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Abstract

A finite rational binary-scoring game can require infinite dimension for perfect play while
admitting finite energy and finite entanglement entropy. Our game has ten Alice questions,
eleven Bob questions, at most six answers, and 52 uniform question pairs. It is spatially perfect
and never finitely perfect, with sharp dimension profile Dr(g) = 10log,(1/¢) + O(loglog(1/¢)).
Among pure perfect strategies, the displayed strategy attains the least entanglement entropy,
5.362740278498934 ebits, and least mean occupation, 275/18 per oscillator. We classify all perfect
normal type-I marginal spectra and prove that this spectrum is the unique majorization maximum.
These constants are also the small-loss limits of the entropy and one-sided oscillator energy
prices. In the massive free scalar field we construct a pure perfect state in two strictly separated
bounded regions, equal to the vacuum outside a bounded containing region and with every
polynomial energy moment finite. In contrast, every fixed faithful split state has a positive loss
floor; the complementary-wedge vacuum has supremum one without attainment. Energy-analytic
states, bounded-region invertible vacuum preparations and product-Kraus preparations cannot be
perfect. Every perfect pure spatial strategy has infinite Schmidt rank; finite entropy is attained
but not forced. In every type-II; factor the normalized trace has a loss floor, while bounded
faithful prepared densities win perfectly with sharp trace-entropy deficit A, = In(7/6) —1n(2)/7.
Type-1I,, permits every finite trace entropy. A graded modular ladder gives a normal semifinite
hosting criterion. Its scalar fingerprint has sharp capacity and entropy-gap bounds; the capacity
floor is approached but not attained in type I, and attained in type II.

1 The separation

A finite nonlocal game is specified by finite question and answer sets, a probability distribution 7 on
question pairs, and a predicate V taking values in {0,1}. A pure strategy consists of a unit vector
1 € Hq® Hp and local positive operator-valued measurements (POVMs). It is perfect if its winning
probability is one. We call it finite-dimensional when both local spaces are finite-dimensional, and
spatial when they may be separable infinite-dimensional Hilbert spaces. The associated correlation
sets are Cy and Cys, respectively. Answer sets may depend on the question; padding by zero effects
puts them in the usual fixed-alphabet convention.

Let Dg(g) be the least integer d for which a strategy on C¢® C? with arbitrary POVMs has loss
at most €. Smaller spaces can be padded. Mixed shared states are also allowed in this definition.
Throughout, dimension refers to this POVM convention.

For this game finite dimension cannot pay for perfection, whereas finite oscillator energy and
finite ordinary entanglement entropy suffice. Among perfect pure spatial strategies, the displayed
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strategy minimizes entanglement entropy at logs 24 + 7/9 ebits and mean oscillator occupation at
275/18 per side. The reason is an integer spectral classification with a unique majorization maximum,
not merely passivity at a fixed spectrum. Diffuse type-1I algebras permit perfect prepared play,
although their normalized trace states cannot win. The field construction uses arbitrary bounded
local PVMs and an ideal joint preparation, with energy depending on the chosen field modes.

Theorem 1.1. There is a rational binary-scoring game I' with ten Alice questions, eleven Bob
questions, at most six answers per question, and a uniform distribution on fifty-two supported pairs,
such that:

1. T has a normalized perfect strategy on €% @ (?;
2. no finite-dimensional strategy is perfect;
3. for each integer K > 1, an explicit strategy of local dimension 20K has loss

1
iy — 1

Both the finite-dimensional supremum and spatial value are one, but only the latter is attained, and

Dr(e) < 20 [1og4 (1 + 62145ﬂ (e >0). @)

For 0 < e <1 one also has Dr(e) < 10logy(1/¢) + 20.

Theorem 1.2 (Sharp dimension profile). There are constants C > 0 and 0 < g9 < 1/2 such that
every finite-dimensional strategy for I' with loss at most €, 0 < € < €q, using arbitrary local POVMs
and a mized or pure shared state, has each local dimension at least

10logy(1/e) — 101ogy logs (1 /) — C. (3)

Consequently,
Dr(e) = 101ogy(1/¢) + O(loglog(1/2)) (= L 0). ()

The lower bound controls all approximate strategies, through a robust sector law and a count of
Schmidt multiplicities. The key analytic input is a dimension-independent square-root extraction
for the row/column magic-square game, proved in Section 6. Sections 7 and 8 establish the robust
sector law, gluing estimates and rank count. Local measurement dilation preserves the Schmidt
rank used in this count, even when it enlarges the ambient Hilbert spaces.

Context and credit. Coladangelo and Stark separated finite-dimensional from spatial correlations
with finite question and answer sets [10], using offset decompositions and Schmidt multisets. Beigi
obtained such a separation with four binary measurements per party [3]. These are separations of
exact correlations. Here every spatial correlation winning I' perfectly lies outside Cy, so a finite
game with a 0/1 winning predicate detects the distinction at perfect attainment. This answers the
possibility raised in the second-page remark of Coladangelo—Stark [9] that a binary or integer-valued
game score might not witness the separation. Binary scoring refers to the predicate, not to the
number of answers.

Slofstra’s nonclosure game [27] has a perfect approximate correlation but no perfect spatial
strategy. His Theorem 3.2 equates finite and spatial perfect existence for linear-system games.



Kim-Paulsen—Schathauser prove Cj(n,m) = Cg;(n,m) for synchronous correlations in their Theo-
rem 3.10 [20]. These restricted classes do not include the present construction.

Our building block is Mancinska’s Flagged Magic-Square game [23], including its calibrated
frustrated bridge. Her Theorem 11 is a finite-dimensional exact self-test. We prove the sector
identity on arbitrary Schmidt supports without appealing to a spatial extension of that theorem.
The exact magic-square rigidity used below is Proposition 2 and Appendix A.2 of that paper,
also proved here in the operator form we need. Lalonde’s earlier game [21] requires nonmaximal
entanglement for perfect play, but has a perfect strategy in local dimension six. The additional step
here is the offset gluing that rules out every finite dimension.

Quantitative dimension witnesses predate this construction; for example, Slofstra—Vidick [28]
prove polynomial dimension lower bounds for finite games. Douglas [15, Theorem 6] states a
matching logarithmic law for the optimal-value deficit of I3325. We do not use that paper’s lower-
bound certificates. The present theorem gives the sharp leading coefficient for this explicit spatially
perfect, non-finitely-perfect game of value one. No absolute historical-priority claim is made.

2 The game and its finite building block

2.1 The flagged magic square

Write R = {s € {£1}® : s1s0s3 = 1} and C; = {t € {£1}3 : titaty = n;}, where (n1,m2,73) =
(1,1,—1). Alice’s questions are Ry, Ry, R3, Ty, T1; Bob’s are Cy, Cy, Cs, Uy, U;. Put

co=r0=(1,1,1), a=r=(1,-1,-1), Oy = (—1)".
The answers to R; are RU{ f}, and those to C; are C;U{ f}. The answers to T}, are {4+, —}I(C1\{cz}),

and those to Uy are {4+, —} U (R \ {ry}). A sign answer is distinct from a sign triple. All twenty-five
pairs have equal positive probability. The rules are:

1. At (R;,Cj), (f, f) wins, a single flag loses, and nonflag answers (s, t) win exactly when s; = ;.

2. At (T, C1), a sign wins exactly against f or ¢,. A triple wins exactly against the identical
triple.

3. At (R1,Uy), a sign for Bob wins exactly against f or r,. A triple wins exactly against the
identical triple.

4. At (T, Uy), two signs a,b € {£1} win exactly when ab = 0,,. If at least one answer is a triple,
they win.

5. All other pairs accept every answer pair.

This is Grumsg, in the conventions of [23].
Here is its ideal strategy. Let X,Y, Z be the Pauli matrices and use the square

Xl IoX X®X
Mj)=|I0z zZoI 2ZeZ)|. (5)
X®Z ZoX YQY

Fach row and column commutes; row products are I and column products are I, I, —1I. Denote the
rank-one joint spectral projections by m; %" and 773?31. On Cf @ C* take

3
Ve = YN+ L2 |z2). (6)

z=0



The row and column measurements consist of their spectral projections and the flag projection.
Choose the distinguished eigenvectors as

|CO> = (17 Oa 1a O)T/ﬂ> |Cl> = (0> 17 0> I)T/ﬂa
lro) = (1,1,1,1)T /2, Ir) =(@1,-1,1,-1)T /2.

They satisfy (c;|ry) = 04y/v/2. The sign projections for T, are onto (|f) & |c;))/v/2, with the other
column-one projections as the remaining outcomes. Bob uses (|f) £ |r,))/v/2 and the other row-one
projections. All these projections are real. The row/column and calibration rules follow from their
supports. For two signs the amplitude is proportional to 1+ aboy,, so the forbidden products vanish.
Thus (6) wins perfectly.

2.2 Two copies and one label

Form I' with Alice questions (h, q) and Bob questions (h,r), h € {1,2}, for gadget questions g, .
Bob has an additional question Lab with answers A, B. Copy one retains the gadget answers. Add
a boundary answer | to every question of copy two.

There are twenty-five internal pairs per copy and two label pairs:

((1, Ry), Lab), ((2, Ry), Lab).

Each of the fifty-two pairs has probability 1/52. Copy one uses the gadget predicate. In copy two,
(L, 1) wins, exactly one boundary answer loses, and otherwise use the gadget predicate. At the
links accept exactly when

[a# f]=1[b
[ac{f, L} =1[b

The first line concerns Ry, so a # f means a magic-square answer. Unsupported pairs have
probability zero. These rules specify a rational game with ten and eleven questions, five answers in
copy one, six in copy two, and two label answers. The ancillary game. json records all supported
pairs and forbidden answer pairs.

A] in copy one,

Al in copy two. (7)

3 An inverse-free sector identity

Fix bases and identify ¢ with its Hilbert—Schmidt coefficient operator K : Hp — H4. Bob’s
transposed effects are denoted by F'. Then

p(E,F) = ||[E"?KF'?|3,  p(E,F)=0 = EKF =0. (8)

Compress to the supports of the reduced densities. Now K is injective with dense range, and
KK* K*K are positive trace-class operators. Compression preserves correlations. No inverse of K
will be used.

Lemma 3.1 (Checked classes). At a supported pair suppose the answers split into matching classes,
with different classes always losing. In a perfect full-support strategy their coarse effects E., F,. are
orthogonal projections, E.K = KF,, and E. commutes with K K*.

Proof. The forbidden products and completeness give E. K = E.KF. = KF,. For c #d, E.F K =
E.KF; = 0. Dense range gives E.E; = 0, and completeness gives EC2 = FE.. Apply the same
argument to K* on Bob’s side. Finally E. K K* = KF.K* is self-adjoint, proving commutation. [J



For orthogonal complete sectors satisfying PsK = K@), the compact operator K is the direct
sum of its sector maps. Hence

Sch(K) =| | Sch(P.KQs). (9)

Here Sch is the multiset of nonzero singular values with multiplicities. All sector vectors are
unnormalized. Formula (9) holds also for countably infinite square-summable multisets, by the
compact spectral theorem.

Lemma 3.2 (Exact magic-square algebra). Let reflections O;; commute within rows and columns,
with row products I and column products I,1,—I. There is a unitary identification with C* @ J
carrying them to M;; ® Iy in (5), for an arbitrary multiplicity space J.

Proof. This is the operator rigidity underlying [23, Proposition 2 and Appendix A.2]. Put a = O,
b = O12, ¢ = O21, d = Oz3. The cross commutations are [a,b] = [a,c] = [b,d] = [¢,d] = 0. Parity
gives O13 = ab, O23 = cd, O31 = ac, O30 = bd, and acbd = O3z = —abed. Multiplication on the left
by a and on the right by d gives ¢b = —bc. Using [ac, bd] = 0 and the cross commutations then gives
ad = —da.

An anticommuting reflection pair is unitarily X, Z on C? tensored with a multiplicity space: the
second reflection exchanges the first’s two eigenspaces. The second pair commutes with the first, so
acts on its multiplicity space and permits the same construction. Taking (a,d) as the first-qubit
(X,Z) and (b, c) as the second-qubit (X, Z) recovers (5). This works with infinite multiplicity. [

Proposition 3.3 (Flagged sector law). In every perfect finite-dimensional or spatial strategy for
Grwus, the flag and magic-square sector maps satisfy

Sch(K,,) = 4 - (V2 Sch(Ky)). (10)
Here m - S means m copies of S. The two sectors vanish together.

Proof. Flag consistency gives a common flag projection on each side, independent of the row or
column, and K = K; ® K,,. In the other sector, Lemma 3.1 makes the checked cell classes
projections. A joint POVM with projection marginals is their joint spectral measurement: each fine
effect is supported in the ranges specified by its marginals, and completeness recovers their products.
Thus the cell reflections satisfy the row relations. Intertwining through K, transfers Bob’s column
relations to Alice by dense-range cancellation, and conversely by injectivity. Lemma 3.2 on each
side yields
Ky =14 & Dy,

An intertwiner of the two full My actions has this form by comparison of its sixteen matrix blocks.
On its multiplicity supports D,, is injective with dense range.
Calibration identifies the sign supports as

Se=Pr® (leo)(cal @),  Sy=Qs & (|ry)(ry| @1).

Put X, =E —E; and Y, = FyJr — F,, self-adjoint contractions on their sign supports. Identify

each support with flag space direct sum multiplicity space and write
Dy,

Wy = S,KS) = K; @ “i;pm, H=Kpo- (11)

V2



Each Wy, is injective with dense range. The two forbidden sign events imply

(I + Xo)Way(I — 0uyYy) = 0,
(I — Xp)Way(I + 04yYy) = 0.

Their sum and difference give both identities
XoWay = 00yWayYy, XoWoyYy = 00y Way. (12)

Consequently Xgny = Wy and WszyQ = Wyy. Dense range and injectivity give X2 = Yy2 =1.
This proves projectivity of the unchecked signs with bounded operators alone.

Fory=0, Woo=Wig=H,s0 Xo=X; =:X. Fory=1, Wy; = H and W1 = ApH = HAp,
where A = I @ (—1) on each side. The intertwining equations imply X = —A4XAy4. Thus

X—<5 0)’ pre=1, pp=1I

The map g is unitary between flag and multiplicity spaces. From X H = HY} and self-adjointness
follows XHH* = HH*X. Its off-diagonal blocks give

BK;K} = 1D, D}, B.

Their positive eigenvalues have this ratio. Taking square roots and counting the four copies in K,,
proves (10). Unitarity of 3 also makes the sectors vanish together. O

This directly proves the spatial law without extending a finite-dimensional self-test by assumption.
It makes no assertion about general commuting-operator strategies.

4 Gluing and the finite-dimensional obstruction

The support graph has Alice and Bob questions as its two vertex sets and supported pairs as
edges; delete unused questions. Its connectedness is the hypothesis needed to propagate a common
boundary projection.

Theorem 4.1 (Connected-support gluing). Let G be a finite rational game with connected support.
At a supported pair (z,7z"), suppose its answers split into consistent classes U, L. Assume every
finite-dimensional perfect full-support strategy satisfies

Sch(Ky) =m - (kSch(K7p)), m € N>y, k> 1, (13)

with both sectors nonzero. Suppose G has a perfect strateqy with one Schmidt coefficient | in L and
m coefficients kl in U.

Take two copies of the supported predicate, add the boundary answer to copy two, and link
(1,2),(2,2) to one Bob label question by [a € U] =[b= A] and [a € L or a = 1] = [b = A]. Give
all these pairs positive rational probabilities. The resulting game is spatially perfect, never finitely
perfect, and has finite-dimensional supremum one. If (13) holds spatially, the multiset identities
below hold for every perfect spatial strategy.



Proof. In copy two, boundary/nonboundary is a checked decomposition on every edge. Lemma 3.1
and connectedness propagate common projections P, Q) with P| K = KQ . All other copy-two
effects lie in their complements; conditioning on this complement when nonzero gives a perfect
strategy for G.

Let S; = Sch(K1) and Sy = Sch(K?) be the unnormalized lower sectors, and T = Sch(P, K).

The links give equalities of projections,
Pt=P!+P, Pi=P: (14)

For example both sides of the first equality intertwine K with Bob’s label-A projection, so dense
range gives equality. Equations (9) and (13) imply

Si=m- (HSQ), m? - (H252) =SuT. (15)

The nonboundary sector cannot vanish: the second link would kill copy one’s lower sector, and its
sector law would kill the whole state. Thus Sy is nonempty. In finite dimension its least element
i > 0 belongs to the left side of the second identity, so u = x2s for some s € Sy. This contradicts
s=p/K> < p.

For spatial existence use basis vectors A(i,j,k), 1 <i,7 < m, and B(j,k), 1 <j<m, k> 0.
Give them respective Schmidt coefficients ay, by, where

wh = rbe. bper = b/ = LT

k= KO, k+1 = Ok/K", 0= 2w
The squared coefficients sum to one. Copy one uses ideal blocks with B(j, k) as L and A(3, j, k)
as U. Copy two uses A(1,1,k+ 1) as L and B(j,k) as U, since by, = kagy1. All other A vectors
are boundary in copy two. Direct sums of ideal measurements, with the boundary projection, are
bounded complete POVMs. Bob’s label distinguishes A and B. Each internal pair wins on ideal
blocks or boundary/boundary, and the two linked Alice projections equal the A projection. The
diagonal state therefore wins both links. Finite truncation and compressed measurements give loss

tending to zero by Lemma 5.1 below. O

Connectedness is explicit: on disconnected support, consistency gives one boundary projection
per component and does not alone give a global projection. The concrete gadget has full pair
support, so this issue does not arise for I'.

Apply Theorem 4.1 with m =4, k = /2, 2 = Ry, 2/ = C1, U = R, L = {f}. The sector law is
Proposition 3.3 and the ideal strategy is (6). In particular

Sp=4-(v2Sy),  16-(253) = S UT. (16)

This proves finite impossibility without assuming positive boundary weight. In fact the weight is
forced: copy one’s law gives ||S1]|3 = 1/9, the second link gives ||S2||3 = 1/72, and the first gives

T3 =8/9—1/72="1/8. (17)

This mass calculation does not replace the minimum-coefficient argument.



5 Perfect spatial play and finite compression

5.1 The normalized state

For the concrete game index 4,j by 0,1,2,3. On each side use the basis A(i, j, k), B(j, k), k > 0,
and put

3

£>04,j=0

3
k>0 5=0
2—k
43’
The squared mass of level k is 16a3 + 4b2 = (3/4)47%, so ||#|| = 1. Each local space is isomorphic to

¢2: there are two Hilbert tensor factors.
Copy one applies the ideal PVMs on each block

bk = ap = \/§bk

(B(-]7 k)’ A(07.77 k)? A(17]7 k)? A(27..77 k)’ A(37.]7 k))'
Copy two applies them on
(A(0,0,k+ 1), B(0,k), B(1,k), B(2,k), B(3,k)),

and outputs L on every remaining A vector. The coefficient ratio in each block is (1, v/2, v/2, V2, v/2)
since by, = v/2aj41. Bob labels the A and B subspaces. Alice’s copy-one nonflag and copy-two
flag-plus-boundary projections both equal the A projection; the diagonal state satisfies the links.

This covers all supported pairs. In copy one the nine row/column pairs, four calibration pairs
and four sign pairs win by the ideal strategy; the remaining eight are free. In copy two all twenty-five
pairs win on ideal blocks or boundary/boundary, with no mixed amplitude. Both links win as just
shown. Thus (18) is a normalized perfect spatial strategy.

5.2 Loss under compression

Lemma 5.1 (Tail-to-loss bound). A perfect spatial strategy with Schmidt tail mass t outside a finite
retained set has a normalized truncation with compressed measurements of loss at most t.

Proof. Tts loss operator satisfies 0 < L < I and Ly = 0. The normalized truncation ¢ has overlap

V1 —twith. For0 <t < 1 write ¢ = /1 — typ++/tn with L 3 unit. Then (¢, Lo) = t(n, Ln) < t.
Compression of the local effects preserves this expectation and completeness. The zero-tail case is
immediate. O

Retaining levels 0, ..., K — 1 keeps 20K coefficients and mass 1 — 4=, Compressed effects are
POVMs; the sign effects at the incomplete last block need not be projections. The lemma gives

Dr(g) < 20[log,(1/¢)] < 10logy(1/e) +20 (0 <e < 1).

The constant 10 uses arbitrary POVMs. A PVM-only convention requires a dilation and its
dimension cost.



The compressed loss can be calculated exactly. All copy-one blocks remain intact. The only
incomplete copy-two block is the last B quadruple, whose next-level flag is removed. Its unnormalized
coefficient matrix is diag(0,bx—1,bx—-1,bKx—1,bKx—1). Only the four sign pairs lose. For forbidden

answer signs u, v, uv = —0y,, and the probability is
uv by —1 2 b
2 <C$‘Ty> = 8 :

Each of four pairs has two forbidden sign choices, giving total unweighted mass b ;. All row/column,
calibration, boundary and link events still have zero loss. Dividing by 52 and the retained mass
gives
fomp _ . 1
WE 7 52(1 —4-K)  48-52(1 —4-K) T 624(4K — 1)’
Solving for K gives (2) and completes Theorem 1.1. This is the loss of the specified compression; no
optimality among all strategies of dimension 20K is asserted.

6 Quantitative consistency and magic-square extraction

In this and the next section Bob’s operators are the physical operators on Hpg, without transposition.
Operators on opposite parties commute. For a vector v, Sch(v) now denotes its nonincreasing
Schmidt sequence, padded with zeros. Multiset unions are sorted before comparison. All vectors
other than the original strategy vector may be unnormalized. Singular-value perturbation gives

[ISch(v) = Sch(w)][2 < flv = w]. (19)

Indeed, the matrix singular-value inequality follows by applying the Hermitian eigenvalue inequality
to the self-adjoint block matrices with off-diagonal blocks K, K*; finite-rank approximation gives the
compact Hilbert—Schmidt case. Sorting nonnegative sequences also cannot increase their Euclidean
distance.

Lemma 6.1 (Approximate checked classes). For projective measurements, suppose mismatched
answer classes at a pair always lose, with absolute losing mass at most n on a vector v. Their
class projections satisfy ||(E. — F.)v|| < /1. For the sign tests of Gyms, writing Sy = El + B
X, = EII — E™= and similarly S;, Y, for Bob, one has

(X2Yy — 04y SaS)v|| < 2/7.

Proof. The squared norm of (E.— F.)v is the sum of the probabilities of the disjoint mismatched-class

events involving c. For signs, expand in the orthogonal vectors E= FbU Yo with a,b € {+,—}. The
coefficient ab — 0, is zero on winning events and has magnitude two on losing events. O

Left multiplication by a contraction preserves a vector estimate. Right multiplication needs
additional control. The following rule will provide it. If s are Alice reflections with Bob mirrors s
satisfying [|(s — 5)v|| < e, then a word w of length | mirrors to the reversed Bob word with error at
most le. Consequently, for an Alice operator R with |R|| < 2 and ||Rv|| < re,

||Rwo|| < (r + 20)e. (20)

To see this, replace the rightmost letter by its mirror, commute that mirror past the remaining
Alice letters, and continue. The resulting Bob word commutes with R and is unitary. The rule
holds with the parties interchanged; the mirroring assertion also holds for contractions.



Theorem 6.2 (Square-root word extraction). Let ||¢|| < 1 and let local PVMs have valid magic-
square row and column answers, with absolute losing mass at most 1 on each of the nine pairs.
There are local isometries V. =V, ® Vg and an auxiliary vector j such that, for every word w of
length at most sixz in Bob’s cell reflections and cell projections, including the empty word,

[Vwe — (I @ )(Ps® j)| < Cusv/a, Cus = 224, (21)

Here &4 = £33  |22), and © uses the ideal cells in (5), in the same order. The vector j need not
be normalized. The constant is independent of dimension, also on separable Hilbert spaces.

This statement is proved below for the actual row/column game. For comparison, the analytic
estimate of Wu et al. [34, Appendix C, Eq. (C35)] has a fourth-root rate in a correlation-error
parameter; per-pair loss 7 gives checked correlation errors at most 27. Coladangelo—Stark’s magic-
square statement is [11, Theorem 6.9], applying their general Theorem 4.16 to an equation/variable
game. Their Definition 4.14 uses trace norm for the state and squared state-dependent operator
distance. We do not use its asserted linear trace-norm rate: Lemma A.3 there fails already for
v = /1 —1]0) + v/#|1) and P = |0)(0|, since the squared projector defect is ¢ but |||v;){v;| — P||1 =
2¢/t > 6t for 0 <t < 1/9.

Proof of Theorem 6.2. Let A;;, B;; be the cell reflections and put e = 2,/5. Consistency gives
|(Asj — Bij)¢|| < e. Alice’s rows commute and have product I; Bob’s columns commute and have
products I,I,—I. Write T ~, U for ||[(T — U)¢|| < re. Put

a=A1, b=An, c=Ay, d=A», g=A3, h=A3, i=As.
Mirroring two letters to a Bob column, using its parity and mirroring back, gives

[a7 C] =4 O’ [bv d] =4 O’
g ~3 ac, h ~3 bd, 1 ~3 —abed.

Also [a,b] = [c,d] = [g,h] = 0 and gh = i exactly. Substitution of h on the right, then of g through
its two-letter suffix using (20), gives gh ~19 acbd. Thus acbd ~13 —abed. Remove the left a and the
right d, the latter by (20), to obtain {b,c} ~5 0.

Similarly hg ~19 bdac, so acbd ~9q bdac. Commuting b, d through the suffix ac gives bdac ~g dabc;
exact [c,d] = 0 followed by commuting b, d through ¢ gives abed ~¢ adbe. Combining these with the
13e estimate yields (ad + da)bc ~47 0. Removing bc costs at most 4e, so {a,d} ~51 0. Transferring
two-letter relations to Bob costs at most 4e more. Therefore 55¢ bounds all the corresponding
commutation and anticommutation defects on both sides.

Consider the order-32 real Pauli group

G={(Jabecd:J?=a>=0=c=d*=1, J central,

ad = Jda, bc = Jcb, all other pairs commute).

Every element has a unique form J?a"b’c"d® with binary exponents. Let fa, fp evaluate these
forms in the physical generators with J = —I. Sorting a product involves at most eight letters and
at most 32 adjacent exchanges. Each exchange costs at most (55 + 16)e by (20), and cancellations
are exact. In particular, on either party,

1(f(g9)f(h) — f(gh))¢|l < 4096e  (g,h € G). (22)

10



Define isometries

Wav =32""23" |9y @ falg)v,  Wgv=32""2%"|g) @ fu(g)v.
geG geqG

On the register use the right regular representation (R, F)(g) = F(gh). Squaring and averaging (22)
over g gives

[Wafa(h)¢ — RnWaol| < H,  H = 4096e, (23)

and likewise for Bob. An opposite-party isometry preserves these errors.

Since f(Jg) = —f(g) exactly, each isometry has range in the register’s J = —1 subspace.
Every representation on this subspace is a multiple of the real four-dimensional representation
a=XI,b=1X,c=1Z,d= ZI. For completeness, diagonalize the commuting ¢, d. The involution
a exchanges the two d eigenspaces and preserves c; b exchanges the two ¢ eigenspaces and preserves d.
The four joint eigenspaces have equal multiplicity, and their identifications by a, b give precisely these
Pauli actions. This also works for infinite multiplicity. Compose W4, W with these identifications
and call the result V.

Put v = V. For each of the four generators, consistency and (23) give ||[(MA — MEP)v|| < 2H +e.
The four involutions MAMZE commute, with common +1 projection Py = |®4)(®4] ® I. Hence

1
(7 = Poyoll* < 3 DI = MIMZ)o|* < (2H +e)*.

S

Taking ®4 ® j = Pyv proves the empty-word bound [|[v — ®4 ® j|| < 8193e.

Every other Alice cell equals, or is within 3e of, its normal-form word of degree at most four.
Its extraction error is thus at most H + 3e + 8193e. Bob’s cells follow from consistency and
(M @1y = (I ® MT)®y, at a further cost of at most e. The common bound 2'e covers a single
reflection or projection on either side; a cell projection is (I + M) /2.

For a Bob word, mirror its last letter to Alice at cost at most e, commute it past the Bob prefix,
apply the prefix estimate, and use the Alice single-letter estimate on ®4 ® j. Passing from the
physical isometric action to that target costs at most another 8193e. Thus each added letter costs at
most e + 8193e + 2'e. For six letters, including the empty-word error, this is less than 2'®e, which
is covered by 2%4,/7. All estimates used absolute losing masses and ||¢|| < 1 throughout; there is no
normalization factor or dimension dependence. ]

7 The robust flagged sector law

We write v & w in this section when v —w|| < C/7, for a fixed constant independent of the
strategy and its dimension. The constant may increase at successive steps: only finitely many
contractions, bounded sums and words of bounded length occur.

Lemma 7.1 (Two-way spectral domination). Suppose local contractions satisfy ||[v—(A® B)w|| < dy
and |[w — (A" ® B")v|| < da. Then

| Seh(v) — Sch(w)|l2 < \/d? + 3.

Proof. Let u = Sch(v), t = Sch(w), and let s, s’ be the Schmidt sequences after the two contractions,
respectively. Singular values decrease entrywise under contractions, so s < t, s’ < u. Equation (19)
gives |[(u—t)1]l2 < di and ||(t — u)+||2 < do. These positive parts have disjoint supports. The same
argument for compact Hilbert—Schmidt maps follows by finite-rank approximation. O
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Theorem 7.2 (Robust flagged sector law). There is an absolute constant Cy such that every
projective Gpys strategy on a vector ¥ of norm at most one, with absolute losing mass at most n
on each of its twenty-five pairs, satisfies

Sch(m) —4- (V2Sh(f)], < Coyit,  f=ERw, m=v-f. (24)
This holds in finite dimension and on separable spatial Hilbert spaces.
Proof. Put P = Efl, Q= Fcl, and write P?, Q7 for the other row and column flags. Let H, = E,gl,
G, =F C(;: 1. Cell projections, denoted Ej.; s, Fj.; s, sum the nonflag answers with cell sign s. Lemma 6.1
gives
Py = Q' = Py, Eij st = Fjii s,
Qm~ P'm~ Q'm ~ 0, Pm = 0. (25)
The calibrations and signs give

Sy 2 (Q+Ga)y, Sy~ (P+Hyp, XoYytb = 00ySeSyh. (26)

Mirrors and the nonflag game. If L = F},; ; and M = E; ; ,, then Ly ~ M1. Moreover
PM ~ PL{ = LPy ~ LQ’) = 0, MPy ~ MP%) = 0.

Thus Lm ~ Mm. Replacing rightmost letters and commuting the opposite-party mirrors proves this

assertion for every bounded-length Bob word, in reversed Alice order. The corresponding reflection

estimate follows by bounded linear combinations.

Merge each row or column flag into a fixed valid nonflag answer, with the row-one target outside
{ro,71} and the column-one target outside {cp,c1}. The merged measurements are PVMs with
valid parities. For a nonflag losing event A, its amplitude on m differs from its amplitude on 1 by
APy ~ AP = 0. Events involving merged flags have amplitudes O(y/n) by (7). There are a fixed
number of outcomes, so the losing mass on m is O(n) on every pair. Theorem 6.2 therefore applies
at square-root rate. An unmerged word differs from the merged word by a bounded sum of terms
containing a column flag. Mirror the suffix to Alice, commute it past that flag and use Q'm =~ 0.
Each term is O(/7). Consequently the extraction applies to the unmerged words below as well.

The needed ideal words. Let

By = F3.1,(r,)sF2:1,(ry )2 F 151, (r)1 -
It mirrors H, on m. Define the physical reflections
A=FEi94—Fio_+P, Bi=Fi—Fi_-+Q? B=Fao,—Fa_ +Q.
In the ideal square A = IX, B = IZ. The exact ideal identities are
BoG1 = ByGoBaa, BiG1 = —B1Go B2,
B1Gy = BByGy. (27)

Indeed, I Xco = c1, IXry = (=1)Yry, IZrg =11 and IZcy = cp. The reversed order under Bob’s
transposed action on ¥4 is essential. A column answer projector uses two cell projections because of
parity, so the longest word displayed has length six. Theorem 6.2 transports these identities to m.
For its auxiliary vector j the same theorem and singular-value perturbation give

Sch(m) ~ 4 - (Sch(j)/2),  Sch(BoGom) = Sch(j)/(2V2). (28)

For the second equality, the product of the rank-one row and column projections has singular value
|{co|m0)| = 1//2; the factor 1/2 comes from ®.

12



Frustration on the sign supports. Put z;, = S;S;m, u = SoSyy and Ay =2P—1, Ap =2Q —
I. Calibration implies S, f ~ S, f =~ f. For example, S, PY ~ S Q¢ = QS ~ Q(Q + G.)¢ ~ f.
Using mirrors on m then gives

Zoy & ByGam,  Pryy m Qzgy =0, SuSjp & f + zay. (29)

For P annihilation commute P through the Bob word and use Pm = 0. For ) annihilation first
mirror the whole Bob word to Alice, then commute @) through that word and use @m = 0. The
three identities (27), consistency Am ~ Biam, and Af = f, Bf =~ f yield

81561/) [ Au, SoSi@Z) =~ Bu, 51511# =~ ABAAU (30)

Here A commutes with P exactly, and A u ~ Apu by both annihilations in (29).
Set X' = AX A, Y = BY;B. Substituting (30) in the four sign tests and conjugating by the
indicated reflections gives

XoYou~u, XYoumu, XoY'umu, AsX'AAY'u~ —u. (31)

Subtract the first two equations and apply Yy, using Y02u = u, to get (Xo — X')u ~ 0. This also
holds on A qu: replace A u by Agu and commute Apg past the Alice operators. Replace X’ in the
fourth equation and add the third. To remove Y, note that

Y"u = BS]Bu ~ BS}(SySi1) = B(SsSi) ~ u.
It follows that
(Xo 4+ AaXoAq)u = 2(PXoP + P XoP)u ~ 0.

Since u &= f+ zp9 and Pzgg = 0, the two orthogonal range blocks imply P Xy f =~ 0 and P Xpzp0 =~ 0.
Projecting XoYpu =~ u onto these ranges, and using that Yy commutes with P, proves the two
directions

XoYof ~ 200,  XoYozoo ~ f. (32)
For example the P projection identifies P XyYyzo9 with f, and its complementary component is small

by the preceding block estimate; the other direction follows from the complementary projection.

Spectra. The operators Xy, Y, are contractions, so Lemma 7.1 gives Sch(f) = Sch(zyy). Com-
bine (29) and (28): four copies of Sch(j)/2 are four copies of v/2 Sch(j)/(2v/2). This proves (24).
All operations have dimension-independent bounds and bounded word lengths. They establish a
finite absolute Cg; no useful numerical value for this constant is asserted. ]

8 Gluing estimates and logarithmic rank

Lemma 8.1 (Approximate gluing). There is a constant Cq such that a unit-vector PVM strategy
for T of loss at most € has the following properties. Let L4, Lp be Bob’s two label-answer projections,
put

a=Lav, B=Lpy, ¢2=EP ™y, c=Sch(a), b=Sch(f), a=Sch(gs).
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The subscripts on La, Lp denote answers, not tensor factors. With P| = ES_Z’Rl), QL = Ff’cl),

t =Sch(P1 Q1) and 6 = Cgy/e,

le = (auD)z <. (i)
le—4- (V)2 < 4, (i)
Ib—4- (V2a)s <&, (i)

| Seh(w) — (cLiB)]2 < 6. (iv)

ol + 187 = 1. (v)

Proof. Every supported pair has losing mass at most 52¢. Link one identifies the first-copy magic-
square vector with v and its flag vector with 3, with vector error O(y/€). Apply Theorem 7.2 and
singular-value perturbation to obtain (ii).

For (iii) remove the boundary coherently: put ¢/ = (I — P} ). Boundary consistency on all
twenty-five copy-two pairs identifies each boundary vector with P within O(y/¢). In particular
every row or column boundary projection applied to ¢' is O(y/2). Merge the boundary into a valid
retained answer, choosing a magic-square answer at a row or column and an ordinary triple at a
sign question. For a nonboundary losing projector A, AP, is small: replace P, by the boundary
projection at the relevant opposite-party question, where its product with A is zero. Thus every
losing amplitude on 1" is O(y/¢) and the merged FMS losing mass is O(g). At Ry its flag vector is
exactly ¢o, and its nonflag vector is exactly El(v?’SRl)w, which link two identifies with 8. The robust
sector law proves (iii).

For (i), link two identifies o with (EJ(CQ’RI) + Py ). At the pair ((2, R1),(2,C1)) the three classes
flag, boundary and magic square are consistent, so this vector is within O(y/€) of

w=EPTFFy 4 pQLy.

Its two summands are orthogonal blocks on both parties, hence their Schmidt lists form the union
Sch(w). The first block is within O(y/€) of ¢2. Singular-value perturbation and sorting prove (i).
For (iv) use the two-sided block vector

B Lay + B Ly,

Consistency makes this vector close to ¥ and its blocks close to «, 3, respectively. Finally (v) is
exact completeness of the label PVM. A single enlarged constant covers all four errors. O

Lemma 8.2 (Descent with multiplicities). Suppose finitely supported nonnegative sorted sequences
a,b, c,t satisfy (i)-(iii) in the infinity norm with error at most § > 0. Let uop = maxa. For every
integer k > 0 with po2~% > 645 there are distinct positive entries ju, = a;, such that

| — 1027*| < (24 V2)8. (33)

If K is the number of these integers, then K > logy(uo/(649)). At each index iy, four entries of b
are within 0 of \/2uy, and sizteen entries of ¢ are within (1 +v/2)5 of 2uy. These are disjoint index
blocks for distinct k.

Proof. For a positive entry p of a, select its occurrence p in the sorted union a U t, retaining
occurrences when values coincide. Read (i) and (ii) at p to obtain |bp,/4) — p/V2] < /2. Read (iii)
at [p/4] to find an entry of the zero-padded a within gg = (1 + 1/+/2)6 of /2. Iteration contracts
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the preceding error by 1/2, so its total is at most g1 = 2go = (2 + v/2)6. Retain exactly the integers
in the statement. Their entries are positive, so none is a padded zero. Consecutive entries differ by
at least 1027%/2 — 2g; > 0. Thus their a indices are distinct. If jo > 646, the number retained is
|logy (po/(640))| + 1; if not, take K = 0. Both conventions give the stated inequality.

Relation (iii) supplies the four b indices 4(ix, — 1) + 1,...,4i;. Relation (ii) supplies the sixteen
¢ indices 16(ix — 1) + 1, ..., 16ix, with the stated accumulated error. Distinct 45 give disjoint blocks,
regardless of equal spectral values. ]

Proof of Theorem 1.2. First consider a finite-dimensional mixed-state POVM strategy on local
spaces of dimensions d4,dg. Loss is linear in the state, so some pure component has loss at most ¢
using the same measurements. Let its Schmidt rank be » < min(d4,dp). Give the finitely many
local POVMs common Naimark dilations with fixed pure local ancillas. The resulting PVM strategy
preserves the correlations and the Schmidt rank r. The dilated ambient dimensions may be larger
and are never used as the original dimensions. Every one-sided projection and local contraction
used below has Schmidt rank at most 7.
Apply Lemma 8.1. Write z = ||al|2, y = ||bll2, 2 = ||c||2. Its relations give

2<V8y+4d, y<V8x+d, yr+l=L1
Since y2 + (V8y + 6)2 < (3y + §)?,
y>(1-06)/3, x> (1-40)/V72 (34)

Choose g9 > 0 so that Cq,/eg < 1/100. Then x > 0.11. As rank(¢g) < r, po = maxa > 0.11//7.

The 2-norm estimates imply infinity-norm estimates, so Lemma 8.2 applies. All its selected
b and c entries exceed J: even the smallest chain entry is at least (64 — 2 — v/2)d. Relation (iv)
then forces at least 20K positive entries in Sch(v). Indeed, match occurrences in the sorted union
c U b; an occurrence larger than ¢ cannot match a zero with coordinate error at most §. Multiplicity
cannot be lost by coincident values. Consequently

Ho
> 20K > 201
PR =R G Ve
> 10logy(1/e) — 101logy r — 201og,(64C:/0.11). (35)

Put L = logy(1/e). If r > 10L the desired lower bound is immediate. Otherwise logyr <
logy L + log, 10 in (35). Absorb the fixed constants to get » > 10L — 10log, L — C. This bounds
each original local dimension. Together with Theorem 1.1 it proves the assertion for Dr and all the
stated quantifiers. At zero loss the same descent has arbitrarily many positive entries; one treats
that case directly, without taking a logarithm of zero. O

9 Exact tails and remaining questions

Proposition 9.1 (Exact perfect-state tails). Every normalized perfect spatial strategy has a nonempty
sector multiset Sy closed under halving. If so = max So, its Schmidt tail after deleting the r largest
coefficients satisfies

by (1) > 965247 [M/201 > 2452 27/10, (36)

Proof. The spatial sector law gives (16) for compact sector maps. If s € Ss, the second identity
puts s in 16 - (252), hence s/2 € Sy. Square summability gives a largest coefficient sgp > 0 and thus
the distinct chain so27%.
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The full Schmidt multiset contains sixteen copies of 2592 from copy one’s upper sector and
four copies of v/25927F from its lower sector, for every k. This selected submultiset has squared
mass 725347 F per level, and tail 96534~ % after K full levels. Deleting 7 coefficients from the full
multiset cannot leave less squared mass than optimally deleting r from this submultiset. Deleting
20[r/20] selected coefficients can only decrease the latter tail. This proves the first inequality;
[r/20] <1/20 4 1 gives the second. O

No nonzero finite-rank projection can commute with every Alice effect in a perfect full-support
strategy. Projecting the vector onto it preserves all losing zeros and gives a nonzero finite-Schmidt-
rank perfect vector. Bob can then be compressed to its finite Schmidt support, contradicting
Theorem 1.1.

Proposition 9.1 concerns exact perfect states. Corollary 13.7 below determines the least discarded
mass among perfect spectra. Neither tail statement identifies optimal game loss at a fixed finite
dimension or compares every approximate strategy with a truncation of a perfect one.

Corollary 9.2 (Profile at dyadic accuracy). For Ap(n) =logy Dr(27") one has
Ar(n) = logy n + logy 10 + O((logn) /n) (n — 00).

Proof. Theorems 1.1 and 1.2 give Dp(27") = 10n + O(logn). Take logarithms. O
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Finite energy and operator-algebraic play

10 Two oscillators and finite energy

All logarithms in entanglement entropies are base two; trace entropies and modular variables below
use natural logarithms. Oscillator energies are occupation numbers, with the zero point omitted.
Arbitrary bounded local measurements are allowed. In particular, these statements impose no
Gaussian restriction or finite control-time bound.

Theorem 10.1 (An explicit finite-energy perfect strategy). The perfect strategy of (18) is a strategy
on two harmonic oscillators with

275 275

(Na) = (Np) = 5

Every polynomial number moment is finite. These are the least possible occupations among perfect
pure spatial strategies on two oscillators, and the passive minima for the displayed Schmidt spectrum.
Retaining K levels gives the loss (1) and mean occupation per side

275 20K

Ny =2 2
(N)k 18 4K _ 1

Proof. Identify A(i, j, k) with |20k +4j +4) and B(j, k) with |20k + 16 + j). This is a bijection onto
the oscillator basis. The probabilities, in decreasing order, are sixteen copies of 4% /24 and then
four of 47% /48, at each k > 0. They are decreasing even across adjacent levels. Their level mass is
(3/4)47% with expected level 1/3. The unnormalized mean offset in a level is

o+~--+15+16+--~+19_@
24 48 24

Hence the mean is 20/3 + (155/24)(4/3) = 275/18. Decreasing probabilities assigned to increasing
energies minimize their mean: finite-dimensional rearrangement, followed by spectral cutoffs and
monotone convergence, gives this passive lower bound for every placement. The displayed placement
attains it. Global optimality over perfect pure strategies follows from the integer-spectrum argument
in Theorem 10.4.

The generating function is

(M) = S22 /24 + 02 27 /48
1—220/4 '

Its radius exceeds one, giving every polynomial moment. The local measurements are the orthogonal
direct sums of the finite ideal PVMs already described in Section 5, plus the boundary and label
projections. They are everywhere-defined projections of norm at most one, and their finite outcome
sums are the identity in the strong topology. Thus the oscillator identification introduces no
unbounded measurement-domain assumption. The block and link proof of Theorem 1.1 verifies all
fifty-two pairs. Finally, conditioning the geometric level distribution on k < K gives mean level
1/3 — K /(4% — 1); the offset distribution is unchanged, proving the truncation formula. O

10.1 Attainment of bounded resource prices

For a game G, let Sg(¢) be the infimum of pure-state entanglement entropy among spatial strategies
of loss at most €. Let Eg(g) be the corresponding total mean energy on a specified pair of nonnegative
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local Hamiltonians, allowing normal mixed states and arbitrary POVMs. Empty infima are infinite.
These definitions specify the state domain; a finite-dimensional infimum at loss zero would be a
different quantity.

Theorem 10.2 (Three compactness criteria). For a finite game, bounded dimension as loss tends to
zero is equivalent to finite-dimensional perfect attainment. A finite limit s = lim. o Sg(e) is attained
by a perfect spatial pure strategy of entropy s. If both local Hamiltonians have compact resolvent, a
finite limit e = lim, o Eq(e) is attained by a perfect strategy, and a perfect pure strategy has energy
e as well.

Proof. In a fixed finite dimension, density operators and the finitely many POVMs form compact
sets and the loss is continuous. A convergent subsequence proves the dimension statement.
For entropy choose pure strategies with losses tending to zero and entropies tending to s.

(n)

Transport their Schmidt supports to one common countable basis, with decreasing probabilities p;

Since pgn) < 1/i, their tails past r > 1 are at most (s + 1)/log, r, after discarding a finite prefix.
Coordinatewise subselection and this tightness give convergence in ¢! to a probability vector p.
The canonical pure vectors converge in norm because (v/z — ,/7)? < |z — y|. Extract simultaneous
ultraweakly convergent subsequences of all local effects. Positivity and completeness persist. Tensor
products converge weakly: verify matrix elements on product vectors, then finite sums, and use
uniform operator bounds and density. Combining this with norm convergence of vectors makes the
limiting loss zero. Fatou gives S(p) < s. Every perfect strategy bounds every approximate price
from above, so equality holds. Transport to Schmidt supports avoids an unjustified extension of an
infinite-dimensional basis map to a unitary on its original kernel.

For energy put H =hs ® I + I ® hp. Its bounded-energy spectral projections have finite rank.
If tr(pH) < e+ 1, then tr(pl(g)(H)) < (e + 1)/R. Finite-rank compression and the square-root
tail estimate give trace-norm precompactness of these density operators. Extract a trace-norm limit
and weak limits of the measurements as above. The limit is perfect, and lower semicontinuity of
energy, obtained by bounded spectral cutoffs, gives energy at most e; it must equal e. In a pure
decomposition of this state, positivity of the loss makes every positive-weight component perfect.
Each has energy at least e, so some, indeed almost every component of finite weight, has energy e.
This proves the pure assertion without assuming the minimizing state was pure. ]

These criteria separate attainment from computation. For I', the exact entropy and one-sided
oscillator endpoints are computed in Theorem 10.5, using the spectral classification of Section 13.3.

Proposition 10.3 (A comparison with matched logarithmic games). Suppose a rational value-one
game has matched finite-dimensional laws with o > 0:

logy Dii(e) = arlogy(1/€) + o(log(1/€)),  dg (e) = arlogy(1/€) + o(log(1/e)),

where dg is the original-state one-way distillable-entanglement demand, and mazimally entangled
states attain the dimension upper law. With m oscillator modes per party its optimal energy has

exponent o /m:
Eg(é‘) _ E—a/m—I—o(l).

Proof. The maximum entropy of m oscillators at total mean occupation E is mg(E/m), where
g(x) = (z + 1) logy(z + 1) — xlogy z. Relative entropy against the product thermal state proves
this bound, and g(z) < logy(e(x + 1)). Since directional distillation is at most either marginal
entropy, each mean occupation is at least m(2d3 (€)/m /e — 1). For normal spatial strategies, finite
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local truncations approximate their correlations with arbitrarily small relative loss slack; local
monotonicity of distillation gives the same lower bound with ¢ replaced by (1 + o(1))e.

A rank-D upper strategy fits into the m-mode grid with each coordinate less than [Dl/ ™. Tts
mean occupation is at most m[Dl/ "], The two laws squeeze the exponent. The matched games
in [16] supply examples. This proposition uses both matched laws; entropy divergence alone does
not imply this power law, and I' has the separate bounded-energy behavior above. O

10.2 Global oscillator optima and small-loss limits

Let Ay = (p§,p%,...) be the decreasing probabilities of Theorem 10.1: sixteen copies of 47%/24, then
four of 47 /48, at every level. Section 13.3 proves that this is the unique majorization maximum
among perfect type-I marginal spectra.

Theorem 10.4 (The least oscillator occupation). For any perfect strategy with a normal type-I
Alice marginal and any nonnegative compact-resolvent local Hamiltonian with ordered eigenvalues

o< er <
(Ha) > eip}.
i>0

)

When the series is finite it is attained by preparing the displayed strategy in the ordered energy
etgenbasis. If the series is infinite, every perfect strategy has infinite energy on that platform. In
particular (N4) > 275/18. Equality for the oscillator requires spectrum A, and passive placement.
For pure spatial strategies, each side has mean occupation at least 275/18, and the total at least
275/9, all attained by the displayed strategy.

Proof. For a rank-r projection, the variational principle bounds its probability by the sum of the
first » marginal eigenvalues. Expand the Hamiltonian as a monotone sum of positive steps at its
energy-prefix projections. With p the ordered marginal spectrum this gives

(Ha) > e+ Y (e —er—))Tr(p) > €0+ Y _(er — er—1)T(As) = > eip}.
r>1 r>1 i

Theorem 13.5 proves the second inequality. All sums are nonnegative, so no finite-expectation

assumption is needed. Ordered preparation attains the expression. For N4 every increment is

one. Equality forces every spectral tail to equal the released tail, hence p = A,; equality in the

energy-prefix inequalities is passive placement. The computed value is 275/18. Pure strategies have

the same nonzero Schmidt spectrum on Bob, giving the other side and the total. O

Attainment here permits preparation and transport on the Schmidt support. It is not an assertion
that every entire-space unitary orbit reaches a passive minimum: a prescribed marginal with an
extra kernel retains it on its unitary orbit, while the oscillator’s full-support passive optimum has
none. Nor does compact resolvent imply a finite bound; for instance e; = 2/ — 1 makes the displayed
series infinite. The pure Bob-side conclusion is the only Bob-side energy assertion used here.

Define E4 1 (¢) as the infimum of Alice’s mean oscillator occupation over normal spatial strategies
of loss at most ¢, allowing mixed states and unrestricted Bob dimension and POVMs. The entropy
price St retains the pure spatial convention above. Finite-only prices at positive loss are defined by
the same infima restricted to finite-dimensional strategies.

Theorem 10.5 (Exact limiting resource prices).

lim St (e) = logy 24 + 7/9, lim F4p(e) = 275/18.
€l0 €l0 ’

The same limits hold for the finite-only prices at positive loss. These are limits, not quantitative
convergence rates; the finite-only feasible set at zero loss is empty.
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Proof. Monotonicity and the perfect released strategy give finite upper limits. The entropy compact-
ness argument in Theorem 10.2 produces a perfect pure limit at the limiting entropy. Theorem 13.6
bounds that entropy below by Hr, so equality follows.

For one-sided energy, purify any mixed strategy into Bob without changing Alice’s marginal,
cost or correlations. Order its Schmidt probabilities p; and transport both Schmidt supports to the
canonical vector >~ +/Pi|i?), placing Alice passively. Her new mean ), ip; is no greater than the
original energy, and Bob is unconstrained. Along a sequence approaching a finite limiting cost e,

> _pi < (e+o(1))/r.

©>r

Coordinatewise subselection and this tightness give ¢! convergence of the lists and norm convergence
of canonical pure vectors. Simultaneous ultraweak subsequences of the finitely many local effects
remain POVMs. Product effects converge weakly first on product vectors and then by density, so
the limiting loss is zero. Fatou bounds its Alice occupation by e. Theorem 10.4 forces e > 275/18.
This controls Bob by Schmidt transport, without applying two-sided Hamiltonian compactness to
an unconstrained Bob system.

For finite-only prices the original K-level compressions have loss 1/[624(4% — 1)], energy tending
to 275/18 and entropy

2K _
Hi = Hp = e +logy(1 -4 Ky — Hp.

They supply the upper limits. Restriction to a smaller feasible class supplies the lower limits already
proved. ]

11 A localized finite-energy field state

We use the vacuum Fock representation of the free real scalar field of mass mg > 0 in d+ 1 Minkowski

dimensions, d > 1. The Hamiltonian is H = dI'(h), h = {/—A + m3, with vacuum energy zero.
Regions below have a positive spacelike separation collar; in particular their local algebras form a
split pair. The split input for this field is standard nuclearity theory [7]. Energy bounds depend on
the mass and chosen smearing functions.

Theorem 11.1 (Localized perfect play with all energy moments). For two nonempty strictly
spacelike separated bounded open regions there are local PVMs and a normalized pure field vector ¥
winning I' perfectly, with V€ D(H?) for every s > 0. There is a bounded containing region R such
that the state agrees with the vacuum on its causal exterior. It is obtained by a joint algebra-local
isometry in A(R), not by a field-only local unitary or a product of independent local operations. Its
nonzero Liiders outcome vectors retain every polynomial energy moment.

11.1 Local oscillator factors and energy forms

Choose small double cones inside the regions with simultaneous interior points, in a fixed Lorentz
frame. On that slice choose real smooth compactly supported functions fa, fo on disjoint small
balls on Alice’s side and fp on Bob’s, with (f;, fj) = di;. Fix p > 0 and set

¢ = 1ol fi), pi = mo(fi)/ /-

The regular Weyl relations have [g;, p;] = id;;, with other commutators zero. Their bounded Weyl
operators belong to the indicated local algebras. To justify time-zero localization, approximate
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¢o(f) and mo(f) by spacetime smears x,(t)f(z) and —x; (¢)f(z), with a smooth shrinking time
mollifier. Their one-particle vectors converge, by rapid Fourier decay and dominated convergence,
to the time-zero data. The thin supports remain in the chosen cones. Strong continuity of Weyl
operators and von Neumann closure prove membership, rather than a formal commutator argument
alone.

Write

wi=uh™2fi, v=h"2f/\/u, F=spanc{u;v;:i=A,B,C}

This finite complex space lies in every D(h®) and has dimension between three and six. Its
underlying real phase space contains the three specified nondegenerate canonical pairs. Complete
them symplectically: subtract from each candidate its components along these pairs, then pair
a nonzero complement vector with one of nonzero symplectic pairing and normalize. Iteration
exhausts the finite complement. A finite-dimensional metaplectic implementer [14, Section 2.4] gives
a factorization

HZHA®HB®H0®HD®F5(FL).

The first three factors are oscillator spaces, with their full bounded operator algebras in the
corresponding local algebras. The completed spectator coordinates need not be local. No entire
type-III local algebra is identified with a type-I algebra.

Let Ng be physical particle number in F' and N, = Ng+ Ng+ N¢o+ Np the completed canonical
number. For each integer s > 1 put

_ r 1/r
Ay max{l,lrélgécsHh Vallas

On the k-particle space over F', expand H® = ( ;?:1 h;)?. There are k* ordered terms, each a tensor
product of maps h'i | of product norm at most A%. Their ranges may leave F', which causes no
problem. Orthogonality of total particle-number sectors gives

IH*E] < ASINEE- (37)

Finite-sector approximation and closedness extend this to its stated domain on I's(F') ® Qp.. This
proof does not assume that F' is invariant under h.
The finite Bogoliubov relations imply, on the oscillator Schwartz core,

I(NF +1)%¢]| < Coll(Ne + 1)%€0, [(Ne + 1)l < CLI(NF + 1)%¢]]. (38)

Indeed each number power is a finite sum of words of length at most 2s in the other creation
and annihilation operators. A word of length [ has norm at most a fixed multiple of (k + l)l/ 2
on number sector k, and moves it by at most . Squaring and summing the finitely overlapping
output sectors proves the bounds. A finite metaplectic transformation preserves Schwartz space;
graph-norm approximation and closedness therefore extend the bounds. The physical vacuum has
every canonical number moment, since applying a power of the canonical quadratic number operator
to it produces a finite polynomial vector. Denote v, = (€2, (N, + 1)PQ) < oo.

Proposition 11.2 (The sorted-index energy criterion). A specified pure spatial strategy with
decreasing Schmidt probabilities p,, n > 0, has a realization by two oscillator factors of finite total
mean occupation if and only if Y-, np, < 0o. This condition suffices to transplant it, with the same
correlations, into two localized oscillator subfactors of the massive free field with finite mean field
energy. This transplantation alone does not assert exterior-vacuum localization.
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Proof. Passive rearrangement gives the minimum mean occupation ), np, on each side; assigning
the Schmidt basis to number states attains it. The necessity also follows by the Ky Fan tail inequality
and summation of the oscillator spectral tails. To obtain localized field factors repeat the finite
canonical completion with just A, B. Put the unused completed modes and F in their Gaussian
vacua. If b; are canonical and a; physical annihilators, the finite Bogoliubov relations give the
quadratic-form bound

(NE) < C(L+ Y (05b3)) = C(1+2 Y npy).

The physical one-particle density is supported in F. With the finite form matrix (hr);; =
(h?w;, h/?w;) in an orthonormal basis of F, mean energy is Tr(hry) < ||hr|/(NF). This uses a
form matrix, not invariance of F. All measured operators remain in the localized factors. Infinite
Schmidt rank and finite one-particle mode count are compatible: Fock space over one mode is
already infinite-dimensional. O

11.2 An isometry that stores the original input

For t = a + b+ ¢ define

J(a,b,c) = <t§2> +a(t+1)—a(a2_1)+b.

At fixed t, the successive runs have lengths ¢t — a + 1 and cover exactly the integers from (t§2) to
(th?’) — 1. Thus J bijects triples with nonnegative integers. Also J + 1 < (t§3) < (t+1)3. On the
three specified modes let

V|a7 b, C> = |¢F>AB @ ‘J(aa b, C)>C’7

where ¥r is Theorem 10.1’s vector; let V' be the identity on spectators. The images are orthonormal
and complete in Yr @ He, so VV =T and VV* = |¢r)(¢p| @ I. Tt lies in the three-factor type-I
algebra, hence in the joined laboratory algebra and in A(R) for a bounded containing double cone.

Expand the actual vacuum as €2 = > |a, b, c)Eape @ Qpo. The spectator vectors need not be
orthogonal. Then

a,b,c
\P:VQ:wl"@X@QFJ-a X:Z|J(avb7c)>£abc~
a,b,c
This keeps the original correlations in storage; it does not assume the vacuum initially factorizes
across local modes. For spectator number u,

J(a,bc)+u+1<(a+b+c+u+1)>

Orthogonality of storage labels, the spectral resolution of Np and monotone convergence therefore
imply
(X, (Nc + Np + 1)PX) < vsp.

With X = Ng+ Np and Y = Ng 4+ Np + 1 on the product output,
(T, (Ne + 1)PT) < 2071 ((shp, XPahr) + v3) < 00.

Take p = 2s in (38) and (37). This proves every required energy domain, including the factor of
two between moments and operator norms. For example (X?) = 47530/27, so the second canonical
moment is at most 95060/27 + 2vg, giving an explicit finite geometry-dependent energy bound.
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The game PVMs act on the first two factors and give exactly the original perfect correlation.
For A € A(R'), locality and V*V = I give (U, A¥) = (Q, AQ). This is the classical local-isometry
mechanism of strict localization [22, Theorem IJ; see also [4, Section 4]. The addition here is
its explicit game resource and energy-domain control. A finite Lorentz boost used to choose
simultaneous points preserves all moments: the spectrum condition bounds the original energy by a
fixed multiple of the chosen-frame energy.

11.3 Measurements and the meaning of preparation

Each copy-one oscillator block has occupation span at most sixteen, and each copy-two block at
most four. On a block of span w, the largest and smallest values of n + u 4+ 1 have ratio at most
w + 1, for every spectator occupation u. An outcome projection P therefore satisfies

[(Ne +1)°PEl < (w + 1)*[|(Ne + 1)°¢]].

Square and sum this estimate over the orthogonal blocks; diagonal labels and boundaries have
ratio one. Products of Alice and Bob outcomes retain the bound successively. Equations (37)—(38)
prove the outcome assertion of Theorem 11.1. It concerns finiteness of moments for this smooth
finite-span class and Liiders instruments, not preservation of their numerical values or every possible
instrument.

The normal UCP map A — V*AV fixes exterior observables and sends the vacuum state to W
deterministically. It is a joint entangling operation, not LOCC. An ideal pure ancillary qubit gives
a bounded algebra-local dilation: for v > 0,

G =~V & |1){(0] + V* @ |0)(1])

is self-adjoint of norm v, and e~#%¢|0) = cos(7t)€|0) — isin(yt)VE[1). At t = 7/(27) it prepares
the isometric output. This ancillary-qubit localization mechanism is known; see [17, Section V.2].
With free Hamiltonian Hy, the interaction W (t) = e~ oGei*Ho gives propagator e Hoe=#G: the
displayed vacuum trajectory is in every required domain, so differentiating this vector product
justifies the evolution without a bounded [H, V] assumption. Finite time translates lie in an enlarged
bounded region. Transporting the final measurements absorbs the free evolution. This is an ideal
bounded algebra-local control model; no microscopic interaction-density synthesis is asserted.

For fixed split regions let §g > 0 be their vacuum loss floor proved in Theorem 12.1. The mass
gap H > mo(I —|Q)(€]) and the vacuum fidelity bound give, for any normal state of mean energy E,
half trace distance at most y/E/mg. Comparing the same loss effect in that state and the vacuum
yields

m0(50 — 5)3_ < EF(€) < FE, < o0,

where F, is the preceding prepared state’s energy. Thus this unrestricted normal-state energy price
is bounded above and bounded away from zero near perfect play. This argument asserts no value for
its infimum, no field-energy optimizer, and no universal conversion of 275/18 into physical units.

12 Faithful states, the vacuum, and preparation

The mechanisms in this section are established operator-algebraic background. Joint faithfulness
and independent local algebras already exclude perfect nontrivial correlations in the work of
Rédei-Summers [25, proof of Lemma 3, equations (18)—(19)]. Summers—Werner’s faithful-state
argument [30, Theorem 2.1] supplies the uniform-gap mechanism for CHSH. We give their finite-game
formulations and the explicit consequences for I'. Local faithfulness of the two marginals alone is
insufficient: the ideal entangled gadget has faithful marginals and a nonfaithful joint state.
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Theorem 12.1 (Faithfulness and a uniform fixed-state floor). Let M, N commute and satisfy
Schlieder independence: the product of nonzero positive local operators is nonzero. In a state faithful
on MV N, perfect finite-game play exists exactly when the game has a classical perfect strategy. If
the state w is normal and faithful and there is a normal product state o on M V N, every classically
imperfect finite game has a positive loss floor in this fixed state, uniform over local POVMs.

More generally, a faithful state on a commuting pair admitting a product state cannot attain
a commuting Bell mazximum strictly above its classical mazximum. For a split pair, the analogous
statement applies to its spatial mazimum.

Proof. Every supported losing product EXFy/ is positive. Zero total loss and faithfulness make each
such product zero. Independence then makes one factor zero. Choose a nonzero answer effect for
each question; completeness ensures that one exists. Every supported pair of selected effects is
nonzero, hence winning. These choices give a deterministic classical perfect strategy. The converse
uses effects zero and identity.

For the uniform assertion, write d¢;; = 1 — we(G) > 0 and define, for 0 < t <1,

Br(o||lw) =min{w(T): 0<T < I, o(T) > t}.

The feasible effect set is ultraweakly compact, and both functionals are continuous. Its minimum is
positive: a zero minimizer would vanish by faithfulness, contradicting its ¢ value. The game loss
effect L is a positive contraction and o(L) > ., because product responses are classical. Thus
w(L) > Bs., (o|jw) > 0. The floor is for the specified state and pair, not uniform over varying faithful
states.

For a Bell operator B with universal commuting upper bound ., the operator By.I — B is
positive, since every vector with those measurements is a commuting strategy. Faithful equality
forces B = f4.1. Its expectation in the product state is classical, contradicting By > Ba. On a split
pair the same argument uses its tensor factorization and the spatial upper bound. Normality of the
product state is needed for the uniform argument, not this qualitative one. ]

Proposition 12.2 (The classical gap and a testing price). The classical value of T' is 51/52. For a
fixed faithful normal split state put

I = inf [—In B (o||w)].

o normal product

Then —Int < I, < oo and every I' strategy in that state has loss at least e /52 > 0. A family
attaining loss at most € must have Iy 55 > In(1/e). This is a testing quantity, not an energy or
geometric rate.

Proof. A deterministic perfect first FMS copy is impossible. Row/column flag consistency would
make all six flag statuses the same. All flags force four inconsistent sign parities. No flags force
the magic-square row/column parity contradiction. Thus at least one of the fifty-two pairs loses.
For attainment of this bound choose in copy one Alice’s rows all (++ +), To = +, 11 = (+ + +);
Bob’s first two columns (+ + +), third (++ —), Uy = +, U1 = (+ + +). Choose boundary answers
throughout copy two and Bob’s label A. Exactly (Rs,C3) of copy one loses. This proves the value.

The testing minimum is positive by Theorem 12.1 and at most ¢, using 7" = tI. One normal
product comparison gives a finite upper bound on the infimum. Taking the supremum of the
individual testing lower bounds gives the stated exponential expression, with no optimizer assumption.
An algebra-pair isomorphism transports all states and effects, so the quantity is invariant under
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such transport. If reverse relative entropy is finite, data processing under the binary measurement
{L,I — L} also gives
w(L) > exp[—(S(o]|lw) +In2)/dq],

since S(o||lw) > daIn(1/w(L)) —In2. This uses the reverse order shown, rather than ordinary mutual
information [2]. O

12.1 Correlation closures and the full commutant

Proposition 12.3 (Normal approximation and fixed-vector access). If one local algebra is the
strong closure of increasing finite-dimensional unital algebras, all normal finite correlations lie in
Cqa- Normal split correlations are spatial. For a type 1111 factor M on a separable Hilbert space
with Bob’s full commutant M’, the closure of the correlations of any fized unit vector contains Cyq;
it equals Cyq if M is hyperfinite.

Proof. For each Alice POVM form the column (v/E,),, a contraction column. Matrix-amplified
Kaplansky density gives contraction columns in a common finite-dimensional approximating algebra,
converging strongly-star. Their squared entries sum to at most identity; add the positive deficit to
the first answer. These are exact POVMSs and converge strongly. Normality makes their finitely
many correlations with fixed Bob effects converge. A representation of @), M, decomposes into
P, (C™ @ K}), with commuting Bob acting on the multiplicity spaces. Purify the state and compress
Bob in each block to Schmidt rank at most ny. A shared direct-sum label realizes the full correlation
with finite local dimension at most ), ni. This proves approximation; it is the standard hyperfinite
mechanism [26, Section 4]. A split tensor factorization directly gives the spatial statement.

For the last assertion, proper infiniteness embeds normally represented unital copies of B(¢?)
in M and M’. Splitting off these commuting type-I subfactors gives ¢? ® > ® K, in which every
finite target strategy can be represented. The local-unitary clause of [32, Theorem 51, equation
(97), arXiv version 2| approximates any target vector by wv$), u € M, v € M'. Transport the
measurements by these unitaries. Every effect probability changes by at most twice the vector
error. This gives the inclusion; hyperfinite approximation gives the reverse. The full commutant
hypothesis is essential: it cannot be replaced by a strictly separated bounded Bob region, where the
faithful-vacuum floor applies. O

12.2 Wedge supremum one without attainment

Theorem 12.4 (The massive wedge vacuum). For complementary wedges in the massive free scalar
field, the vacuum has I supremum one but no perfect strategqy, even with local POV Ms.

Proof. The modular group of a wedge vacuum is the boost group, and wedge duality identifies
the opposite algebra with the full commutant [5, Theorem 4]. Its centralizer is scalar. Here is the
latter step explicitly. On the positive mass shell use longitudinal rapidity 8, with pg = m_ cosh 6,
p1 = m sinh #; invariant measure is (1/2)df d?1p,. On an n-particle sector a boost translates all
rapidities together. Taking u = ) and v; = 0; — 6 gives an L*(R, du) regular-translation factor. No
nonzero vector in it is invariant: Fourier support would lie at a measure-zero point. Symmetrization
adds no invariant vectors, and the Fock direct sum leaves only the vacuum. If A is in the vacuum
centralizer, modular invariance makes A{) boost-invariant, hence scalar times {2; separatingness
gives A € CI.

If self-adjoint A € M, B € M’ satisfy AQ = BQQ, then for x € M, w(Az) = (BQ,zQ) = w(zA).
Thus A lies in the centralizer, the doubles mechanism of Werner [33, Section II]. Self-adjointness, or
both adjoint mirror identities, matters here.
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For commuting effects P, (), binary mismatch equals
PI-Q)+(I-P)Q=(P-Q)°+(P-P*)+(Q-Q%.

Zero expectation makes each positive summand vanish on 2. Local separatingness gives projections
P, @ and the mirror identity. Apply this to first-copy flag checks: all flag projections coincide on the
vacuum and hence locally, and their self-adjoint mirrors put them in the scalar centralizer. They
are either all zero or all identity.

If identity, calibration eliminates all triples at the four bridge questions. Their binary sign
reflections satisfy XpQ2 = Yp2 = Y1Q and X1 = Yp) = —Y1(), impossible for a reflection. If
zero, every magic-square cell marginal has a self-adjoint mirror and is a scalar projection. Their
deterministic signs would have row products +1 and column products +1,+1, —1, again impossible.
Thus the first FMS copy, and hence I', cannot be perfect.

Massive free wedge algebras are hyperfinite type III; in this separable vacuum representa-
tion [6, 18]. Proposition 12.3, applied to the finite compressions of Theorem 1.1, gives vacuum
strategies approaching one. This proves the supremum assertion without importing a spatial Schmidt
decomposition into the wedge. Summers—Werner already discuss wedge CHSH nonattainment via
trivial centralizers [30, p. 221]; the addition here is the explicit FMS/I" consequence. O

12.3 Analytic energy and restricted preparation

Theorem 12.5 (What cannot prepare perfect play). In the massive free-field vacuum representation,
no nonzero vector with bounded spectral energy support, or in D(e!) for some a > 0, wins T’ perfectly
in two bounded strictly separated regions. Fvery perfect normal state therefore has infinite positive
exponential energy moments. No bounded-region invertible field operation, in particular no such
unitary, prepares perfect play from the vacuum. Nor does a finite LOCC protocol or normal operation
with a product-Kraus decomposition across the laboratories.

Proof. The energy-analytic Reeh—Schlieder theorem, with locality, positive-energy covariance and
weak additivity, makes these vectors cyclic for every nonempty open local algebra [8, Section 3], [29,
Section 3]. An open region in the common causal complement is therefore cyclic; commutation makes
the vector separating for the joined game algebra. Theorem 12.1 excludes perfection. If (') < oo,
the vector belongs to D(e*#/2). For a normal mixed state with finite exponential moment, every
positive-weight vector in its spectral decomposition has that property and its mixture is locally
faithful. Thus mixed states are excluded too. Finite mean energy is not bounded spectral support:
Theorem 11.1 exhibits the difference. The assertion concerns moments, not a pointwise regular form
of spectral tails.

Enlarge a bounded region to contain both the preparation and game algebras. If U is invertible
there and AU = 0, then (U~1AU)Q = 0; vacuum separatingness gives A = 0. Thus the output
is still separating for the game algebra. Covariant time translations obey the same argument in
transported regions.

For a nonzero product branch AB, a losing event of zero conditional probability gives

wo((A*EZA)(B*FYB)) = 0.

Vacuum faithfulness and independence force one filtered factor to vanish. Their local sums are A*A
and B*B, both nonzero. Selecting nonzero filtered answers for every question therefore gives a
classical perfect strategy, a contradiction. A sum or integral of branches with zero total loss has
zero loss in each positive-weight branch, almost everywhere in an integral. This proves the stated
class, not an unspecified closure of infinite protocols. The isometry in Theorem 11.1 is joint and
noninvertible, so it avoids both obstructions. O
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Faithfulness, analytic-vector cyclicity and their preservation are known mechanisms, not new
principles about all possible physical preparations. Halvorson—Clifton [19] establish generic Bell
correlation, which is compatible with failure of perfect attainment. Neither a marginal’s faithfulness
nor the type-III label alone fixes the answer. Our claims concern the finite-game formulations and
these specified vacuum and preparation classes.

13 Entropy is different from dimension

Theorem 13.1 (Infinite rank and minimum pure entropy). Every perfect pure spatial strategy
for ' has infinite Schmidt rank. The displayed perfect strategy attains the minimum pure-state
entanglement entropy

7
Hr =logy 24 + 9= 5.362740278498934 ...  ebits.

Finite entropy is attained but not forced on all perfect strategies. The minimum concerns pure-state
entanglement; the corresponding lower bound also holds for Alice marginal entropy of normal mized
extensions.

Proof. A finite-Schmidt-rank perfect vector could be compressed to its two finite Schmidt supports,
retaining complete POVMs and all correlations. This contradicts Theorem 1.1. Equivalently the
exact sector identity forces s/2 whenever s > 0 occurs in its nonempty second flag sector, hence
infinitely many nonzero coefficients.

For the displayed state, sum the probabilities in Theorem 10.1. The expected 2k contribution is
2/3, and the extra binary logarithm in the four B probabilities has total weight 1/9. This gives
log, 24 4+ 7/9. The lower bound for every perfect pure strategy follows from Theorem 13.6 below.

For a counterexample to universal finite entropy, tensor this state with a countable pure state
whose jth block has 2/ equal probabilities ¢/(j227), j > 1, ¢ = 6/m%. Its mass is one and its entropy
is at least ¢>-;1/j = oo. Tensor every game effect with identity. Correlations remain perfect and
the local spaces remain separable, but the entropy is infinite. Thus a large enough ordinary entropy
budget admits the exhibited state, whereas every finite dimension budget excludes all perfect states.
No area, gravity or control-cost interpretation follows without additional assumptions. ]

13.1 Modular ladders and the role of the boundary

Let M carry a faithful normal state ¢, with modular automorphisms o;. A modular eigen-operator
of eigenvalue A > 0 satisfies o;(u) = Au. In the semifinite case write ¢ = Tr(h-), Trh = 1, after
compression to the support of h. The eigen-operator relation means hu = Auh as an affiliated-
operator identity, equivalently g(h)u = ug(Ah) for every bounded Borel g.

For an integer n > 1, an (n,\) ladder consists of a boundary projection B and modular
eigen-operators uq, ..., u, such that

u;‘uj Z(Sij(I—B), Zuzu* =1. (39)

All source and range projections belong to the centralizer. Put p = nA. For a semifinite density
define the state law p.(g) = Tr(he g(—Inh)) for centralizer projections e, and the trace measure
Ne(A) = Tr(ela(h)). Let S, translate real measures by a, and D, multiply positive spectral values
by c.
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Theorem 13.2 (The ladder law). Every ladder satisfies p(B) =1—1/p, so p > 1, with B =0
eractly at p = 1. In the semifinite case, if p > 1,

pr =Y p 7 Sjmans, nr =y n7(Dy=)np- (40)
Jj=0 Jj=0

Thus the scalar modular law is that of Kp+ (In \)J, with independent variables, normalized boundary
law Kg, and Pr(J = j) = (1—1/p)p~.

No normal semifinite critical ladder exists for n > 2. The exceptional critical case n =\ =1
has B =0 and a centralizer unitary; the boundary series does not apply there. Finite-dimensional
ladders require A = 1. In a type-I factor, A < 1 is impossible, A = 1 has finite-rank examples, and
A > 1 forces infinite rank and has examples. Every 11y factor admits a normal ladder for n > 2,
p > 1; its density is unbounded when A < 1.

In the semifinite case, with finite second modular moment,

P
(p—1)%

If T =TrI < oo andn > 2, trace entropy may equal —oo, and

Var K = Var K + (In \)?

p—1 In A
<InT — - _ .
Ste(h) <InT — A(n, \), A(n,A\) =1In =1 p—1 (41)

Fquality holds exactly when h is scalar on B, and is attained in every finite type-I1I factor.

Proof. In the standard representation, AfﬁuQ = \%Q). Tomita’s identity SuQ = u*Q, S = J¢A<1p/ 2,

gives p(uu*) = Ap(u*u). Summing (39) proves the boundary mass and, by faithfulness, the critical
equivalence.
For a = In A\, bounded spectral calculus and trace cyclicity give

pr=pS_api—p,  pr=ps+p  Sapr.

After L substitutions the remaining measure has mass p~%. This proves the first series for p > 1 and
its normalized independent-law description. Likewise n; = ng +n~1(D; /)11 On a set contained
in [c,00) its Lth remainder is at most 1/(cp”), because nr([y,00)) < 1/y. This proves the trace
series, also when total support trace is infinite.

At p =1, n > 2, the first identity would make a probability measure invariant under the nonzero
translation In A = —Inn. An interval shorter than this translation with positive mass would have
disjoint translates of infinite total mass. For n = A = 1, the relations instead say that u; is a
centralizer unitary and B = 0; for example any faithful matrix density with uy = I is legal. Its
nonzero state law cannot equal a zero-boundary series.

In finite dimension the positive spectrum of h is A times its positive spectrum on I — B. The
smallest eigenvalue contradicts A > 1, and the largest contradicts A < 1. In type I, let ¢ count
eigenvalues on I — B. Since ¢ < n(D5)«(, integer multiplicity forces y/A* for every k whenever
y occurs. For A < 1 these eigenvalues are unbounded, impossible for a density; for A > 1 they
give infinite rank. To construct the latter, take ¢ with one value ¢A™% for each k > 0, where
c= (A—1)/(nA?), and let h have n copies of A(. Choose one vector of each level after the top as
source and map it to the n preceding-level vectors. This gives the relations and eigenvalue . A flat
density in dimension n gives the A = 1 example. These constructions concern the support corner.

For II;, with normalized trace 7, choose orthogonal projections F; summing strongly to identity,
with

n—1 p—1

m(Ej) = M= 1)

- nJ, hlg; = cA™, c=

28



The geometric sums give 7(h) = 1. Put B = Ej, split each E; into n pieces equivalent to E;, and
sum the corresponding partial isometries strongly along the levels. They have the required common
source, orthogonal full ranges and density ratio. If A < 1, the affiliated density is unbounded but
trace integrable and faithful. More generally the renewal law then has arbitrarily negative modular
values on sets of positive mass, so no bounded density can realize it.

The independent geometric variable has mean 1/(p — 1) and variance p/(p — 1)2, proving the
variance identity. Without a finite second moment we use it only when a finite mean and an extended
variance have been specified; normality alone does not supply logarithmic moments.

In finite trace, internal equivalence gives tg = Tr B =T(n — 1)/n, and wp = ¢(B) = (p — 1) /p.
With gp = (tg/wp)hp and 75 = Tr /tp on the boundary, the renewal law gives

InT — A(n,\) — Swe(h) = 78(9pIngp) > 0.

This is relative entropy against the uniform boundary. The positive part of the modular mean
has finite integral in finite trace, so the formula remains meaningful at entropy —oco. Equality is
precisely gg = B. The displayed type-II construction has scalar boundary and attains it; trace
rescaling gives any finite 7. O

The deficit is also the relative entropy of the geometric law of ratio 1/p against that of ratio 1/n,
so it is nonnegative and vanishes exactly at A = 1. The scalar renewal uses a standard resolvent
mechanism. The one-vertex specialization of [1, Theorem 3.1] has the same scalar ratio under
ne B =1 /p, or 8 =1n(n2)). This correspondence does not identify the operator representations
or recover the full graph-algebra theorem: its generators have full source and deficient ranges,
unlike (39).

For perspective, the geometric oscillator density (1 — ¢) diag(1,¢,¢?,...) has a (1,1/¢) ladder
given by the backward shift and vacuum boundary. A boundaryless (n,1/n) ladder instead gives the
dimension-changing isomorphism z — [ufzu;] from M to M, (M), with inverse [z;;] — > w;wijuj.
The modular KMS identity gives p(uzu}) = @(zuju;)/n = dijp(z)/n, splitting off a maximally
mixed n-level marginal. This is algebraic state splitting, not fixed-pure-ancilla unitary extraction
from a faithful state; that convention has a support obstruction. The known semifinite embezzlement
obstruction is credited in Section 14. No assertion that all ladder resources diverge near criticality
is needed: at n = 1 the mean and variance contributions both tend to one.

13.2 The graded hosting criterion

A graded (4,2) ladder for a semifinite density h consists of orthogonal centralizer projections F, P, B
summing to its support and partial isometries w;, v;, 1 < i < 4, with

w;‘wjzéijF, Zwiwf:P—l—B,
A

U;’Uj = 5Z'jP, z:’UﬂJ;k = F, hwi = Qwih, h’Ui = 2’Uz'h. (42)
%

The equations for unbounded A mean bounded spectral intertwining, as above.

Theorem 13.3 (Hosting perfect play). A normal semifinite Alice marginal admits perfect T' play
with a suitable commuting partner if and only if its support corner carries a graded (4,2) ladder.
This is an existence criterion for measurements, not a claim that arbitrary measurements on the
state win.
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Proof. For necessity apply the standard-partner reduction of Lemma 14.1. Zero probabilities give
EhY2Q = 0. The internal sector argument of Lemma 14.2, including its support-cutoff cancellations,
supplies a flag f, four magic corners with internal matrix units commuting with h, and 5 such that
B*B = f, BB* = q, and df3 = 23hy. Thus the four maps e;; 3 from the flag to magic pieces satisfy
hw; = 2w;h. Apply this to both copies. The links identify first flag with second magic, F}; = Mo,
and first magic with second flag plus boundary, M; = P+ B. These are exactly (42). The argument
uses internal partial isometries, not just equal Hilbert multiplicities, and remains valid at infinite
support trace.
Conversely the first five equivalent corners {F, w;w;} have square-root density

diag(1, V2, V2,v2,v2) @ hy/*

in their matrix-unit representation. Put the ideal FMS PVMs there. Every forbidden product is
the corresponding zero five-dimensional product tensored with h};/ % Do the same on {P,v;v}} for
copy two and give B its boundary answer. Right-hand measurements give the standard commuting
partner. Bob’s label is (P + B, F'); both checked links identify these same centralizer projections
and win. The sum of each PVM is identity on support; complete it off support arbitrarily. The

square-root matrix, rather than the density itself, has ratio /2. ]

Putting u; = w; + v; gives an ungraded (4, 2) ladder: all cross terms vanish because sources and
ranges lie in the orthogonal grading. Its p = 8 law has Pr(J = j) = (7/8)8 7. This is exactly the
law written as 2G + @ in Theorem 14.5. Also A(4,2) =In(7/6) —In2/7. The ladder packages their
common algebraic mechanism; Section 14 gives direct game-specific proofs. The extra constraint in
type I is integer spectral multiplicity.

13.3 Integer spectra and the majorization maximum

For a positive summable multiset o, write m,(y) for the multiplicity of y, and let
A(o) =16 - (40) U4 - (20).
Call o admissible if its multiplicities are nonnegative integers,

You=1/72,  mg(u) <16mo(pn/4) (1> 0). (43)

Multiplicity is included in the sum. Each positive value has finite multiplicity by summability.

Theorem 13.4 (Classification of perfect type-I marginals). A prescribed trace-class Alice marginal
on a type-1 factor admits perfect I' play, with arbitrary POVMs and a suitable commuting partner,
exactly when its nonzero spectrum is A(o) for an admissible o. Zero eigenvalues on the ambient
Hilbert space are irrelevant. The criterion covers initially mized commuting extensions; sufficiency
can be realized by a pure spatial strategy.

Proof. Theorem 13.3 gives a graded ladder on support. Count eigenvalues on P by o. Its four
density-doubling equivalences give

ng = 4(D2)*0', npP+B = 16(D4)*U, nB = 16(D4)*O' —0 > 0.

Thus the full spectrum is A(o), its total is 723" o = 1, and the last positive measure is precisely the
multiplicity inequality.
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Conversely construct a magic space of spectrum 16(Dy).o. The inequality chooses within each
eigenspace a subspace P of spectrum o; let the remainder be B. On an orthogonal space F' put
spectrum 4(Ds).o. Eigenbasis bijections define four maps P — F' and four maps F' — P + B,
each doubling density, with the required common sources and orthogonal ranges. They give the
graded ladder and hence perfect play. Purifying the type-I density gives a spatial pure realization.
Transport on the prescribed marginal’s support and complete measurements on its kernel. O

For a decreasing nonnegative list z, put KF,(z) = >>i_; z;, T (z) = > i, i, and G,(t) =

Yoi(wi —t)4. Set
o, ={47%/96: k >0}, A= A(0.).

This is the displayed sixteen/four spectrum of Theorem 10.1.

Theorem 13.5 (A unique majorization maximum spectrum). For every admissible o and every
rank r,
KF, (A(0)) < KF,(A.).

Equality at all ranks holds exactly when o = o.. Uniqueness concerns the spectrum, not the
measurements or the whole strategy.

Proof. Integrality in (43) forces /4% for every k > 1 whenever p occurs. Order oy > o3 > ---. The
distinct forced values o;/4,0;/16, ... are strictly smaller than o; and hence occur after position j,
also in the presence of ties. Therefore

Tj(0) > 0j/3, Tj1(0) = 0j +Tj(0) < 4Tj(0), Tj(o) >477/72.

These are the tails of oy, proving its Ky Fan domination. Equality at every rank forces the same
decreasing list.
To transfer the order without assumptions about interlacing, use

Ga(t) = sgp[KFr(x) —rt], KF,(z) = %gg[Gf"’(t) + rt].

The first crossing index and ¢ = z, prove these identities; at ¢ > 0 summability leaves finitely many
positive terms. The transform satisfies

GA(U) (t) = 64G, (t/4) +8G, (t/2)

Both coefficients are positive, so the Ky Fan order of o transfers to A. If both Lambda spectra
agree, the two nonnegative G gaps in this formula have zero sum for every ¢. Each vanishes, whence
G, = G, and ¢ = o,. This proves the stated uniqueness. O

13.4 Entropy and every truncation rank

Majorization is an established entanglement ordering [24]. Here the game-specific content is the
admissible integer multiset and its forced quarter-chain. The following infinite-list argument supplies
the required entropy conclusions directly.

Theorem 13.6 (Sharp positive-order entropy bounds). Every normal perfect type-I marginal has
von Neumann entropy at least Hp. For 0 < a <1 or1 < a < oo, its Rényi entropy obeys

1 16247 +448~¢
Ha>1_alog2 {— 1<

Equality in the von Neumann bound or at any such finite positive order holds exactly for spectrum A.,.
Every bound is attained by the displayed pure strategy. For pure strategies these are entanglement
entropies; for initially mized extensions the assertion concerns Alice’s marginal entropy.
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Proof. Let x be the marginal spectrum, y = A,, and D(t) = G(t) — G(t) > 0. Both lists have
mass one and entries at most one. Integrating the identity

/lff—(l”—t)ert:x_xlnx
0 t

and using cutoffs gives S(z) — S(y) = fol D(t)dt/t > 0 in nats, with a well-defined extended value
because S(y) < co. For a > 1, nonnegative integration of

1
% = oo — 1)/ t2(x —t), dt
0

gives > xf <> y¥. For 0 < a <1, use instead
o0
% =a(l — a)/ t* 2 min(z, t) dt, Zmin(wi,t) =1—Gy(t).
0 i

This reverses the power-sum inequality. The definition of Rényi entropy gives the claimed directions.
If the spectra differ, some continuous G gap is positive on an interval; each strictly positive
integration kernel makes its finite equality impossible. Thus equality is precisely £ = y. Summing
the sixteen/four geometric probabilities gives the displayed power sum, and the order-one value is
logy 24 +7/9. O

Corollary 13.7 (The sharp discarded-mass profile). For a perfect type-I marginal and any rank-r
projection Q, tr(h(I — Q)) > T, (Ay). With r =20k + 7, 0 < j < 20,

TT(A*) =47k . .
1/3—(j —16)/48, 16 < j < 20.

In particular Taop, = 47%. No perfect pure strategy discards less Schmidt probability at a fized

truncation rank. This is not an optimal game-loss assertion for the compressed measurements.

Proof. The Ky Fan variational principle bounds tr(hQ) by the first  eigenvalues, and Theorem 13.5
bounds those by the released prefix. Sum the remaining sixteen/four level probabilities to obtain
the formula. The displayed strategy attains each retained-weight bound. ]

13.5 A capacity infimum attained only beyond type I
Theorem 13.8 (Sharp but unattained type-I capacity). Among perfect normal type-I marginals
with finite second modular moment,

inf Cp = 4%(111 2)?,

and no such marginal attains it. The same bound is attained by the scalar-boundary 11y witness of
Theorem 14.3.

Proof. The graded criterion and Theorem 13.2 give the lower bound. Equality would make the
boundary density scalar, hg = bB. In type I its counting measure is md; for a finite positive integer
m: its probability mass bounds mb by one. The ungraded trace renewal would then put multiplicity
m/47 at b/27 for every j. Eventually this lies strictly between zero and one, contrary to integer
multiplicity.
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For an explicit approach choose admissible values p, = x4~ with multiplicities

—1
16N% 0<k<N
my = ’ - cy = | 72 Z 'mk4_k .
1, k> N, >0

Each inequality my < 16mygy1 holds, so Theorem 13.4 gives a perfect infinite-rank strategy. Its
boundary consists of 16V+! copies at 4cy and fifteen copies at cy4=* for every k > N. The
normalized off-top boundary mass is ty = 5/(1664" + 5). Conditional on this tail its modular
displacement, in units of In 2, is 2(N + 1 + G) with G geometric of ratio 1/4. Its mean is 2N 4 8/3
and variance 16/9. Consequently

C § 16
(1n§)2 = 5" g tv (1 In) 2N +8/3). (44)

The positive excess is O(N264=") and tends to zero. At N = 0 the expression is 152/81, the
released state’s value. These are actual perfect infinite strategies, not finite approximants confused

with perfect ones. The type-II scalar boundary attains equality by the internal construction in
Section 14. O

14 Prepared play in type II and its spectral fingerprint

Let M have a faithful normal semifinite trace Tr. A normal Alice state has density h > 0,
Trh = 1, support p, and square root K = h'/2 € L?(M,Tr). The standard partner is the full right
multiplication commutant on this L? space. Trace entropy is St.(h) = — Tr(hIn h), which can be
negative. Support trace is not Hilbert-space dimension. Existence statements below specify the
standard partner; the necessary bounds permit arbitrary commuting extensions with the given
normal Alice marginal.

14.1 Compression to the standard partner

Lemma 14.1 (Marginal reduction and the tracial obstruction). Every commuting strategy with Alice
marginal a — Tr(ha) has the same correlations as left and right POVMs on L?(pMp, Tr), with vector
K. Ifh=p/T, T =Trp < oo, its ' loss is at least (25/52)0pms > 0, where dpys = 1 — wir (Grums)-

Proof. In the strategy’s GNS representation define V(aK) = 7(a){. Equality of the two squared
norms proves this map is isometric. Its initial closure is L?(M)p: spectral cutoffs e, = L1 /n ) (KC)
and bounded inverses on e,, approximate bounded square-integrable elements of that right support.
The range reduces Alice’s algebra. Compress a commuting Bob effect by V'; the compression is a
positive contraction commuting with left multiplication, and the finite sum of compressed effects is
identity. The commutant on L?(M)p is right pMp, giving

p(a,blz,y) = Te(KE;KFY).

Replace Alice effects by pE¥p and work in pMp. This uses compression, not invariance of Bob’s orig-
inal effects on Alice’s cyclic subspace. The standard density realization is established background [12,
Section 2].

For h = p/T the correlation is tracial in the normalized corner. Mancinska’s strict tracial FMS
gap [23, Theorem 3| gives dpys > 0; discarding all losses except copy one’s twenty-five equally
weighted pairs proves the claimed floor. Compactness of the universal tracial POVM class ensures
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the strict gap: the tracial states of the universal finite-POVM C*-algebra form a weak-star compact
set, and the score is continuous. Thus this is stronger than nonattainment by finite maximally
entangled vectors. O

Lemma 14.2 (The internal density-sector law). In a perfect FMS strategy after this reduction, the
magic corner consists of four internally equivalent copies of a flag corner with doubled density. In
particular, for flag f and magic m,

Trm =4Tr f, Tl‘(hm) :8Tr(hf),
Tr(hpmInhy,) = 8Tr(hylnhy) + 8In2Tr(hy). (45)

The spectral-measure version requires no entropy moment or finite support trace.

Proof. Compress to the faithful support of h. For positive effects, zero correlation is || EV/2 K F1/2||3 =
0, hence EKF = 0. Checked matching classes give E.K = KF,. by summing zero cross terms.
Orthogonality gives E.E4K = 0 for ¢ # d, so the class effects are projections. Cancellation is valid
even for unbounded K: if bounded AK = 0, then Ae, = 0 on the spectral cutoffs above, whence
A = 0. Taking adjoints and products in L! gives E.h = hE,., and thus E, = F..

The checked magic-square reflections commute with h. Their elementary algebra from Lemma 3.2
generates matrix units of an internal My C mMm: two anticommuting reflection pairs commute
with each other. Let ¢ be a minimal diagonal corner of this matrix algebra and d = qhq. The magic
density is four equivalent copies of d. The distinguished column and row isometries from ¢ have
overlaps o4yq/ V/2. Pulling the calibrated sign supports back to f + ¢ gives

Way = Ky + Ty V[ V2.

The two forbidden sign equations yield both X, W,, = 0,,W,,Y, and X, W,,Y, = 0,y W,,. Full-
support cancellation makes these sign differences reflections. With H = Ky + \/&/ V2and Z = f—q,
the three positive cells identify Xy = X7 = X, and the frustrated cell gives X = —ZXZ. Its
off-diagonal block 5 € qM f satisfies 85 = f, B8* = q. From X H = HY} and its adjoint one gets
XH? = H>X, hence
d = 2BhsB".

These are internal partial isometries, so they preserve the trace and spectral calculus. They prove
the trace, probability and logarithmic identities, and the corresponding bounded-Borel functional
identities. If either sector vanishes, the equivalence forces both to vanish. For affiliated unbounded
densities the same cutoff cancellation and L? - L? C L! justify all products used. One does not
truncate the full strategy and assume it remains perfect. On finite support, the negative part of
ulInwu is bounded and a finite total entropy makes all corner moments finite; otherwise the entropy
upper inequality below is trivial at —oo. O

14.2 A perfect density in every finite factor

Theorem 14.3 (Prepared type-II play and a sharp entropy deficit). Fvery 11y factor with its
standard partner admits perfect I' play in a bounded faithful normal density. For every perfect
normal semifinite strategy with support trace T' < oo,

In 2
St(h) <InT —A,, A, =1In(7/6) — HT = 0.05512965403298 . . ..

FEquality is attained in every type-1I finite corner of trace T. In a 11y factor the normalized trace
has a positive loss floor, whereas a full-support prepared density attains trace entropy —A. and wins

perfectly.
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Proof. In a II; factor use continuous projection dimension and equivalence of equal-trace projections
to choose orthogonal Uy, Vi, k > 0, with

T(Ug) = 31675, 7(Vi) = $167%, b= (F47 U+ 547MV)
k>0

Their traces sum to one, as does 7(h). The density is bounded by 7/6 and has support one, though
no bounded inverse. Split U into four pieces equivalent to Vi and use the ideal FMS PVMs with
flag Vi. For copy two split Vi into four pieces equivalent to Uy,1 and use flag Uy 1. Indeed their
traces satisfy 7(Uy) = 47(Vy) and 7(Vj) = 47(Uk1), while the paired density ratios are two. Use
boundary answer on Up. All ideal blocks have the required square-root coefficient ratio. Direct sums
give bounded complete PVMs; cross-copy compatibility is not required by unsupported question
pairs. Bob labels U = > Uy and V = }_ Vi. Both linked Alice projections are U, commuting with
h, so every supported pair wins. The level state masses are (7/8)64~% and (7/64)64%, which sum
to one. Direct summation gives 7(hlnh) = A,.

For the universal bound denote copy-one flag and magic by F}, M7, and copy-two flag, magic
and boundary by P, My, B. Connected matching and the two links give F} = My and M; = P+ B.
Two applications of (45) imply

TrP=T/20, TrB=3T/4,  Tr(hP)=1/72, Tr(hB)="1/3.

The nonboundary sector cannot vanish, by the same linked-sector argument as before. Write
A=Tr(hplnhp), J=Tr(hglnhg) and D = Tr(hlnh). The logarithmic sector identities give

D=72A+4m2,  J=634+Lm2  D=%/-1m2

Jensen on the spectral trace measure of the boundary gives J > (7/8)In(7/(67")), proving the bound.
More precisely, set gg = (61'/7)hp and 75 = Tr /(3T/4) on BM B. Then

InT — Ay — Sv(h) = 7B(98IngB) > 0.

Equality is exactly a scalar boundary density hp = 7B/(6T'). In any finite type-II corner perform
the preceding construction with its normalized trace and divide the resulting density by T relative to
Tr. Its boundary is scalar, attaining equality. Completion of measurements off the support changes
no correlation. The trace-floor assertion is Lemma 14.1. O

Corollary 14.4 (Infinite semifinite support and finite entropies). A Il factor with its standard
partner admits perfect play at every finite real value of trace entropy. If it is countably decomposable,
these values also have bounded faithful witnesses.

Proof. Choose a finite corner of trace T' = exp(s + A,). Theorem 14.3 gives entropy s. For the
faithful version partition identity into countably many equal-trace projections of trace Ty, put the
normalized-corner equality density hg; in each, and set h = 23‘20 2*j*1h07]~ /To. Tts direct-sum
measurements are perfect, its support is identity, and its entropy is 2In2 + InTy — A,. Vary Tp.
Countable decomposability is needed for this full-support normal-state assertion, not the finite-corner
one. [

For the displayed finite-factor density, retaining 0 < k < K discards trace 165 and probability
64~ %, The only incomplete block is the final Vx_; block. The ideal coefficient matrix diag(0,b,b,0,0)
loses unweighted probability % in its four sign pairs, so the normalized loss is

7

b = 208(64K — 1)’
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The retained corners have integral ranks at trace denominator 4 16X and yield matrix strategies
of dimension dx = 4(16% — 1). These are finite approximants of the trace construction, with
compressed POVMs at the last block. They do not improve the dimension tradeoff: the original
compression with L = 3K — 2 has smaller dimension 20(3K — 2) and no greater loss. Indeed with
X =645 > 64, 16/(X — 16) < 21/(X — 1) is equivalent to X > 64, comparing the two exact losses,
and 20(3K — 2) < 4(16% — 1) holds at one and increases thereafter. Entropy relative to a rescaled
trace must also be rescaled; approximate strategies are not subject to the exact-perfect entropy
inequality.

14.3 A necessary modular spectral law

Put Kj, = —Inh on its support, and define its state-weighted spectral law p(g) = Tr(hg(K3)).
When defined, write So = In Trp, S1 = u(K3), So = —InTrh? and Cp = Var,, Kj,. This capacity is
established terminology [13, Sections 2-3]. Trace rescaling shifts the entropies and K}, together and
leaves gaps and variance unchanged.

Theorem 14.5 (A logarithm-of-two fingerprint). For every normal semifinite perfect strategy there
is a boundary law vp such that

p=vpxlaw((In2)J),  Pr(J=2k)=2164"% Pr(J=2k+1)=564" (k=>0).
If the modular mean and variance are finite,
Cp > £(In2)%
Whenever the entropy differences are defined, without subtracting two infinities,

In2
So—S1>A,, S -S> n7 +1n(14/15).

The three constants are sharp in type II, attained simultaneously by Theorem 14.3’s scalar-boundary
witness. This is a necessary scalar spectral law, not a sufficient condition for perfect play or a
physical tensor decomposition.

Proof. For a density-reducing projection e, let u.(g) = Tr(heg(K})), and let S; translate measures
by t. The internal sector law gives, for bounded Borel functions and a = In 2,

Hm = SS,a,uf.

The proof of Lemma 14.2 used no finite-support-trace assumption before its entropy estimate, so
this measure identity also holds at infinite support trace. The links imply

pp + pp = 64S_2app, pp = Z 647 Sopapn,  pirs, = Z 864_"’5(%—1)(1#3.
E>1 E>1

Iterate the first equation to prove the second; its remaining positive measure has mass 647" pp(R) —
0. The full measure is pup + pp + par,, of mass (8/7)up(R) = 1. Hence vp = (8/7)up is a probability
law and gives the stated convolution.

Realize its two summands as independent classical random variables. Here J = 2G + @, with G
geometric of ratio 1/64 and @ Bernoulli of probability 1/9. Elementary sums give

EJ =1/7, VarJ=8/49, E2/=7/6, E2~7 =14/15.
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Variance adds. Also Trp = EMeKh and Tr h? = Eue_Kh. Independence and scalar Jensen give

So—S1 =k, e* —E,, X + A,
S1— S =E,, X +InE, ;e ™ + L In2 +In(14/15).

These identities prove the inequalities in their defined ranges and the unambiguous extended cases.
With finite terms equality means vp is a point mass; the same condition minimizes variance.
The type-1I witness has constant boundary density, and therefore attains all three bounds. No
finite-matrix perfect witness is claimed. O

For comparison the explicit oscillator state’s actual boundary has sixteen A vectors at level zero
and fifteen at every later level. Its conditional modular law is

Pr(Kp =1In24) = 16/21,  Pr(Kp=In24+2kIn2) = 347" (k > 1),

Convolution gives its full sixteen/four level law; exact moments give Var((Kj —In24)/In2) =
152/81 = 8/49 +6800/3969. Its capacity is thus strictly above the type-II minimum. The fingerprint
alone omits the internal measurement algebra: perfect play also requires nonzero matrix corners in
the density centralizer.

Normal semifinite algebras have no normal universal embezzling states [31, Corollary 54, arXiv
version 4]. This known obstruction concerns an entanglement-transformation task, and does not
forbid the prepared strategies for one fixed game constructed here. The stronger quoted invariant
assertion uses a separable-predual hypothesis [31, Corollary 55]. No gravity or conserved-charge
interpretation is part of the preceding theorems.

Remaining questions

The leading logarithmic dimension law and the exact limiting entropy and oscillator prices are
established. What are the quantitative rates at which the resource prices approach their limits?
Can the dimension law’s O(loglog(1/¢)) remainder be reduced to O(1), and which finite strategies
minimize loss at each dimension? The sharp discarded-mass profile of perfect spectra does not
settle optimal loss after compression. The unique maximizing spectrum does not assert uniqueness
of measurements or of the whole strategy. Quantitative stability of the exact integer, density and
fingerprint laws remains open. The field construction also leaves microscopic implementation costs
unresolved; its field-energy optimum is not fixed by the oscillator number 275/18.

How this work was done

The authors developed the construction and proofs with AT models from more than one developer.
The proofs were checked against the cited primary statements and by finite symbolic and numerical
calculations. The square-root word extraction is proved here directly, with its norm convention,
constant and row/column hypotheses stated explicitly. Nonexistence in finite dimension follows
from the sector-and-minimum proof; numerical optimization is not a certificate of nonexistence.
The ancillary package contains the rational predicate, a deterministic generator, symbolic checks,
finite compression checks, recorded outputs, a sequential runner, and SHA-256 checksums. The
symbolic checks verify all forbidden gadget products exactly, projectivity, completeness, overlap
signs, normalization and the incomplete-block loss. Numerical checks cover every supported pair for
the specified compressions and compare their loss with (1). Positivity tolerances are supplemental;
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positivity follows analytically by compression of projections. Additional exact checks cover the three
bridge words, the order-32 real Pauli group and the trace-norm counterexample. Numerical checks
test regular-representation extraction, complex local perturbations and sector defects, with one
solver thread. A separate descent check verifies thresholds and multiplicities. These finite tests do
not establish a uniform lower bound; the analytic sector, gluing and rank proofs do. The infinite
strategy is justified by the normalized direct-sum construction. No proof-assistant certification or
exhaustive historical-priority search is claimed.

The finite-energy checks recompute geometric occupation and entropy sums, passive truncations,
exact storage enumeration and moment inequalities, local infinite-matrix rows, finite symplectic
completion and noninvariant smooth-mode energy bounds. The vacuum checks independently
reconstruct the classical value, testing inequalities and finite-algebra compression. The type-I1
checks reconstruct its matrix models, internal trace ratios, sharp boundary entropy identity and
fingerprint convolution. All are finite checks of the stated interfaces; none is a continuum field
simulation, a proof of a universal optimum, or a substitute for the written domain and operator-
algebra arguments. The external faithfulness, localization and approximation inputs are credited
where used. All numerical-library thread counts are one; recorded outputs, source adaptations and
hash manifests accompany the runner.

The ladder checks represent infinite admissible multisets by finite integer data and an exact
geometric tail. They compare 329 spectra using exact rational Ky Fan sums and full-tail passive
energies, and test logarithmic entropy and positive-order Rényi evaluations separately. Exact
rational capacity gaps test the perfect infinite approach sequence, and boundary checks retain the
exceptional critical identity ladder. These computations supplement the classification, majorization
and one-sided compactness proofs; they do not optimize arbitrary approximate strategies or prove a
convergence rate.
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