and these L qubits.

Typical subspace. The surprisal of σ0 is a sum of independent surprisals of its factors.
Each factor has at most Q qubits, because imports replace exported memory qubits, and the
deficits of the factors add up to b. Fix ϵ < α < 1. By Lemma 5.9 the variance is at most 5Qb,
so by Chebyshev’s inequality with t =

√
5Qb/(1 − α) the eigenvalues of σ0 at least 2−(S+t)

carry weight at least α; there are at most 2S+t of them.
Rank. The observer feeds ψ⊗n

∗ and keeps the references. With σ0 =
∑

i pi|ei⟩⟨ei|, its final
state is τO =

∑
i piTrD[V (ψ⊗n

∗ ⊗ |ei⟩⟨ei|)V ∗], where D is the device side, of dimension 2L.
Each summand is a marginal of a pure state and has rank at most 2L. Let E be the support
projection of the sum over the typical eigenvalues: then rankE ≤ 2L+S+t = 22L−b+t and
Tr(EτO) ≥ α.

Comparison. The error bound gives Tr(Eω⊗n) ≥ α− ϵ > 0, and ω⊗n is flat of rank rn, so
Tr(Eω⊗n) ≤ rankE/rn. Thus 2L− b+ t ≥ n log r− log(1/(α− ϵ)). Substitute L = Q+J and
2J ≤ n log r+ 2Ex to get the first bound; the inequality

√
5Qb/(1 − α) ≤ b/2 + 5Q/[2(1 −α)]

gives the second. Choosing α = (1 + ϵ)/2 yields the explicit bound

b ≤
(

4 + 10
1 − ϵ

)
Q+ 4Ex + 2 log 2

1 − ϵ
.

For ϵ ≤ 1/16, instead choose α = 1/2 to retain b ≤ 14Q+ 4Ex + 2 log(16/7).

The rank count also permits imports within rounds if they are independent and each
import has at most Q qubits. When the flat probe maximizes complementary entropy, so
H = log r, the entropy count of Proposition 3.1 instead gives P +C ≤ 2Q+2Ex +2nϵ log d+1.
At zero excess this gives an O(Q + 1) purity bound when nϵ = O(Q + 1); the rank count
gives one at every fixed error below one.

Corollary 5.10 (Purity and memory). (a) Every causal service of ΦH with error ϵ ≤ 1/16
and memory Q has, at any exchange, P +C ≥ n

(
ca/(Q+ 1

8)
)1/βH − log(n+ 1); bounded

memory needs a purity budget linear in n.

(b) With pure imports, ΦH has a causal service with error 0, Q = 5, J = 5(n − 1) and
P + C = 5n (the standard Stinespring implementation, reset by exchange).

(c) Every causal service of ΦH with error ϵ ≤ 1/16 and J ≤ n
2 log 26 satisfies

(
14Q+ 3 +

log(n+ 1)
)(
Q+ 1

8
)1/βH ≥ c

1/βH
a n, so Q = Ω(nβH/(1+βH)) = Ω(n1/(2 log 107+2)) whatever

its purity budget.

(d) More generally, every causal service of ΦH with error ϵ ≤ 1/16 and excess exchange
Ex = (J − n

2 log 26)+ satisfies, whatever its purity budget,

(
14Q+ 4Ex + 3 + log(n+ 1)

)(
Q+ 1

8
)1/βH ≥ c1/βH

a n.

So bounded memory needs excess exchange linear in n, and if Ex = O(nγ) with 0 ≤ γ < 1,
then Q = Ω(nmin{βH/(1+βH), βH(1−γ)}); for instance an excess of O(

√
n) exchanged qubits

leaves Q = Ω(nβH/2).
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Proof. (a) rearranges Theorem 5.7. (b) Extend the Stinespring isometry |ψ⟩ 7→
∑

g Kg|ψ⟩|g⟩
of Proposition 4.2 to a unitary on the input and five qubits in the pure state |05⟩, apply
it every round, and replace the five qubits by fresh pure ones after every round but the
last. (d) Theorem 5.8 gives P + C ≤ 14Q + 4Ex + 3; insert this into Theorem 5.7. If
Ex ≤ Cnγ , then either Q ≥ nγ , and the first factor is O(Q+ logn), so Q = Ω(nβH/(1+βH));
or Q < nγ , the first factor is O(nγ + logn), and Q = Ω(nβH(1−γ)). If Ex = o(n) and Q
were bounded, the left side would be o(n). Part (c) is the case Ex = 0: Theorem 5.8 gives
P + C ≤ 14Q+ 2 log(16/7) < 14Q+ 3 at this exchange; insert this into Theorem 5.7.

Theorem 5.11 (Vanishing error). Every causal service of ΦH with error ϵ ≤ 1/8 and
P + C ≤ nζ has Q ≥ c∗(ϵ+ ζ)−βH − 1

8 at any exchange.
Proof of Theorem 5.11. Feed fresh halves of maximally entangled pairs in every round, with-
out testing, and let ρt be the memory state entering round t and at = S(Tt(ρt)) − S(ρt).
If jt qubits are exported after round t and replaced by a state of entropy jt − Ct, then
S(ρt+1) ≥ S(Tt(ρt)) − jt + (jt − Ct) = S(ρt) + at − Ct. Summing, with S(ρ1) = Q− P and
S(ρn+1) ≤ Q, gives

∑
t at ≤ P + C ≤ nζ, so some round has at ≤ ζ. Holding the earlier

inputs fixed and varying the input and reference of that round shows d⋄(Ψt,ΦH) ≤ ϵ, so its
support leakage is at most ϵ. Theorem 5.5 gives Q ≥ S(ρt) ≥ c∗(ϵ+ ζ)−βH − 1

8 .

6 Reservoir services from finite approximations
Theorem 6.1 (Rolling reservoir). Let Φ on Md have a finite tracial factorization of bath
dimension m. For every n ≥ 1, 0 < ϵ ≤ 1 and 0 ≤ s ≤ 1 there is a causal service with error ϵ,
J ≤ n(H(Φ)/2 + s), C = 0, P ≤ ⌈log2(n+ 1)⌉ + 1 and, with x = log2(128n/ϵ) and x/0 = ∞,

Q ≤ logm+ log(2 + logm) + Cd

(
min{

√
nx, x/s} + log(n+ 1)

)
if x < n,

and Q ≤ ⌈n logm⌉+⌈log(n+1)⌉ otherwise. The constant Cd depends only on d. In the branch
x < n one may take P = 0, using the prescribed round-dependent controls of Definition 2.3.

Exact factors thus need only logarithmic memory at any fixed exchange rate above the
optimum. At the optimum itself, and below half the logarithm of the Choi rank, the picture
depends on the channel.

Appendix A proves the rolling-reservoir theorem. It controls the Gram matrix of every
surviving history and every first-exit child, as well as a weighted spectator marginal through
exports. The mixers are fixed before the observer is chosen; the history tests are analytical,
not device operations. These are the ingredients needed for complete adaptive error, rather
than only a marginal-channel guarantee.
Theorem 6.2 (From profiles to services). Let Φ on Md lie in the closure class, and let
0 < ϵ ≤ 1/2, 0 ≤ s ≤ 1 and x = log(256n/ϵ) < n. There is a causal service of Φ for n rounds
with error ϵ, J ≤ n(H(Φ)/2 + s), P = C = 0 and

Q ≤ logm+ log(2 + logm) + Cd

(
min{

√
nx, x/s} + log(n+ 1)

)
, m = DJ

Φ

( ϵ

8dn
)
,

with Cd depending only on d.
Together with Theorem 5.2, this brackets the memory of every closure channel between

its support profile at leakage of order
√

(B + logn)/n and its Choi profile at accuracy of
order ϵ/n, up to the buffers. For ΦH this general bound, fed with the corner models, already
gives memory O(

√
n/ϵ log(n/ϵ)) at the optimal rate (Corollary E.5); the construction of

Appendix E.3 gives the same order in n with the better dependence
√

log(1/ϵ) on the error,
and the Choi profile of Theorem 4.15 with the compiler of Theorem 6.3 lowers the order to
(n/ϵ)1/3 log4/3(n/ϵ) (Corollary 6.7).
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6.1 Closure channels

Proof of Theorem 6.2. Let Ψ have a single finite tracial factorization of bath dimension m =
DJ

Φ(ϵ/(8dn)) with dJ(Ψ,Φ) ≤ ϵ/(8dn); by (1), d⋄(Ψ,Φ) ≤ u := ϵ/(8n). Apply Theorem 6.1 to
Ψ with error ϵ/2 and slack s, choosing its fully flat initialization; its parameter log(128n/(ϵ/2))
is the present x < n, and its constants depend only on d. Replacing the n ideal uses of Ψ
by uses of Φ changes every observer’s final state by at most nu ≤ ϵ/8. The service exports
at most n(H(Ψ)/2 + s) qubits. For a common purified input, the complementary entropies
of Ψ and Φ are the entropies of their output-and-reference states, of dimension d2 and at
trace distance at most u, so by the Fannes–Audenaert inequality H(Ψ) ≤ H(Φ) + f(u) with
f(u) = h2(u) + u log(d2 − 1), and nf(u) ≤ x+ 2 log d. Replace the last ⌈nf(u)/2⌉ + 1 exports
by swaps into initially flat spare slots of the memory that are never touched again; seen from
outside, this is identical to exporting the qubit and importing a flat one. The slots add Od(x)
to Q and nothing to P or C, so P = C = 0, and the error is at most ϵ/2 + ϵ/8 < ϵ. If fewer
exports occur, retain all of them instead. The extra Od(x) slots are absorbed by the stated
buffer since x < n and s ≤ 1.

The compiler of Theorem 6.2 runs at exchange n(H(Φ)/2 + s) for every 0 ≤ s ≤ 1; it
absorbs the excess entropy of the approximant in spare flat slots of the memory, and at s = 0
its buffer is of order

√
n log(n/ϵ). At the rank rate no excess has to be absorbed and the

buffer is polylogarithmic.

Theorem 6.3 (A compiler at the rank rate). Let Φ on Md have Choi rank r ≥ 2, let n ≥ 1
and 0 < ϵ ≤ 1, and put x = log(256n/ϵ). Let Ψ have a finite tracial factorization of bath
dimension m with dJ(Ψ,Φ) ≤ ϵ/(8dn); for Φ ∈ Kd one may take m = DJ

Φ(ϵ/(8dn)). There is
a causal service of Φ with error ϵ,

J ≤
⌊n

2 log r
⌋
, P = C = 0, Q ≤ logm+ log(2 + logm) +Od

(
x2).

The constants depend only on d.

When Φ ∈ Kd and H(Φ) = log r this is the optimal rate itself, where Theorem 6.2 pays a
buffer of order

√
n log(n/ϵ). The price of running at the rank rate for an approximant is the

quadratic term x2, which comes from the rare Kraus directions of Ψ outside the support of
J (Φ).

6.2 Service at the rank rate

Let Φ on Md have Choi rank r ≥ 2, and let Ψ have a factorization with unitary U on Cd ⊗Cm,
Kraus rank R ≤ d2 and δJ = dJ(Ψ,Φ). Put t = dδJ . The construction of Theorem 6.1 used
H in exactly one place, the exponential moment (11) of the cost of a history; the following
three lemmas replace it by a bound that refers only to r.

Lemma 6.4 (A rank-r tail). There is a projection PE of rank at most r on the minimal
environment CR of Ψ with Tr[(I − PE)Ψc(ρ)] ≤ t for every state ρ.

Proof. Let L1, . . . , LR be Kraus operators of Ψ with Tr(L∗
iLj) = 0 for i ≠ j, ordered so that

the eigenvalues λi = Tr(L∗
iLi)/d of J (Ψ) decrease. By Ky Fan’s principle a projection of rank

r captures at most
∑

i≤r λi, so
∑

i>r λi ≤ Tr[(I−ΠΦ)J (Ψ)] = Tr[(I−ΠΦ)(J (Ψ)−J (Φ))] ≤ δJ .
Hence A =

∑
i>r L

∗
iLi has trace at most t and A ≤ tI. With PE the projection onto the first

r basis vectors, Tr[(I − PE)Ψc(ρ)] = Tr(ρA) ≤ t.

Lemma 6.5 (Pinching). For every state ρ and 0 < a < 1, Tr[(Ψc(ρ))1−a] ≤ ra + (d2)at1−a.
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Proof. Pinching ω = Ψc(ρ) by PE and I−PE is unital, so for the concave f(s) = s1−a, Trf(ω)
does not decrease. A positive block of dimension k and trace w has TrX1−a ≤ kaw1−a by
Jensen’s inequality. The blocks have dimensions at most r and R ≤ d2 and traces at most 1
and t.

Lemma 6.6 (A basis for the rank rate). For 0 < a ≤ 1
2 there are minimal Kraus operators

K1, . . . ,KR of Ψ, matrices Bi ∈ Mm with U =
∑

iKi ⊗ Bi and τm(B∗
i Bj) = δij, and a

probability vector q with all qi > 0, such that
∑

i qiB
∗
i Bi = Im and

∑
i q

−a
i K∗

i Ki ≤ (ra +
(d2)at1−a)Id. Consequently, in the notation of (11) for the ideal experiment with Ψ,

E
[
2a(ℓit −log r) ∣∣ past

]
≤ 1 +

(d2

r

)a
t1−a =: 2ζ . (7)

Proof. Follow the proof of Lemma A.2 for Ψ, with R Kraus operators, up to the optimality
inequality

∑
i q

−a
i Tr(σK∗

i Ki) ≤
∑

i q
1−a
i = Tr[(Ψc(ρa))1−a] for every state σ. Bound the right

side by Lemma 6.5 instead of by 2aH+2Ra2 .

Proof of Theorem 6.3. Put η = ϵ/2, x = log(128n/η), L = log(8n/ϵ) ≥ 3, a = 1/L, and take
t = ϵ/(8n), which is allowed since dδJ ≤ ϵ/(8n). Then t1−a = 2t exactly and (d2/r)a ≤ d, so
ζ ≤ 2dt/ ln 2 and nζ ≤ dϵ/(4 ln 2).

Schedule and exits. Run the construction of Appendix A for Ψ at tolerance η, with three
changes: the basis of Lemma 6.6 replaces that of Lemma A.2; the schedule is ν = 1

2 log r;
and the threshold is b = 2 + L(3x + nζ) ≤ 2 + 3x2 + 0.361 dx. The export port has
h = ⌈1

2 log r + 1⌉ qubits, since jt ≤ ν + 1. As in Lemma A.3, an exit forces an interval (u, t]
with

∑
u<k≤t(ℓik

− log r) > b − 2. By (7) and Markov’s inequality this has probability at
most 2−a(b−2)+nζ = 2−3x, and a union over n2 intervals gives pexit ≤ n22−3x ≤ η2/(1282n),
the bound of Lemma A.3.

The rest. Lemmas A.4 and A.5 use only the first identity of (10), the weights wy ∈ [2−b, 1],
Emax and the number of Kraus operators, which is now R; they hold with R in place of r in
Lc and (12). The error paragraph of the proof of Theorem 6.1 uses only pexit, so the service
of Ψ has error below 51η/128. Taking logarithms in (12), with q qubits, L = ⌊2q−h/m⌋
and D = mLEmax, the condition holds once q ≥ logm+ b/2 + 1

2 log(2 + q) + Cdx, and the
least such q is at most logm + log(2 + logm) + b/2 + log(2 + b) + Od(x). Initialize all q
qubits maximally mixed, including the padding sector, exactly as in the register argument
of Theorem 6.1. No clock is needed: Definition 2.3 permits a prescribed unitary for each
round, so the selected mixers and replacements can be specified directly as that sequence.
The protocol uses no random controller or additional retained register.

From Ψ to Φ. By (1), d⋄(Ψ,Φ) ≤ ϵ/(8n), so replacing the ideal uses of Ψ by uses of Φ
changes every observer’s final state by at most ϵ/8, and the total error is below ϵ. Omitting
the final bath-only replacement gives J ≤ ⌊nν⌋ and P = C = 0. Unlike in the proof of
Theorem 6.2, no exchange is spent on H(Ψ) −H(Φ): the excess cost of the approximant is
paid by the term nζ in b.

Corollary 6.7 (Memory n1/3 at the optimal rate). For n ≥ 1 and 0 < ϵ ≤ 1, ΦH has a
causal service with error ϵ,

J ≤ n

2 log 26, P = C = 0, Q = O
((n
ϵ

)1/3
log4/3 2n

ϵ

)
.

At fixed error ϵ ≤ 1/16 and purity budget O(logn) the least memory at the optimal rate
therefore lies between c(n/ logn)βH and O(n1/3 log4/3 n).
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Theorem E.6 remains the better bound when the error is small: its memory grows like√
log(1/ϵ) in the error, and the corollary’s like ϵ−1/3; at ϵ = n−a the corollary is better exactly

when a ≤ 1
2 , at a = 1

2 by a factor of order (logn)1/6. A lower bound read solely from the
one-round profile cannot exceed order n1/3 at a fixed error (Proposition 4.14), so the exponent
1
3 is the natural target for a lower bound.

Proof of Corollary 6.7. ΦH has d = 104, Choi rank r = 26 = 2H(ΦH), and lies in K104. Apply
Theorem 6.3 with m = DJ

ΦH
(ϵ/(832n)). By Theorem 4.15, logm = O((n/ϵ)1/3 log4/3(n/ϵ)),

which dominates the term O(log2(n/ϵ)). The window at fixed error is Theorem 5.7 with
B = P + C = O(logn).

7 Equal Choi spectra, different memory requirements
Construction and proof of Theorem A. Balancing the labels. Write the canonical Houghton
gadget as UH =

∑
g∈GKg ⊗λ(g) and put µg = ∥Kg∥2

F . Its singleton slots have weight one and
its triangle slots weight one-half. Grouping them by the labels of Table 3 gives the histogram

2 (17 times), 5/2, 4 (3 times), 9/2, 6, 10, 25/2, 45/2.

Thus
∑

g µg = 104, every 2µg is an integer and 2µg ≤ 45. Form a block-diagonal unitary
U∗ from two copies of UH , then 52 − 2µg singleton blocks λ(g) for each old label, and 52
singleton blocks for each of the six new labels aj , 3 ≤ j ≤ 8. Their translations differ from
those of all old labels. There are 26 · 52 − 208 = 1144 old-label singleton blocks and 312
new-label blocks, so the system dimension is 208 + 1144 + 312 = 1664 = 16 · 104.

Let Ω be the channel obtained with the canonical group trace. Grouping slots by label
gives 32 Kraus matrices Ag with disjoint matrix-entry supports and ∥Ag∥2

F = 52. Hence

J (Ω) = 1
1664

∑
g

|Ag⟩⟩⟨⟨Ag|

has exactly 32 nonzero eigenvalues, all 1/32. Also Ωc(τ1664) = I32/32, so H(Ω) = 5. The
trace-orthonormal unitaries Za

1664, 0 ≤ a < 32, give the same Choi spectrum and optimal
complementary output for Ξ∗. It is an exact finite factor, and Proposition 8.4 gives its exact
service with Q = 5, P = C = 0 and J = 5⌊(n− 1)/2⌋ ≤ 5n/2.

Finite approximants, including cross-block moments. Use the smoothed model ρM,k of
Lemma 4.16, with even M ≥ 12 and bath dimension m = M22k(4M+4). In the two old gadget
copies evaluate the literal slot words as before. For each added old-label singleton use its
canonical normal form ĝ = h aubv from Table 3; for the new labels use ρ(a)j . Every singleton
is unitary and each triangle uses the actual product in its lower-right entry. This is therefore
an exact finite tracial factor, not an approximate unitary.

The holonomy proof of Lemma 4.16 applies also when either canonical entry is an added
singleton: for equal translations, the canonical moment is 1 for equal labels, 4−k for a
three-cycle difference and 0 otherwise. One exceptional original slot multiplies that moment
by z or z̄; with two exceptional slots the holonomies cancel. The reason remains the same:
the canonical permutations act on coordinates 1, . . . , 4, while the correction acts on their
complement. Unequal translations give zero trace. The new translations (3, 0), . . . , (8, 0)
are distinct from the old ones, whose first coordinates lie between −1 and 2 and second
coordinates between −1 and 1. Every unequal comparison involving a new label thus has a
nonzero coordinate difference of magnitude at most 9 < M , so it moves the clock and also
has zero trace. Equal new labels have moment one.
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It follows that every slot-pair moment differs from the canonical group moment by at
most 4−k + |1 − z|. There are N = 2 · 174 + 1144 + 312 = 1804 nonzero slots with scalar
coefficients ca and

∑
a |ca|2 = 1664. The Choi expansion, the triangle inequality for matrix

units and Cauchy–Schwarz give

dJ(ΩM,k,Ω) ≤ (
∑

a |ca|)2

2 · 1664 (4−k + |1 − z|) ≤ 902(4−k + |1 − z|).

Lemma 4.17 gives |1 − z| ≤ kπ2/(2M3) + 8k2π2/M4. For 0 < δ ≤ 1/2, take

k = ⌈log4(1804/δ)⌉, M ≥ max{12, (1804kπ2/δ)1/3, (28864k2π2/δ)1/4}, M even.

The three error contributions are at most δ/2, δ/4 and δ/4. Taking the least such even M
proves

logDJ
Ω(δ) = O

(
δ−1/3 log4/3(2/δ)

)
. (8)

In particular Ω ∈ K1664 and κ(Ω) = 0. Theorem 6.3, applied at Choi accuracy ϵ/(8 · 1664n)
and rank 32, proves (c), with no initial or imported purity. The logarithmic terms of that
compiler are absorbed by the displayed memory bound. Both channels’ optimal asymptotic
exchange rate is 5/2: Corollary 3.3(a), with H = 5 and κ = 0, gives the converse, and the
services of (a) and (c) attain it.

Transferring the lower bound. Identify the system with C16 ⊗ C104 so that tag 0 is the
first original Houghton block. This block is invariant and its restriction is exactly ΦH . The
tag-recycling argument in the proof of Corollary I.1 now uses four initially pure tag qubits,
rather than one: a service of Ω induces a service of ΦH with

Q′ = Q+ 4, P ′ = P + 4, C ′ = C, J ′ = J,

and no larger complete-experiment error. Indeed, an observer can feed the returned tag into
the next call; ideally it always stays zero, and the reduced output process is exactly that of
ΦH . This accounts for the tag without resetting it.

The flat rank-32 probe and Theorem 5.8, at ϵ ≤ 1/16, give P +C ≤ 14Q+ 4Ex + 3, hence
P ′ + C ′ ≤ 14Q′ + 4Ex. Theorem 5.7 yields(

14(Q+ 4) + 4Ex + log(n+ 1)
)
(Q+ 4 + 1/8)1/βH ≥ c1/βH

a n.

For Ex = 0 this first rules out Q = O(logn) and then gives Q = Ω(nβH/(1+βH)). The
same argument as Corollary 5.10(d) handles sublinear excess exchange. If instead P + C ≤
A log(n+ 1), direct application gives

Q ≥ ca

(
n

(A+ 5) log(n+ 1)

)βH

− 33
8 ,

since the four tag qubits add only four to the purity budget. This proves (b) and the
excess-exchange assertion.

8 Exchange thresholds for exact factors
Theorem 8.1 (Logarithmic memory below the rank rate). Let the normalized Choi state
of Φ have rank r and least nonzero eigenvalue λ < 1/r, and put µ = log(1/(rλ)). Fix
0 < g ≤ 1

2 log r and 0 ≤ ϵ < 1. Every causal service of Φ for n rounds with error ϵ and
J ≤ n(1

2 log r − g) satisfies

Q ≥ g

2µ logn−Og,r,λ,ϵ

(
log log(n+ 2)

)
.

If Φ has an exact finite tracial factorization and H(Φ) < log r, then at every fixed exchange
rate strictly between H(Φ)/2 and 1

2 log r the least memory at fixed error 0 < ϵ < 1 is Θ(logn).
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Corollary 8.2 (The exchange threshold for sublogarithmic memory). Let Φ have Choi rank r.
At any fixed error bound ϵ < 1, every sequence of causal services with Qn = o(logn) satisfies
lim infn→∞ Jn/n ≥ 1

2 log r.

Proof. For a nonflat Choi state, any subsequence with exchange rate bounded a fixed positive
amount below 1

2 log r contradicts Theorem 8.1. For a flat Choi state, fresh Bell inputs and
the support test used in Theorem C.1 give 2(Qn + Jn) ≥ n log r + log(1 − ϵ) directly. The
rank-one case follows from Jn ≥ 0.

Proposition 8.3 (Dephasing by an involution). Let R be a Hermitian unitary on Cd and
0 < p < 1. For every n the channel ρ 7→ pρ + (1 − p)RρR has a causal service with error
0, Q = 1, P = C = 0 and J = ⌊(n − 1)/2⌋. For R = Z on M2 the Choi rank is 2, so by
Theorems C.1 and 8.1 the rate 1

2 is the least exchange rate at which bounded memory suffices,
at zero error and at every fixed error below one; for p = 1

2 it is the optimal rate H/2.

Proposition 8.4 (Equal mixtures of orthonormal unitaries). Let U0, . . . , Ur−1 be unitaries
on Cd with τd(U∗

aUb) = δab and r = 2q for an integer q ≥ 0, and let Φ(ρ) = 1
r

∑
a UaρU

∗
a .

Then H(Φ) = q, and for every n there is a causal service with error 0, Q = q, P = C = 0 and
J = q⌊(n− 1)/2⌋, at the optimal rate H/2. Complete dephasing on C2q and the completely
depolarizing qubit channel are examples.

Remark 8.5. Biased dephasing ρ 7→ 1
4ρ+ 3

4ZρZ has the exact factorization U = I ⊗ |0⟩⟨0| +
Z ⊗ (I4 − |0⟩⟨0|) with a four-dimensional bath, so DJ ≤ 4 at every accuracy. Its Choi state
has eigenvalues 1

4 ,
3
4 , so r = 2, H = h2(1/4) ≈ 0.811 and V = 3

16 log2 3. At J ≤ nH/2 and
sufficiently small fixed error, Theorem C.2 forces memory of order

√
n, at a fixed rate strictly

between H/2 and 1
2 Theorem 8.1 gives Θ(logn), and at rate 1

2 Proposition 8.3 gives one
qubit. Bounded profiles thus coexist with memory of order

√
n, logn or 1, according to the

exchange rate.
At the rank rate 1

2 log r the buffer of Theorem 6.1 shrinks to a logarithm, and for exact
factors (more generally, channels in Kd) whose optimal complementary spectrum is flat that
rate is the optimal one.

Theorem 8.6 (Exact factors at the rank rate). Let Φ on Md have a finite tracial factorization
of bath dimension m and Choi rank r ≥ 2. For every n ≥ 1 and 0 < ϵ ≤ 1, with x =
log(128n/ϵ), there is a causal service of Φ with error ϵ,

J ≤
⌊n

2 log r
⌋
, P = C = 0,

and Q ≤ logm+ log(2 + logm) + Od(x) + ⌈log(n+ 1)⌉. If H(Φ) = log r, no history of the
construction ever exceeds its cost threshold.

8.1 Constant memory at the rank rate

Proof of Proposition 8.3. The memory is one qubit F , initially maximally mixed. In the first
round of each pair apply VZ = √

p I + i
√

1 − pR ⊗ Z to the input and F , in the second
VX = √

p I + i
√

1 − pR ⊗ X; both are unitary because R ⊗ Z and R ⊗ X are Hermitian
unitaries. After every completed pair except the last pair or single round, export F and
import a maximally mixed qubit. Purify the observer and put c0 = √

p, c1 = i
√

1 − p. For a
pair, the actual final vector is

∑
a,b∈{0,1} cacb ψab ⊗ (XbZa ⊗ I)ξ, where ψab is the observer

vector obtained by applying Ra in the first round and Rb in the second and ξ purifies the
flat state of F ; the ideal experiment is

∑
a,b |cacb|2|ψab⟩⟨ψab|. The four operators XbZa are

orthonormal for the normalized trace, so tracing out F and its purifier keeps exactly the
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diagonal terms. A single final round uses VZ alone, and fresh imports make pairs independent.
The count is Q = 1, P = C = 0 and J = ⌊(n− 1)/2⌋. The protocol uses round-dependent
unitaries, as Definition 2.3 allows; a time-independent protocol needs one more pure qubit
as a clock. Recording histories by orthonormal unitaries on a flat register, so that a flat
register of dimension m records m2 histories, is the dephasing construction of Boes et al. [9,
Lemma 1]; its closed-device version is in [20, Section 7]. Here it is used across two rounds:
one flat qubit records the four histories of a pair.

For R = Z the Choi rank is 2. At zero error Theorem C.1(c) gives J ≥ n/2 −Q. At a
fixed error below one and a rate below 1

2 , Theorem 8.1 forces memory Ω(logn) when p ≠ 1
2 ,

since then the least Choi eigenvalue is below 1
2 ; for p = 1

2 the spectrum ω is flat on two levels
and Theorem C.1 gives 2(Q+ J) ≥ n+ log(1 − ϵ).

Proof of Proposition 8.4. The vectors (Ua ⊗ I)|Ω⟩ are orthonormal, so J (Φ) is flat of rank r;
the complementary output of the maximally mixed input has this spectrum, and r bounds the
entropy of a complement of dimension r, so H(Φ) = log r = q. Hold a flat bath of q qubits,
with computational projections Pa and Fourier projections Qb. Apply V1 =

∑
a Ua ⊗ Pa in

the first round of each pair and V2 =
∑

b Ub ⊗Qb in the second, and refresh the bath after
every completed pair except the last. The bath operator of the history (a, b) is QbPa, and
τ
(
(Qb′Pa′)∗QbPa

)
= δaa′δbb′ |⟨a|b̂⟩|2/r = δaa′δbb′/r2, which is the weight of that history in

two ideal uses; as in the previous proof, tracing out the bath keeps exactly the diagonal
terms. The count is Q = q, P = C = 0 and J = q⌊(n − 1)/2⌋, and q

2 = H
2 is optimal by

Theorem C.1.

Corollary 8.7 (Flat and not flat at the optimal rate). Let Φ be an exact factor, and let ω be
as in Theorem C.1.

(a) If ω is flat, the optimal rate H(Φ)/2 equals the rank rate, and Φ has causal services at
the optimal rate with C = 0, P = 0 and Q = OΦ(log(2n/ϵ)).

(b) If ω is not flat, every causal service at J ≤ nH(Φ)/2 with fixed error ϵ ≤ 2−x0 has
Q = ΩΦ(

√
n) (Theorem C.2), while Theorem 6.1 gives OΦ(

√
n log(n/ϵ)).

So at the optimal rate and sufficiently small fixed error, a flat exact factor needs only
logarithmic memory, and a non-flat one needs at least order

√
n and at most order

√
n logn.

Above the optimum every exact factor needs Θ(logn) at fixed rates strictly between H/2 and
1
2 log r (Theorem 8.1) and O(log(n/ϵ)) at the rank rate; Propositions 8.3 and 8.4 show that
bounded memory can suffice there.

Proof of Theorem 8.6. Run the construction for Ψ = Φ at tolerance ϵ. Now t = 0, so
Lemma 6.6 with a = 1

2 gives ζ = 0, and b = 2 + 6x gives pexit ≤ n22−3x ≤ ϵ2/(1282n); the
register count gives b/2 + log(2 + b) = O(x). If H(Φ) = log r, an input ρ∗ with Φc(ρ∗) = Ir/r
maximizes Tr[(Φc(ρ))1−a] for every a, so the basis may be taken with qi = 1/r. Then every
ℓi = log r, the cost is deterministic, and

∑
u<k≤t(log r − 2jk) ≤ 2 for every interval, so zt ≤ 2

always: with b = 2 no history exits.

Proof of Corollary 8.7. The spectrum of ω is that of the maximizing complementary output,
which is faithful on r levels, so ω is flat exactly when H(Φ) = log r. Part (a) is Theorem 8.6.
Part (b) is Theorem C.2(a) with σ = 0 and Theorem 6.1 with s = 0.

The logarithmic lower bound is proved in Appendix C. That appendix also gives the strong
exchange converse and the quantitative slack law, including their constants and finite-block
regimes.
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9 Group profiles and channel memory
The construction of ΦH in Section 4 applies to every finite presentation P = ⟨S | R⟩ of a group
G whose relators ri = σi,1 · · ·σi,ℓi

have length ℓi ≥ 2. Its symbols are the signed generators
and the prefixes pi,l = σi,1 · · ·σi,l with 2 ≤ l ≤ ℓi − 1; its triangles are (pi,l−1, σi,l, pi,l) for
2 ≤ l ≤ ℓi, with pi,1 = σi,1, and (s, s−1, e) for s ∈ S. With p = |S| and k = |R| the system
dimension is d = 1+4p+3

∑
i ℓi −4k; for Johnson’s presentation of H3 this is 104. Evaluating

the gadget Uλ in the regular representation with the canonical trace gives the gadget channel
ΦG on Md, which is generally factorizable. The nonzero entries of the gadget sit at a list T of
slots a, each with a coefficient ca ∈ {±1,±2−1/2} and a word wa (the empty word, a signed
generator, a prefix, or the concatenation xy of a triangle), and |T | ≤ 2d− 1.

Proposition 9.1 (Gadget entropy). Let r be the number of distinct elements of G carried
by the entries of the gadget. Then ΦG has Choi rank r and H(ΦG) = log r, and some input
has flat complementary output Ir/r. So the entropy rate H(ΦG)/2 of every gadget channel is
its rank rate, which is its optimal exchange rate when ΦG ∈ Kd, and its probe spectrum in
Theorem C.1 is flat of rank r.

Proof. Group the entries by element: Uλ =
∑

g Ag ⊗λ(g), where the Ag have disjoint supports
and are therefore independent. Since τ(λ(g)λ(h)∗) = δgh, J (ΦG) = 1

d

∑
g |Ag⟩⟩⟨⟨Ag| has rank

r. Every element carried is e or the element of a symbol, since the product slot of a triangle
carries a prefix or e. So every g has an anchor: a diagonal entry ig with coefficient 1, the
identity entry or a symbol entry, whose column contains no other entry of the gadget. For
ρ∗ = 1

r

∑
g |ig⟩⟨ig| this gives Φc

G(ρ∗)gh = Tr(Agρ∗A
∗
h) = δgh/r, and log r is the largest entropy

of a complement of dimension r. The probe output of ρ∗ has the spectrum of Φc
G(ρ∗).

For a unitary assignment ϕ : S → U(M), extended to words with ϕ(s−1) = ϕ(s)∗, put

e(ϕ) = max
r∈R

∥ϕ(r) − I∥2, z(ϕ) = max
a,b∈T

∣∣τM

(
ϕ(wa)ϕ(wb)∗)− 1[wa = wb in G]

∣∣.
The approximation profile hP(e, z) is the least M for which some ϕ has e(ϕ) ≤ e and
z(ϕ) ≤ z, or ∞; h⊕

P is the same with MM replaced by finite direct sums of matrix algebras
of size at most M with any faithful tracial state. The moments read by z are those of
the finitely many gadget words, a finite piece of G in the sense of Cornulier’s chunks. Let
AP = max{1,maxwa=wb in G AreaP(waw

−1
b )}, and L = max{2, ℓ1, . . . , ℓk}. The floor at one

includes presentations for which all these comparisons are freely trivial. Put

hd = 1 + 2
√
d, bd = 2

√
d(1 +

√
2)hd, cP = hd + 2Lbd,

and CP = 4d
√

2 ln 2 + 4dcP(1 +
√

2 ln 2)1/2. These profiles concern the fixed finite list of
gadget words, not uniform approximation of every finite subset of G.

Theorem 9.2 (Channel profiles are group profiles). Let ΦG on Md be the gadget channel of
P.

(a) For all e, z ≥ 0, DJ
ΦG

(dz) ≤ hP(e, z) and DΦG
(d2z,A2

Pe
2) ≤ h⊕

P(e, z).

(b) If Ψ ∈ FM has d⋄(Ψ,ΦG) ≤ u and ℓΦG
(Ψ) ≤ v, then h⊕

P(2Lbd
√
v, 4u+ 4dcP

√
v) ≤ M .

For a single factorization, hP
(
2Lbd

√
δ, 4d(δ + cP

√
δ)
)

≤ DJ
ΦG

(δ).

(c) For 0 < v ≤ 1 and u ≥ 0, h⊕
P
(
CPv

1/4, 4u+ CPv
1/4) ≤ Dent

ΦG
(u, v).

(d) For 0 < η ≤ 1, hP
(√

e2 + 4η, z + η
)

≤ ⌈3NPM/η⌉, where M = h⊕
P(e, z) and NP =

2|T |2 + |R| + 1.
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(e) For z0 ∈ (0, 1), 0 < δ ≤ 1, k = ⌈log(2d/δ)/(2 log(1/z0))⌉ ≥ 1 and e = (δ/(2dkA2
P))1/2,

logDJ
ΦG

(δ) ≤ 2k log hP(e, z0).

(f) ΦG ∈ Kd if and only if hP(e, z) < ∞ for all e, z > 0, and if and only if the same holds
for h⊕

P .

Part (f) is the gadget analogue of the moment criterion for Schur channels, by which a Schur
channel lies in the closure of finite factorizations exactly when its correlation matrix is a limit
of moment matrices of unitaries in matrix algebras [48, Section 4], [47, Proposition 3.9(iii)];
see also [28, Theorem 3.6]. Parts (a), (b) and (d) make it quantitative. If G is hyperlinear,
then its group von Neumann algebra L(G) embeds trace-preservingly in an ultrapower Rω of
the hyperfinite II1 factor [50], so ΦG ∈ Kd by [28, Theorem 3.6]; the proof of (f) in Section G
also derives this from finite hyperlinear approximations. No converse from this one gadget is
asserted.

So the static profiles of a gadget channel and the approximation profile of its presentation
bound each other up to polynomial changes of scale: a square root from leakage to relator
defect, a further square root through a round with biased memory, and tensor-conjugate
amplification (e) from a fixed moment tolerance to accuracy δ. Combined with Theorems 5.2
and 6.2 this places the memory of a gadget channel between two readings of its group’s
profile.

Theorem 9.3 (Memory reads the group). Let ΦG be the gadget channel of P, let 0 < ϵ ≤ 1/16,
and for a purity budget B let tn be as in Theorem 5.2.

(a) For all n with tn ≤ 1 and CPt
1/4
n ≤ 7/30, every causal service of ΦG for n rounds with

error ϵ and P + C ≤ B has, at any exchange,

Q ≥ log h⊕
P
(
CPt

1/4
n , 1

2
)

≥ log hP
(√

2CPt
1/4
n , 3

4
)

− log
(
NP

( 8
C2

P
√
tn

+ 1
))

− 1,

the second inequality once C2
P

√
tn ≤ 1. For B = A log(n + 1) the subtracted term is

OP,ϵ,A(logn).

(b) Suppose ΦG ∈ Kd, and let z0 ∈ (0, 1), 0 < s ≤ 1 and x = log(256n/ϵ) < n. Put

kn =
⌈ log(16d2n/ϵ)

2 log(1/z0)
⌉
, en =

( ϵ

16d2nknA2
P

)1/2
.

There is a causal service with error ϵ, J ≤ n(H(ΦG)/2 + s), P = C = 0 and

Q ≤ 2kn log hP(en, z0) + log
(
2 + 2kn log hP(en, z0)

)
+ Cd

(x
s

+ log(n+ 1)
)
.

(c) Under the hypotheses of (b), without the condition x < n, there is also a causal service
at the optimal exchange J ≤ nH(ΦG)/2, with C = 0, P = 0 and the same bound on Q
with Cd(x/s+ log(n+ 1)) replaced by Od(log2(2n/ϵ)).

(d) At the rank rate J ≤ nH(ΦG)/2, every causal service with error ϵ has P +C ≤ 14Q+ 3,
so (a) holds with B = 14Q+ 3, whatever the purity budget.

At constant error and logarithmic purity the lower bound reads the relator defect at
(logn/n)1/4, and the upper bound reads it at (n logn)−1/2, roughly the square, with a factor
of order logn. When log hP(e, z) is a power of 1/e, this determines the growth exponent of
the memory up to a factor of 2; for general profiles the two readings of the same function
can be further apart. The loss has two sources: the two square roots on the channel side
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in Theorem 9.2(c), and the accuracy ϵ/(8dn) at which the compiler needs its approximant.
Closing the gap needs a lower bound that reads the profile at defect of order n−1/2, or a
service that reads it at a coarser defect, or both.

The correspondence turns quantitative unitary-profile lower bounds into memory lower
bounds under the stated resource constraints. For Houghton’s group the weighted route of
Section 5.3 reads the profile at defect of order n−1/2 rather than n−1/4; the companion paper
on nearly linear memory [21] proves this for every group gadget, and with a group of nearly
exponential profile obtains memory n1−o(1) at logarithmic purity.

Appendix G proves the correspondence and Theorem 9.3. Appendix H applies them to
Slofstra’s group, keeping its unresolved closure alternative explicit. Appendix J extends the
spectrum-completion construction to every group gadget while preserving an invariant corner.

10 Where the expensive channels lie
Theorem A exhibits channels in Kd that need polynomial memory. To say where such channels
lie, call a channel Φ ∈ Kd cheap if there is kΦ such that for every n ≥ 1 and 0 < ϵ ≤ 1 it has
causal services for n rounds at its rank rate with error ϵ, P = C = 0 and Q = OΦ(logkΦ(2n/ϵ)).
Call it expensive if there is ϵ0 > 0 such that for every A ≥ 0 there are c, γ > 0 with the
following property: for all large n, every causal service for n rounds with error at most ϵ0
and P + C ≤ A log(n+ 1) has Q ≥ cnγ , at any exchange. By Theorems 5.7 and A, ΦH and
Ω are expensive. This section shows that expensive channels lie on the relative boundary of
Kd, and that on a face of K104 containing ΦH one moment of a trace decides between cheap
and expensive.

10.1 The boundary of the closure

Let Depd(X) = Tr(X) Id/d be the completely depolarizing channel on Md. Every channel in
Kd is unital, and every mixed-unitary channel, a convex combination of unitary conjugations,
lies in Kd. Watrous proved (see also [4]) that every trace-preserving unital map Ψ with
Hermitian Choi matrix and ∥J (Ψ) − I/d2∥∞ ≤ 1/(d2(d2 − 1)) is a mixed-unitary channel [59,
Corollary 2]. So Kd has the same affine hull as the unital channels, and Depd lies in its
relative interior.

Proposition 10.1 (Interior channels are cheap). Let Φ ∈ Kd.

(a) If Φ lies in the relative interior of Kd, it is a convex combination of finitely many exact
factors. Hence DJ

Φ(δ) ≤ mΦ⌈d4/δ⌉ for a constant mΦ, and Φ is cheap.

(b) For 0 < η ≤ 1 the channel Φη = (1 − η)Φ + ηDepd lies in the relative interior of Kd

(since Depd does, by [59, Corollary 2]), so it is cheap.

(c) For every observer, the final states of n uses of Φη and of Φ are within half trace
distance nη (the standard hybrid argument).

Proof. (a) Let N ≤ d4 be the dimension of the affine hull of Kd. Since Φ is a relative interior
point, it lies in the relative interior of a simplex with vertices Φ0, . . . ,ΦN ∈ Kd. Barycentric
coordinates depend continuously on the vertices, and exact factors are dense in Kd and lie in
its affine hull, so replacing each vertex by a nearby exact factor Ψi keeps Φ in the convex hull:
Φ =

∑
i λiΨi. Tensoring baths with flat registers gives the Ψi a common bath dimension mΦ.

Round the weights to multiples ki/q with
∑

i |λi − ki/q| ≤ (N + 1)/q, and let a maximally
mixed register with q levels select Ψi on ki of its basis states. This is an exact factor of bath
dimension mΦq within dJ ≤ (N + 1)/(2q) of Φ. Theorem 6.3 gives the services; a channel of
Choi rank one is unitary and needs no memory.
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(b) A point of the open segment between a point of a convex set and a point of its relative
interior lies in the relative interior.

(c) Φη − Φ = η(Depd − Φ) has half-diamond norm at most η; replace the uses one at a
time.

So every expensive channel, among them ΦH and Ω, lies on the relative boundary of Kd,
and a fixed admixture of depolarizing noise, however small, makes it cheap. Noise of order
1/n per use does not: by (c), a service of Φη with error ϵ is a service of Φ with error ϵ+ nη.
A relative interior point has full Choi rank, so its rank rate is log d and the whole system
is exchanged each round. At the optimal rate interior channels can still need polynomial
memory: for rational η, (1 − η)id + ηDepd is an exact factor whose entropy-maximizing
complementary output is not flat, and Corollary 8.7(b) gives Ω(

√
n). Memory, purity and

exchange requirements are invariant under composing the channel with fixed unitaries on the
system, since applying the unitary or its inverse to each input or output converts services in
both directions.

10.2 The Houghton face

The gadget of Section 4 can be evaluated with any trace on H3. A tracial state of H3
is a positive definite function τ on H3 with τ(e) = 1 and τ(gh) = τ(hg). With its GNS
representation πτ and the trace it induces on πτ (H3)′′, the trace channel of τ is Φτ (ρ) =
(id ⊗ τ)[Uπτ (ρ⊗ 1)U∗

πτ
]. As in Proposition 4.2,

J (Φτ ) = 1
104

∑
g,h∈G

τ(gh−1) |Kg⟩⟩⟨⟨Kh|; (9)

in the orthonormal vectors |Kg⟩⟩/∥Kg∥F its entries are √
µgµh τ(gh−1)/104, with µg = ∥Kg∥2

F .
So Φτ depends only on the 26 × 26 moments τ(gh−1), and its Choi state is supported in
SH = span{|Kg⟩⟩}. Let KH be the set of channels Ψ ∈ K104 whose normalized Choi state is
supported in SH . It is a face of K104, because a convex combination of channels has Choi state
supported in SH only if every component does. For Ψ ∈ KH put f(Ψ) = 104 ⟨iγiγ |J (Ψ)|ieie⟩,
where iγ and ie are the singleton positions of the three-cycle γ and of the identity (proof of
Proposition 4.2); for Ψ = Φτ this is τ(γ).
Remark 10.2 (Trace channels of any gadget). The same definition gives the trace channel Φτ

of any gadget of Section 9 and any tracial state τ of its group; it depends only on the finitely
many moments τ(waw

−1
b ) of the slot words. The proof of Theorem 9.2(b) uses its target only

through the Choi entries on pairs of slots and through the support of J (ΦG), which contains
that of J (Φτ ). So Theorem 9.2(b) holds with Φτ in place of ΦG and the moments of τ in
place of the regular ones, and so does Theorem 9.3(a).

Theorem 10.3 (One moment decides expense on the Houghton face).

(a) KH = {Φτ : τ a tracial state of H3}.

(b) On KH , f is real, 0 ≤ f ≤ 1, |f(Ψ) − f(Θ)| ≤ 104 dJ(Ψ,Θ), and f(ΦH) = 0.

(c) The closure of the set of exact factors lying in KH is {f = 1}. Every Ψ ∈ KH with
f(Ψ) = 1 has DJ

Ψ(δ) ≤ 2⌈677/δ⌉ and is cheap.

(d) Let Ψ ∈ KH have f = f(Ψ) < 1, and let 0 < ϵ ≤ min{1/16, (1 − f)/9} and A ≥ 0.
There are c > 0 and n0, depending only on A and 1 − f , such that every causal service
of Ψ for n ≥ n0 rounds with error ϵ and P + C ≤ A log(n+ 1) has, at any exchange,

Q ≥ c
( n

log(n+ 1)
)βH/2

.

37



In particular Ψ is expensive.

By (b), every Ψ ∈ KH with dJ(Ψ,ΦH) ≤ 1/208 has f ≤ 1
2 , so (d) applies near ΦH at

every error ϵ ≤ 1/18, with c and n0 depending only on A. The exponent in (d) is half that of
Theorem 5.7, whose weighted sector estimate (Appendix B) uses the regular trace.

Part (a) is the gadget analogue of the characterization of factorizable Schur channels by
moment matrices of unitaries [27, Proposition 2.8], [47, Proposition 3.9]. The inclusion ⊇
also follows from [28, Theorem 3.6] and (9), since πτ (H3)′′ is hyperfinite (as shown in the
proof) and so embeds trace-preservingly in Rω.

Proof. (a), traces give channels in KH . By (9) the Choi state of Φτ is supported in SH . Since
H3 is amenable, its group C∗-algebra is nuclear, so πτ (H3)′′ is injective [11] and therefore
hyperfinite [17]. The finitely many unitaries πτ (s) of the symbols are then ∥ · ∥2-limits of
unitaries in finite-dimensional subalgebras

⊕
j Mmj , with the weights of the restricted trace.

The gadgets built from them are finite tracial mixtures whose channels converge to Φτ ,
because dJ is continuous in the ∥ · ∥2-norms of the entries. Rounding the weights to rationals
changes dJ by at most half the ℓ1 change of the weights, and a mixture with rational weights
is an exact factor after inflating its blocks. So Φτ ∈ KH .

(a), channels in KH come from traces. Let exact factors with unitaries Wn ∈ M104 ⊗Mmn

converge to Ψ ∈ KH . Their image W in M104 ⊗ N , with N the tracial ultraproduct of the
Mmn , is a unitary implementing Ψ exactly, since the Choi entries are traces of products of
entries. The leakage of Ψ outside SH vanishes. Lemma G.1 and its proof hold verbatim in
any finite von Neumann algebra with a faithful normal trace, and faithfulness of τN turns
zero leakage into W =

∑
g Kg ⊗ vg with vg ∈ N . The singleton position of g is alone in

its row and column, so v∗
gvg = 1, and vg is unitary because N is finite. In a triangle block

2−1/2( ve vy

vx −vz

)
unitarity gives v∗

evy = v∗
xvz. So ug = v∗

evg satisfies ue = 1 and uz = uxuy along
every triangle, the prefix triangles give u(ri) = 1, and u is a unitary representation of H3 by
Johnson’s theorem [35]. By traciality τN (vgv

∗
h) = τN (ugu

∗
h), so Ψ = Φτ with τ = τN ◦ u.

(b) Since γ and γ−1 are conjugate by a finitary transposition, τ(γ) = τ(γ−1) = τ(γ) is
real. For N ≥ 2 let si be the transposition of (1, 1) and (1, i+ 1), 1 ≤ i ≤ N . For i ≠ j, sis

−1
j

is a three-cycle, conjugate to γ in H3, so the positive semidefinite matrix (τ(sis
−1
j )) has unit

diagonal and every off-diagonal entry f . Hence 1 + (N − 1)f ≥ 0 for every N , and f ≥ 0;
also f ≤ 1. The Choi matrices of two channels differ by a traceless Hermitian matrix, whose
operator norm is at most half its trace norm, which gives the Lipschitz bound. The regular
trace has τ(γ) = 0.

(c) An exact factor in KH gives, by the argument of (a) without an ultraproduct, a
unitary representation of H3 on a finite-dimensional space. It kills the finitary alternating
group [22, Remark 2.2], which contains γ, so f = 1, and f = 1 on the closure by continuity.
Conversely, if f(Φτ ) = 1, then ∥πτ (γ) − 1∥2

2 = 2 − 2f = 0, so πτ kills the normal closure of γ,
which is the finitary alternating group [22, Lemma 2.4]. The quotient H̄3 of H3 by that group
has a central subgroup of index four, generated by the parity element and the squares of the
two translations [22, Propositions 2.3 and 2.5]. The extreme points of the weak∗-compact
convex set of tracial states of H̄3 are those whose GNS representation generates a factor [19].
In such a representation the central subgroup acts by scalars, so the factor is spanned by
the images of four coset representatives and is M1 or M2: the extreme tracial states are
normalized characters of representations of dimension at most two. By the Krein–Milman
theorem the moment matrix of τ lies in the closed convex hull of the moment matrices of
such representations. These form a compact set in a real affine space of dimension 262 = 676,
so by Carathéodory’s theorem the moment matrix is a convex combination of at most 677 of
them. Inflate the one-dimensional ones to dimension two and round the weights to multiples
of 1/N with total error at most 677/N . The resulting representation on C2N gives an exact
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factor within dJ ≤ 677/(2N) of Φτ . Theorem 6.3 gives the services; if the Choi rank is one,
the channel is unitary and needs no memory.

(d) Take a service as in (d); below, tn and hn are as in Theorem 5.2 with B = A log(n+1),
and L, bd and cP are the constants of Section 9 for Johnson’s presentation, with d = 104.
Theorem 5.2, which holds for any target channel, yields Θ ∈ F2Q with d⋄(Θ,Ψ) ≤ u =
ϵ/(1 − ϵ) + 104hn and leakage at most v = tn + hn outside the support of J (Ψ), hence
outside SH . By Remark 10.2, Theorem 9.2(b) with target Ψ gives a direct-sum unitary
assignment of Johnson’s presentation with blocks of dimension at most 2Q, relator defect at
most 2Lbd

√
v, and all moments within z = 4u+ 4dcP

√
v of those of Ψ. Reading the entry

of γ against e gives Re τ(ϕ(γ)) ≤ f + z, so ∥ϕ(γ) − I∥2
2 ≥ 2(1 − f − z). Since ϵ ≤ (1 − f)/9,

4ϵ/(1−ϵ) ≤ (1−f)/2, and for n ≥ n0 the displacement of γ is at least ∆ = ((1−f)/2)1/2. The
proof of Theorem 9.2(d), which moves every moment by at most η and every squared relator
defect by at most 4η, converts the assignment into one matrix algebra at a cost of O(logn)
in log-dimension, and Proposition 4.9 at margin ∆ gives Q ≥ c′ (2Lbd

√
v)−2βH − O(logn).

Since v = O(
√

logn/n), this is the claim.

Fermionic traces. For a finitary permutation g let τF (g) = det((I + Pg)/2) (on finitary
permutations this is the Thoma character with parameters α1 = β1 = 1

2 [56]), with Pg the
permutation matrix of g on any finite set containing its support, and let τF (g) = 0 for the
other elements of H3. On finitary permutations τF is the normalized trace of the action on the
fermionic Fock space of the sites, with one fermionic mode per site; this is the quantization
used in the unitary models of [22, Section 6.2]. It is positive definite and invariant under
conjugation by all permutations. The finitary subgroup is normal in H3, and extending by
zero a positive definite function on a subgroup gives a positive definite function, the diagonal
coefficient of the induced representation; with the conjugation invariance, the extension is a
tracial state of H3. So is its power τk

F , which corresponds to k independent modes per site,
and τk

F (γ) = 4−k because det((I + σ)/2) = 1
4 for a three-cycle σ. By Theorem 10.3(d) every

Φτk
F

is expensive. Already k = 1 gives an expensive channel; the regular trace, the limit as
k → ∞, is not needed. The verification files compute their moment matrices in exact rational
arithmetic: they have full rank 26, and numerically dJ(ΦτF ,ΦH) ≈ 0.0944.

10.3 Other gadgets and physical reservoirs

Remark 10.4 (A gadget of a non-residually-finite group with small memory). Let P present
BS(2, 3) = ⟨a, t | ta2t−1 = a3⟩ with an extra generator j and relator j−1w, where w =
[tat−1, a], so that the gadget reads the moment of w, and let ΦBS be its gadget channel.
The element w is nontrivial and dies in every finite quotient, and finite-dimensional unitary
representations of BS(2, 3) have residually finite images [45], so they send j to I. As in
Theorem 10.3(c), an exact finite factorization of ΦBS would give such a representation with
normalized trace of j equal to the regular moment 0; so ΦBS is not an exact factor. It
is nevertheless cheap. Every chunk of BS(2, 3) has sofic profile O(r): Cornulier asserted
this [18, Proposition 3.17], with a proof that used his Theorem 3.15, which fails as stated [22,
Section 7], and it is proved directly in [22, Theorem 8.3(a)]. A permutation model at accuracy
1/r is a unitary assignment with relator defect O(r−1/2) and moments within O(1/r) of the
regular ones. So hP(e, 1

2) = O(e−2), Theorem 9.2(e) gives logDJ
ΦBS

(δ) = O(log2(1/δ)), and
Theorem 6.3 gives services at the rank rate with Q = O(log2(n/ϵ)). The lower bound for ΦH

comes from the approximately commuting displaced copies of S3 behind Proposition 4.8, not
from the failure of exact finite models.
Remark 10.5 (Physical reservoirs). A finite system coupled for a fixed time to a lattice reservoir
that starts in its tracial (infinite-temperature) state, with bounded local dimension and
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uniformly bounded finite-range interactions, gives a cheap channel: a Lieb–Robinson bound [43,
10] truncates the reservoir to a ball of radius O(log(1/δ)) at Choi error δ, so logDJ(δ) =
O(logν(1/δ)) in lattice dimension ν, and Theorem 6.3 gives memory O(logmax{2,ν}(2n/ϵ)) at
the rank rate. Without the tracial initial state the channel can leave Kd altogether: a reservoir
in a pure state can reset the system, which costs purity linear in n (Theorem 3.2). On the
other hand, the group von Neumann algebra of the amenable group H3 is hyperfinite [17]
and embeds trace-preservingly in the hyperfinite II1 factor R, so Uλ = e−iK for a bounded
self-adjoint K ∈ M104 ⊗R: a bounded Hamiltonian generates ΦH exactly. It cannot be local:
by the first part of this remark and Theorem 5.7, no reservoir of that kind, run for a fixed
time, generates ΦH .

11 Accuracy scales and open problems
The principal unresolved issue is the gap between the accuracy scales read by the lower and
upper bounds. Appendix K gives the full-Choi-rank improvement and a support-leakage
example; neither is a universal square-root accumulation rule for arbitrary adaptive uses.

(1) The exponent for ΦH . At fixed error and logarithmic purity the least memory lies
between c(n/ logn)βH , at every exchange, and O(n1/3 log4/3 n), at the optimal exchange
(Corollary 6.7). The lower bound is read from the one-round profile, and by Proposi-
tion 4.14 that profile cannot certify more than order n1/3 at a fixed error; so a one-round
bound with the static exponent 1

3 , that is logDent
ΦH

(u0, v) ≥ v−1/3+o(1) for some fixed
u0 > 0, would give memory n1/3±o(1). Arguments that use more of the extracted round,
or several rounds, are not limited in this way. The present exponent βH comes from the
uniform-area transport and sector argument used here, whose exponent is capped at 1

5
in 1/v (that is, 2

5 in the inverse relator defect) because the area is at least quadratic [22];
the smoothed models spread a defect in a way that has no analogue in our permutation
models, and a lower bound of exponent 1

3 has to see this spreading. For the other
channels of the Houghton face with f < 1, Theorem 10.3(d) gives the exponent βH/2;
does βH hold for them as well?

(2) The scale mismatch. For a gadget channel, Theorem 9.3 reads the group at relator
defect of order (logn/n)1/4 below and (n logn)−1/2 above. For presentations whose
profile log hP(e, z) is a power of 1/e this fixes the memory exponent up to a factor of 2.
The loss is partly on the channel side (two square roots in the extraction) and partly
in the service (the accuracy the compiler needs). The weighted route of Section 5.3
reads the defect at order n−1/2 for ΦH , through a weighted rather than a tracial profile,
and [21] extends it to every group gadget; is there a service that reads hP at defect of
order n−1/4? More generally: does one profile, at one accuracy scale, determine the
memory of every channel in Kd at logarithmic purity?

(3) A modulus for κ. On Kd, κ vanishes, and its growth away from any fixed full-Choi-rank
member is bounded linearly by distance (Proposition F.1(d)). It can jump at rank-
deficient members, but the examples of Proposition F.2 are not generally factorizable.
Is there, on the generally factorizable channels on Md, a function fd with fd(δ) → 0 as
δ → 0 and κ ≤ fd(∆J)? And outside Kd, how do memory and purity trade?

(4) An explicit Slofstra channel. Theorem H.1 applies to a channel whose dimension is
not known, because Slofstra’s presentation is produced by an embedding theorem. An
explicit presentation with a steep profile would give an explicit channel. Which branch
of Theorem H.1 holds is open; a proof of branch (ii) would show that Slofstra’s group is
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not hyperlinear. For any finitely presented nonhyperlinear group, a further question
would be whether a finite gadget channel, after suitable Tietze moves, must lie outside
Kd; nonhyperlinearity alone does not identify such a gadget.

(5) The logarithmic end. Flat exact factors need only O(log(n/ϵ)) memory at their optimal
rate (Theorem 8.6), and some need O(1) (Proposition 8.4). Does some flat exact factor
need Ω(logn) at its optimal rate? Is 1

2 log r the least rate with bounded memory for
every exact factor?

(6) Exact service. At zero error Theorem C.1(c) requires exchange rate 1
2 log r with sublinear

memory, and Propositions 8.3 and 8.4 attain it with constant memory. Is 1
2 log r attained

at zero error by every exact factor, and with how much memory?

(7) Characterizing expensive channels. On the Houghton face the expensive channels are
exactly those outside the closure of the exact factors lying in the face (Theorem 10.3).
Is every expensive channel outside the closure of the exact factors lying in its minimal
face of Kd? The converse fails: by the argument of Theorem 10.3(c), the moment of j
separates ΦBS from the exact factors of its face, yet ΦBS is cheap (Remark 10.4).

(8) Physical reservoirs. Channels generated in a fixed time by a local reservoir in its
tracial state are cheap (Remark 10.5). Can the channels Φt generated in time t by
a time-independent, translation-invariant local reservoir in its tracial state have an
expensive limit point as t → ∞?

Use of AI
This work was carried out with extensive use of generative AI systems. They proposed
constructions and proof strategies, wrote and checked proofs, carried out computations,
searched the literature, wrote the verification code, and drafted and edited the text. The
authors directed the research, assessed and selected the results, and take full responsibility
for the content. The proofs are given in full in the text; repeated adversarial checking and
the accompanying programs support them but do not replace them. The verification notes
state which statements are checked by machine. They do not claim a formal verification of
the full paper.
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A The rolling-reservoir proof
The proof has three tasks. First, a reflected-cost tail bound selects analytical histories
uniformly over observers. Second, each collision mixer controls the Gram matrix of all
children, including first exits, while each export mixer controls the weighted spectator
marginal. Third, a first-exit comparison converts these two invariants to complete adaptive
error. The histories, weights and deletions below are proof objects, not registers or operations
of the device.

D,S,M active-bath, spectator and frame-column dimensions
Ft, F

w
t surviving-history frame and its weighted version

g(F ), α(F ) Gram norm and spectator-marginal norm
zt, b reflected cost and its exit threshold
δ = ϵ/8 total allowed Gram deviation

A.1 A concentration inequality for rectangular frames

The trace-exponential argument belongs to the semigroup approach to matrix concentration;
see Huang and Tropp [33]. We give the proof because the partial-trace variance proxy below,
without a spectator-dimension factor, is needed in the reservoir induction.

Lemma A.1. Let F : CM → CD ⊗ CS, R = FF ∗, g = ∥F ∗F∥ and α = ∥ TrCD R∥. For
Hermitian A on CD and Haar-random V ∈ U(D) put Z = F ∗((V ∗AV ) ⊗ I

)
F − τD(A)F ∗F .

If αg∥A∥2 > 0, then for every t > 0,

Pr{∥Z∥ ≥ t} ≤ 2M exp
[

− Dt2

4αg∥A∥2

]
.

If αg∥A∥2 = 0, then Z = 0 and the probability is zero for every t > 0.

Proof. Let (Ta) be a Hermitian orthonormal basis of MD for the Hilbert–Schmidt inner
product, so that

∑
a TaXTa = Tr(X)I and

∑
a T

2
a = DI. Differentiate along V 7→ V eitTa .

For X = V ∗AV ,
∑

a[Ta, [Ta, X]] = 2DX − 2 Tr(X)I, so the Laplacian satisfies LZ = −2DZ.
With Ya = i[Ta, X] ⊗ I, the inequality (P −P ′)R(P −P ′)∗ ≤ 2PRP ∗ + 2P ′RP ′∗, the identity∑

a(Ta ⊗ I)R(Ta ⊗ I) = I ⊗ TrD R and the bound

TrD[(X ⊗ I)R(X ⊗ I)] ≤ ∥X∥2 TrD R

give
∑

a YaRY
∗

a ≤ 4α∥A∥2I. To check the displayed inequality, test on any spectator vector v
and put Rv = (I⊗⟨v|)R(I⊗|v⟩) ≥ 0: then Tr(XRvX) = Tr(RvX

2) ≤ ∥X∥2 TrRv. In particu-
lar there is no loss in spectator dimension, and

∑
a(∂aZ)2 ≤ 4α∥A∥2F ∗F . Let f(θ) = ETr eθZ .

Integration by parts with LZ = −2DZ and the formula ∂ae
θZ = θ

∫ 1
0 e

uθZ(∂aZ)e(1−u)θZdu
give

f ′(θ) = θ

2D E
∑

a

∫ 1

0
Tr
[
(∂aZ)euθZ(∂aZ)e(1−u)θZ]du ≤ θ

2D ETr
[∑

a

(∂aZ)2eθZ
]
,

using
∫ 1

0 e
ua+(1−u)bdu ≤ (ea + eb)/2 in an eigenbasis of Z. Hence f ′ ≤ (2θαg∥A∥2/D)f ,

f(θ) ≤ Meθ2αg∥A∥2/D, and the exponential Markov inequality for ±Z gives the bound.

A.2 A Rényi basis

Fix the unitary U on Cd ⊗ Cm of Theorem 6.1 and let r be the Choi rank of Φ. If r = 1 the
channel is unitary and needs no bath, so assume r ≥ 2.
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Lemma A.2. For every 0 < a ≤ 1/2 there are minimal Kraus operators K1, . . . ,Kr of Φ,
matrices B1, . . . , Br ∈ Mm with U =

∑
iKi ⊗Bi and τm(B∗

i Bj) = δij, and a probability vector
q with all qi > 0, such that∑

i

qiB
∗
i Bi = Im,

∑
i

q−a
i K∗

i Ki ≤ 2aH(Φ)+2ra2
Id. (10)

Proof. Expand U =
∑

pEp ⊗ Cp over a τm-orthonormal basis (Cp) of Mm; then (Ep) is a
Kraus family of Φ, so Ep =

∑
i upiKi for minimal Kraus operators Ki and a matrix u with

u∗u = Ir. Hence U =
∑

iKi ⊗ Bi with Bi =
∑

p upiCp and τm(B∗
i Bj) = δij . The concave

function ω 7→ Trω1−a attains its maximum over the compact convex set of complementary
outputs Φc(ρ), whose entries are Tr(ρK∗

jKi), at some ρa; rotating the Ki by a unitary, and
the Bi by its conjugate, makes Φc(ρa) = diag(q). Every qi is positive: Φc(Id/d) is faithful
because the Ki are linearly independent, and mixing a weight t of it into ρa would gain
order t1−a in a missing direction while losing only order t elsewhere. Applying Tr(ρa ·) on
the first factor of U∗U =

∑
ij K

∗
i Kj ⊗ B∗

i Bj = I gives the first identity. For any input σ,
optimality gives Tr

(
q−a(Φc(σ) − diag(q))

)
≤ 0, that is

∑
i q

−a
i Tr(σK∗

i Ki) ≤
∑

i q
1−a
i . Finally

g(t) = log
∑

i q
1−t
i has g(0) = 0 and g′(0) = H(q) ≤ H(Φ), and for 0 ≤ t ≤ 1

2 , since∑
i q

1−t
i ≥ 1 and q1−t ≤ √

q, g′′(t) ≤ (ln 2)−1∑
i
√
qi(ln qi)2 ≤ 16r/(e2 ln 2) < 4r. Hence∑

i q
1−a
i ≤ 2aH(Φ)+2ra2 .

A.3 Cost of histories

Fix an observer and consider the ideal experiment with the Stinespring isometry ξ 7→∑
iKiξ ⊗ |i⟩. Measuring every environment in the basis (|i⟩) at the end yields a random

history y = (i1, . . . , in) with Pr(y) = ∥ψy∥2, where
∑

y ψy ⊗ |y⟩ is the observer’s final vector.
Since the environments are never touched, earlier measurement gives the same law, and
conditionally on the past Pr(it = i | past) = Tr(ρtK

∗
i Ki) for the conditional input ρt. With

ℓi = − log qi and H = H(Φ), (10) gives

E
[
2a(ℓit −H) ∣∣ past

]
= 2−aH

∑
i

q−a
i Tr(ρtK

∗
i Ki) ≤ 22ra2

. (11)

Put ν = H/2 + s, Jt = ⌊νt⌋, jt = Jt − Jt−1, x = log(128n/ϵ), a0 = min{1
2 ,
√

3x/(2rn)}
and b = 2 + min{2rx/s, 3x/a0 + 2rna0} (only the second term when s = 0). Use the basis of
Lemma A.2 with a = s/r if the first term attains the minimum and with a = a0 otherwise;
since r ≥ 2 and s ≤ 1, a ≤ 1

2 . Note b = O(d2 min{
√
nx, x/s}) when x < n. Define the

reflected cost z0 = 0, zt = max{0, zt−1 + ℓit − 2jt}. A history exits at the first t with zt > b.

Lemma A.3. For every observer, pexit := Pr(the history exits) ≤ ϵ2/(1282n).

Proof. zt > b forces an interval (u, t] with
∑

u<k≤t(ℓik
− 2jk) > b, and 2

∑
u<k≤t jk ≥

2ν(t− u) − 2, so
∑

u<k≤t(ℓik
−H − 2s) > b− 2. If b− 2 = 3x/a0 + 2rna0, iterating (11) and

Markov’s inequality bound the probability for one interval by 2−a0(b−2)+2ra2
0(t−u) ≤ 2−3x, and

a union over at most n2 intervals gives pexit ≤ n22−3x ≤ ϵ2/(1282n). If b− 2 = 2rx/s, then
with a = s/r we have 2ra2 − 2as = 0, so for each start u the process 2a

∑
u<k≤t

(ℓik
−H−2s)

is a supermartingale by (11); Ville’s maximal inequality and a union over n starts give
pexit ≤ n2−a(b−2) = n2−2x = ϵ2/(1282n).

A.4 Frames, mixing and export

A frame is a linear map F : CM → CD ⊗ CS ; its columns will be the bath-and-spectator
vectors attached to histories, CD the active bath and CS the spectators (the purifier of the
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initial bath, exported registers and purifiers of imports). Write R = FF ∗, g(F ) = ∥F ∗F∥
and α(F ) = ∥TrCDR∥.

Lemma A.4 (Export). Let CD = CD/e ⊗ Ce. There is a unitary W on CD such that the
frame F ′ obtained by applying W , exporting the factor Ce and importing a flat e-dimensional
register purified by a spectator satisfies F ′∗F ′ = F ∗F and, for every η > 0,

α(F ′) ≤ α

e2 + 4

√
αg ln(8Se2)

D
≤ (1 + η) α

e2 + 4e2g ln(8Se2)
ηD

.

Moreover a Haar-random W has this property with probability at least 1/2.

Proof. Gram preservation is clear. Tracing the retained bath gives YW ⊗ I/e with YW =
TrCD/e [(W ⊗ I)R(W ∗ ⊗ I)], so α(F ′) = ∥YW ∥/e, and EYW = (Ie/e) ⊗ TrCDR. Define
F̂ : CS → CD ⊗CM by F̂(q,y),σ = F(q,σ),y. A direct index computation gives TrCD [(X⊗I)R] =
F̂ ∗(XT ⊗ I)F̂ for every X on CD, together with F̂ ∗F̂ = TrCDR and TrCD(F̂ F̂ ∗) = F ∗F ,
so the product αg is the same for F̂ . The (k, l) block of YW is TrCD [(Xkl ⊗ I)R] with
XT

kl = W
∗(I ⊗ |k⟩⟨l|)W , and W is Haar distributed. Apply Lemma A.1 to F̂ and to the

Hermitian parts of I ⊗ |k⟩⟨l| (norm at most one) at level z = 2
√
αg ln(8Se2)/D: the 2e2

failure probabilities add up to at most 1/2. Then each block deviates from its mean by at
most 2z, the block matrix by at most 2ez, and ∥YW ∥ ≤ α/e + 2ez. The last inequality is
2
√
uv ≤ u+ v.

A.5 The construction

Put δ = ϵ/8, h = ⌈H/2 + 1⌉, Emax = 2h and et = 2jt ≤ Emax. The active bath has dimension
D, divisible by mEmax, and contains Cm as a tensor factor; it starts in the flat state. Call t
consists of a bath-only unitary W (1)

t , the unitary U on the input and the factor Cm, release
of the output, a bath-only unitary W (2)

t , and export of jt qubits of the bath replaced by flat
qubits. The unitaries are chosen once, before any observer, as follows.

For a history y let vy be its bath-and-spectator vector, v∅ the purified flat bath, and
v(y,i) = (BiW

(1)
t ⊗ I)vy followed by the fixed operations W (2)

t and the exchange. A history
survives to time t if it has not exited; survival depends only on the labels. Let Ft be
the frame of surviving histories at time t and Fw

t = Ft diag(w1/2
y ) its weighted version,

wy = 2−zt(y) ∈ [2−b, 1]. Let

LD = ln(8DE2(n+1)
max ), AD = 3(1 + 8E2

maxn
2LD), Lc = ln(8rn+2),

and assume
D2 ≥ 32m2r2n2 2bADLc/δ

2. (12)

Lemma A.5 (Induction). The unitaries can be chosen so that for every t ≤ n: the Gram
matrix of Ft is within tδ/n of the identity in operator norm, and α(Fw

t ) ≤ AD/D. The Gram
matrix of the children of surviving histories at time t, including those that exit at t, is also
within tδ/n of the identity.

Proof. At t = 0 the frame is one unit vector and α = 1/D. Suppose the claims at t− 1. Since
w ≥ 2−b, Ft−1F

∗
t−1 ≤ 2bFw

t−1F
w∗
t−1, so α(Ft−1) ≤ 2bAD/D, and g(Ft−1) ≤ 2.

Children. The (i, j) block of the children’s Gram matrix is F ∗
t−1((W ∗(B∗

i Bj⊗I)W )⊗I)Ft−1

with W = W
(1)
t , whose Haar mean is τm(B∗

i Bj)F ∗
t−1Ft−1 = δijF

∗
t−1Ft−1. The Hermi-

tian parts of B∗
i Bj have norm at most maxi ∥Bi∥2 ≤ m. Lemma A.1 at level δ/(2rn),

with at most rn columns, and a union over 2r2 events fail with probability at most
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4rn+2 exp[−D2δ2/(32m2r2n22bAD)] ≤ 1/2 by (12). Then each block deviates by at most
δ/(rn) and the r × r block matrix by at most δ/n. Restriction to survivors does not increase
this.

Weighted marginal. The weights satisfy w(y,i) = min{1, e2
t qiwy}. Hence, using (10) and

cyclicity of the partial trace over the bath, the weighted marginal right after the collision is at
most e2

t

∑
i qiTrCD [((W ∗B∗

i BiW )⊗ I)Rw
t−1] = e2

t TrCDRw
t−1; bath-only unitaries do not change

it and omitting exited histories only decreases it. Lemma A.4 with W = W
(2)
t , η = 1/n,

g ≤ 2 and Se2
t ≤ DE

2(n+1)
max gives α(Fw

t ) ≤ (1 + 1/n)α(Fw
t−1) + 8E2

maxnLD/D. Unrolling from
1/D with (1 + 1/n)n < 3 gives AD/D. Export and import preserve all Gram matrices.

Proof of Theorem 6.1. Error. Purify the observer. By induction over rounds the actual final
vector is

∑
y ψy ⊗ vy and the ideal one is

∑
y ψy ⊗ |y⟩ with the same observer vectors ψy,

because the device acts only on bath and spectators and the observer only on its own registers.
At a first exit at time t remove the vector

∑
c ψc ⊗ vc over the exiting children; its squared

norm is Tr(ΨGT ) ≤ ∥G∥
∑

c ∥ψc∥2 ≤ (1 + δ)pt, where Ψ and G are the Gram matrices of the
ψc and of the vc, and pt is the ideal exit probability at t. All later operations are isometries
in the proof dilation, so by Cauchy–Schwarz the removals cost at most

√
(1 + δ)npexit. On

the final survivors the Gram matrix G is within δ of I; writing v = uG1/2 with orthonormal
uy, replacing vy by uy costs at most ∥G1/2 − I∥ ≤ δ. Map |y⟩ 7→ uy by an isometry, extended
on omitted labels into a larger comparison space; the omitted ideal vector has norm √

pexit.
Hence the vector error is at most δ + 3√

npexit ≤ 19ϵ/128 by Lemma A.3, and tracing the
inaccessible registers does not increase the trace distance.

Registers. If x < n, take q ≥ h+ ⌈log(4m/ϵ)⌉ qubits, L = ⌊2q−h/m⌋ and D = mLEmax,
increasing q until (12) holds; the active bath is an mL-dimensional subspace of the first
q − h qubits tensored with the last h qubits, which serve as the export port. All operations
preserve this sector, and the flat state of q qubits has weight less than mEmax/2q ≤ ϵ/4
outside it, which costs at most ϵ/4 once. Taking logarithms in (12), where logAD and logLc

are O(logn + log d + log logD), one can take q ≤ logm + log(2 + logm) + b/2 + Od(x);
moreover b = O(d2 min{

√
nx, x/s}) and x ≤ min{

√
nx, x/s} in this branch, and h, Emax and

r are bounded in terms of d. Prescribe the selected round-dependent unitaries directly, as
Definition 2.3 permits. Omit the final bath-only replacement from the physical device; the
frame argument may keep it as a comparison isometry without changing the observer’s state.
No retained clock is needed, so Q = q, P = C = 0, J ≤ Jn ≤ n(H/2 + s), and the error is
below 51ϵ/128. A pure clock of ⌈log(n+ 1)⌉ qubits is an optional implementation with the
looser stated bills. If x ≥ n, use n untouched m-dimensional baths, one per round, encoded
in ⌈n logm⌉ qubits prepared uniformly on an mn-dimensional subspace; this is exact with
J = C = 0, Q = OΦ(n) and an extra initial deficit below one.

For the rolling branch, the complete error ledger is

contribution bound
ideal first-exit probability pexit ≤ ϵ2/(1282n)
real and ideal deleted vectors

√
(1 + δ)npexit + √

pexit ≤ 3ϵ/128
surviving-frame replacement δ = 16ϵ/128
initial padding sector ϵ/4 = 32ϵ/128
complete half trace distance 51ϵ/128 < ϵ

The first two vector comparisons precede partial trace; padding is a convex-mixture comparison
and is charged only once.

The dimension choice can be implemented without floating-point acceptance tests. Given
integers B ≥ b and h as above, start with the stated lower bound on q and form D =
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m2h⌊2q−h/m⌋. In (12), replace 2b by 2B, LD by 3 + bits(D) + 2(n+ 1)h and Lc by 3 + (n+
2) bits(r), where bits(k) = 1 + ⌊log k⌋ for k ≥ 1. These are upper bounds since ln 2 < 1.
Increase q until the resulting rational inequality holds, clearing the denominator of δ2. This
terminates because its left side grows exponentially in q and its right side only linearly. The
accompanying reservoir_dimension.py implements this sufficient test for rational ϵ; it
selects a dimension, not the existence-certified mixers.

B A one-round bound for memory states that are not flat
In this section ∥ · ∥F is the unnormalized Hilbert–Schmidt norm, ρ is a state on CM and
ξ = √

ρ, so ∥ξ∥F = 1. For operators W on CM put

Eρ(W ) = ∥(W − I)ξ∥F , χρ(W ) = ∥Wξ − ξW∥F .

For unitaries u, v one has Eρ(uv) ≤ Eρ(u) + Eρ(v), Eρ(u−1) = Eρ(u), Eρ(uWu−1) ≤
Eρ(W )+2χρ(u) for ∥W∥op ≤ 1, χρ(uv) ≤ χρ(u)+χρ(v), and ∥Fvξ∥F ≤ ∥Fξ∥F +∥F∥opχρ(v).

B.1 A weighted sector bound

Theorem B.1 (Weighted sector bound). Let ci, xi, 1 ≤ i ≤ N , be unitaries on CM with
c3

i = x2
i = I and xicixi = c−1

i , and no condition relating xi and xj. Put f(g) = cg1
1 · · · cgN

N for
g ∈ ZN

3 , ∆i = ∥(ci − I)ξ∥F , θi = χρ(ci), ηi = χρ(xi), and, for uniform g,

A2
i = Eg∥(f(g + ei) − f(g)ci)ξ∥2

F , B2
i = Eg∥(xif(g(i)) − f(g)xi)ξ∥2

F .

Then

S(ρ) ≥
N∑

i=1

[1
3
(
∆i − 4√

3

(∑
j>i

θ2
j

)1/2)2

+
− (Bi + ηi)2

2 ln 2 −G
(
(Ai + θi)2)],

with G as in Theorem 4.7, and

A2
i ≤ 16

3
∑
j>i

∥(cicj − cjci)ξ∥2
F + 8

∑
j>i

θ2
j , B2

i ≤ 16
3
∑
j ̸=i

∥(xicj − cjxi)ξ∥2
F + 8

∑
j

θ2
j .

Proof. Row sums. For order-three unitaries Lj on a Hilbert space, the averages Pj =
1
3(I + Lj + L2

j ) are orthogonal projections with ∥(I − Pj)w∥2 = 1
3∥Ljw − w∥2, so Lemma 4.5

gives E∥Lgm
m · · ·Lg1

1 w − w∥2 ≤ 4
3
∑

j ∥Ljw − w∥2 for independent uniform exponents. We use
it in the ordinary Hilbert–Schmidt space. For Ai, with B = c

gi+1
i+1 · · · cgN

N ,

B∗ciBξ − ciξ =
(
B∗(ciξ)B − ciξ

)
+B∗ci(Bξ − ξB).

Apply the inequality to the vectors ciξ and ξ under conjugation by the cj , j > i; since
∥c−1

j ciξcj − ciξ∥F ≤ ∥(cicj − cjci)ξ∥F +θj , the bound for A2
i follows from (u+v)2 ≤ 2u2 +2v2.

For Bi use the order-three maps Z 7→ c−1
j Zcj for j ̸= i and Z 7→ c−1

i Zc−1
i ; their ordered

product applied to xi is f(g)∗xif(g(i)), and the relation xicixi = c−1
i makes the local error at

j = i at most θi.
Twirls. Let V w = 3−N/2∑

g f(g)w ⊗ |g⟩ and σ = V ρV ∗, so S(σ) = S(ρ), and let Si

shift the i-th coordinate so that ∥(SiV − V ci)ξ∥F = Ai. The three states Sk
i σS

−k
i have

purifications Sk
i V ξc

−k
i , and the order-three map Z 7→ SiZc

−1
i moves the base purification by

at most si = Ai + θi. So the uniform mixture of the three purifications has rank at most
three and largest eigenvalue at least 1 − 2

3s
2
i , and entropy at most G(s2

i ). By monotonicity of
the Holevo quantity under partial trace, a consequence of strong subadditivity [44], the twirl
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Ti by the powers of Si raises the entropy by at most G(s2
i ); the twirls commute, and by data

processing for the Holevo quantity each twirl raises the entropy of the already twirled state
by no more than that of σ, so σ̄ = T1 · · · TNσ has S(σ̄) ≤ S(ρ) +

∑
iG(s2

i ).
Sectors. Let p be the distribution of the joint Fourier labels of the group register in

σ̄, with values in {0,+,−}N . The joint eigenspaces of the shifts are one-dimensional in
the group register, so S(σ̄) ≥ H(p). For each i, 3p{si ̸= 0} = EB∥(ci − I)Bξ∥2

F , and the
row-sum inequality applied to ξ gives p{si ̸= 0} ≥ 1

3(∆i − 4√
3(
∑

j>i θ
2
j )1/2)2

+. The unitary xi

together with negation of the i-th coordinate moves the purification by at most Bi + ηi, so∑
s(
√
p(s) −

√
p(s(i)))2 ≤ (Bi + ηi)2. As in the proof of Theorem 4.7, H(p) ≥

∑
iH(Si | S−i)

and h2(t) ≥ 1−(1−2
√
t(1 − t))/ ln 2 give H(p) ≥

∑
i[p{si ̸= 0}− 1

2 ln 2
∑

s(
√
p(s)−

√
p(s(i)))2],

which completes the proof.

Only row sums of squared commutators and of squared centrality defects enter, so the
exponent 1/(2p+ 1) of the argument of [22, Section 4] survives the weighting.

B.2 Charged transport and rounding

Lemma B.2 (Charged transport). Suppose unitaries ϕ(a), ϕ(b), ϕ(α) satisfy Eρ(ϕ(rj)) ≤ e
for all j and χρ(ϕ(s)) ≤ e for s ∈ {a, b, α}. If a null word w has area Aw, then Eρ(ϕ(w)) ≤
(25Aw + 2|w|)e.

Proof. Take a van Kampen diagram of area Aw, mark each face at a vertex where its boundary
reads a relator, and cut the disk, with each face punctured and its puncture joined to its
marked vertex, along a spanning tree of the one-skeleton rooted at the base point. This
writes w freely as a nested product of relators and conjugations. Keep this expression nested:
every tree edge contributes one conjugating pair around its whole subtree, not a separate
root-to-face path for each enclosed relator. Subadditivity of Eρ and the conjugation charge
2χρ therefore charge each tree edge at most 2e. There are at most 12Aw + |w| edges, and
each face costs at most e, which gives Awe+ 2(12Aw + |w|)e.

Lemma B.3 (Weighted S3 rounding). Suppose X,Y are unitaries with

Eρ(X2), Eρ(Y 2), Eρ((XY )3) ≤ δ, χρ(X), χρ(Y ) ≤ δ.

Then there are unitaries x, c with x2 = c3 = I and xcx = c−1 such that ∥(x − X)ξ∥F ≤ δ,
∥(c−XY )ξ∥F ≤ 29δ, χρ(x) ≤ 3δ and χρ(c) ≤ 56δ.

Proof. Round the spectra of X and Y to ±1 as in Lemma 4.6. Since |z − sgn Re z| ≤ |z2 − 1|
on the circle, the involutions x, y satisfy ∥(x − X)ξ∥F , ∥(y − Y )ξ∥F ≤ δ; the differences
are normal, so their left- and right-weighted norms agree, and χρ(x), χρ(y) ≤ 3δ. Then
w = xy has ∥(w −XY )ξ∥F ≤ 4δ and, telescoping the cubes and charging the centrality of
XY , Eρ(w3) ≤ 25δ. Rounding the spectrum of w to the cube roots of unity by a rule that
commutes with complex conjugation and sends −1 to 1 moves each point z by at most |z3 −1|
and preserves xwx = w∗; this gives c, and the bounds follow from the triangle inequality.

B.3 Extraction without tracialization

Lemma B.4 (Weighted extraction). Let Ψ, ρ, ℓ and a be as in Theorem 5.5, put u =
d⋄(Ψ,ΦH) ≤ 1/8, ν = ℓ + a and e = 217√

ν, and suppose e ≤ 1/20. There are unitaries
ϕ(a), ϕ(b), ϕ(α) on CM with Eρ(ϕ(rj)) ≤ e for all j, χρ(ϕ(s)) ≤ e for s ∈ {a, b, α}, and
Eρ(ϕ(γ)) ≥ 1.
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Proof. Let d = 104.
Entropy production controls centrality. Choose bath eigenbases with ρ = diag(λi) and

T (ρ) = diag(µj), both decreasing; changing the output bath basis does not change Ψ. Identify
the ordered output eigenvectors with the ordered input eigenvectors by a bath-only unitary,
and let U denote the unitary in these identified coordinates. Thus ξ = diag(

√
λi) acts on

either bath space; this does not assert T (ρ) = ρ, and the output eigenvalues remain µj . With
tji = 1

dTr(U∗
jiUji) for the d× d blocks of U , the matrix t is doubly stochastic and D(p∥q) = a

for pji = tjiλi and qji = tjiµj , as in Lemma 5.4. The bound Dnat(p∥q) ≥ 2(1 −
∑

ji
√
pjiqji)

gives
∑

ji tji(
√
λi − √

µj)2 ≤ a ln 2, and the rearrangement inequality gives
∑

i(
√
λi − √

µi)2

at most the same quantity. Hence ∥U(I ⊗ ξ) − (I ⊗ ξ)U∥F ≤ 2
√
da ln 2 =: h.

Column-local residuals. Write U =
∑

o,i |o⟩⟨i| ⊗ Aoi and put e0 =
√
dℓ and s = e0 + h.

Projecting the purification d−1/2∑
o,i |oi⟩ ⊗ |Aoiξ⟩ of J (Ψ) onto the span of the Kg gives

Aoi =
∑

g(Kg)oiXg + Roi with
∑

o,i ∥Roiξ∥2
F = dℓ. For each singleton diagonal position w,

including that of the identity, let Vw be a unitary polar extension of the diagonal block
Aw, a contraction on the same bath. All other blocks in its column are residuals. Since
(I − |Aw|)2 ≤ I − |Aw|2, column unitarity gives ∥(Vw −Aw)ξ∥F ≤ e0. For the corresponding
row, the direct sum of its off-diagonal blocks has right-weighted norm at most e0; moving ξ
to the left costs at most the global commutator norm h. Applying the same polar inequality
on the output side gives ∥ξ(Vw −Aw)∥F ≤ e0 + h. Each block of [U, I ⊗ ξ] has norm at most
h, and consequently

χρ(Vw) ≤ e0 + (e0 + h) + h = 2s.
Also ∥(Xg − Vw)ξ∥F ≤ 2e0 whenever w is the chosen anchor of g.

Triangles, including the product replacements. Put c = 1/
√

2. Each of the four blocks in
a triangle differs from its signed anchor cV by an operator F satisfying

∥Fξ∥F ≤ 3e0, ∥ξF∥F ≤ 3e0 + h+ 2s ≤ 5s, ∥F∥op ≤ 2.

The first estimate uses the slot residual and the anchor comparison; the second uses χρ(B) ≤ h
and χρ(V ) ≤ 2s. For two blocks B1, B2 with signed anchors c1V1, c2V2, |ci| = c, write

B∗
1B2 − c1c2V

∗
1 V2 = B∗

1F2 + F ∗
1 c2V2.

The first term has right-weighted norm at most 3s. The second has norm at most ∥ξF1∥F +
∥F1∥opχρ(V2) ≤ 5s+ 4s, even after dropping the factor c. Thus each internal product costs
at most 12s. Let C1, C2 be the two columns restricted to rows outside this triangle. Their
contribution obeys ∥C∗

1C2ξ∥F ≤ ∥C2ξ∥F ≤ e0, since ∥C1∥op ≤ 1 and the canonical gadget
vanishes there. The exact equation B∗

11B12 +B∗
21B22 + C∗

1C2 = 0 therefore gives

∥(V ∗
e Vy − V ∗

x Vz)ξ∥F ≤ 2(12s+ 12s+ e0) ≤ 50s.

Left multiplication by Vx and then V ∗
e proves the triangle estimate for ϕ(w) = V ∗

e Vw:
∥(ϕ(x)ϕ(y) − ϕ(z))ξ∥F ≤ 50s, with ϕ(e) = I and χρ(ϕ(w)) ≤ 4s ≤ 6s.

From symbols to words. An inverse triangle compares the assigned inverse symbol with
the adjoint of its generator at cost 50s. Let Dl be the right-weighted difference between a
length-l evaluated word and its prefix symbol (or I at the last relator step). Appending a
letter costs at most 50s for an inverse-symbol replacement, 50s for the prefix triangle, and
2χρ(ϕ(letter)) ≤ 12s to move a previous difference past the rightmost assigned symbol. Thus
D1 ≤ 50s and Dl ≤ Dl−1 + 112s. Every relator has length at most 12, so

Dl ≤ (50 + 11 · 112)s = 1282s < 1400s < 4000s.

The same estimate covers the length-four prefix for γ. The constants 12, 50, 4000 thus include
residual rows, inverse letters and all right-weight charges.
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Displacement. The word γ is a prefix of r2 and has a diagonal anchor. The maximally
entangled input on the anchors of the identity and of γ, together with τ(λ(γ)) = 0, gives
|Re Tr(ρA∗

eAγ)| ≤ 2u, and with the anchor bounds ∥(ϕ(γ) − I)ξ∥2
F ≥ 2 − 4u − 4e0 for the

prefix symbol. Finally 4000s ≤ 4000
√
d(1 + 2

√
ln 2)

√
ν ≤ 217√

ν = e. For the evaluated word
the displacement is at least

√
3/2 − e/1000 − e > 1 when e ≤ 1/20; here e0 ≤ s ≤ e/4000

and the symbol-to-word difference is at most e. This proves all claims.

Proof of Theorem 5.5. Amplification. Let ϕ be as in Lemma B.4, let N ≥ 2, put
A = max{N,A∗(3N)}, and suppose 108√

N Ae ≤ 1. With sj = ϕ(a)jϕ(α)ϕ(a)−j , ap-
ply Lemma B.3 to Xi = s3i and Yi = s3i+1, 0 ≤ i < N . All indices are at most 3N − 2, so the
squares and cubes in that lemma are conjugates of r1 and r2 with error at most (6N + 1)e,
and χρ(sj) ≤ 6Ne. Thus δ = 16Ne suffices. Put Zi = XiYi; rounding gives the explicit ledger

quantity ∥(xi −Xi)ξ∥F ∥(ci − Zi)ξ∥F χρ(xi) χρ(ci) χρ(Zi)
bound/(Ne) 16 464 48 896 12.

Since Zi is a conjugate of ϕ(γ), its displacement is at least 1 − 6Ne, and that of ci is at least
1 − 470Ne ≥ 1 − 476Ne. For different copies a raw group commutator has area at most A,
word length at most 24N , and the product of its two generators has centrality at most 12Ne.
Lemma B.2, followed by the right-weight charge converting the group commutator to an
additive one, gives

∥(sjsk − sksj)ξ∥F ≤ (25A+ 48N + 24N)e ≤ 97Ae ≤ 200Ae.

To exchange two products of two raw generators takes four swaps. In each swap the suffix has
at most two raw generators, costing at most 24Ne in addition to 200Ae. Hence the additive
commutators of Zi, Zj and of Xi, Zj are bounded by 896Ae and 448Ae, respectively. For
unitaries U, V, U0, V0, expanding both products with the raw operators on the right bounds
the change of their additive commutator by

2∥(U − U0)ξ∥F + 2∥(V − V0)ξ∥F + 2χρ(U0) + 2χρ(V0).

The ledger therefore bounds the rounded commutators by (896 + 1904)Ae = 2800Ae and
(448 + 996)Ae = 1444Ae, both below 20000Ae. Also χρ(ci), χρ(xi) ≤ 20000Ae.

Set b0 = 20000Ae. The hypothesis gives
√
Nb0 ≤ 1/5000. The row-sum estimates

of Theorem B.1 give Ai, Bi ≤
√

40/3
√
Nb0 < 4/5000 and θi, ηi ≤ 1/(5000

√
2). Thus

Ai + θi, Bi + ηi < 10−3, and the tail-centrality term is less than 10−3; also ∆i ≥ 1/2. For
p = 2/(3 ·106), G(10−6) = h2(p)+p ≤ p(log(1/p)+1/ ln 2+1) < 24p < 10−3. Since ln 2 > 1/2,
each sector summand is larger than (499/1000)2/3 − 10−6 − 10−3 > 1/16. Consequently
S(ρ) ≥ N/16.

Choice of N . With A∗(3N) ≤ 135(3N)log 107 (Theorem 4.3) and e = 217√
ν, the condition

reads KHN
log 107+1/2√

ν ≤ 1. Put X = (K2
Hν)−βH . If X ≥ 2, take N = ⌊X⌋: the condition

holds, it forces e ≤ 1/20, and S(ρ) ≥ ⌊X⌋/16 ≥ X/16 − 1/8. If X < 2 the bound is trivial. If
ν = 0 every N is allowed, which is impossible for a finite bath.

C Exact-factor converse and slack estimates
The rank tests below are finite-block spectral bounds. Their fluctuation terms are related to
the second-order hypothesis-testing estimates of [57, 40]; the proofs here keep the resource
and error constants explicit.
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Theorem C.1 (Strong exchange converse). Let ψ∗ purify an input maximizing S(Φc(ρ)),
let ω = (Φ ⊗ id)(ψ∗), and let V and µ4 be the variance and the fourth central moment of
− log λ when the eigenvalue λ of ω is drawn with probability λ. Every causal service of Φ for
n rounds with error ϵ < 1 satisfies:

(a) 2(Q+ J) ≥ nH(Φ) −
√

2V n/(1 − ϵ) − log 2
1−ϵ ;

(b) if V > 0, n ≥ µ4/V
2 and ϵ+ 2−

√
nV /16 < 1

64 , then 2(Q+ J) > nH(Φ) +
√
nV /16;

(c) if ϵ = 0, then 2(Q+ J) ≥ n log r, where r is the Choi rank of Φ.

For ΦH the spectrum of ω is flat on 26 levels, and every service has error at least 1 −
22(Q+J)/26n.

Proof. Use the input ψ⊗n
∗ . Purify the initial memory and the imports. The observer’s final

state ρ is a marginal of a pure state whose complement consists of the final memory, the
exported qubits and the purifiers, so rank ρ ≤ 2Q2J2Q2J . With Π the support projection
of ρ, the test {Π, I − Π} shows that the error is at least 1 − Tr(Πω⊗n). Let X = In − nH,
where In is the sum of n independent copies of − log λ, and σ =

√
nV . For any threshold a,

the eigenvalues of ω⊗n above 2−(nH+a) carry total weight Pr(X < a), and at most rank Π
eigenvalues below it enter the trace, so 1 − ϵ ≤ Pr(X < a) + 22(Q+J)−nH−a.

(a) If V = 0, the spectrum is flat and the support test gives 2(Q+ J) ≥ nH + log(1 − ϵ)
directly. Otherwise, with a = −c′√n, Chebyshev’s inequality gives Pr(X < a) ≤ V/c′2, and
c′ =

√
2V/(1 − ϵ) gives the bound.

(b) Here EX4 = nµ4 + 3n(n − 1)V 2 ≤ 4σ4, so Hölder’s inequality gives E|X| ≥
(EX2)3/2(EX4)−1/2 ≥ σ/2, hence EX+ ≥ σ/4. Since EX+ ≤ σ/8 + σPr(X ≥ σ/8)1/2,
we get Pr(X ≥ σ/8) ≥ 1/64. With a = σ/8, the assumption 2(Q+ J) ≤ nH + σ/16 would
give ϵ ≥ 1

64 − 2−σ/16.
(c) With maximally entangled inputs the ideal final state is J (Φ)⊗n, of rank rn, and the

actual final state again has rank at most 22(Q+J); zero error forces rn ≤ 22(Q+J).
For ΦH , Proposition 4.2 gives Φc

H(ρ∗) = I/26, so ω has 26 eigenvalues 1/26 and
Tr(Πω⊗n) ≤ rank Π/26n.

Theorem C.2 (A slack law). Let ω be as in Theorem C.1, with positive eigenvalues λ1, . . . , λr,
and suppose H = H(Φ) < log r. Put Zi = − log λi, V =

∑
i λi(Zi − H)2, R = maxi Zi −

mini Zi, a = (ln 2)V/2, A = (ln 2)R2/4, γ = min{1/(2R), a/(4A), 1/(2
√
A)}, c = aγ/2 and

x0 = max{2, 64R2/(aγ)2, 8 log(8/3)/(aγ), 64R2γ2}. Let a causal service of Φ for n rounds
have error ϵ.

(a) If J ≤ n(H/2 + σ) with 0 ≤ σ ≤ c/16, and x = min{log(1/ϵ), n/4} ≥ x0, then
Q ≥ min{c

√
nx/8, c2x/(64σ)}, the second term being absent when σ = 0.

(b) If ϵ ≤ 1/4 and J ≤ n(H/2 + s), then Q ≥ 3c
16

√
by − 2sb for every integer 1 ≤ N ≤ n

with b = ⌊n/N⌋ ≥ y = log(δ0N/(2ϵ)) ≥ x0, where δ0 = min{1
2 , c

√
x0/(8(2

√
2V + 2))}.

Consequently, for fixed 0 < η < 1 there are s1, n1 > 0 depending on Φ and η such that
Q ≥ (ηc2/1300) log(n/ϵ)/s whenever n ≥ n1, n−(1−η)/2 ≤ s ≤ s1 and log(1/ϵ) ≤ nη/3.

The rank r of ω is the Choi rank (the maximizing complementary output is faithful), so the
hypothesis says that ω is not flat. For an exact factor, Theorem 6.1 gives OΦ(min{

√
nx, x/s}+

logn) with x = log(128n/ϵ), so the two bounds agree up to constants at polynomially small
error and over the range of slack in (b). Only at fixed error and zero slack does a gap between√
n and

√
n logn remain.
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C.1 Block tests and a logarithmic lower bound

Lemma C.3 (Block rank). In a causal service of Φ, consider k consecutive rounds during
which j qubits are exported, and let an observer feed the input halves of fresh copies of a
fixed pure state ψ in these rounds, keeping the references. The block’s outputs and references
have rank at most 22(Q+j). The measurement onto their support is passed by the service with
certainty, leaves the joint state of the actual experiment unchanged, and is passed by k ideal
uses with probability at most the sum of the 22(Q+j) largest eigenvalues of ω⊗k, ω = (Φ⊗id)(ψ).
For maximally entangled ψ the ideal failure probability is therefore at least (rk − 22(Q+j))+λ

k,
with r and λ the rank and least nonzero eigenvalue of J (Φ).

Proof. Purify the memory state at the start of the block, of rank at most 2Q, and the j
qubits imported during the block. The block’s outputs and references, the final memory, the
j exported qubits and the purifiers are then in a pure state, so the outputs and references
have rank at most 2Q2j2Q2j . Let S be their support. The actual state passes {S, I − S}
with certainty, and since a state is supported on the support of a marginal tensored with the
rest, the measurement does not disturb it. The ideal state is ω⊗k, and a projection of rank
D captures at most its D largest eigenvalues; for maximally entangled ψ these are the rk

nonzero eigenvalues of J (Φ)⊗k, each at least λk.

Proof of Theorem 8.1. Feed fresh maximally entangled inputs in every round, and partition
the first k⌊n/k⌋ rounds into blocks of k = ⌈2(Q+ 1)/g⌉ rounds. Since the measurements of
Lemma C.3 do not disturb the actual experiment, the observer can compute each block’s
support from the public protocol and test every block. Call a block cheap if 2(Q + j) ≤
k log r − 2; its ideal failure probability is at least 3

4(rλ)k = 3
4 2−µk. A block that is not cheap

exports more than k
2 log r −Q− 1 ≥ k(1

2 log r − g
2) qubits, so with η = g/(log r − g) at most

(1 − η)n/k blocks are not cheap, and at least L ≥ ηn/k − 1 are cheap. The ideal tests are
independent and the actual ones all pass, so the error is at least 1 − exp(−3

4 2−µkL). Error ϵ
therefore forces

n ≤ k

η

(
1 + 4

3 ln 1
1 − ϵ

2µk
)
,

and taking logarithms with k ≤ 2(Q+ 1)/g + 1 gives the bound. For the second statement,
H(Φ) < log r forces λ < 1/r, since the complementary output of the maximally mixed
input has the nonzero spectrum of J (Φ) and hence entropy below log r; at a rate R with
H/2 < R < 1

2 log r apply the bound with g = 1
2 log r−R, and Theorem 6.1 with s = R−H/2

gives O(logn).

For biased dephasing (Remark 8.5) at J ≤ 7n/16, blocks of 16Q+ 16 rounds with light
blocks those exporting at most 7Q+7 qubits give n ≤ (16Q+16)(7Q+8)

(
1+ 4

3 ln 1
1−ϵ 216Q+16),

so Q ≥ 1
16 logn−Oϵ(log logn), while Theorem 6.1 at slack 7

16 − 1
2h2(1

4) ≈ 0.032 gives Oϵ(logn).

C.2 Windows and a slack law

Proof of Theorem C.2. The spectrum. The entropy-maximizing complementary output is
faithful: Φc(Id/d) is faithful, and mixing it into a singular maximizer would raise the entropy
at first order through a term −t log t. So ω has r positive eigenvalues, equal to those of that
output, and H < log r means V,R > 0. For δ ≥ 0 let Rδ(ρ) be the least rank of a projection
P with Tr(Pρ) ≥ 1 − δ; a projection of rank D captures at most the D largest eigenvalues,
even when it is not diagonal.

A spectral excess. For 0 ≤ u ≤ 1/(2R) let qu(i) ∝ λ1−u
i , µ(u) = EquZ and D(u) =∑

i qu(i) log(qu(i)/λi). Then µ′ = (ln 2)VarquZ and D′ = uµ′. Since qu(i)/λi ≥ 2−uR, the
pairwise form of the variance gives VarquZ ≥ 2−2uRV ≥ V/2, and VarquZ ≤ R2/4; so
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a ≤ µ′ ≤ A, µ(u) − H ≥ au and D(u) ≤ Au2/2. Let b be an integer, let x be real
with b ≥ x ≥ x0, and put u = γ

√
x/b. Under q⊗b

u the sum of b copies of Z lies within
R

√
b of bµ(u) with probability at least 3/4 by Chebyshev’s inequality, and on this band

λ⊗b ≥ q⊗b
u 2−bD(u)−uR

√
b. So the band has λ⊗b-mass w ≥ 3

42−x/4 ≥ 2 · 2−x, using Aγ2 ≤ 1
4 and

x ≥ 64R2γ2, and its eigenvalues are at most 2−bµ(u)+R
√

b. A projection capturing 1 − 2−x

of ω⊗b captures at least w/2 of the band, so logR2−x(ω⊗b) ≥ bµ(u) −R
√
b+ log(w/2). By

the choice of γ and x0 each of the losses R
√
b, (Aγ2/2)x, Rγ

√
x and log(8/3) is at most

(aγ/8)
√
bx, whence

logR2−x(ω⊗b) ≥ bH + c
√
bx (b ≥ x ≥ x0). (13)

(a) Put B = min{n, c2x/(64σ2)}, or B = n if σ = 0; the hypotheses give B ≥ 4x. Split
the rounds into N = ⌈n/B⌉ windows of nearly equal lengths bi; then bi ≥ B/4 ≥ x and
n/N ≤ B. The observer feeds the pure maximizer in every round. By Lemma C.3 the record
of window i has rank at most 22(Q+Ji), where Ji counts the exports inside the window and∑

i Ji ≤ J . Testing that window alone, the observer sees error at most ϵ ≤ 2−x, so the
support has rank at least R2−x(ω⊗bi), and (13) gives 2(Q + Ji) ≥ biH + c

√
bix. Summing,

2NQ + 2J ≥ nH + c
2N

√
Bx, and J ≤ n(H/2 + σ) gives Q ≥ c

4
√
Bx − σB ≥ c

8
√
Bx, since

σ
√
B ≤ c

8
√
x. The two values of B give the two terms.

(b) Split the rounds into N windows of lengths bi ∈ {b, b+ 1} and let Πi be the support
of the actual record of window i. A state is supported in the product of the supports
of its marginals, so the actual experiment passes

⊗
i Πi with certainty, while n ideal uses,

independent across windows, pass with probability
∏

i(1 −mi), mi = 1 − Tr(Πiω
⊗bi). Hence∑

imi ≤ − ln(1 − ϵ) ≤ 2ϵ ≤ 1
2 , and at most δ0N windows have mi > 2−y. On the others (13)

gives log rank Πi ≥ biH + c
√
by. On the rest mi ≤ 1

2 ; by Chebyshev three quarters of the
mass of ω⊗bi sits on eigenvalues at most 2−biH+2

√
biV , so log rank Πi ≥ biH − 2

√
2bV − 2.

With log rank Πi ≤ 2(Q + Ji), n ≤ 2Nb and δ0(2
√

2bV + 2) ≤ c
8
√
by, summing gives

2NQ ≥ 3cN
8

√
by − 2sn ≥ 3cN

8
√
by − 4sNb.

For the consequence put K = (3c/64)2, y1 = log(1/ϵ) + η
2 logn, b0 = ⌊Ky1/(4s2)⌋ and

N = ⌊n/b0⌋. Under the stated conditions, for n large and s1 small, b0 ≤ b ≤ 2b0, δ0N/2 ≥ nη/2

so that y ≥ y1, and b ≥ y ≥ x0. Then b ≤ Ky/(2s2), so 2sb ≤ 3c
32

√
by, and

√
by ≥√

K/8 y1/s with y1 ≥ η
2 log(n/ϵ); the bound of (b) becomes Q ≥ 3c

32
√
K/8 η

2 log(n/ϵ)/s ≥
(ηc2/1300) log(n/ϵ)/s.

D Static tracial and support profiles
Theorem D.1 (Static profile). The channel ΦH of Section 4 satisfies, for 0 < δ ≤ 1/2,

logDJ
ΦH

(δ) ≤ 55
δ

log 54
δ
,

and, for every δ > 0,

logDmix
ΦH

(δ) ≥ cH δ−βH − 1
16 , βH = 1

2 log 107 + 1 ≈ 1
14.48 .

Here cH = T−2βH
H /16 with TH = 750 · 135 · 3log 107 · 68

√
624 ≈ 2.832 · 1011; numerically

cH > 1.6 · 10−3, and the bound is nontrivial for δ < T−2
H ≈ 1.25 · 10−23. In particular ΦH lies

in the closure class but has no exact finite tracial factorization, nor an exact finite mixture of
them.
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Theorem D.2 (Support profile of ΦH). Let d = 104. For every v > 0,

logDΦH
(1/8, v) ≥ cH v−βH − 1

16 ,

and more precisely logDΦH
(1/8, v) ≥ 1

16⌊(T 2
Hv)−βH ⌋ for v ≤ T−2

H . No finite mixture of finite
tracial channels with zero support leakage lies within diamond distance 1/8 of ΦH . Conversely
logDΦH

(1/8, v) ≤ 8M + 8 + 2 logM with M = max{48, ⌈(0.3/v)1/3⌉} (Proposition 4.13), so
the exponent of the support profile lies between βH and 1/3; approximants by permutations,
as in Proposition E.3, give the exponent 1/2.

D.1 Extraction from a mixture

Lemma D.3 (Direct extraction). Let d = 104, and let Ψ ∈ Fm satisfy d⋄(Ψ,ΦH) ≤ 1/8
and ℓΦH

(Ψ) ≤ v ≤ (1442d)−1. Some component of Ψ, of bath dimension at most m, carries
unitaries Va, Vb, Vα that define an e-representation ϕ with e = 68

√
6d

√
v ≈ 1698.6

√
v and

∥ϕ(γ) − I∥2 ≥ 1/2.

Proof. Write Ψ =
∑

iwiΨi with factorization unitaries U (i) in d×d blocks of mi ×mi matrices,
and let vi = ℓΦH

(Ψi), so
∑

iwivi ≤ v. By Proposition 4.2, J (ΦH) = 1
d

∑
g |Kg⟩⟩⟨⟨Kg| with

disjointly supported Kg and
∑

g ∥Kg∥2
F = d.

Rounding the table, column by column. Fix a component, drop the index i, let W =∑
g Kg ⊗Ag be the orthogonal projection of U onto span{Kg} ⊗Mm, and put R = U −W .

Measuring each m×m block in its normalized norm, the squared norms of the blocks of R
sum to dvi. For each g choose a singleton diagonal position jg, whose column of Uλ contains
only the entry of Kg, and let δg be the squared norm of column jg of R; these columns are
distinct, so

∑
g δg ≤ dvi. The off-diagonal blocks of column jg of U belong to R, so column

unitarity gives τ(I − U∗
jgjg

Ujgjg ) ≤ δg − ∥Ujgjg −Ag∥2
2. A unitary polar extension Vg of Ujgjg

therefore satisfies ∥Ujgjg − Vg∥2
2 ≤ δg − ∥Ujgjg −Ag∥2

2, since (1 − σ)2 ≤ 1 − σ2 on [0, 1], and
by the Cauchy–Schwarz inequality ∥Ag − Vg∥2

2 ≤ 2δg. Replacing U by U(I ⊗ V ∗
e ) changes

neither the channel nor the leakage, so we may assume Ve = I.
Triangles. For a multiplication triangle t = (x, y, z) let r2

t be the squared norm of R in
the two system columns of its block. The two columns of U in that block are orthonormal
isometries, and the two columns of T̃ = 2−1/2

(
I Vy

Vx −Vz

)
are isometries with cross-Gram term

1
2(Vy − V ∗

x Vz). Comparing the two pairs of columns, with the Cauchy–Schwarz inequality for
the two column errors and the bound on ∥Ag − Vg∥2, gives

∥VxVy − Vz∥2 ≤ 2
√

2
(
rt +

√
δe + δx + δy + δz

)
,

with repeated labels counted with multiplicity. The triangle columns are disjoint from
the chosen singleton columns, and no label occurs more than twice in a triangle. Since
(r +

√
S)2 ≤ 3r2 + 3

2S and r2
t +

∑
g δg ≤ dvi, every triangle satisfies

∥VxVy − Vz∥2 ≤ 2
√

6dvi =: Ei.

Define ϕ on the generators by Va, Vb, Vα, with inverse letters evaluated as adjoints. A relator
is assembled from its prefix and inverse triangles, 1, 14, 17, 7, 8 of them for r1, . . . , r5, so its
defect is at most 17Ei.

Keeping the three-cycle displaced. Let p and q be the singleton diagonal positions of
α and of s1 = aαa−1, a prefix of r5. For the target, [ΦH(|p⟩⟨q|)]pq = τ(λ(α)λ(s1)∗) = 0
because αs1 = γ ≠ 1. The input (|p⟩|0⟩ + |q⟩|1⟩)/

√
2 with a qubit reference, and the
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bound |Xkl| ≤ 1
2∥X∥1 for traceless Hermitian X, give |

∑
iwiτ(U (i)

pp U
(i)∗
qq )| ≤ 1/4. Since

|τ(UppU
∗
qq) − τ(VαV

∗
s1)| ≤ 2

√
dvi and

∑
iwi

√
vi ≤

√
v,

∑
i

wi∥V (i)
α − V (i)

s1 ∥2
2 ≥ 3

2 − 4
√
dv.

Components with vi > 4v have total weight at most 1/4 and contribute at most 1, so some
component has vi ≤ 4v and ∥Vα − Vs1∥2

2 ≥ 2
3 − 16

3
√
dv ≥ 17

27 > (19
24)2. The prefix triangles

(a, α, aα) and (aα, a−1, s1) of r5 and one inverse triangle give ∥VaVαV
∗

a − Vs1∥2 ≤ 3Ei, and
the triangle of r1 gives ∥Vα − V ∗

α ∥2 ≤ Ei. For this component Ei ≤ 4
√

6dv ≤
√

6/36, so

∥ϕ(γ) − I∥2 = ∥VaVαV
∗

a − V ∗
α ∥2 ≥ 19

24 − 4Ei ≥ 19
24 − 5

18 >
1
2 ,

and its relator defects are at most 17Ei ≤ 68
√

6dv.

Leakage controls the relations of the recovered table, and constant diamond accuracy keeps
the three-cycle displaced. Neither suffices alone: the trivial one-dimensional representation of
H3 gives a unitary

∑
g Kg with zero leakage in which γ acts trivially.

Proof of the lower bounds in Theorems D.1 and D.2. Let Ψ ∈ Fm have d⋄(Ψ,ΦH) ≤ 1/8
and leakage at most v ≤ T−2

H , which is far below (1442d)−1, and put N = ⌊(T 2
Hv)−βH ⌋ ≥ 1.

Lemma D.3 gives an e-representation with e = 68
√

6d
√
v and ∥ϕ(γ) − I∥2 ≥ 1/2 on a

bath of dimension at most m. With A∗(3N) ≤ 135(3N)log 107 (Theorem 4.3) the condition
of Proposition 4.8 reads THN

1/(2βH)√v ≤ 1, which holds by the choice of N . Hence
logm ≥ N/16 ≥ cHv

−βH − 1/16. For v > T−2
H the right side is negative. With v = 0

every N is allowed, so no mixture with zero leakage lies within diamond distance 1/8. If
dJ(Ψ,ΦH) ≤ δ ≤ 1/(8d), the leakage is at most δ and d⋄(Ψ,ΦH) ≤ dδ ≤ 1/8 by (1), and
for larger δ the bound is negative; this gives the bound for Dmix. The upper bound in
Theorem D.2 is Proposition 4.13. (Propositions E.2 and 4.1 give the weaker bounds O(1/v)
and (55/v) log(54/v); the approximant of the latter at Choi accuracy v has leakage at most v
and diamond distance at most dv ≤ 1/8.)

E Additional finite models and services

E.1 A symmetry of H3 and exact translations in a box

Let π : H3 → Z2 be the quotient map with π(a) = (1, 0), π(b) = (0, 1), π(α) = 0. An element
g with π(g) = (u, v) is eventually a translation by (−u− v, u, v) on the three rays.

Let θ be the automorphism of H3 given by conjugation with the relabelling 1 → 2 → 3 → 1
of the rays. A direct check on the rays gives

a b α

θ a−1b a−1 a−2αa2

θ2 b−1 b−1a b−2αb2
(14)

and θ3 = id. Since θ permutes the translation vector (−u− v, u, v) cyclically, and its entries
sum to zero,

2∑
j=0

π
(
θj(g)

)
= 0 (g ∈ H3). (15)

Every entry label of Uλ has a word of length at most 12, each θj multiplies word length
by at most 5 by (14), and ∥π(θj(g))∥∞ ≤ 2 for every label: π(θ(g)) = (−u − v, u) and
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π(θ2(g)) = (v,−u− v) when π(g) = (u, v), and Table 3 lists the possible π(g). The θ-twisted
unitaries

U∞
j =

∑
g∈G

Kg ⊗ λ(θj(g)), j = 0, 1, 2,

arise from the same block construction with labels λ(θj(w)); their lower-right entries are
−λ(θj(x))λ(θj(y)) = −λ(θj(z)), and their tracial channel is ΦH because θj is injective.

Lemma E.1 (Exact translations in the box). Let FM be as in the proof of Proposition 4.1.
If f ∈ FM , s ∈ {a±1, b±1, α±1} and both π(f) and π(fs) lie in [0,M)2, then fs ∈ FM .
Consequently a word of length L is evaluated exactly, letter by letter inside FM , from every f
whose quotient position has distance at least L from the boundary of the box.

Proof. Write f = σ t(p) with t(p) = aubv. For a positive letter, fs = σ c(p, s) t(p+ π(s)), and
the cocycles c(p, a) = auςva

−u, c(p, b) = e and c(p, α) are permutations of (1, 1), . . . , (1, u+
v + 2), which lie in Ω when both positions are in the box. For an inverse letter, t(p)s−1 =
c(p− π(s), s)−1 t(p− π(s)). The property was also checked by machine for M = 2, 3.

The support profile asks only for constant diamond accuracy, and a coarser register suffices
for it.

Proposition E.2 (Coloring approximants). Let 0 < v ≤ 2−17, M = ⌈104/v⌉ and q = 220.
There is a finite tracial factorization of bath dimension at most M2q2M whose channel
is within half-diamond distance 1/8 of ΦH and has support leakage at most v. Hence
logDΦH

(1/8, v) ≤ 40M + 2 logM .

Proof. Split the 2M points of Ω into q classes of sizes k1, . . . , kq differing by at most one, let G
be the product of the symmetric groups of the classes, and let the bath basis be the set G\FM

of cosets Gx, x ∈ FM ; it has M2(2M)!/
∏

j kj ! ≤ M2q2M elements. Left multiplication by
G commutes with right multiplication, so the partial bijections x 7→ xs−1 of Proposition 4.1
descend to partial bijections of the cosets. Extend them to permutations, use them and their
products for the prefix symbols in place of λ, and keep the bath flat. Every entry of Uλ

carries a word of length at most 12, so the entries a, b of the gadget satisfy RaR
∗
b = Rw for

a word w of length at most 24. Call a coset good if its clock position has distance at least
24 from the boundary of the box; the bad fraction is β ≤ 96/M ≤ v. By Lemma E.1, every
word of length at most 24 acts on good cosets through right multiplication by the element of
H3 it represents.

Accuracy. If w represents 1, then |τ(Rw) − 1| ≤ β. If w represents an element g ≠ 1 and
moves the clock position, it fixes no good coset. Otherwise g acts on a good coset Gσt(p)
as σ 7→ σc for a nonidentity permutation c of Ω, and fixes the coset only if σcσ−1 ∈ G,
which requires two points of a nontrivial cycle of c to lie in the same class after apply-
ing σ. For a uniformly distributed coset at a fixed clock this has probability at most∑

j kj(kj − 1)/(2M(2M − 1)) ≤ 2/q. Hence |τ(Rw)| ≤ β + 2/q. The normalized Choi state is
1
d

∑
a,b cac̄b τ(RaR

∗
b) |rasa⟩⟨rbsb| over the 174 nonzero entries ca|ra⟩⟨sa| of the gadget, whose

coefficients satisfy
∑

a |ca|2 = d = 104, while that of ΦH has δgagb
in place of the traces. The

trace-norm difference is therefore at most 1
d(
∑

a |ca|)2(β + 2/q) ≤ 174(β + 2/q), and by (1)
the half-diamond distance is at most 9048(β + 2/q) ≤ 9048(2−17 + 2−19) < 1/8.

Leakage. The flat bath is the uniform mixture of the basis cosets. For a good coset x, the
Kraus operators with bath input x are

∑
g[y = xg−1]Kg for the matrices Kg of Proposition 4.2,

because entries carrying the same element of H3 act identically on x; so the Choi state of
that input lies in the support of J (ΦH). The leakage is at most β ≤ v.

At fixed q this construction does not approach ΦH in Choi distance, so the Choi profile
keeps the bound of Proposition 4.1.
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E.2 Sharper corner channels

Proposition E.3 (Corner channels). For s = 220 and M ≥ 224 the gadget built from these
permutations is a finite tracial factorization of bath dimension M2s6M+6 within half-diamond
distance 1/16 of ΦH , with support leakage at most M−2. Hence, for every v > 0,

logDΦH
(1/8, v) ≤ 120M + 120 + 2 logM, M = max{224, ⌈v−1/2⌉}.

Proof. Put P (g)|ω⟩ = |ωg−1⟩ and use these permutation unitaries in the gadget of Section 4;
every block stays unitary, so this is a finite tracial factorization of bath dimension M2s6M+6.
Two literal entry words that carry the same element of H3 are related by one relator: the full
relators equal e, and the other coincidences are p2,11 = p3,11 = a, p5,5 = b, α−1 = p4,4 = α,
p2,9 = aαa−1 and p2,10 = aα, where pi,l is the prefix of length l of ri (for instance p2,11a

−1 = r2
and p4,4α

−1 = r4 freely). Since r1, r2, r3, r5 are exact, only the identifications through r4
can fail, on at most a fraction M−2 of the states; so 1 − τ(P (wν)∗P (wµ)) ≤ M−2 whenever
two entry words wµ, wν carry the same element. Write the entries of the gadget as cµP (wµ),
put aµ = |cµ|2/104 and pg =

∑
wµ=g aµ. The support projection of J (ΦH) is

∑
g vgv

∗
g/pg

with vg = 104−1/2∑
wµ=g cµ|µ⟩, and a direct computation gives the leakage of the resulting

channel Ψ

ℓΦH
(Ψ) =

∑
g

1
pg

∑
wµ=wν=g

aµaν
[
1 − τ(P (wν)∗P (wµ))

]
≤ M−2∑

g

pg = M−2.

For entries carrying different elements the comparison word has length at most 24, so
its normalized trace is at most η = s−1 + 96/M ; for equal elements the error is at most
M−2 ≤ η. As in the proof of Proposition E.2 the half-diamond distance is at most 9048η,
which for s = 220 and M ≥ 224 is at most 9048 · 112 · 2−24 < 1/16. The bath dimension has
log(M2s6M+6) = 120M + 120 + 2 logM , and for v > 0 the choice M = max{224, ⌈v−1/2⌉}
gives leakage at most v.

Proposition E.4 (Sharper corner models). Let M ≥ 4 and s ≥ 2, and drop the last 2M + 2
colour coordinates, which no generator moves. The gadget built from the resulting permutations
of (Z/MZ)2 × [s]4M+4 is a finite tracial factorization ΨM,s with

ℓΦH
(ΨM,s) = κ0

1 − s−M

M2 , κ0 = 122
2925 , d⋄(ΨM,s,ΦH) ≤ 7

2s + 2
M2 .

Consequently, for 0 < δ ≤ 1/4, logDJ
ΦH

(δ) ≤ 2 logM + (4M + 4) log⌈7/δ⌉ with M =
⌈2/

√
δ⌉, which is O(δ−1/2 log(1/δ)); and logDΦH

(1/8, v) ≤ 24M + 24 + 2 logM with M =
max{6, ⌈(κ0/v)1/2⌉}.

Proof. Normal forms. By Proposition 4.10, at every clock α, aαa−1, a2αa−2 and bαb−1 act
on the colours as s0 = (1 2), s1 = (2 3), s2 = (3 4) and s1 without moving the clock, and
α−1 acts as α. In every literal entry word in the letters a±1, α±1, each α±1 occurs at running
a-exponent 0, 1 or 2, so moving the powers of a to the right writes the word, as a permutation
of the bath, as h au with h ∈ ⟨s0, s1, s2⟩ ∼= S4. The other literal words are b±1, bb−1, ab,
aαa−1b = s1b, aαa−1bα−1 = b and r5 = 1, and the three words

aba−1 = r4 αb, aba−1b−1 = r4 α, aba−1b−1α−1 = r4

(identities in the free group), where r4 acts as RM at the clock (M − 1,M − 1) and trivially
elsewhere. The permutations s0, s1, s2 are Coxeter generators of S4, as are the transpositions
α, aαa−1, a2αa−2 of (1, 1), . . . , (1, 4) in H3. So, apart from these three words, two literal
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words carrying the same element of H3 act identically on the bath, and two carrying different
elements with the same translation act as h t and h′ t with h ̸= h′ (Table 3).

Two exceptional clocks. An entry acts by P (w)|ω⟩ = |ωw−1⟩. For the three words above,
ωw−1 differs from the value of the normal form only when the path of w−1 meets r−1

4 at the
clock (M − 1,M − 1): for the last two words this happens when ω is at (M − 1,M − 1), and
for aba−1, whose inverse first applies b−1, when ω is at (M − 1, 0). At every other clock c
each entry acts as its normal form. Let τc be the uniform state on the colourings at c. For
entries with normal forms h t and h′ t′, τc(P (w′)∗P (w)) is 0 if t ̸= t′, because the two words
end at different clocks: the translations in Table 3 differ by vectors with coordinates at most
3 and 2 in absolute value, and M ≥ 4. If t = t′, it is the fraction of colourings fixed by
a permutation conjugate to h−1h′, which is s−ι(h−1h′), with ι the number of moved points
minus the number of nontrivial cycles. So at every clock outside the two exceptional ones the
channel is Φs(X) =

∑
g,hGghKgXK

∗
h, where Ggg = 1, Ggh = s−ι ≤ 1/s for distinct labels

with the same translation, and Ggh = 0 otherwise. Each clock gives a channel, because the
gadget is unitary for any assignment, so ΨM,s = (1 − 2/M2)Φs + (2/M2)Ξ for a channel Ξ.

Distance. The map V0 =
∑

g Kg ⊗ |g⟩ is an isometry, and for a Hermitian matrix H,∑
g,hHghKgXK

∗
h = Tr2[(I ⊗HT )V0XV

∗
0 ]. With a reference system, the trace norm of such

a weighted partial trace is at most ∥H∥op times that of its argument, so∥∥∥X 7→
∑
g,h

HghKgXK
∗
h

∥∥∥
⋄

≤ ∥H∥op. (16)

The matrix G− I is symmetric, with nonnegative entries at most 1/s and at most seven of
them in each row, since no translation class has more than eight labels. So ∥G− I∥op ≤ 7/s,
d⋄(Φs,ΦH) ≤ 7/(2s), and d⋄(ΨM,s,ΦH) ≤ 7/(2s) + 2/M2.

Leakage. In the leakage formula of the proof of Proposition E.3, only the classes of e and
α contain literal words that act differently. In squared-coefficient weight the class of e has
45/2, of which 1/2 is the entry aba−1b−1α−1 (the last triangle of r4); the class of α has 25/2,
of which 2 belongs to aba−1b−1. The word aba−1 is alone in its class and causes no leakage.
For each pair of one of these two words and a correctly acting word of its class, 1 − τ(P ∗P ′)
is the fraction (1 − s−M )/M2 of states moved by RM , and all other pairs contribute zero.
Hence

ℓΦH
(ΨM,s) = 1

104
(2 · 1

2 · 22
45/2 +

2 · 2 · 21
2

25/2
)1 − s−M

M2 = 122
2925 · 1 − s−M

M2 .

Profiles. For 0 < δ ≤ 1/4 take s = ⌈7/δ⌉ and M = ⌈2/
√
δ⌉ ≥ 4: the half-diamond distance

is at most δ/2 + δ/2, so by (1) the Choi distance is at most δ, with bath dimension M2s4M+4.
For the support profile take s = 64 and M ≥ 6: then 7/128 + 2/M2 < 1/8 and the leakage is
at most κ0/M

2 ≤ v.

Corollary E.5 (A service from the corner models). Let 0 < ϵ ≤ 1/2 and log(256n/ϵ) < n.
There is a causal service of ΦH with error ϵ, exchange J ≤ nH(ΦH)/2, C = 0, P ≤
⌈log(n+ 1)⌉ + 1 and memory Q = O(

√
n/ϵ log(n/ϵ)).

Proof. Apply Theorem 6.2 with exchange slack 0, so that its buffer is Cd(
√
nx+ log(n+ 1))

with x = log(256n/ϵ), and with m = DJ
ΦH

(ϵ/(8dn)), d = 104. By Proposition E.4, logm =
O(
√
n/ϵ log(n/ϵ)).

At fixed error this is the order of Theorem E.6, reached through the general compiler and
the static profile alone.
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Theorem E.6 (A sublinear service at the optimal rate). Let n ≥ 1 and 0 < ϵ < 1. Put
c = 1 − 2−1/4 and N = 2⌈log n⌉, let t be the least even integer with t ≥ 4 and 2t ≥ 4/ϵ, and put

R =
⌈4
c

√
2tN

⌉
, M = 2R+ 123.

There is a causal service of ΦH with error at most ϵ and

J ≤ n

2 log 26, C = 0, P < 2 logM + 2⌈log(n+ 1)⌉ + 2,

and Q = O
(√

n log(2/ϵ) log(n/ϵ) + log(2/ϵ) log(n+ 1)
)
, which is Oϵ(

√
n log(n+ 1)) at fixed

error. The register sizes are explicit (Appendix E.3); at fixed error the bath register of
⌈log(M2(2M)!)⌉ qubits dominates.

Corollary E.7 (Two-sided separation at constant error). Fix 0 < ϵ ≤ 1/16 and a purity
budget P + C ≤ A log(n + 1), with A ≥ 4 so that the constructions below fit and n large.
Every channel with an exact finite tracial factorization has a causal service with Q = O(logn)
at exchange J ≤ n(H/2 + s) for any fixed s > 0. For ΦH the least memory satisfies

cA

( n

logn
)βH

≤ Qmin ≤ O(
√
n logn),

where the lower bound holds at any exchange and the upper bound is attained with C = 0 at
the optimal exchange J ≤ n

2 log 26.

Corollary E.8. Fix s ∈ (0, 1] and a > 0, and let ϵn = n−a. Every channel with an exact finite
tracial factorization has a causal service with error ϵn, deficit O(logn), exchange n(H/2 + s)
and memory O(logn). Every causal service of ΦH with error ϵn and deficit O(logn) has
memory

Q = Ω
(( n

logn
)βH

)
,

and ΦH has causal services with error ϵn, C = 0, P = O(logn), the optimal exchange
J ≤ n

2 log 26, and Q = Oa(
√
n(logn)3/2).

E.3 A sublinear service of the Houghton channel

This construction uses a diffusive quotient walk rather than an independent approximant in
each round. The broader relation between amenability and random walks is classical [37]; the
argument below additionally controls the complete adaptive experiment and the resources of
the hidden randomness.

The device keeps a finite piece of H3 as bath, a hidden selector seed, a register recording
the first failure, a clock, and a flat record buffer. In round t it applies the channel’s block
unitary with labels twisted by θjt , where jt ∈ {0, 1, 2} is computed from the seed and the
clock, and it writes a random phase code of its new state into the buffer. Buffers are exported
in blocks. The record makes different Kraus histories almost unable to interfere, at a cost of
1
2 log 26 exported qubits per call.

E.3.1 A near-orthogonal record of complete histories

Consider a device with a finite set X of basis states, |X | = A, whose interaction at time t, for
each value of a selector from an alphabet of size k, has the form

|ψ⟩|x⟩ 7−→
∑

g∈Et,x

Kt,x,g|ψ⟩ |Ft,x(g)⟩, |Et,x| ≤ r,
∑

g

K∗
t,x,gKt,x,g = I, (17)
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with distinct destinations Ft,x(g) for distinct g. A history is the sequence of device states
after each call; from a common start, distinct branch sequences give distinct histories. Let
HD be the normalized Walsh–Hadamard matrix on D = 2q levels. A block consists of two
half-blocks of at most h calls. After each call of the first half the device applies to a flat
q-qubit buffer the diagonal sign unitary Zt,x = diagz ξt,x,z of its current state x, and after
each call of the second half the rotated sign unitary Xt,x = HD diagz ηt,x,zHD. Recording a
register by controlled unitaries on a flat buffer, with the square-root saving that a buffer of
dimension D records D2 orthogonal histories, is the dephasing construction of Boes et al. [9,
Lemma 1]; its closed-device version is in [20, Section 7]. Here it is used across two half-blocks:
the two bases let one buffer record both, which halves the exchange, and the unitaries are
only nearly orthogonal on complete histories.

Lemma E.9 (History record). Let 0 < δ ≤ 1 and D ≥ 3rhδ−2 ln
(
8nA(kr)h

)
. There are

fixed sign tables for at most 2n half-blocks such that for every block, every starting state and
every selector string, the Gram matrix Γ of the buffer tags of its complete histories satisfies
∥Γ − I∥ ≤ 3δ. Consequently, for every observer and every input that is classical on the device
register, the block differs from the same block followed by dephasing of the device state after
every call by at most 3

2δ in half trace norm.

Proof. One half-block. Fix a start and a selector string and let P be the N ≤ rh histories
of the half-block. With random independent signs, the vector ζz = (

∏
t ξt,xt,z)p∈P has

Eζzζ
∗
z = I: two distinct histories differ at some time, where their product contains two

distinct independent signs once each. The matrices ζzζ
∗
z are independent, positive and of

norm N , so the matrix Chernoff inequality [58] gives ∥D−1∑
z ζzζ

∗
z − I∥ ≤ δ except with

probability 2N exp(−Dδ2/(3N)) ≤ 1/(4nAkh). A union bound over the Akh starts and
selector strings of each half-block and over the 2n half-blocks leaves positive probability, so
fixed tables exist. Writing vp = D−1/2(

∏
t ξt,xt,z)z, the matrix V with columns vp satisfies

(1 − δ)I ⪯ V ∗V ⪯ (1 + δ)I, and likewise for the second-half vectors w.
Two halves. A complete history (a, c) acts on the buffer by

HD diag(
√
Dwa,c)HD diag(

√
Dva).

Purifying the flat buffer, and using H2
D = I and |(HD)zy|2 = 1/D, the tags satisfy

⟨Ta,c, Ta′,c′⟩ = ⟨va, va′⟩⟨wa,c, wa′,c′⟩. The map |a, c⟩ 7→ va ⊗ wa,c factors as (V ⊗ I)(
⊕

aWa),
where Wa has columns wa,c for the continuations of a, which start from its middle state.
Hence (1 − δ)2I ⪯ Γ ⪯ (1 + δ)2I and ∥Γ − I∥ ≤ 3δ.

Observers. Purify the observer. For a fixed start the final vector is
∑

p |ψp⟩|xp⟩|Tp⟩ over
complete histories p, where |ψp⟩ collects all outputs and references. With M the matrix of
columns |ψp⟩|xp⟩, the actual state is ρ = MΓM∗ and the dephased one is σ = MM∗, so
−3δσ ⪯ ρ − σ ⪯ 3δσ and 1

2∥ρ − σ∥1 ≤ 3
2δ. Convexity handles a classical mixture of starts

correlated with the observer.

E.3.2 Hidden selectors

Lemma E.10 (A t-wise independent seed). Let t ≥ 4 be even, let hS = max{1, ⌈log3 n⌉},
let x1, . . . , xn ∈ F3hS be distinct, let λ : F3hS → F3 be a nonzero linear functional, and put
js = λ

(∑
i<tAix

i
s

)
with A0, . . . , At−1 uniform and independent. The js are uniform and

t-wise independent. If Xs = hs(js) with deterministic functions hs of mean zero over F3 and
|hs| ≤ B, then with N = 2⌈log n⌉ and c = 1 − 2−1/4,

Pr
{

max
m≤n

∣∣∣ ∑
s≤m

Xs

∣∣∣ > r
}

≤
(B√

2tN
c r

)t
.
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Proof. Evaluation of a polynomial of degree below t at any min{t, n} distinct points is onto
(Vandermonde), and λ is onto, which gives uniformity and t-wise independence. For an
interval I of indices, extend Xs = 0 beyond n and expand E(

∑
I Xs)t over t-tuples of indices.

By t-wise independence the expectation of a product factorizes over the blocks of equal
indices, and it vanishes if some block has size one. A partition of the t positions into m
blocks of size at least two has m ≤ t/2, there are at most

( t
m

)
mt−m of them (choose the least

element of each block, then place the rest), and each contributes at most |I|mBt. If |I| ≥ t/2,
using mt−m ≤ (t/2)t−m and (2|I|/t)m ≤ (2|I|/t)t/2,

E
(∑

I

Xs

)t
≤ Bt

( t
2
)t∑

m

(
t

m

)(2|I|
t

)m
≤ Bt

( t
2
)t

2t
(2|I|
t

)t/2
= (2tB2|I|)t/2,

and if |I| < t/2 the trivial bound (B|I|)t is smaller. At dyadic level ℓ the 2ℓ aligned blocks of
length N2−ℓ have maximal sum Aℓ with ∥Aℓ∥t ≤ 2ℓ/t(2tB2N2−ℓ)1/2 ≤ B

√
2tN 2−ℓ/4. Every

prefix is a disjoint union of at most one aligned block per level, so ∥ maxm |
∑

s≤mXs|∥t ≤
B

√
2tN/c, and Markov’s inequality applies.

Lemma E.11 (A hidden coin walk). Let j1, . . . , jn be the stationary chain on Z/3 that moves
by ±1 with probability 1

2 each, and let Xt = ht(jt) as in Lemma E.10. Then

Pr
{

max
m≤n

∣∣∣ ∑
t≤m

Xt

∣∣∣ ≥ B + r
}

≤ 2 exp
(

− r2

18nB2

)
.

Proof. The transition operator P acts as −1
2 on mean-zero functions. Put ut =∑n−t

s=0(−1
2)sht+s, so ut = ht + Put+1, ∥ut∥∞ ≤ 2B and ∥Put∥∞ ≤ B. Then D1 = u1(j1)

and Dt = ut(jt) − (Put)(jt−1) are martingale differences bounded by 3B, and
∑

t≤mXt =∑
t≤mDt − (Pum+1)(jm). The exponential supermartingale exp(λ

∑
t≤mDt −mλ2(3B)2/2),

stopped at the first crossing, gives the bound for each sign.

E.3.3 The service

Registers and initial state. Let c, N , t, R and M be as in Theorem E.6. The bath register
holds FM in qF = ⌈log(M2(2M)!)⌉ qubits and starts uniform on the fibre over (R+61, R+61),
of entropy log((2M)!). The seed register holds (A0, . . . , At−1) of Lemma E.10 in ⌈t hS log 3⌉
qubits, uniform on 3thS states. A failure register with values 0, 1, . . . , n and a clock, each of
⌈log(n+ 1)⌉ qubits, start in |0⟩. The record buffer consists of flat qubits, sized below.

Safe positions and the round. Call f ∈ FM safe if both coordinates of π(f) lie in
[60,M − 61]. By Lemma E.1 and the word lengths of Appendix E.1, for safe f the map
|ψ⟩|f⟩ 7→

∑
g Kg|ψ⟩|fθj(g)−1⟩ is an exact isometry into C104 ⊗ ℓ2(FM ) with 26 distinct

destinations; extend it to a unitary Wj . At the start of round t, for every unsafe f , swap
|f, 0⟩ with |f, t⟩ in the bath and failure registers; no reachable state carries flag t earlier,
so this marks the first failure reversibly. If the flag is 0, apply Wjt to the input and bath;
otherwise apply the identity. Then record the device state (bath and flag) in the buffer as
in Lemma E.9, and release the output. Each round has either 26 branches with distinct
destinations or one branch, so the lemma applies with r = 26, k = 3 and A = (n+ 1)|FM |.

Blocks. Put δ = ϵ/(3n), q(u) = ⌈u log 26 + log(27n2/ϵ2) + log ln(8nA 78u)⌉ and Λ =
1 + log(27n2/ϵ2) + log ln(8nA 78n), so that q(u) ≤ u log 26 + Λ for u ≤ n. Let b =
min{⌈n/2⌉, ⌈

√
nΛ/(2 log 26)⌉} and B = max{1, ⌊n/(2b)⌋}. The first B − 1 blocks have

2b rounds each; the last has the remaining ℓlast = n− 2b(B− 1) < 4b rounds, with half-length
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b∗ = ⌈ℓlast/2⌉ ≤ 2b. (If B = 1 the last block is the whole run, and ℓlast = n may be 2b− 1.)
The buffer has q(b∗) flat qubits; ordinary blocks use a fixed subset of q(b) of them, which is
exported and replaced by fresh flat qubits after the block. The last block uses all q(b∗) and is
not exported.

Lemma E.12 (The reference process). Replace the bath by ℓ2(H3), the finite unitaries by
U∞

j , and dephase the bath after every call. For every adaptive observer this reproduces the
ideal experiment exactly, and the whole sequence of Kraus labels (g1, . . . , gn) is independent
of the seed.

Proof. From a bath basis state f , a call maps ρ⊗|f⟩⟨f | to
∑

g KgρK
∗
g ⊗|fθj(g)−1⟩⟨fθj(g)−1|,

with distinct endpoints for distinct g. Tracing the bath gives ΦH ⊗ id for every f and j; since
the bath is dephased, different Kraus histories never interfere, and the observer’s state is the
incoherent sum over histories, as in the ideal experiment with independent environments.
The observer-side operators Kg depend neither on j nor on the bath, so after summing the
bath the weight of a label sequence is Pr(seed) Trωg.

Proof of Theorem E.6. Records. Compare the service with the same process in which the
device state is dephased after every call. Replace the blocks one at a time, starting with
the first: after the replaced blocks the device register is classical (the initial bath, seed and
registers are diagonal), so Lemma E.9 bounds each replacement by 3

2δ, and the later blocks
are channels. With at most n blocks the total is at most 3

2nδ = ϵ/2.
Window. In the dephased finite process, histories that never raise the failure flag start

every call at a safe position, where Wj acts as U∞
j ; they coincide with the corresponding

histories of the reference process. By Lemma E.12 we may condition on the whole Kraus
history; the quotient increments −π(θjt(gt)) have mean zero over jt by (15) and are bounded
by 2, so Lemma E.10 with B = 2, for both coordinates, bounds the probability of leaving
the square of radius R around the start by 2

(
2
√

2tN/(cR)
)t ≤ 21−t ≤ ϵ/2. The never-failing

histories give a common positive part of trace at least 1 − ϵ/2 in the dephased finite process
and in the ideal experiment, so these two differ by at most ϵ/2. Together the error is at most
ϵ.

Resources. J = (B − 1)q(b) and C = 0. If B ≥ 2 then b = ⌈
√
nΛ/(2 log 26)⌉ and

J ≤
( n

2b − 1
)
(b log 26 + Λ) = n

2 log 26 + nΛ
2b − b log 26 − Λ ≤ n

2 log 26,

since b2 ≥ nΛ/(2 log 26). The memory is qF + ⌈t hS log 3⌉ + 2⌈log(n+ 1)⌉ + q(b∗) with qF =
O(R logR) = O(

√
n log(2/ϵ) log(n/ϵ)), t hS = O(log(2/ϵ) log(n + 1)), log lnA = O(logM),

Λ = O(log(n/ϵ)) and q(b∗) ≤ 2b log 26 + Λ = O(
√
n log(n/ϵ)). The deficits are the bath’s

qF − log((2M)!) < 2 logM + 1, the seed’s below 1, and the two pure registers.

Remark E.13. Replacing the seed by the coin walk of Lemma E.11, driven by one fresh flat
qubit per call, gives exponential tails: with R = 2 + ⌈12

√
n ln(8/ϵ)⌉, Lemma E.11 with B = 2

and r = R − 2, applied to both coordinates, bounds the exit probability by 4 exp(−(R −
2)2/(72n)) ≤ ϵ/2, so Q = O(

√
n log(2/ϵ) log(n/ϵ)) at exchange J ≤ n(1

2 log 26 + 1), with the
state of the walk held in a two-qubit register in place of the seed; the record lemma applies
unchanged because the coins act as a hidden selector string. The seed of Lemma E.10 gives
the same radius at the optimal exchange.

Proofs of Corollaries E.7 and E.8. For exact factors use Theorem 6.1; there x = log(128n/ϵ)
is O(logn). For ΦH at constant error combine Theorems 5.7 and E.6, and Theorem C.1 for
the optimality of the rate. At ϵn = n−a, Theorem 5.7 applies because ϵn ≤ 1/16 eventually,
Theorem 5.11 gives the second lower bound with ζ = O(logn/n), and Theorem E.6 with
log(2/ϵn) = Oa(logn) gives the upper bound.
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F Further properties of the purity cost
Proposition F.1 (The range of κ). (a) κ is convex, and κ(Φ) ≤ log d.

(b) For the replacement channel Rσ(X) = Tr(X)σ, κ(Rσ) = log d− S(σ); so κ takes every
value in [0, log d].

(c) If Φ has a minimal Kraus family K1, . . . ,Kr whose products K∗
i Kj are linearly indepen-

dent, that is, if Φ is an extreme point of the channels on Md [15], then κ(Φ) = H(Φ).

(d) If Θ ∈ Kd has J (Θ) ≥ λI with λ > 0, and dJ(Φ,Θ) ≤ δ, then

κ(Φ) ≤ min{log d, (log d/λ) δ}.

(e) κ is lower semicontinuous on the channels on Md.
The lower bound in (b) is [20, Proposition 7.4] applied to Rσ; for pure σ the value log d

is [20, Proposition 7.3]. The value log d − S(σ) = maxρ[S(ρ) − S(Rσ(ρ))] equals the work
rate of [24] at trivial Hamiltonians.

Part (d) bounds κ linearly by distance to any fixed full-Choi-rank member of the closure
class. It is not a two-point Lipschitz statement on a neighborhood: Kd consists of unital
channels and has empty interior in the space of all channels when d ≥ 2. At some rank-deficient
members of the closure, κ jumps down at the limit, consistently with (e).
Proposition F.2 (κ is discontinuous at the closure). (a) For 0 ≤ θ ≤ π/4 let

ψ0 = cos θ|0⟩ + sin θ|1⟩, ψ1 = sin θ|0⟩ + cos θ|1⟩,

put c = sin 2θ, and let

Φθ(X) = X00 |ψ0⟩⟨ψ0| +X11 |ψ1⟩⟨ψ1|.

Every Φθ has Choi rank 2 and H(Φθ) = 1, and ∆J(Φθ) = c/2. For 0 < θ ≤ π/4,
κ(Φθ) = 1, and every causal service of Φθ for n rounds with error ϵ has

P + C ≥ n
[
1 − w

(
(1 + c−1)

√
ϵ
)]
, w(t) = 4t+ (1 + t)h2

( t

1 + t

)
,

while one qubit with P = 1, C = J = n− 1 serves it exactly. The complete dephasing
Φ0 has κ(Φ0) = 0.

(b) Let v1 = (1, 0), v2 = (0, 1), v3 = (1, 1)/
√

2, v4 = (1, eiφ)/
√

2 in C2, let Gφ be their
Gram matrix, and let Ξφ(X) = Gφ ◦X be the Schur multiplier on M4. It is a unital
channel of Choi rank 2 with H(Ξφ) = 1. The channel Ξ0 has an exact finite tracial
factorization with bath dimension 2, so κ(Ξ0) = 0, while κ(Ξφ) = 1 for 0 < φ < π and
dJ(Ξφ,Ξ0) → 0 as φ → 0.

So no function f with f(δ) → 0 as δ → 0 satisfies κ ≤ f(∆J) on the channels on M2, or
on the unital channels on M4.

The channels Φθ with θ > 0 and Ξφ with 0 < φ < π are extreme points of the set of
channels, and none of them is generally factorizable. The channel Φθ is not unital, since
Φθ(I) has off-diagonal entries c > 0, while every generally factorizable channel is unital. The
channel Ξφ is unital, and its Kraus operators have linearly independent products K∗

i Kj , so
Haagerup and Musat [27, Corollary 2.3] applies. Whether κ has a modulus of continuity at Kd

on the generally factorizable channels is open (Section 11). Outside the closure class, generally
factorizable channels exist: by the negative solution of Connes’ embedding problem [34]
and [28, Theorem 3.7], for some d there is a generally factorizable channel on Md that does
not lie in Kd, and by [47, Corollary 3.11] it can be taken to be a Schur multiplier. For all
such channels the purity cost is linear.
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Corollary F.3 (Exact abstract realization, linear purity). Let Φ be a generally factorizable
channel on Md that does not lie in Kd. Then ∆J(Φ) > 0; every causal service with error
ϵ < ∆J(Φ) has P +C ≥ n(∆J(Φ) − ϵ)2/(2 ln 2) at every exchange and memory; and the least
purity rate at vanishing error is κ(Φ) ≥ ∆J(Φ)2/(2 ln 2) > 0.

So a channel can be realized exactly by a tracial von Neumann algebra, one use at a time,
and still demand purity linear in n from every accurate finite device. The existence of such
channels rests on the negative solution of Connes’ embedding problem [34]; neither d nor the
channel is explicit.

F.1 The range of κ

Lemma F.4 (Support-injective channels). Let Φ on Md have a minimal Kraus family
K1, . . . ,Kr whose products K∗

i Kj are linearly independent, let ρ > 0, and let Pρ be the
support projection of χρ. The partial trace over A is injective on the operators supported on
Pρ, so it has a linear left inverse Lρ : Md → Pρ(Md ⊗ Md)Pρ; let Cρ be the least diamond
norm of such a left inverse. Then every feasible σ in (3) satisfies

S(QA | Z)σ ≥ S(χρ) − wd

(
(1 + Cρ)

√
ϵ
)
, wd(t) = 4t log d+ (1 + t)h2

( t

1 + t

)
.

Proof. Injectivity. Write χρ =
∑

i |ϕi⟩⟨ϕi| with |ϕi⟩ = (I ⊗ Ki)|ψρ⟩. Since ρ is invertible
and the Ki are independent, the ϕi are independent, Pρ has rank r, and the operators
supported on Pρ are spanned by the |ϕi⟩⟨ϕj |. Their partial traces are (√ρK∗

jKi
√
ρ)T ,

which are independent. So left inverses exist, and Cρ < ∞: expanding in matrix units,
∥L∥⋄ ≤

∑
a,b ∥L(Eab)∥1 for every linear map L.

Projection. Since Tr[(I−Pρ)χρ] = 0 and Tr[EY ] ≤ 1
2∥Y ∥1 for a projection E and a traceless

Hermitian Y , t0 = Tr[(I − Pρ)σQA] ≤ ϵ. The compression σ′ = (Pρ ⊗ I)σ(Pρ ⊗ I) satisfies
∥σ − σ′∥1 ≤

√
t0(4 − 3t0) ≤ 2

√
ϵ: purify σ and split the purification into its components in

the ranges of Pρ and I − Pρ; the rank-two difference of the two projections has trace norm√
t0(4 − 3t0), and partial traces contract.

Inversion. The operator Y = σ′ − χρ ⊗ σZ is supported on Pρ ⊗ I, and (TrA ⊗ id)(Y ) =
TrAσ

′ − ρT ⊗ σZ , because TrAχρ = ρT . By the exact product constraint TrAσ = ρT ⊗ σZ ,
this has trace norm at most ∥σ′ − σ∥1 ≤ 2

√
ϵ. Applying Lρ ⊗ id, ∥Y ∥1 ≤ 2Cρ

√
ϵ, so

1
2∥σ − χρ ⊗ σZ∥1 ≤ t := (1 + Cρ)

√
ϵ.

Continuity. By Winter’s continuity bound for the conditional entropy [60, Lemma 2],
applied with the conditioned system QA of dimension d2, S(QA | Z)σ ≥ S(QA | Z)χρ⊗σZ −
wd(t) = S(χρ) −wd(t) for t ≤ 1; for t > 1 the claim holds because S(QA | Z) ≥ −2 log d.

Proof of Proposition F.1. (a) Convexity. Let Φ =
∑

j pjΦj , fix ρ and ϵ, and take feasible σj

for Φj on QAZ, with a common Z. The state σ =
∑

j pjσ
j ⊗ |j⟩⟨j|L is feasible for Φ with

side system ZL, since χρ is affine in the channel, and S(QA | ZL)σ =
∑

j pjS(QA | Z)σj . So
kρ,ϵ(Φ) ≤

∑
j pjkρ,ϵ(Φj); let ϵ ↓ 0 and take the supremum over ρ. The bound log d. By Choi’s

theorem [15] an extreme channel has linearly independent products K∗
i Kj , hence Choi rank

at most d, and every channel is a finite convex combination of extreme channels. A channel
of Choi rank r ≤ d has κ ≤ H ≤ log r ≤ log d, and convexity finishes the proof.

(b) Upper bound. Let the bath Cd be in the state σ, purified by F , and let the unitary be
the swap, which realizes Rσ exactly. Feeding ψρ leaves Q entangled with the bath and AF in
a pure state, so σQF = ρT ⊗ σF and S(QA | F ) = S(ρ) − S(σ) ≤ log d− S(σ). Lower bound.
For feasible σ, S(QA | Z) = S(Q | Z) +S(A | QZ) ≥ S(ρ) −S(σA), and 1

2∥σA − Rσ(ρ)∥1 ≤ ϵ,
so the Fannes–Audenaert inequality gives kρ,ϵ ≥ S(ρ) − S(σ) − ϵ log(d − 1) − h2(ϵ). Take
ρ = τd and let ϵ ↓ 0.
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(c) Lemma F.4 gives limϵ↓0 kρ,ϵ(Φ) ≥ S(χρ) = S(Φc(ρ)) for every ρ > 0. Taking the
supremum over full-rank ρ, which are dense, gives κ ≥ H; the reverse inequality is part of
Theorem 3.2(a). The order of limits matters: Cρ may diverge as ρ approaches a state that
maximizes S(Φc(ρ)) on the boundary.

(d) The operator Y = J (Φ) − J (Θ) is Hermitian and traceless with ∥Y ∥1 ≤ 2δ, so
∥Y ∥op ≤ δ. Put p = δ/λ; if p ≥ 1 the claim is (a). Otherwise J (Φ) − (1 − p)J (Θ) =
Y + pJ (Θ) ≥ 0 has trace p and reference marginal pτd, so it is p times the Choi state of a
channel Λ, and Φ = (1 − p)Θ + pΛ. By convexity, κ(Θ) = 0 and (a), κ(Φ) ≤ p log d.

(e) If d⋄(Φ,Ψ) ≤ u, every feasible extension for kρ,ϵ(Ψ) is feasible for kρ,ϵ+u(Φ), by the
triangle inequality on the purified input. Taking infima and then suprema gives κϵ+u(Φ) ≤
κϵ(Ψ). For Φj → Φ and fixed η > 0, eventually d⋄(Φj ,Φ) ≤ η/2, hence κη(Φ) ≤ κη/2(Φj) ≤
κ(Φj). Take the liminf in j and then η ↓ 0.

F.2 Discontinuity

Proof of Proposition F.2. (a) The Kraus operators are Ki = |ψi⟩⟨i|, with K∗
0K0 = |0⟩⟨0|,

K∗
1K1 = |1⟩⟨1| and K∗

0K1 = c |0⟩⟨1|; so the Choi rank is 2, and the products are independent
exactly when c > 0. The complementary channel is the Schur multiplier by ( 1 c

c 1 ), a unital
qubit channel, so H(Φθ) = 1, attained at τ2.

Distance. Every channel in Fm is unital, and Ψ(τd) is the reference-traced Choi state,
so dJ(Ψ,Φθ) ≥ 1

2∥Φθ(τ2) − τ2∥1. Since Φθ(τ2) = τ2 + c
2X, ∆J(Φθ) ≥ c/2. Conversely

Θθ = cos2 θ∆Z + sin2 θ AdX ◦∆Z , with ∆Z the complete dephasing, is a mixture of four
unitary channels, so Θθ ∈ F1, and (Φθ − Θθ)(Y ) = c

2Tr(Y )X gives dJ(Φθ,Θθ) = c/2.
Purity. Take ρ = τ2 in Lemma F.4. With the isometry W |i⟩ = |i⟩|ψi⟩, χτ2 = Wτ2W

∗,
the operators supported on Pτ2 are WξW ∗, and TrA(WξW ∗) = Dc(ξ), the Schur multiplier
by ( 1 c

c 1 ). Its inverse is D−1
c = 1+c−1

2 id + 1−c−1

2 AdZ , of diamond norm at most c−1, and
Y 7→ WD−1

c (Y )W ∗ is a left inverse of the same norm, so Cτ2 ≤ c−1. Since S(χτ2) = 1
and w2 = w, kτ2,ϵ(Φθ) ≥ 1 − w((1 + c−1)

√
ϵ). Lemma 3.5 gives the bound on P + C, and

Proposition F.1(c) gives κ(Φθ) = H(Φθ) = 1. For the exact service, extend |i⟩|0⟩ 7→ |ψi⟩|i⟩
to a unitary on the input and one memory qubit in the state |0⟩, apply it in every round,
and replace the memory qubit by a fresh |0⟩ after every round but the last. The complete
dephasing Φ0 = 1

2(id + AdZ) is an exact factor, so κ(Φ0) = 0.
(b) The Kraus operators are K1 = diag(1, 0, 1√

2 ,
1√
2) and K2 = diag(0, 1, 1√

2 ,
eiφ
√

2 ), the
columns of the 4 × 2 matrix with rows vi. The products K∗

1K2 = diag(0, 0, 1
2 ,

eiφ

2 ) and
K∗

2K1 = diag(0, 0, 1
2 ,

e−iφ

2 ) are independent of each other and of K∗
1K1, K∗

2K2 exactly when
sinφ ≠ 0. The complementary channel is X 7→

∑
iXii|vi⟩⟨vi| on C2, so H(Ξφ) = 1, attained

at 1
2(E11 + E22). By Proposition F.1(c), κ(Ξφ) = 1 for 0 < φ < π. For φ = 0 put u1 = X,

u2 = Z and u3 = u4 = (X +Z)/
√

2, Hermitian unitaries with τ2(u∗
jui) = (G0)ij . The unitary∑

iEii ⊗ ui on C4 ⊗ C2 with the flat bath realizes X 7→
∑

ij Xijτ2(u∗
jui)Eij = Ξ0(X). The

Choi state 1
4
∑

ij(Gφ)ijEij ⊗ Eij is continuous in φ.

F.3 Exact abstract realization

Proof of Corollary F.3. Since Φ /∈ Kd and Kd is closed, ∆J(Φ) > 0 by Theorem 3.2(a). The
remaining claims are Theorem 3.2(a)–(c).

For the existence of such channels, stated before the corollary: by [34, Theorem 12.10]
the closure of the quantum correlation sets differs from the commuting-operator set, which
by [26, 36, 49] gives a negative answer to Connes’ embedding problem. Haagerup and
Musat [28, Theorem 3.7] showed that a positive answer is equivalent to the following: for
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every d ≥ 3, every generally factorizable channel on Md is a limit, in cb-norm, of channels
with exact factorizations through Md ⊗Ml. Their proof of the relevant direction produces,
from a failure of the embedding, a Schur multiplier with this property failing, via Dykema
and Juschenko [23]. In fixed dimension all norms on maps are equivalent, so this channel is
not in Kd. Musat [47, Corollary 3.11] states this consequence for Schur multipliers.

G Proofs of the group-profile correspondence
Throughout, P = ⟨S | R⟩ and ΦG are as in Section 9, and (A, τ) is a finite-dimensional tracial
pair: MM with τM , or

⊕
j Mmj with τ =

∑
j pjτmj , pj > 0. On Md ⊗ A put ∥X∥2,d,τ =

((τd ⊗ τ)(X∗X))1/2. For an assignment ϕ : S → U(A) the gadget is Uϕ =
∑

a∈T caEa ⊗ϕ(wa),
with Ea the matrix unit of slot a, and Ψϕ(ρ) = (id ⊗ τ)[Uϕ(ρ⊗ 1)U∗

ϕ] is in FM when every
block of A has size at most M . Write [w] for the element of G represented by a word. The
labels [wa] are e and the labels of the symbols, since the product slot of a triangle carries a
prefix or e. Every label g has a singleton anchor : a diagonal slot ig with coefficient 1 whose
row and column contain no other slot. Put Ag =

∑
[wa]=g caEa and µg = ∥Ag∥2

F ≥ 1; the Ag

have disjoint supports,
∑

g µg = d, and J (ΦG) = 1
d

∑
g |Ag⟩⟩⟨⟨Ag|, with support projection

Π =
∑

g µ
−1
g |Ag⟩⟩⟨⟨Ag|.

G.1 The correspondence

Lemma G.1 (Gadget Choi states). For every assignment ϕ into (A, τ), with |a⟩ = |iaja⟩,

J (Ψϕ) = 1
d

∑
a,b∈T

cacb τ
(
ϕ(wa)ϕ(wb)∗) |a⟩⟨b|.

More generally, let V =
∑

ij Eij ⊗ Vij be a unitary on Cd ⊗ A with channel Ψ, and let
|V ⟩⟩ = d−1/2∑

ij |ij⟩ ⊗ Vij, a unit vector in Cd2 ⊗ L2(A, τ). Then J (Ψ) is the partial trace
of its pure state, and

ℓΦG
(Ψ) = ∥V −W∥2

2,d,τ , W = (Π ⊗ 1)V =
∑

g

Ag ⊗Bg, Bg = µ−1
g

∑
[wa]=g

caViaja .

Proof. Ψϕ(|i⟩⟨j|) =
∑

a,b cacbτ(ϕ(wa)ϕ(wb)∗)Ea|i⟩⟨j|E∗
b , and J = 1

d

∑
ij Ψ(|i⟩⟨j|)⊗|i⟩⟨j|. The

second formula is the first with all d2 positions as slots, since τ(VijV
∗

kl) is the inner product
in L2(A, τ). Hence ℓ = Tr[(I − Π)J (Ψ)] = ∥((I − Π) ⊗ 1)|V ⟩⟩∥2, and the projection onto the
range of Π ⊗ 1 is W .

Proof of Theorem 9.2(a). By Lemma G.1, the Choi matrices differ by

J (Ψϕ) − J (ΦG) = 1
d

∑
a,b

cacb

(
τ(ϕ(wa)ϕ(wb)∗) − 1[wa = wb]

)
|a⟩⟨b|,

so dJ(Ψϕ,ΦG) ≤ z
2d(
∑

a |ca|)2 ≤ z
2d |T | d ≤ dz, and d⋄ ≤ d dJ ≤ d2z. For the leakage, if [wa] =

[wb] then waw
−1
b is a product of at most AP conjugates of relators, so ∥ϕ(wa)−ϕ(wb)∥2 ≤ APe.

Fixing a slot a(g) for every label, W ′ =
∑

g Ag ⊗ ϕ(wa(g)) lies in the range of Π ⊗ 1, so by
Lemma G.1 ℓ ≤ ∥Uϕ − W ′∥2

2,d,τ = 1
d

∑
a |ca|2∥ϕ(wa) − ϕ(wa(g))∥2

2 ≤ A2
Pe

2. Minimizing
assignments give the two bounds.

Proof of Theorem 9.2(b). Write Ψ =
∑

j pjΨj with factorization unitaries Uj of bath dimen-
sions mj ≤ M , and put A =

⊕
j Mmj , τ =

∑
j pjτmj and V =

⊕
j Uj ; then Ψ is the channel

of V .
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Anchors. By Lemma G.1, ∥V − W∥2
2,d,τ = ℓ ≤ v. Fix a label g with anchor i. The

positions (j, i) with j ̸= i are not slots, so column unitarity gives τ(I−V ∗
iiVii) =

∑
j ̸=i ∥Vji∥2

2 ≤
dv. Extend the polar part of Vii to a unitary Sg ∈ A; since (1 − x)2 ≤ 1 − x2 on [0, 1],
∥Vii − Sg∥2

2 ≤ dv. The anchor component of V −W is Eii ⊗ (Vii −Bg), so ∥Vii −Bg∥2
2 ≤ dv

and ∥Bg − Sg∥2 ≤ 2
√
dv. With Z =

∑
g Ag ⊗ Sg this gives ∥W − Z∥2,d,τ ≤ 2

√
dv and

∥V − Z∥2,d,τ ≤ hd
√
v.

Multiplicativity. Z has the block structure of the gadget, with diagonal entries Sg and
triangle blocks 2−1/2

(
Se S[y]

S[x] −S[z]

)
, so ∥Z∥∞ ≤

√
2 and ∥Z∗Z − I∥2,d,τ ≤ ∥Z∗(Z − V )∥ +

∥(Z − V )∗V ∥ ≤ (1 +
√

2)hd
√
v. The off-diagonal entry of a triangle block of Z∗Z − I is

1
2(S∗

eS[y] − S∗
[x]S[z]), and each entry has ∥ · ∥2 at most

√
d ∥Z∗Z − I∥2,d,τ . With Tg = S∗

eSg

and unitary invariance, ∥T[x]T[y] − T[z]∥2 = ∥S∗
eS[y] − S∗

[x]S[z]∥2 ≤ bd
√
v for every triangle.

The assignment. Put ϕ(s) = T[s] and β = bd
√
v. The inverse triangles give ∥ϕ(s−1) −

T[s−1]∥2 ≤ β, and induction along the prefix triangles gives ∥ϕ(pi,l) − T[pi,l]∥2 ≤ (2l − 1)β. At
l = ℓi, [ri] = e and Te = I, so e(ϕ) ≤ (2L− 1)β ≤ 2Lbd

√
v.

Moments. Every slot word satisfies ∥ϕ(wa) − T[wa]∥2 ≤ 2Lβ, and (I ⊗ S∗
e )Z =

∑
a caEa ⊗

T[wa], so ∥(I ⊗ S∗
e )V − Uϕ∥2,d,τ ≤ (hd + 2Lbd)

√
v = cP

√
v. Left multiplication by I ⊗ S∗

e

does not change the channel, and 1
2∥|ψ⟩⟨ψ| − |ψ′⟩⟨ψ′|∥1 ≤ ∥ψ − ψ′∥ for unit vectors, so

dJ(Ψ,Ψϕ) ≤ cP
√
v and d⋄(Ψϕ,ΦG) ≤ q := u + dcP

√
v. For slots a = (i, j) and b = (k, l),

⟨i|Ψϕ(Ejl)|k⟩ = cacbτ(ϕ(wa)ϕ(wb)∗) and the same entry of ΦG(Ejl) is cacb1[wa = wb]. Since
∥Ejl∥1 = 1 and |cacb| ≥ 1

2 , z(ϕ) ≤ 4q.
For a single factorization with dJ ≤ δ: the leakage is at most δ, d⋄ ≤ dδ, and A = MM .

Proof of Theorem 9.2(c)–(f). (c) By Remark 5.3, DΦG
(u + d

√
2 ln 2 v, v +

√
2 ln 2 v) ≤

Dent
ΦG

(u, v). Apply (b) with v′ = v +
√

2 ln 2 v ≤ (1 +
√

2 ln 2)
√
v and use v ≤

√
v ≤ v1/4 for

v ≤ 1 and 2Lbd ≤ cP .
(d) Let ϕ on

⊕
j Mmj with weights p attain M . The moments and the squared relator

defects are linear in p, so by Carathéodory some p′ supported on at most NP blocks gives
the same values. Put K0 = ⌈2NPM/η⌉ + NPM , kj = ⌊p′

jK0/mj⌋ and K =
∑

j kjmj ∈
[K0 −NPM,K0], and let ϕ′′(s) =

⊕
j ϕj(s) ⊗ Ikj

on CK . Its normalized trace is the weighted
trace with weights qj = kjmj/K, and

∑
j |qj − p′

j | ≤ (
∑

j mj + NPM)/K ≤ η. So every
moment moves by at most η, and every squared defect, the trace of (ϕ(r) − I)∗(ϕ(r) − I) of
norm at most 4, by at most 4η. Finally K ≤ K0 ≤ ⌈3NPM/η⌉.

(e) Let ϕ attain hP(e, z0) and put ϕ̂(s) = (ϕ(s) ⊗ ϕ(s))⊗k. Then τ(ϕ̂(wa)ϕ̂(wb)∗) =
|τ(ϕ(wa)ϕ(wb)∗)|2k. For [wa] ̸= [wb] this is at most z2k

0 ≤ δ/(2d). For [wa] = [wb],
Re τ(ϕ(wa)ϕ(wb)∗) = 1 − 1

2∥ϕ(wa) − ϕ(wb)∥2
2 ≥ 1 − 1

2A
2
Pe

2, so the amplified moment is
at least 1 − kA2

Pe
2 = 1 − δ/(2d). By (a), dJ(Ψ

ϕ̂
,ΦG) ≤ δ/2 with bath dimension hP(e, z0)2k.

(f) By (a) and (b), ΦG ∈ Kd if and only if hP is finite everywhere, and by (d) this is
equivalent to the same for h⊕

P . For the hyperlinear case discussed after the theorem: if
G is hyperlinear, then for every finite F ⊂ G and η > 0 there is θ : G → U(M) with
∥θ(g)θ(h) − θ(gh)∥2 ≤ η for g, h ∈ F and |τM (θ(g)) − 1[g = e]| ≤ η for g ∈ F [50]. Take F to
contain the labels of all prefixes of the relators and of the words waw

−1
b , and put ϕ(s) = θ([s]).

Telescoping along a word of length m gives ∥ϕ(u) − θ([u])∥2 ≤ 3mη, so the defects and the
moment errors are OP(η), and hP is finite everywhere.

Proof of Theorem 9.3. (a) The last clause of Theorem 5.2 gives Dent
ΦG

(ϵ/(1 − ϵ), tn) ≤ 2Q for
every channel. By Theorem 9.2(c), h⊕

P(CPt
1/4
n , 4ϵ/(1 − ϵ) + CPt

1/4
n ) ≤ 2Q, and 4ϵ/(1 − ϵ) ≤

4
15 = 1

2 − 7
30 . For the second bound apply Theorem 9.2(d) with η = C2

P
√
tn/4.

(b) Theorem 9.2(e) with δ = ϵ/(8dn) gives logDJ
ΦG

(ϵ/(8dn)) ≤ 2kn log hP(en, z0). Insert
this into Theorem 6.2, using min{

√
nx, x/s} ≤ x/s and that y 7→ y + log(2 + y) increases.
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(c) If r = 1, the channel is unitary and can be served exactly without a bath or exchange.
Otherwise insert the same bound into Theorem 6.3. Its exchange n

2 log r is nH(ΦG)/2 by
Proposition 9.1.

(d) By Proposition 9.1 the probe spectrum of ΦG is flat of rank r and n
2 log r = nH(ΦG)/2,

so Theorem 5.8 gives P +C ≤ 14Q+ 2 log 16
7 < 14Q+ 3, and (a) applies with this budget.

H The Slofstra application
Slofstra’s group [54, Theorem 1.2] is finitely presented and has a word w with hlp(w; δ, ϵ) ≥
C ′ exp[C(δ/ϵ)α] for every α < 1

2 , where hlp(w; δ, ϵ) is the least dimension of an ϵ-representation
that moves w by at least δ in normalized Hilbert–Schmidt norm. It is not known whether
this group is hyperlinear. Let P be its presentation, let PS = ⟨S ∪ {j} | R ∪ {j−1w}⟩, a
Tietze transformation that makes w a symbol of the gadget, and let ΦS on MdS

be its gadget
channel.

Theorem H.1 (A Slofstra channel). Let 0 < ϵ ≤ 1/16 and A ≥ 0. There are c > 0 and n0,
depending on PS, ϵ and A, such that every causal service of ΦS for n ≥ n0 rounds with error
ϵ and P + C ≤ A log(n+ 1) has, at any exchange,

Q ≥ c
n1/8

(logn)13+1/8 .

At its rank rate J ≤ nH(ΦS)/2, every causal service with error ϵ has Q ≥ n1/9−o(1), whatever
its purity budget. Moreover exactly one of the following holds.

(i) ΦS ∈ Kd, and such services exist for every large n (Theorem 9.3(c), even with P =
C = 0); the rank rate is then the optimal exchange rate.

(ii) ΦS /∈ Kd. Then ΦS is generally factorizable with ∆ = ∆J(ΦS) > 0, and Slofstra’s group
is not hyperlinear. Every service with error ϵ < ∆ has P + C ≥ n(∆ − ϵ)2/(2 ln 2), so
services with logarithmic purity exist only for finitely many n; and every service at the
rank rate with error ϵ < min{∆, 1/16} has

Q ≥ n(∆ − ϵ)2

28 ln 2 − 3
14 .

The memory bounds of the first display hold in both branches; branch (ii) makes the
memory at the rank rate linear. Its exponent 1

8 exceeds βH , but it concerns ΦS , whose
presentation is produced by an embedding theorem and is not enumerated, so neither dS nor
the constants are explicit. A proof of branch (ii) would show that Slofstra’s group is not
hyperlinear. No conclusion about that unresolved branch is assumed here.

Slofstra’s proof of [54, Theorem 1.2] uses the binary representatives z(k) =
∏ℓ

i=0 t
izkit−i,

where k =
∑

i ki2i. Free cancellation gives

z(k) = zk0tzk1t · · · tzkℓt−ℓ, |z(k)| ≤ 3ℓ+ 1.

Thus x(k) = z(k)x0z(k)−1 has length O(log k), rather than the O((log k)2) estimate used
there. The embedding in [54, Corollary 2.4] has isoperimetric function Cn26. Each defining
relation of C(N) therefore costs at most C3(logN)26 cells after substitution, with a fixed
C3. Lemma 3.4 there consequently gives a C3(N + 1)2(logN)26ϵ-homomorphism of C(N)
from every ϵ-representation of Slofstra’s group, whose value at the central element J is ϕ(w).
Lemma 3.1 there forces dimension at least 2⌊N/2⌋−1 whenever J moves by more than 42 times
that error. This elementary shortening improves the logarithmic factor, not the polynomial
exponent.
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Lemma H.2 (Slofstra’s bound with the logarithm). Let ϕ be an ϵ-representation
of Slofstra’s group of dimension m with ∥ϕ(w) − I∥2 ≥ δ0 > 0, and put ϱ = δ0/ϵ
and c1 = min{1, (225/(168C3))1/2}. If ϱ ≥ 2 and N = ⌊c1ϱ

1/2(log ϱ)−13⌋ ≥ 2, then
logm ≥ ⌊c1ϱ

1/2/(2(log ϱ)13)⌋ − 1.

Proof. Since ϱ ≥ 2, log ϱ ≥ 1, and with c1 ≤ 1 this gives N ≤ ϱ1/2, hence logN ≤ 1
2 log ϱ.

Also (N + 1)2 ≤ 4N2 ≤ 4c2
1ϱ(log ϱ)−26. So 42C3(N + 1)2(logN)26ϵ ≤ 168C3c

2
1 2−26δ0 ≤ δ0/2,

and the dimension bound of [54] applies with this N .

Lemma H.3 (Component selection). Let ϕ be a direct-sum assignment for PS with compo-
nents ϕa of weights pa, e(ϕ) ≤ e and z(ϕ) ≤ 1

2 . Then some component has all relator defects
at most ϵ′ = 4

√
|R| + 1 e and ∥ϕa(j) − I∥2 ≥ 2−1/2. If ϵ′ ≤ 2−1/2 − 1

2 , its restriction to S is
an ϵ′-representation of Slofstra’s group with ∥ϕa(w) − I∥2 ≥ 1

2 .

Proof. Since [j] ̸= e, |τ(ϕ(j))| ≤ z(ϕ) ≤ 1
2 , so

∑
a pa∥ϕa(j) − I∥2

2 ≥ 1; each term is at
most 4, so the components with ∥ϕa(j) − I∥2

2 ≥ 1
2 have weight at least 1

7 . By Markov’s
inequality the components whose squared defects sum to more than 16(|R| + 1)e2 have
weight at most 1

16 . Pick a component in the first set and not in the second. Finally
∥ϕa(w) − I∥2 ≥ ∥ϕa(j) − I∥2 − ∥ϕa(j−1w) − I∥2 ≥ 2−1/2 − ϵ′.

Proof of Theorem H.1. By Theorem 9.3(a), for n large every such service yields a direct-sum
assignment with blocks of dimension at most 2Q, e(ϕ) ≤ CPS

t
1/4
n and z(ϕ) ≤ 1

2 . Lemma H.3
gives an ϵ′-representation of dimension at most 2Q with ϵ′ = 4

√
|R| + 1CPS

t
1/4
n that moves

w by 1
2 , and Lemma H.2 with ϱ = 1/(2ϵ′) = Θ(t−1/4

n ), which is at least 2 for n large, gives
Q ≥ c ϱ1/2(log ϱ)−13. Since tn = Θ(logn/n), this is the claimed bound. The proof uses no
assumption on Kd.

At the rank rate, Theorem 9.3(d) allows the budget B = 14Q+3, so tn = O((Q+logn)/n).
Let t∗ > 0 be such that for t ≤ t∗ all conditions of Theorem 9.3(a) and Lemmas H.2 and H.3
hold at ϵ′ = 4

√
|R| + 1CPS

t1/4; we may assumeQ ≤ t∗n/16, since otherwiseQ ≥ n1/9 for large
n. If Q ≤ logn that argument gives a contradiction for large n. Otherwise tn = O(Q/n), and
the same argument gives Q ≥ c′(n/Q)1/8(logn)−13−1/8, that is Q9/8 ≥ c′n1/8(logn)−13−1/8

and Q ≥ n1/9−o(1).
In branch (i), Theorem 9.3(c) provides services with P = C = 0, and the rank rate is

optimal by Corollary 3.3. In branch (ii), ∆J(ΦS) > 0 and the purity bound are Theorem 3.2;
ΦS is generally factorizable through the group von Neumann algebra; and if the group were
hyperlinear, ΦS would lie in Kd (see the discussion after Theorem 9.2). At the rank rate with
ϵ < min{∆, 1/16}, Theorem 9.3(d) gives P+C ≤ 14Q+3, and with P+C ≥ n(∆−ϵ)2/(2 ln 2)
this is the linear bound.

The same argument applied to the mixture profile, with Theorem 9.2(b) in place of (c),
gives logDmix

ΦS
(δ) ≥ c δ−1/4(log(1/δ))−13(1 + o(1)) as δ → 0.

I A smaller matched-invariant pair
Let ZD = diag(e2πij/D)D−1

j=0 , and set

Ξ(X) = 1
32

31∑
a=0

Za
208XZ

−a
208, Θ6(X) = 1

6

5∑
a=0

Za
104XZ

−a
104.

For X ∈ M208 = M2 ⊗M104, written in tag blocks Xij , put

Φ̂(X) = |0⟩⟨0| ⊗ ΦH(X00) + |1⟩⟨1| ⊗ Θ6(X11).
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Corollary I.1 (Constant against polynomial memory in dimension 208). The channels
Ξ and Φ̂ both have Choi rank 32, maximal complementary entropy 5 with a flat optimal
complementary output, and lie in K208. Thus both have κ = 0 and optimal exchange rate 5

2 .
At exchange J ≤ 5

2n:

(a) Ξ has a causal service with error 0, Q = 5 and P = C = 0 for every n ≥ 1;

(b) every service of Φ̂ with error ϵ ≤ 1/16 has Q = Ω(n1/(2 log2 107+2)), whatever its purity,
and Q ≥ cA(n/ log(n+ 1))βH − 9

8 if P + C ≤ A log(n+ 1);

(c) for every n ≥ 1 and 0 < ϵ ≤ 1, Φ̂ has a service with error ϵ, P = C = 0 and
Q = O((n/ϵ)1/3 log4/3(2n/ϵ)).

For excess exchange Ex = (J − 5
2n)+, every service of Φ̂ with error ϵ ≤ 1/16 obeys Corol-

lary 5.10(d) with Q+ 1 in place of Q. This pair need not have identical Choi spectra.

Theorem A trades the smaller dimension for equality of the full Choi spectrum.

Proof of Corollary I.1. The channel Ξ. The 32 unitaries Za
208 are orthonormal for the nor-

malized trace, since τ(Zb
208) = 0 for 0 < |b| < 208, and 32 = 25, so Proposition 8.4 gives Choi

rank 32, H = 5 with flat complementary output, and (a). The unitary
∑

a Z
a
208 ⊗ |a⟩⟨a| with

a flat 32-dimensional bath is an exact factorization, so Ξ ∈ K208.
Invariants of Φ̂. Its Kraus operators are |0⟩⟨0| ⊗Kg for the 26 labels of Proposition 4.2

and |1⟩⟨1| ⊗ 6−1/2Za
104 for a < 6. They are linearly independent, so the Choi rank is

32. The two branches have orthogonal environments, so Φ̂c(ρ) = Φc
H(ρ00) ⊕ Θc

6(ρ11). For
ρ = 26

32 |0⟩⟨0| ⊗ ρ∗ + 6
32 |1⟩⟨1| ⊗ τ104, with ρ∗ as in Proposition 4.2, this is 26

32
I26
26 ⊕ 6

32
I6
6 = I32

32 ,
since Tr(Za

104τ104Z
−b
104) = δab for a, b < 6. So H(Φ̂) = 5, the probe spectrum is flat of rank 32,

and n
2 log 32 = 5

2n.
Approximants. Let Ψ have a factorization with unitary U and bath dimension m, and let

V =
∑

a<6 Z
a
104⊗|a⟩⟨a| on C104⊗C6. On the tag, the system and a flat bath Cm⊗C6⊗C2, apply

|0⟩⟨0|⊗U⊗I6 + |1⟩⟨1|⊗V ⊗Im (each acting on its own bath factor), followed by the controlled
phase between the tag and the last bath qubit. The last step dephases the tag, and tracing
the flat bath factors that a branch does not use leaves X 7→ |0⟩⟨0|⊗Ψ(X00)+ |1⟩⟨1|⊗Θ6(X11),
a factorization of bath dimension 12m. The maximally entangled input puts weight 1

2 on
each tag and the tag-coherent part of the Choi state vanishes for both channels, so its Choi
distance to Φ̂ is 1

2dJ(Ψ,ΦH). Hence DJ

Φ̂
(δ/2) ≤ 12DJ

ΦH
(δ) and Φ̂ ∈ K208, so κ(Φ̂) = 0 by

Theorem 3.2, and the optimal rate is 5
2 by Corollary 3.3 and Proposition 3.1.

Upper bound. Theorem 6.3 for Φ̂, with d = 208 and r = 32, and logDJ

Φ̂
(ϵ/(1664n)) ≤

log 12 + logDJ
ΦH

(ϵ/(832n)), together with Theorem 4.15, gives (c).
Lower bound. Let S be a causal service of Φ̂ with memory Q, exchange J ≤ 5

2n, deficits
P,C and error ϵ. Build a service S′ of ΦH with one extra memory qubit T , initially |0⟩.
In round t it feeds T as the tag, together with the input, into the round of S, releases the
104-dimensional output and keeps the tag output in T ; its exports and imports are those
of S. So Q′ = Q+ 1, P ′ = P + 1, C ′ = C and J ′ = J . Given an observer O of ΦH , let O′

be the observer of Φ̂ that acts as O, supplies |0⟩ as the first tag, supplies each later tag as
the tag output it received in the previous round, and discards the last one. The experiment
of O with S′ is that of O′ with S, restricted to the registers of O. In the ideal experiment
with O′ every tag output is |0⟩ and every other output is that of ΦH , so the restriction is the
ideal experiment of O. Partial traces contract the trace distance, so S′ has error at most ϵ.
Since the probe of Φ̂ is flat of rank 32 and J ≤ n

2 log 32, Theorem 5.8 gives P +C ≤ 14Q+ 3,
hence P ′ + C ′ ≤ 14Q′. Theorem 5.7 applied to S′, as in the proof of Corollary 5.10(c), gives
Q′ = Ω(nβH/(1+βH)), and with P + C ≤ A log(n+ 1) it gives the second bound. Above the
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exchange 5
2n, Theorem 5.8 gives P + C ≤ 14Q+ 4Ex + 3, hence P ′ + C ′ ≤ 14Q′ + 4Ex, and

the argument of Corollary 5.10(d) applies to S′, whose exchange is that of S.

J Spectrum completion for general gadgets
The full-spectrum comparison is not specific to the Houghton label counts. The following
construction preserves an arbitrary gadget as a corner, at the cost of a larger system. It reads
the finite-word profile of Section 9, not an arbitrary channel approximant.
Lemma J.1 (Quantitative invariant-corner restriction). Let Ω on MD have an invariant
d-dimensional corner restricting to Φ. For every δ ≥ 0 with finite right side,

Dmix
Φ ((D/d)δ) ≤ Dmix

Ω (δ), DJ
Φ((D/d)δ) ≤ 2DJ

Ω(δ).

Consequently ∆J(Ω) ≥ (d/D)∆J(Φ), and Ω ∈ KD implies Φ ∈ Kd.
Proof. Choose coordinates in which the corner consists of the first d coordinates. Let U be
a tracial factor of an approximant Ψ to Ω, with bath dimension m, and compress it to the
corner-bath space to obtain the square contraction A = WH, where H = (A∗A)1/2 and W is a
unitary polar extension. Set C = W (I−H2)1/2. The two operators W± = W (H± i

√
I −H2)

are unitary. Averaging their tracial channels gives

Θ(X) = Trm
[
A(X ⊗ Im/m)A∗ + C(X ⊗ Im/m)C∗].

Thus Θ ∈ Fm; it also has a single factor of dimension 2m, using W+ ⊕W− with its flat bath.
Feed a normalized Bell pair in the corner to Ψ, obtaining a state χ on the D-dimensional

output and d-dimensional reference. Its ideal counterpart is the embedded J (Φ). Projecting
the reference of the full Choi states and rescaling by D/d gives

1
2∥χ− J (Φ)∥1 ≤ (D/d)dJ(Ψ,Ω),

where the embedding is implicit. Pinch the output into the corner and its complement, with
positive blocks T, L. The corner block T is the Choi matrix of the A term above. The C
term has a positive Choi matrix K with TrK = TrL, by C∗C = I −A∗A and unitarity of U .
Hence

∥J (Θ) − J (Φ)∥1 ≤ ∥T − J (Φ)∥1 + TrL ≤ ∥χ− J (Φ)∥1.

For a finite mixture Ψ, repair each factor separately and retain its weight. The same argument
applies to the sums of T, L,K, so it uses closeness of the whole mixture, not of individual
components. Each repaired component is a mixture of factors with the same bath dimension.
This proves both profile inequalities. Taking infima over finite mixtures gives the distance
inequality, and letting the accuracy tend to zero gives the closure implication.

Proposition J.2 (Flat-spectrum completion). Let ΦG on Md be the gadget of P, with r ≥ 2
distinct labels, and let q ≥ 1 be an integer with R = 2q ≥ r. There is a unital channel ΩG on
MD, where D = 2dR, with an invariant d-dimensional corner equal to ΦG, Choi rank R, and
normalized Choi spectrum flat on R points. Moreover, Ωc

G(τD) = IR/R and H(ΩG) = q, and
ΩG ∈ KD if and only if ΦG ∈ Kd. For N∗ = 2|T | +D − 2d and e, z > 0,

DJ
ΩG

(N∗z/2) ≤ R hP(e, z) (18)

whenever the right side is finite. Every causal service of ΩG induces one of ΦG with no larger
complete-experiment error and

(Q′, J ′, P ′, C ′) = (Q+ q + 1, J, P + q + 1, C).

The comparison channel ΞD(X) = R−1∑R−1
a=0 Z

a
DXZ

−a
D has the same Choi spectrum and

entropy data, and an exact service with Q = q, P = C = 0 and J = q⌊(n− 1)/2⌋.
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Proof. Write UG =
∑

g Ag ⊗ λ(g) and µg = ∥Ag∥2
F . The coefficient matrices have disjoint

supports,
∑

g µg = d, and 2µg is integral because slot coefficients have squared magnitudes
one or one-half. In the tracial algebra L(G) ⊗MR, use the old labels λ(g) ⊗ IR and R − r
new labels I ⊗ Zj

R, 1 ≤ j ≤ R − r. These R unitaries are trace-orthonormal: old labels by
the group trace, new labels by the clock trace, and old/new comparisons because a nonzero
clock power has trace zero.

Form a block-diagonal unitary from two copies of UG ⊗ IR, then 2d− 2µg singleton blocks
for every old label and 2d for every new label. All multiplicities are nonnegative integers, and
the system dimension is

2d+
∑

g

(2d− 2µg) + 2d(R− r) = 2dR.

Every coefficient matrix now has squared Frobenius norm 2d, and their supports remain
disjoint. Thus the normalized Choi eigenvalues are (2d)/D = 1/R, and the complementary
output at τD is IR/R, attaining the largest possible entropy logR. The channel is unital by
its tracial-unitary realization, and the first original block is an invariant corner restricting to
ΦG.

For an assignment of dimension m = hP(e, z), evaluate each original gadget using its
literal slot words and each added old-label singleton using an original singleton anchor for
that label. Such anchors exist by Proposition 9.1. Tensor all these bath matrices with IR

and use Im ⊗ Zj
R for the new labels. Every block is exactly unitary, giving a single factor

of dimension mR. All old/old slot moments, including the added anchors, differ from their
target by at most z; every comparison involving a new label is exact. There are N∗ slots and
their scalar coefficients satisfy

∑
a |ca|2 = D. Hence the Choi expansion gives

dJ(ΩG,m,ΩG) ≤ z

2D
(∑

a

|ca|
)2

≤ N∗z/2.

This proves (18). If ΦG ∈ Kd, Theorem 9.2(f) supplies these assignments for every positive
e, z, so ΩG ∈ KD. The converse is Lemma J.1. The trace-orthonormal powers Za

D, a < R ≤ D,
and Proposition 8.4 give the comparison channel.

Finally D = d2q+1. Identify the first corner with tag zero in C2q+1 ⊗ Cd. Retain a tag of
q + 1 qubits, initially pure, feed it with each input into the completed-channel service, and
keep the returned tag for the next call. An observer of ΩG can perform exactly this recycling.
Ideally the tag stays zero and its reduced process is Φ⊗n

G ; contractivity therefore transfers
complete-experiment error. The tag is never reset or exchanged, giving the stated resource
ledger.

Corollary J.3 (Transferring a purity-dependent obstruction). Suppose that, for every B ≥ 0,
any n-round service of ΦG with error at most 1/16 and P + C ≤ B obeys, at any exchange,

Q ≥ c

(
n

B + log(n+ 1)

)β

− C0,

where c, β > 0 and C0 ≥ 0 are fixed. Then every service of the completion ΩG at J ≤ nq/2
and error at most 1/16 has Q = Ω(nβ/(1+β)), without a purity restriction.

Proof. The flat rank-R probe and Theorem 5.8 give P + C ≤ 14Q+ 3. Proposition J.2 and
the assumed bound imply

Q+ q + 1 + C0 ≥ c

(
n

14Q+ q + 4 + log(n+ 1)

)β

.

For large n this excludes Q ≤ log(n+ 1). Otherwise both the denominator and the left side
are bounded above by fixed multiples of Q, so Q1+β ≥ c′nβ for a fixed c′ > 0.
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The generic Houghton completion has dimension 2 · 104 · 32 = 6656; Theorem A reduces
this to 1664. The general construction neither improves the memory exponent nor promises
sublinear memory for an arbitrary steep approximation profile. It also preserves failure of
exact finite tracial mixture realization, by Lemma J.1 at δ = 0.

Proposition J.4 (Intrinsic corner monotonicity). If a channel Ω on MD has an invariant
d-dimensional corner restricting to Φ, then κ(Ω) ≥ κ(Φ). This follows from definition (3),
without an operational achievability theorem.

Proof. The case d = D is immediate. Otherwise choose coordinates for the corner, fix a
faithful state ρ on it, and put ρp = pρ ⊕ (1 − p)τD−d for 0 < p < 1. Take any ε-feasible
extension σ in the definition of kρp,ε(Ω). Pinch its reference Q into the corner and its
complement. The normalized branches σ0, σ1 have probabilities p, 1 − p, both with the same
Z marginal, because σQZ = ρT

p ⊗ σZ . Pinching increases S(QAZ) by at most h2(p); the
direct-sum entropy formula then gives

S(QA | Z)σ ≥ pS(Q0A | Z)σ0 + (1 − p)S(Q1A | Z)σ1 .

The second conditional entropy is at least − logD: write it as S(Q1 | Z) + S(A | Q1Z) and
use the product reference marginal. The first branch has the required product marginal and is
within ε/p of the embedded ideal output of Φ, by compression of the marginal trace-distance
bound. Its output leakage ℓ from the invariant corner is therefore at most ε/p.

Retract that output by E(X) = V ∗XV + Tr[(I − V V ∗)X]τd, where V embeds the corner.
The resulting extension σ̃0 is feasible for kρ,ε/p(Φ). Comparing on the original output space,
gentle compression and replacement give 1

2∥σ0 − V σ̃0V
∗∥1 ≤ t :=

√
ℓ+ ℓ/2. For sufficiently

small ε we have t ≤ 1, and the conditional-entropy continuity bound on the system Q0A of
dimension dD is

wdD(t) = 2t log(dD) + (1 + t)h2
(
t/(1 + t)

)
.

For completeness this bound follows by writing the positive and negative parts of two states’
difference as tω+, tω−, equating the mixtures (σ + tω−)/(1 + t) = (σ′ + tω+)/(1 + t), and
applying concavity and the binary entropy-of-mixture bound for conditional entropy; its
range on a system of dimension dD is [− log(dD), log(dD)]. Thus, with t replaced by its
bound in terms of ε/p,

kρp,ε(Ω) ≥ pkρ,ε/p(Φ) − pwdD(t) − (1 − p) logD.

First let ε ↓ 0 with p, ρ fixed, then p ↑ 1, then take the supremum over faithful ρ. The bound
is independent of the dimension of Z, which is essential when taking the infima.

Corollary J.5 (Purity and nonapproximable corners). For the completion in Proposition J.2,
κ(ΩG) ≥ κ(ΦG). If ∆ = ∆J(ΦG) > 0, every service of ΩG with J ≤ nq/2 and ϵ ≤ 1/16,
ϵ < ∆, satisfies

Q ≥ n(∆ − ϵ)2

28 ln 2 − q + 4
14 .

Proof. The first assertion is Proposition J.4. For the finite-error statement, Theorem 5.8
gives P + C ≤ 14Q+ 3 for the completion at its rank rate. Its induced corner service has
deficit P + C + q + 1, so Theorem 3.2(b) gives n(∆ − ϵ)2/(2 ln 2) ≤ 14Q+ q + 4.

This is a conditional linear obstruction when the original gadget is outside its closure
class. It identifies no new such gadget and does not settle the closure branch of the Slofstra
example.
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K Adaptive accuracy comparisons
The accuracy at which repeated service reads a profile depends on how per-round deviations
accumulate. Two facts frame the question.

Proposition K.1 (Support-preserving approximants). Suppose supp J (Ψ) ⊆ supp J (Φ),
let λ > 0 be the least nonzero eigenvalue of J (Φ), and let δ = dJ(Ψ,Φ) ≤ λ. Then every
adaptive observer distinguishes n independent uses of Ψ from n independent uses of Φ with
advantage at most (δ/λ)

√
n/2. In particular this holds when J (Φ) ≥ λI.

Proof. The case δ = 0 is immediate. Otherwise put t = δ/λ and let Π be the support
projection of J (Φ). The Choi difference is traceless, supported on Π, and of operator norm
at most δ, while J (Φ) ≥ λΠ; so J (Φ) ± (J (Ψ) − J (Φ))/t ≥ 0, with reference marginal τd,
and Γ± = Φ ± (Ψ − Φ)/t are channels, Φ = 1

2(Γ+ + Γ−) and Ψ = 1+t
2 Γ+ + 1−t

2 Γ−. Both
experiments are generated by the same sequence of conditional channels from n independent
coins, fair for Φ and of bias t for Ψ. One biased coin has relative entropy at most t2 from a
fair one, and Pinsker’s inequality bounds the distance of the coin strings by t

√
n/2.

Corollary K.2 (Full-rank targets at positive slack). Let d ≥ 2, Φ ∈ Kd, J (Φ) ≥ λI
with λ > 0, 0 < ϵ ≤ 1/2 and 0 < s ≤ 1. Put δ = λϵ/

√
2n, m = DJ

Φ(δ), u = dδ and
x = log(256n/ϵ). If x < n and h2(u) + u log(d2 − 1) ≤ s, there is a causal service of error at
most ϵ with

J ≤ n(H(Φ)/2 + s), P = C = 0, Q ≤ logm+ log(2 + logm) +Od

(
x/s+ log(n+ 1)

)
.

For fixed positive s, ϵ the two conditions hold for all sufficiently large n.

Proof. Choose a factor Ψ of dimension m at Choi distance at most δ. Proposition K.1 bounds
the distance of the two independent-use experiments by (δ/λ)

√
n/2 = ϵ/2. For a common

purified input, the output-and-reference states have dimension d2 and distance at most
u ≤ 1/2. Their entropies are the respective complementary entropies, so Fannes–Audenaert
gives H(Ψ) ≤ H(Φ) +h2(u) +u log(d2 − 1) ≤ H(Φ) + s. Apply Theorem 6.1 to Ψ with service
error ϵ/2 and slack s/2. Its exchange is at most n(H(Ψ)/2 + s/2) ≤ n(H(Φ)/2 + s) and its
error adds at most ϵ/2. Since x < n, the fully flat physical initialization and prescribed round-
dependent unitaries give P = C = 0. This refinement does not apply to the proper-support
Houghton target without support-preserving approximants.

Remark K.3. No square-root bound in single-use trace distance holds for arbitrary independent
approximants. For Φ = id and Ψ = Addiag(1,eiϑ), dJ(Ψ,Φ) = | sin(ϑ/2)|, whereas an n-qubit
GHZ input gives distance | sin(nϑ/2)|. Rare errors also add linearly: (1 − p)id + p AdZ

has n-use distance 1 − (1 − p)n from the identity. Support preservation is sufficient for
Proposition K.1, but not necessary, as the following example shows.

Proposition K.4 (Leaking approximants with square-root accumulation). Let Φ = ∆Z

be qubit dephasing, let Rθ =
(

cos θ − sin θ
sin θ cos θ

)
, and put Ψθ = AdRθ

◦∆Z , with 0 ≤ θ ≤ π/2 and
δ = sin θ. Both channels are exact finite tracial factors, and

dJ(Ψθ,Φ) = d⋄(Ψθ,Φ) = δ, ℓΦ(Ψθ) = δ2.

Their complete adaptive n-use distance is exactly
√

1 − (1 − δ2)n.

Proof. Each channel is a mixture of two unitary channels: ∆Z = (id + AdZ)/2 and Ψθ =
(AdRθ

+ AdRθZ)/2. Their Choi states are equally weighted blocks with classical reference
label x and output |x⟩ or Rθ|x⟩; these pure states have distance δ, and the latter leaves the
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former’s support with weight δ2. For the adaptive upper bound use a common processor
that measures the input in the Z basis, obtains x, and applies (XZ)x to a supplied program
state. Programs |0⟩ and cos θ|0⟩ + sin θ|1⟩ implement Φ and Ψθ respectively. This holds also
for reference-entangled inputs. Every adaptive experiment is therefore a common channel
applied to the corresponding n-fold program states, whose distance is

√
1 − cos2n θ. All-zero

inputs attain that distance, proving equality and the diamond claim at n = 1. The processor
is a comparison argument, not an uncharged physical resource in the service model.

For independently repeated approximants, a Bell-input support test gives the lower bound
1 − (1 − ℓΦ(Ψ))n. Proposition K.4 shows why this does not imply linear accumulation in dJ :
leakage may be quadratic in dJ . For ΦH , no finite tracial mixture of zero leakage lies within
diamond distance 1/8 (Theorem D.2); determining the relation between leakage and useful
approximation accuracy remains essential.
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