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Abstract

Many devices must answer each request before the next one arrives, while remembering what
came before. If such a device is built from energy-conserving dynamics and heat baths, how
much work must it spend? We answer this for every finite interactive quantum process whose
outputs carry the same Hamiltonians as its inputs, at every positive finite temperature, as the
optimal work per episode, one complete run of the process, over many episodes at vanishing
error. Processes that do not respect time translation obey the same law when the device’s whole
controller need only come back approximately, with its actual mean energy and entropy refunded
and its startup capital declared. The least work per episode is kBT ln 2 times a single quantity:
an entropy change plus an energy change, both measured against the same adaptive observer, the
most demanding one, and minimized over all ways to build the process in the order its outputs
are due. For processes that respect time translation, a device whose controller and reservoirs
start thermal and whose work is deterministic and below this rate has worst-case error tending
to one.

A process costs nothing exactly when it is a limit of devices that run energy-conserving steps,
in the required order, on one shared heat bath. Order alone can cost work, as is known for
classical information engines; we find the exact price: a two-qubit process that is free when its
outputs may wait costs kBT ln 2 [1 − h(p)] per episode when they may not, where p is the bias of
a coin the process draws, even when everything is classical. For memoryless channels the law
reduces to the real-time work law of our companion paper. In a classical example, the same
accounting restricted to agents whose memory is a function of the past reproduces the online
cost that Thompson et al. derive for such agents, while an agent that commits its randomness in
advance pays less.

The authors developed this work with AI models from more than one developer and take responsibility
for every claim. How the work was done, and what the machine checks cover, is described at the
end of the paper.
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1 Introduction
Landauer’s principle says that erasing a bit costs at least kBT ln 2 of work [1]. For a quantum
channel applied n times, Faist, Berta and Brandão found the least work per use, the thermodynamic
capacity, when the device may collect all inputs before it releases any output [2, 3]: for every channel
when Gibbs-preserving maps are free, and for time-covariant channels with thermal operations. In a
companion paper we showed that releasing each output before the next input arrives can cost extra
work, but only for quantum channels [4].

Most devices that interact with their surroundings also remember. A controller acts on what it
measured earlier, an agent responds to a history, a protocol correlates its rounds. Such a device
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implements a process with memory, also called a quantum comb or a quantum strategy [5, 6]. For
strategies with classical inputs and outputs, Thompson, Riechers, Garner, Elliott and Gu derived
the extra work that an agent whose memory is a function of its past must dissipate when it answers
online rather than in long blocks, and showed that quantum memory can reduce it [7]. Here we ask
the question for every finite interactive quantum process. If a device built from energy-conserving
dynamics and heat baths must release each output before the next input, how much work must it
spend?

The answer is one formula. Its single ingredient, Kβ , is defined in Section 2: an entropy change
plus an energy change, both measured against the same adaptive observer, the most demanding
one, and minimized over all ways to build the process in the order its outputs are due.

Main results. Throughout, a process has n slots. In slot j an input with Hamiltonian Hj arrives,
and an output with the same Hamiltonian must be released before the next input. The process may
keep memory between slots. A device runs the process again and again; one run of all n slots is an
episode. We assume that the process commutes with one common time translation of all its inputs
and outputs; without this assumption the same law holds when the device’s clock need only return
approximately (Theorem 9). Separate covariance at each slot is not needed: the delay process of
Section 7 has only the common one.

Theorem 1 (Real-time work law for processes). Let P be such a process. In real time, the
optimal work per episode at vanishing error is kBT ln 2Kβ(P). Moreover, for every fixed δ > 0,
any implementation whose controller and reservoirs start in Gibbs states and that draws at most
NkBT ln 2 (Kβ(P) − δ) of deterministic work over N episodes, meaning that its battery ends in a
definite energy level with probability tending to one, has error tending to one.

As for channels, bounding only the mean work gives no such converse: a device that runs the
optimal implementation with probability λ and does nothing otherwise spends λ times the rate
and errs with probability about 1 − λ. Nor can the Gibbs initial state of the controller simply be
dropped (Section 4).

Theorem 2 (What is free). For a process P as above the following are equivalent:

(i) Kβ(P) = 0;

(ii) driven by fresh Gibbs inputs, implementations of P can release outputs nearly in their product
Gibbs state while leaving their bath nearly uncorrelated with all of them: for every δ > 0 some
implementation within δ of P has total Gibbs defect at most δ (Section 5);

(iii) P is a limit of causally ordered thermal implementations: one heat bath in its Gibbs state,
retained throughout, and a sequence of unitaries that each conserve energy exactly, with every
output released on time;

(iv) the real-time work rate of P is zero.

Each condition forces covariance under the common time translation, but not at each slot separately.

Milz et al. take Gibbs-preserving channels as the free channels and ask which higher-order
transformations preserve them [8]. Requiring this completely, they find exactly the causally ordered
combs that are thermal in their sense: inserting the Gibbs state into the first slot returns the Gibbs
state, uncorrelated with the remaining comb, which is again thermal [8, Def. 8, Thm. 6]. Causal order
is thus derived from equilibrium preservation. Theorem 2 starts from causally ordered processes
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and uses thermal operations instead: its condition (ii) is a dilation-level, approximate form of their
Gibbs-insertion condition, and in condition (iii) “thermal” means energy-conserving unitaries on one
retained Gibbs bath, not Gibbs preservation. (An n-slot process here is an (n− 1)-slot supermap in
their counting.) The processes that are free in our sense are strictly fewer than theirs; this already
follows from the single-channel case [9, 10, 11]. Milz et al. propose analogous constructions for
more restrictive frameworks such as thermal operations, and ask whether causal order can again be
derived [8, Sec. VI]. Theorem 2 gives the thermal-operation counterpart of their thermality condition
for processes whose causal order is given; it does not derive causal order.

Proposition 3 (Order costs work). Let Pp,V read a bit a from a qubit A and release it, and then
apply V a⊕r to a second qubit Q, where r is a fresh coin equal to 1 with probability p and V ∈ {X,Z};
the Hamiltonians are diagonal, and for V = X the qubit Q has a degenerate one. As one channel
on AQ, Pp,V is a thermal operation. If a must be released before Q arrives, its real-time work rate
is kBT ln 2 [1 − h(p)] per episode; for V = X the bound is already forced by a classical observer.

The cheapest device keeps a masked record. Before the episode it prepares a bit M equal to 1
with probability p; at the first slot it adds a into M and releases a; at the second it applies V M to
Q. The record M = a⊕ r shares 1 − h(p) bits with the released a, and that correlation must be
erased after a has left. A device that held a until Q arrived could uncompute the record for free.

Beyond time-covariant processes, the law holds for every finite process when the controller need
only return approximately (Theorem 9): on a rare branch the device records the observer’s whole
strategy, which tells it how much surplus energy to release as heat without touching any released
output. Delayed channels and a correlated process with hidden memory are worked examples
(Section 7).

Where the price comes from. A device that answers in real time may have to keep, in its
memory and its baths, correlations with outputs it has already released. It cannot erase those
correlations against outputs that are gone. For classical agents the same tension appears in the
finding that agents that extract work efficiently must balance prediction against forgetting [12]. A
classical channel needs no such correlation and pays nothing extra [4]. A quantum channel may
need some, and that is the surcharge of [4]. A process with memory may have it forced on it
by the task itself, classical or not, as is known for classical information ratchets, generators and
agents [13, 14, 7, 12]: in Proposition 3 the device must remember a after releasing it.

Prior work. Faist, Berta and Brandão implement channels that do not respect time translation
with thermal operations and a small source of coherence when the input is a fixed i.i.d. state [3,
Sec. 8.2], and ask whether thermal operations can implement every i.i.d. channel universally, which
they expect to require an arbitrary amount of coherence [3, Sec. 9]. Theorem 9 settles the analogous
question for real-time implementation of every finite process, with, as they anticipated, an unbounded
phase reference; their batch question, for a clock that must return, is answered in [15]. Lie, Son,
Boes, Ng and Wilming show that a channel is a thermal operation exactly when it has a dilation,
by an arbitrary unitary and environment state, that leaves the environment unchanged when the
input is the Gibbs state; energy conservation, a Gibbs bath and time covariance then follow [16,
Def. 1, Lemma 3, Prop. 4]. Theorem 2 is a robust form of their criterion for processes with several
steps: a small defect at Gibbs inputs implies closeness to a thermal implementation, with constants
that do not depend on the bath. Theorems 1 and 2 give the real-time cost of every finite process
whose inputs and outputs carry the same Hamiltonians, and characterize the processes whose cost
is zero. For Markovian dynamics, Luo et al. show that thermal Lindbladians are exactly those
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realized by energy-conserving collision models with fresh thermal units [17]; the free processes of
Theorem 2 use one bath retained across all slots. For repeated independent uses of one channel at
zero Hamiltonian, the rate of Theorem 1 is the purity cost of [18], the zero set of Theorem 2 is the
closure of the finitely factorizable channels [19], and a strong converse for purity is in [20]; the case
of one channel at nonzero temperature is in [4].

Work extraction. Zambon and Adesso study work extraction from non-Markovian multitime
processes [21]. An experimenter who stores all outputs until the end can extract more work than
one who extracts step by step, by an amount bounded by the non-Markovianity of the process [21,
Thm. 2]; this is the extraction-side counterpart of the gap between batch and real-time operation.
Since, unlike for states and channels, the work cost of implementing a comb is not known to equal
the work it can yield, they take as the cost of a comb the least work value of an ancilla state plus
the asymptotic costs [2, 3] of the channels in a dilation. Theorem 1 concerns a different quantity,
the cost of implementing a process in real time, episode after episode, against every observer; it
does not settle their question. Fiderer, Barth, Smith and Briegel define the work capacity of a
classical environment with memory, the largest rate at which an agent can extract work from it, and
ask whether, for channels with memory, it can match the least work the environment must spend
to implement its channel [12]. Theorem 1 gives the least cost of implementing a finite process in
real time when it must be accurate against every observer; against a given agent the cost can be
lower, and their question remains open. Huang et al. define the time-ordered free energy, the most
work an agent without persistent quantum memory can extract online from a temporally correlated
sequence of quantum states [22]; that is extraction under a causal constraint, whereas we price
implementation with arbitrary quantum memory.

Classical modularity. For classical processes, the price of operating step by step rather than
on the whole process at once is the modularity dissipation of Boyd, Mandal and Crutchfield, the
loss of global correlations under local control [13], which Loomis and Crutchfield trace to temporal
locality [14]; its simplest instance is the Landauer–Bennett price of a record whose original has
left [23, 24]. Proposition 3 gives its exact rate in a process that is free when its outputs may wait.

Online agents. Thompson et al. prove their classical online cost optimal among causal agents,
whose memory is a function of the past [7]. A classical agent that commits its randomness in
advance lies outside that class and can pay less (Section 7). When the inputs stay on the tape,
this is the analogue, for a transducer whose outputs depend on informative inputs, of the known
efficiency of retrodictive pattern generators [25, 13, 14]; when each output overwrites its input, even
this agent pays 1 − h(p) (Section 7).

Outline. Section 2 sets up the model and defines Kβ. Section 3 proves the work law, Section 4
the strong converse and Section 5 Theorem 2. Section 6 drops time covariance, and Section 7 treats
channels, the ordered and delay processes, and classical agents. The longer constructions are in the
appendices. A companion paper [26] places this law among general schedules of arrivals, releases
and loans.

2 Setting
Throughout, β = 1/kBT with 0 < T < ∞, and entropies are in bits unless stated otherwise.
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Processes. A process with n slots takes an input in slot 1 and releases an output, then takes an
input in slot 2, and so on; it may keep memory between slots. Slot j has an input Ij and an output
Oj , both of dimension dj and with Hamiltonian Hj . Write d =

∏
j dj . Such a process is a quantum

comb [5, 27, 6]: a sequence of channels, each from Ij and a memory to Oj and a new memory. Its
Choi operator RP on

⊗
j IjOj satisfies the causal constraints

TrOj R
(j) = IIj ⊗R(j−1), R(0) = 1, (1)

where R(j) is the Choi operator of the first j slots and R(n) = RP . We compare processes with
the strategy distance: the largest trace distance 1

2∥ · ∥1 that an observer can reach between them,
choosing each input after seeing the earlier outputs and keeping quantum references [5, 6]. Faist,
Berta and Brandão suggested such measures for implementations with memory effects [2].

Time covariance. Let Dj(u) = e−iuHj . A process commutes with the common time translation
if shifting every input by the same time u shifts every output by u. In terms of its Choi operator,[

RP ,
⊗

j

Dj(u)Oj ⊗Dj(u)Ij

]
= 0 for all real u. (2)

This does not require each slot to be covariant on its own. The delay process releases the ground
state in slot 1, releases the first input in slot 2 and discards the second input. It carries coherence
from slot 1 to slot 2, and it satisfies (2) only for the common translation.

Lemma 4 (Covariant realization). A process satisfies (2) if and only if it can be realized by
isometries Vj from Ij and a memory Mj−1 to Oj and Mj that conserve energy exactly, for suitable
Hamiltonians on the memories. No assumption on the rank of RP is needed.

For a compact symmetry group this is the covariant minimal dilation of Chiribella, D’Ariano and
Perinotti [28, Eq. (15)]; we include the short proof because the time translations form a non-compact
group and the memory Hamiltonians are needed explicitly.

Proof. A sequence of energy-conserving isometries gives a process that satisfies (2), since the time
translations pass through each Vj . Conversely, every prefix R(j) inherits (2) by partial trace. Take
the minimal realization [27], in which Mj is the support Aj of R(j) and

Vj =
(
IOj ⊗R(j) 1/2

R(j−1) −1/2)(
|I⟩⟩OjO′

j
⊗ idIj→I′

j

)
,

with inverses taken on supports. The prefix constraint (1) gives V ∗
j Vj = I. By (2) the square

roots commute with the time translations, the maximally entangled vector is invariant under
Dj(u) ⊗Dj(u), and the wire Ij → I ′

j intertwines the input translation. So Vj conserves energy when
Aj carries the restriction of

∑
l≤j(Hl −HT

l ), with Hl on the copy I ′
l and −HT

l on the copy O′
l. The

supports are invariant, so rank deficiency causes no difficulty.

The device. The device model is that of [4, Sec. 2]. A device consists of a controller C, a battery
B and a reservoir R. The controller holds all hardware: memory, clocks, catalysts and any work
registers not charged to the battery. The reservoir is a finite collection of cells, each with its own
Hamiltonian, all declared in advance and all starting in their Gibbs states at inverse temperature β,
independent of each other and of everything else. Every operation is a unitary that conserves the
total energy of the systems it acts on. Measurements and records are part of the dilation and are
counted. There is no external coherence and no Gibbs-preserving map supplied as a black box.
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Real-time operation. The device runs N episodes of P, one after another. Within an episode,
input j + 1 is supplied only after output j has left, and the device never acts again on a delivered
output. Between slots, and after the last one, it may act on its internal systems as it likes. The
inputs come from an observer who may choose them adaptively, across slots and across episodes,
and keep quantum references. The error εN is the strategy distance between the whole interaction
and N ideal episodes of P.

Work. The controller must return. For the constructions of Theorems 1 and 2 it returns exactly
to its initial state, independent of all other systems (Theorem 9 relaxes this); for the lower bounds it
is enough that its free energy returns up to o(N). The battery is mechanical: work is its mean loss
of energy, and its entropy changes by o(N). It is stationary if it starts in a state that commutes with
its Hamiltonian, as an energy eigenstate does; a stationary battery holds no phase reference. Work
is deterministic when the battery starts in an energy eigenstate, ends, with probability tending to
one for every observer, in a fixed energy eigenstate, and its mean energy differs from that eigenvalue
by o(N). The last clause matters only for a controller that returns approximately, as in Sections 6
and 7: it prevents a broad reference from lending the device energy that the battery repays in one
rare, large event. In the strong converse (Theorem 8) the controller also starts in a thermal state.
For a family of implementations with εN → 0, the work rate is lim supN WN/(NkBT ln 2), in bits
per episode, and the optimal real-time rate is the infimum over such families. These rates allow
reservoirs, controllers and running times of any finite size. Table 1 lists the conditions that each
main result uses.

Result Controller
starts

Controller returns Battery Error and conclusion

Rate law and
free set
(Theorems 1
and 2)

in any declared
state

in the constructions
exactly, independent
of everything else;
for the lower bound,
its free energy up to
o(N)

mechanical, entropy
change o(N)

error tending to zero;
optimal work Kβ per
episode, zero exactly
for the free processes

Strong
converse
(Theorem 8)

in a Gibbs
state,
independent of
the reservoirs

not required starts in an energy
eigenstate;
deterministic work
below N(Kβ − δ)

error tending to one,
exponentially fast if
the battery never
misses its target

Without
covariance
(Theorem 9)

in any declared
state; its free
energy is
invested capital

approximately:
jointly within
ηN → 0, with actual
mean energy and
entropy changes
o(N)

ends in a fixed
eigenstate except
with vanishing
probability; entropy
and mean absolute
deviation o(N)

error O(N−2);
optimal work Kβ per
episode; no converse is
claimed

Table 1: The contracts of the main results. Every error is the strategy distance of the whole
interaction, over all episodes, against observers that adapt and keep quantum references. When the
controller returns only approximately, its energy and entropy refunds are separate requirements,
since closeness in trace distance alone does not bound them. Startup capital is declared and is not
part of the work. Throughout, the number N of episodes is known in advance, and each output
carries the same Hamiltonian as its input.

Remark 1 (Why covariance). With the controller returned exactly and a stationary battery, a device
can only implement processes that satisfy (2); for channels this is the familiar fact that thermal
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operations are time-covariant [3, Sec. 3]. The argument behind the returning-clock proposition of [4]
applies unchanged: the device as a whole commutes with time evolution, so when the inputs, the
references and the battery are invariant, so is the final state of everything that is kept. Feeding
energy-diagonal inputs in all other episodes isolates one episode, whose implemented process then
satisfies (2); its strategy distance to P is at least half the largest distance between P and its time
translates. Common covariance is therefore necessary for vanishing error, and by Lemma 4 it is all
that is needed. The battery must be stationary: a battery in a broad superposition of energy levels
is a phase reference of its own, which the device can spend while the controller returns exactly [4].
With a controller that returns only approximately, covariance is not needed (Theorem 9).

Ports. We take each input and its output to have the same Hamiltonian; isospectral ports,
identified by a fixed unitary, are the same. If HIj ̸= HOj , a device must change the Hamiltonian of
the system it hands back, and the answer depends on how that change is modelled. For instance, a
qubit with energies 0 and E that is replaced by a maximally mixed qubit with zero Hamiltonian
yields work if the device may switch the Hamiltonian itself, but not if it must emit a fresh qubit
from its own supplies. We do not treat this case.

The cost. An ε-extension of P is a process P̃ with one extra output F , released before the
first input and never acted on afterwards, such that discarding F leaves a process within strategy
distance ε of P , and such that P̃ itself satisfies all the causal constraints (1). A tester is an observer
for one episode: it starts in a pure state, prepares the inputs adaptively, keeps quantum references,
and ends with a register Z that holds everything it kept, including all outputs.

Definition 1 (Real-time cost of a process). For a tester t run against an extension P̃, let S(Z|F )t

be the conditional entropy of its final register given F , and let

eβ(t) = β

ln 2
∑

j

TrHj
(
ρOj − ρIj

)
be the energy the process adds, in bits, where ρIj and ρOj are the states of the j-th input and
output in this run. Set

Kβ,ε(P) = inf
P̃

sup
t

[
S(Z|F )t + eβ(t)

]
, Kβ(P) = lim

ε↓0
Kβ,ε(P),

with the infimum over ε-extensions and the supremum over testers.

F is an inert mathematical purifier of the device’s initial state, not a message available to the
tester. Formally the extension emits it first, so that the extension is itself a process, and never
touches it again; none of it carries information about the coming inputs. The tester’s operations act
only on its own memory and the released outputs of P, never on F ; conditional entropy is used
only to compute the device’s entropy increase, and it does not authorize either party to operate
on F . If B is the device’s retained body, the purified experiment ends in a pure state on BZF ,
so S(Z|F ) = S(Bfinal) − S(Binitial): after the episode, S(Z|F ) equals the entropy the episode has
added to the device (Lemma 7). If the tester could read F , the value would change; in the example
of Section 7 with hidden memory, knowing b would let the observer choose late inputs branch by
branch. So Kβ is the least entropy, plus energy, that one episode must add to a device that does
not know its inputs in advance.

Both terms are evaluated on the same tester, and this matters. For the delay process with
H = diag(0, E), the entropy term alone is largest for a maximally mixed second input and the
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energy term alone is largest for a second input in its ground state; taking the two maxima separately
would give 1, while Kβ = log2(1 + e−βE) (Section 7).

Proposition 5 (Basic properties). (a) For one slot, P is a channel Φ and Kβ(P) is its real-time
cost κβ(Φ) from [4].

(b) For n uses of a time-covariant channel Φ, viewed as one process, Kβ = nκβ(Φ).

(c) Kβ(P) ≥ 0, and |Kβ(P)| ≤ 2 log2 d+ β
ln 2
∑

j 2∥Hj∥.

(d) At zero Hamiltonian, Kβ involves entropy alone: it is the purity cost of answering in real time.

Proof. (a) A one-slot extension is a state σQOF in which F is independent of the reference Q of the
input, so Definition 1 becomes the definition of [4] once two smoothings are compared. Smoothing
input by input and smoothing in strategy distance have the same limit as ε → 0, and the limit
commutes with the supremum over inputs by the minimax argument of Lemma 6. (b) For the lower
bound, apply the chain rule to S(Z|F ) across the n uses: each use adds at least the one-use cost
on its own input. For the upper bound, take a product of one-use extensions; each use’s entropy
and energy then depend only on that use’s average input. (c) Feed every slot a Gibbs input. Every
extension is itself a finite process, so it has an exact dilation with F as the purifier of the bath.
Against this tester, S(Z|F )+eβ is the sum over slots of the relative entropies D(ρOjBj ∥γj ⊗ρBj ) ≥ 0,
where Bj is the bath after slot j (Section 5); here the equal input and output Hamiltonians are
used. So every extension has value at least 0. The bound on |Kβ| holds because a pure tester’s final
register has effective dimension at most d2 (Appendix A). (d) is Definition 1 with eβ = 0.

3 The work law
The lower bound comes from the bookkeeping identity of [4] and a bound on the entropy each
episode must add to the device. The upper bound is a construction. Section 4 upgrades the lower
bound to every fixed error.

3.1 Bookkeeping

Write D = CBR for everything except the inputs and outputs, and let A = S(Dfin) − S(Dinit) be
the entropy it gains. Let ∆Esys be the total energy delivered in the outputs minus the total energy
taken from the inputs, and let w be the free energy drawn from the battery and the controller, in
units of kBT ln 2. The accounting identity of [4] holds verbatim:

w = A+ β
ln 2 ∆Esys +D(Rfin∥γR) + I(C:B:R)fin ≥ A+ β

ln 2 ∆Esys. (3)

It concerns only the device, so correlations with the observer do not enter; a reservoir cell that is set
aside stays in R, so discarding never helps.

3.2 What each episode must leave behind

Lemma 6 (Minimax). Kβ,ε(P) = supt infP̃
[
S(Z|F )t + eβ(t)

]
.

Proof. For a fixed extension, S(Z|F )t + eβ(t) is concave in the tester: the bath state is affine in t,
entropy is concave, and the payload energy is affine. Mixtures of extensions are realized by adding a
classical flag to F , whose entropy cancels in S(Z|F ), and stay ε-close to P. Given η > 0, finitely
many extensions P̃1, . . . , P̃L have minl[·]l < b+ η at every tester, where b is the right-hand side. The
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set of points x ∈ RL dominated by ([·]1(t), . . . , [·]L(t)) for some t is closed, convex and downward
closed, and excludes (b+ η, . . . , b+ η). A separating hyperplane with non-negative normal gives flag
probabilities whose mixture has value below b+ η at every tester.

Lemma 7 (Causal accumulation). Suppose the error is at most ε, and the observer runs a fixed
tester t in every episode, with a fresh copy each time and all earlier registers left alone. Then each
episode raises S(D) + β

ln 2Epayload by at least infP̃ [S(Z|F )t + eβ(t)], the infimum over ε-extensions.
Hence

A+ β
ln 2∆Esys ≥ N inf

P̃

[
S(Z|F )t + eβ(t)

]
.

Proof. Let Dk be the device before episode k and let Fk purify it; Fk contains the earlier references
and outputs. The fresh tester starts pure and independent of DkFk. The episode acts on the tester’s
inputs and on Dk, and Fk is never touched, so the episode, seen from the observer with Fk released
first, is an extension of the process the device actually implements in episode k. That process is
within ε of P: an observer could run this tester in episode k and the ideal comparison elsewhere.
After the episode the global state is pure, so S(Dk+1) −S(Dk) = S(ZkFk) −S(Fk) = S(Zk|Fk), and
the payload energy changes by exactly eβ(t) in bits. Operations between episodes are unitary on D
and do not change S(D), so the increments add up.

The device’s memory may be correlated with every earlier output; the lemma allows that. What
it rules out is a memory that already knows the coming inputs.

3.3 The lower bound

Choose, by Lemma 6, a tester t whose value infP̃ [S(Z|F )t +eβ(t)] is within η of Kβ,εN
(P). Lemma 7

and (3) give
w ≥ N

[
Kβ,εN

(P) − η
]

(4)

for every η > 0. For a mechanical battery the actual work is kBT ln 2 (w− ∆SB) when the controller
returns, and ∆SB = o(N). Letting εN → 0 gives the lower half of Theorem 1. Covariance is not
used: the lower bound holds for every process and every controller.

3.4 The construction

The matching construction has four layers (Appendix B). At each N it compiles one finite implemen-
tation of an approximate extension with error N−3, so that the error accumulated over N episodes
still vanishes; every overhead depends only on d, the Hamiltonians, β and N , never on the size or
spectrum of the extension’s bath.

A covariant dilation. A finite extension is realized by one bath, in a state τ , and one unitary
contact per slot. Averaging over a finite grid of phases of the torus generated by the energy gaps,
controlled by a flag in the bath, makes the realization covariant under the common time translation
without increasing its cost.

What an observer can do to the bath. Every tester is dominated by the flat tester, which feeds
maximally mixed inputs: the bath state it leaves satisfies ωt ≤ d2ω0. A pure tester’s final register
has effective dimension at most d2, however large its references. These bounds involve only the
ports.

Paying for entropy and energy together. A single sharp energy bank, shared by all episodes,
records the energy that flows between the payload and the bath, without measuring the payload’s
energy. An analytic interpolation over a strip in the complex plane, applied to the whole episode at
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once, turns the port bounds into an operator inequality that holds even when the bank, the observer
and the earlier baths are entangled. It charges entropy and energy on the same tester. Tracing out
the bank averages the whole history over one common phase, never over separate phases at separate
times.

Paying the work. Converters between subspaces of given Gibbs weight, built from reservoirs
with exactly conserving swaps, form the baths at the start and reset them after the last output,
moving the battery by the logarithm of the Gibbs-volume ratios. The bank’s large starting energy
is borrowed and returned, and the battery’s entropy and energy variance tend to zero. A final swap
with a thermal cell returns the controller exactly. The net debit is NkBT ln 2 (Kβ(P) + o(1)).

This proves the upper half of Theorem 1. The same bank also handles processes whose Choi
operator is not of full rank: it pays for changes of relative likelihood, so the target never has to be
implemented exactly.

4 The strong converse
The lower bound (4) is a rate statement. The following theorem covers every error below one,
provided the work is deterministic. For batch implementations of channels, the converse of Faist,
Berta and Brandão already holds at fixed small error [3, Prop. 4.2]; Theorem 8 is a real-time
counterpart for processes that covers every error below one. For a battery projector PB that
commutes with HB, write

bβ(PB) = βEinit
ln 2 + log2 Tr

(
PBe

−βHB
)
.

Theorem 8 (Strong converse). Let P satisfy (2) and let δ > 0. There are constants a, b, c > 0,
depending only on P, the Hamiltonians, β and δ, with the following property. Consider any
real-time implementation whose controller and reservoirs start in independent Gibbs states, of
any size, and whose battery starts in a pure energy eigenstate of energy Einit. Let PB satisfy
bβ(PB) ≤ N(Kβ(P) − δ), and let qN be the probability that the battery ends outside PB when the
observer of the proof is used. Then

1 − εN ≤ qN + c e−bN + 2−aN .

For a battery that ends in a single eigenstate of energy Efin, the condition on PB says exactly
that the work Einit − Efin is at most NkBT ln 2 (Kβ(P) − δ). So with deterministic work below the
rate, the error tends to one, exponentially fast if the battery never misses its target. This is the
second statement of Theorem 1. A projector of rank RB whose energies are all at least Einit −W
has bβ(PB) ≤ βW/ ln 2 + log2RB: the accepted degeneracy counts as work. Without this, a large
degenerate battery in a pure state could supply purity at no energy cost. The hypothesis that
the controller starts in a Gibbs state cannot simply be dropped. A controller that only returns
approximately, with its actual energy and entropy changing by o(N), can carry an incoherent energy
bank whose loans depend on the branch and cancel in the mean; with it, a covariant reset runs at
half the vanishing-error rate with error exactly 1/2 [15], while the battery’s debit is the same on
every branch. What decides this is how spread out the controller’s capital is, not its size: spread
o(N/√η), where η is the controller’s return error, still forces a strong converse for every channel
and without time covariance, but only at the thermodynamic capacity, which can lie below the
real-time rate, and a bank of spread of order N/√η can break even that [15]; whether a converse at
the real-time rate survives such a controller is open.
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Outline of the proof. The proof follows the fixed-error converse for channels in [4], with one new
ingredient: an observer that runs a whole episode adaptively and still conserves energy exactly.
Details are in Appendix C.

Step 1: an observer that conserves energy. Before N or the device is fixed, choose a tester whose
value infP̃ [S(Z|F )t +eβ(t)] is within a small margin of Kβ(P), that has full rank, and that commutes
with the common time translation; averaging over the translations and mixing in a little of the flat
tester achieves this, since the value is concave and invariant. Apply the construction of Lemma 4 to
the tester’s own causal constraints. This realizes the tester by isometries that conserve energy when
each stage of its memory carries the matching charge. Its final register Z, of dimension at most d2,
then carries the charge HZ =

∑
j(HOj −HT

Ij
), and TrHZνZ is exactly the energy delivered minus

the energy injected in the episode.
Step 2: a tradeoff valid for every device. For this tester, the least S(Z|F ) over all extensions is a

convex function of the observer’s final state. A separating hyperplane gives an affine lower bound,
which may be averaged over the charge so that it depends only on the energy-block pinching of
Z. The observer measures a random fraction γ of the episodes with an informationally complete
measurement inside each energy block, built from rank-one effects and dilated so that it conserves
charge. This turns the affine bound into a min-tradeoff function for entropy accumulation [29]. It
holds whatever the device’s state, and its constants do not involve the device.

Step 3: accumulation and an energy event. Run this tester afresh in every episode, while
the device may keep arbitrary correlations between episodes. Entropy accumulation bounds the
smooth min-entropy of the observer’s registers, given a purification E of the initial hardware, from
below by Nh− C

√
N on the event G that the empirical score is high. In the ideal experiment the

observer’s total charge is at least N(∆E − u), with ∆E = TrHZνZ and any fixed u > 0, except
with exponentially small probability.

Step 4: a Gibbs-weighted cap. Every operation conserves the total charge, and the hardware
starts thermal. So the same smooth min-entropy, after G, the energy event and PB have all passed
with probability p, is at most bβ(PB) − βN(∆E − u)/ ln 2 +Nθγ + log2(1/p) + 4, where θγ → 0 as
γ → 0. The partition function of the hardware cancels exactly, whatever its size; with equal input
and output Hamiltonians, swapping a carrier in or out does not change it. Comparing the two
bounds with bβ(PB) ≤ N(Kβ − δ) forces p < 2−aN , and the union bound p ≥ 1 − εN − qN − ce−bN

gives the theorem.

Covariance is used only in Step 1, to choose the tester and to give it an energy-conserving
realization; per-slot covariance is never needed. The constants are not uniform as δ → 0, as for
channels.

5 What is free
A dilation of a process is a finite realization of it: a bath B in a state τ , and for each slot a unitary
Uj on IjB (equivalently OjB, since the ports are square). Its gain is g = supt[S(Z|F )t + eβ(t)],
with F the purifier of τ . By Definition 1, Kβ(P) is the limit, as ε → 0, of the least gain of dilations
within ε of P.

5.1 Driving with Gibbs inputs

Feed every slot a fresh Gibbs state γj = e−βHj/Zj , and let τj be the bath after slot j, with τ0 = τ .
Entropy conservation and log2 γj = −βHj/ ln 2 − log2 Zj give, for each slot,

aj := S(τj) − S(τj−1) + β
ln 2 TrHj(ρOj − γj) = D

(
Uj(γj ⊗ τj−1)U∗

j

∥∥ γj ⊗ τj
)

≥ 0. (5)
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The Gibbs tester is a legal tester, and its score is
∑

j aj ≤ g. This proves Kβ ≥ 0 (Proposition 5).
The slot-by-slot defects add up to a single relative entropy. Let registers A1, . . . , An start in

γ1, . . . , γn, and let slot j act on Aj and the bath, so that Aj plays the role of the j-th input and
then holds the j-th output. Let Ωj be the joint state of the bath and all Al after slot j, and
ξj = τj ⊗ γA1 ⊗ · · · ⊗ γAn . Then

D(Ωj∥ξj) =
∑
l≤j

al for every j. (6)

Indeed S(Ωj) equals the initial entropy, log ξj is a sum of the bath’s log τj and Gibbs terms, unused
registers cancel, and each used one contributes its energy change. Equation (6) includes every
correlation with earlier outputs. It says that the gain against Gibbs inputs is small exactly when the
released outputs stay close to Gibbs and the bath stays nearly uncorrelated with all of them. This
is condition (ii) of Theorem 2, and it shows that a single tester, the one that feeds Gibbs states,
decides whether a process is free. The exact criterion of Lie et al. for one channel also uses the
Gibbs input alone [16], and so does the thermality condition of Milz et al. at the Gibbs-preserving
level, which inserts only Gibbs states [8, Def. 8].

5.2 Exact zero gain

Write Gj for the inverse of the first j contacts, acting on the bath and A1, . . . , Aj , and let σ =
τ ⊗ γA1 ⊗ · · · ⊗ γAn . Regard the registers Al as part of an enlarged bath with source σ, and gauge
the contacts by

Wj = (I ⊗Gj)(Uj ⊗ IA)(I ⊗G∗
j−1). (7)

The internal gauges cancel between consecutive contacts and the last one acts on the bath alone, so
the whole adaptive process, with every deadline, is unchanged. The point of the gauge is that one
source now serves every contact. By (6) and the inequality ∥√

ρ−
√
σ∥2

2 ≤ Dnat(ρ∥σ) [4],∥∥[Wj ,
√
γj ⊗ σ]

∥∥
2 ≤ 3

√
ln 2 g for every j. (8)

If g = 0, every Wj preserves γj ⊗ σ. On the support of σ, which every Wj leaves invariant, all Wj

then commute with Hj +HB for the bath Hamiltonian HB = −β−1 ln σ: this is an exact causally
ordered thermal realization of the process. Conversely, a causally ordered thermal realization has
S(Z|F )t +eβ(t) = −D(ωt∥σ) ≤ 0 for every tester, where ωt is the final bath. So zero gain is attained
exactly by thermal realizations. For one channel this is the argument of Lie et al. [16, Prop. 4]; the
gauge (7) lets one source serve every contact.

5.3 Small gain

The difficulty is that a small gain may be achieved only with baths of unbounded size and arbitrarily
small eigenvalues. Repairing each contact separately, against its own bath state, gives a different
bath Hamiltonian at each slot, and the repairs do not compose. The common source (8) removes
this obstacle. The repair has four steps (Appendix D).

(i) Mix a small multiple of the identity into the source, and approximate each port Hamiltonian
by one whose gaps are multiples of a mesh hE .

(ii) Round the logarithms of the source’s eigenvalues to the mesh βhE , with one random offset for
all contacts. Energy blocks of the rounded bath Hamiltonian then match bins of the source’s
logarithms, and with high probability over the offset each Wj has little weight outside the
blocks. Separately good offsets would not give one compatible bath Hamiltonian.
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(iii) Pinch each Wj into the blocks and complete it to a unitary by its polar decomposition. Each
completed contact conserves energy exactly for the rounded bath.

(iv) Compare the original and repaired processes by replacing one contact at a time, along purified
histories that keep all earlier outputs and references. Each replacement costs little, because
the bath before contact j is close to the source in the square-root distance, and the errors add
up over the n contacts.

Irrational gaps are handled as in [4]: they are approximated by commensurate ones with the same
integer labels, and one Gibbs lattice register, shared by all contacts and retained throughout, absorbs
the difference so that the original Hamiltonians are conserved exactly. Tracing out the lattice
averages the whole history over one common phase. The result is a causally ordered thermal process
within

ε+ C g1/(6 max{1,r}) (9)

of P , where ε is the distance of the dilation to P , r is the number of rationally independent gaps of
all the port Hamiltonians together, and C depends only on n, the dimensions, the Hamiltonians
and β, possibly exponentially in n. It does not depend on the bath.

5.4 Covariance and the work rate

Each repaired process commutes with the common time translation of its approximating Hamilto-
nians, and these converge to the original ones. So every process with Kβ = 0 commutes with the
common time translation. For one channel and an exact equilibrating dilation, this is part 2 of [16,
Prop. 4]; what is new is that only the common translation is forced, and that the bound does not
depend on the bath. It need not commute with the translations of each slot separately: the thermal
delay process, which swaps the first input into a bath qubit and swaps it out at the second slot, is a
causally ordered thermal process with this property.

The operational statement (iv) follows from the work law in one direction: zero rate implies
Kβ = 0 by the lower bound (4), which does not use covariance. In the other direction, take a
thermal realization within o(1/N) of P , prepare N independent Gibbs copies of its bath in advance,
and retire one after each episode. No bath is ever reset, so no work is drawn; a controller clock
that indexes the episodes is formed and returned at a cost of O(logN), which is sublinear. This
completes the proof of Theorem 2.

Examples. Werner–Holevo, used n times, preserves equilibrium yet has Kβ = n log2 3; it is not
free. The ordered process of Proposition 3 and the delay process have positive cost, so they are not
free either, although the first is a thermal operation as one channel. The thermal delay process, and
any sequence of thermal operations sharing one bath, are free.

6 Without time covariance
By Remark 1, a controller that returns exactly, with a stationary battery, can only implement
processes that commute with the common time translation. As for single channels [4], the restriction
disappears if the controller need only return approximately: its final joint state with everything else
close to its initial state tensored with the rest, and its mean energy and entropy changing by o(N),
uniformly over observers.
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Theorem 9 (Real-time work law without covariance). Let P be a fixed finite process whose slots
return the same physical carrier with the same Hamiltonian, not necessarily commuting with any
time translation. Consider implementations of N episodes, with N known in advance, by a controller
in any declared initial state, whose free energy is counted as invested capital, independent Gibbs
stocks and energy-conserving unitaries. Require, uniformly over all adaptive observers, including
adaptation across episodes and entanglement with references, that the complete error tend to zero,
that the controller return jointly with everything else within ηN → 0, that its actual mean energy and
entropy change by o(N), and that the battery end in a fixed energy eigenstate except with vanishing
probability, with entropy and mean absolute deviation E|HW,f − Enom| both o(N). Then the optimal
work per episode is kBT ln 2Kβ(P); at each N it is attained by a single implementation that serves
every observer, with error O(N−2).

The lower bound is that of Section 3, which uses no covariance; it needs only the weaker signed
condition that the battery’s mean energy end within o(N) of its nominal endpoint, while the
construction meets the stronger absolute one. The construction, given in full in Appendix E, adds
two ingredients to Appendix B. First, on a rare branch, of probability δ, the device keeps each
input before the last and emits half of a maximally entangled pair in its place. What it holds before
the last output is then exactly the observer’s tester operator, up to normalization. Second, a joint
tangent, built as in Appendix B but for this enlarged dilation, bounds the energy J(t) that one
episode adds to the payload and the bath by a constant w for every tester, with w plus the cost
of forming the source at most the gain. The slack w − J(t) is linear in the tester and nonnegative
on the tester cone. By conic duality it equals Tr(Dhistt) for a positive operator Dhist whose norm
depends only on the ports. The retained record holds the tester only with probability δ, so the
correction it must apply has norm O(1/δ); a heat contact of that norm moves exactly this slack, on
average, into a thermal qubit of large gap, so that the phase reference’s mean energy is refunded
up to a remainder that vanishes as the gap grows. No released output is touched. A broad phase
reference that approximates the whole history replaces the sharp energy bank of Appendix B; its
width, the hot gap and the cache size depend on the chosen extension. The sources are prepared
before the first input from a cache in the style of the correlated catalysts of Duan, Feng, Li and
Ying and of Shiraishi and Sagawa [30, 31].

As for channels, the controller’s energy comes back only on average: on typical branches the
reference can end higher or lower by order N ; on rare branches the reference and the cache move by
far more, which balances the mean. Only the mean energy and the joint entropy are refunded. The
theorem is a rate law: it bounds neither the capital nor the tails of the heat, refunds the controller’s
energy only on average, uses no efficient or local hardware, and assumes carriers whose dimension
and Hamiltonian do not change. The clock, the cache and the heat baths must be very large. The
delayed channels and the correlated process of Section 7 are explicit instances with closed-form
values.

7 Examples

7.1 Channels

By Proposition 5, a process with one slot is a channel and Kβ is its real-time cost κβ, and n uses
of a time-covariant channel cost nκβ. So Theorem 1 contains the real-time work law for channels
of [4], and Theorem 2 contains its characterization of the free channels. What is new for processes
is that the task itself can force the device to keep correlations with what it has released.

15



7.2 Order costs work

Proof of Proposition 3. Free as one channel. The map (a, q) 7→ (a, V a⊕rq), with A dephased, is a
controlled-V gate followed by a V applied with probability p. Both act with two Gibbs coin qubits
and no battery, and both conserve energy: controlled-Z is diagonal for any diagonal Hamiltonians,
and controlled-X needs Q to be degenerate.

Lower bound. In every episode feed A a uniformly random bit a, keeping a copy, and feed Q
half of a fresh maximally entangled pair (for V = Z) or a fresh uniform bit (for V = X). Let e1 be
the probability of reading a wrongly from the first output and e2 the probability that the value of
a⊕ r read from the second output and the kept reference differs from a. Three facts hold in each
episode, whatever the device’s correlations with earlier ones. Releasing the first output lowers the
device’s entropy by at most h(e1), on average over a. After the release the device must still hold a
record of a: the second slot, together with the fresh probe, is a channel acting on the device alone,
so Holevo’s bound and Fano’s inequality give χ(a:D) ≥ 1 − h(e2). And the second slot cannot lower
the device’s entropy, because its input is locally maximally mixed. Together,

S(Dafter) − S(Dbefore) ≥ 1 − h(e1) − h(e2),

with e1 ≤ ε and e2 ≤ p+ ε. Summing over episodes and using (3), with the energy change bounded
by ε times the spans of the Hamiltonians, gives the rate 1 − h(p) as ε → 0. For V = X every input
and test is classical.

Construction. Prepare, before the episode, a bit M that equals 1 with probability p. At the first
slot, add a into M and release a; at the second, apply V M to Q. Then M = a⊕ r is a record of a
masked by the coin, and its correlation with the released a is 1 − h(p) bits. Forming N such biased
bits from Gibbs supplies costs N [1 − h(p)] + o(N) when they are formed collectively; forming them
one episode at a time would cost more. The used bits are reset after the last episode. If a could
be withheld until Q arrives, the device could apply the whole map at once, and the rate would be
0.

The mechanism is the Landauer–Bennett price of a record whose original has already left [23, 13].
What the proposition adds is the exact rate in a process that is free as a channel, against a
coherent adaptive observer, with a converse that does not depend on the size of the device. The
advance-committed bit M is the point of the construction: it stores a only up to the coin, which is
all the second slot needs.

7.3 The delay process

Let both slots carry a qubit with H = diag(0, E). The delay process releases the ground state in
slot 1, releases the first input in slot 2, and discards the second input. It commutes with the common
time translation but not with the translation of each slot separately. A ground-state memory qubit
and two swaps implement it: swap the first input into the memory and release the memory’s ground
state; then swap the second input into the memory and release the first input. For every tester this
costs

S(ρI2) − βE
ln 2 ⟨1|ρI2 |1⟩,

where ρI2 is the second input: the device absorbs that input and must later reset it. The maximum
over ρI2 is attained at the Gibbs state and equals log2(1 + e−βE). Conversely, a tester that sends
the ground state first and a purified Gibbs state second forces this value on every extension, since
both outputs must then be close to pure. So

Kβ = log2
(
1 + e−βE), work per episode = kBT ln

(
1 + e−βE).
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This is the free energy needed to prepare a ground state from a thermal one [32, 33], the cost
Zambon and Adesso use in their example of work investment [21]. Here it is the exact real-time
cost of a process that moves coherence from one time to another.

7.4 Delayed channels

The delay process generalizes to any channel. Let Φ be a channel on the port, and let PΦ release
the ground state in slot 1, release Φ applied to the first input in slot 2, and discard the second input;
take the ground energy to be 0. Then

Kβ(PΦ) = κβ(Φ) + log2 ZH ,

where κβ is the real-time cost of [4]. For the lower bound, feed a purified input ρ in slot 1 and,
independently, a purified Gibbs state in slot 2. The causal constraints make the second reference
independent of everything that exists before slot 2, so it can join the side output F ; and the first
output is nearly pure. What remains is a one-slot extension of Φ, whose score is at least the
channel cost at ρ, while the second input contributes log2 ZH . For the upper bound, swap the
first input into a ground-state cell, apply a dilation of Φ before the second slot, and swap the
second input in. By subadditivity the score is at most the channel score at the first input plus
S(ρI2) − β

ln 2 TrHρI2 ≤ log2 ZH , for every tester. The two terms add, because correlating the inputs
can only lower this sum.

If Φ is time-covariant, PΦ commutes with the common time translation, and Theorem 1 gives the
work kBT ln 2κβ(Φ) + kBT lnZH per episode, with the strong converse. If Φ is not time-covariant,
no device whose controller returns exactly and whose battery is stationary can run PΦ (Remark 1).
With a controller that returns approximately, the same work is optimal. The lower bound of
Section 3 does not use covariance, and it is attained by a device that runs Φ on the stored input
with the returning clock of [4] and resets the absorbed second inputs together at the end. For the
Hadamard gate on a qubit with H = E|1⟩⟨1|, this is E/

√
2 + kBT ln(1 + e−βE) per episode. To our

knowledge, these are the first exact real-time costs of processes with memory that do not commute
with time translation. If slot 1 releases the Gibbs state instead of the ground state, the cost is
κβ(Φ) alone, and the process is free exactly when Φ is a limit of thermal operations; the thermal
delay process of Section 5 is the case Φ = id, and the process of Fig. 2(a) of Zambon and Adesso, a
thermal qubit swapped in, flipped and swapped out, is the case Φ = X(·)X [21].

7.5 A correlated process

A process can also correlate its slots through hidden memory. At the start of each episode let the
process draw a hidden uniformly random bit b. In slot 1 it applies Ub, with U0 = I and U1 = eiϑZ ;
in slot 2 it applies Vb, with V0 = X and V1 the Hadamard gate; both slots carry H = E|1⟩⟨1|, and
0 < ϑ < π/8. The process does not commute with time translation, and its memory, the bit b, ties
the two slots together. Its cost is Kβ = βvϑ/ ln 2 with

vϑ = E

2

√
3
2 + cos 2ϑ+ sin 2ϑ.

The calculation has two independent restrictions: the first output limits how well the observer can
distinguish the two values of b, while causality limits how much of b can be hidden in F . The first
fixes the energy maximum and the second rules out a negative entropy credit. The pairs (ρ0, ρ1) of
second-slot inputs an observer can produce for the two values of b are exactly those with root fidelity
∥√

ρ0
√
ρ1∥1 ≥ cosϑ. Maximizing the energy the second slot must supply over these pairs gives vϑ.
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The entropy term drops out: because the second-slot gates of the two branches differ by more than
a phase, the causal constraint at slot 2 allows F only a classical correlation with b, so S(Z|F ) ≥ 0,
with equality for a classical copy of b. Appendix F gives the three steps. For π/8 ≤ ϑ ≤ 7π/8 the
fidelity constraint no longer binds and the cost is (E/2)(1 + 1/

√
2); the process depends on ϑ only

modulo π.
A device that runs each branch with a returning clock pays each branch’s own worst case,

(E/2)(1 + 1/
√

2) > vϑ: the observer cannot produce both worst cases at once, and a device that
ignores this overpays. Paying exactly vϑ needs an energy correction that depends on the observer’s
whole strategy, through the first input, the first output and the second input together. A device
can obtain it without touching any released output. On a rare branch, of probability δ = N−3, it
keeps the first input and emits half of a maximally entangled pair instead; the state it keeps is then
exactly the observer’s strategy operator. A heat effect of norm at most 8E/δ on that state, routed
to a thermal qubit of gap of order EN8, makes the average energy exactly vϑ per episode. With
a clock that returns approximately, the error is O(N−2), the battery reaches its target on every
branch, and the work is Nvϑ +O(E/N2). As for channels, the controller’s energy comes back only
on average, and the clock’s capital is large, of order EN20. It is an explicit instance of Theorem 9,
with a closed-form value.

7.6 Classical agents

A classical agent that answers online is a process whose slots measure and prepare in an energy
eigenbasis. Thompson et al. compare such an agent with batch execution, writing outputs onto a
tape that keeps the inputs [7]. Their minimal online cost is proved for agents whose memory is a
function of the observed past [7]: unifilar, or history-synchronized, agents. Our law places no such
restriction.

Take the classical case of Proposition 3: Y1 = A, then Y2 = B ⊕ A ⊕ R with a fresh coin R
equal to 1 with probability p < 1/2. A classical agent whose memory is a function of the past must
keep the causal state, which here is A itself. An unrestricted agent may instead keep M = A⊕R,
committing its randomness in advance; M is not a function of the observed past: it is randomness
sampled before the episode, and the identity M = Y2 ⊕B holds only afterwards, giving the device
no advance knowledge of B or Y2. Under two accounting conventions, the exact costs per episode,
in units of kBT ln 2 and with h the binary entropy, are as follows.

Interface Unrestricted
memory

Classical memory
that is a function of

the past

In place (each output replaces its
input)

1 − h(p) 1

Copy-out (inputs kept, outputs on
fresh mixed cells)

2 − h(p) 2

The values in the left column are lower bounds against arbitrary quantum memory and correlated
episodes; those in the right column are lower bounds for classical memory that is a function of the
past. All four are attained by classical constructions with all supplies and resets counted. In the
copy-out interface the agent writes Y1 on a fresh blank and, at the second slot, releases its memory
register itself as the cell that carries Y2, after adding B (and, for the agent whose memory is a
function of the past, a fresh coin), keeping the incoming mixed cells; keeping the memory instead
would cost one bit more. One-time-pad phase coins, which cost nothing, dephase the kept inputs
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against coherent observers. On their tape, the copy-out row, Thompson et al. show that quantum
memory that is a function of the past can lower the right-column entry [7, Result 2]; we do not
compare our agent with their quantum agents. In both interfaces the classical agent whose memory
is a function of the past pays h(p) more. In the copy-out interface, which matches Thompson et
al.’s tape, the unrestricted cost 2 − h(p) equals the batch cost, so the excess h(p) over batch of the
agent whose memory is a function of the past is exactly their online cost, Eq. (2) of [7], evaluated
episode by episode on this strategy with uniform independent inputs; an agent that commits its
randomness in advance pays nothing for answering online. The in-place interface is that of the
information ratchets of Boyd, Mandal and Crutchfield, whose modularity dissipation for arbitrary
hidden states is [13, Eq. (14)]; there the batch cost is 0, and 1 − h(p) is the online price.

This does not contradict the theorem of Thompson et al., who assume throughout that agents
are causal in their sense, that is, history-synchronized, with memory a function of the observed past.
One sentence of their appendix, in the arXiv version, states that ε-transducers are minimal among
all classical agents [7]; this example shows that the minimality holds only within that class. Both
agents obey the same deadlines and use no future input. Boyd, Mandal and Crutchfield found the
same kind of gap for information ratchets: pattern generators whose hidden states are retrodictive
avoid the modularity dissipation of predictive ones [13], and retrodictive generators also minimize
transient costs [25]; Loomis and Crutchfield proved that a classical generator is efficient exactly
when it is retrodictive [14]. The advance-committed memory M = Y2 ⊕B is retrodictive in the same
sense, for a transducer whose outputs depend on its inputs. In the copy-out interface it removes the
online cost entirely; in the in-place interface, which is that of the ratchets, it still dissipates 1 − h(p),
so for a transducer with informative inputs retrodiction alone does not give efficiency. Two caveats
apply to the comparison. Thompson et al. price a given input process, while Kβ is a worst case
over observers; the numbers above coincide for uniform independent inputs. And at p = 1/2 the
predictive states merge and the gap disappears.

8 Discussion
A prediction. Theorem 8 and the remark after Theorem 1 make a sharp, testable distinction.
Run the delay process N times on a device whose controller and reservoirs start in independent
Gibbs states, with deterministic work below kBT ln(1 + e−βE) per episode: its strategy error tends
to one, so an adaptive observer can tell it from the ideal process with probability tending to one.
With the same average work, a device that runs the optimal implementation with probability λ
and does nothing otherwise keeps its error at most about 1 − λ. Deterministic and average work
therefore carry different guarantees: a zero–one law for the first and a smooth law for the second.

Clocks. Our constructions use a single energy bank shared by all episodes, and tracing it out
averages the whole history over one common phase. A device that kept a separate energy record at
each slot would average each slot over its own phase, and could not implement the delay process at
vanishing error. More generally, a device whose clock returns exactly, and whose battery holds no
phase reference, cannot implement a process that fails (2) at all (Remark 1). For single channels, a
clock that need only return approximately runs every channel at the real-time rate, though the clock
and the baths must be large [4]. The same holds for every finite process with memory (Theorem 9);
the rare record of the observer’s strategy is what makes this possible.

Open problems. Our constructions use reservoirs of astronomical size; efficient constructions,
and the rate at which the error can vanish, are open. Ports whose input and output Hamiltonians
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differ need a model of how the device changes the Hamiltonian, and then the rate can be negative.
The constructions assume that the number of episodes is known in advance. For processes that do
not respect time translation we have a rate law only: a strong converse, and versions with bounded
clock capital or a controller that returns its energy branch by branch, are open. Finally, the cost of
processes at exactly zero error is open; for extreme channels it is at least the real-time rate, even in
batch [4].

How this work was done
This paper is the work of its two authors together with AI models from more than one developer.
The authors set the direction of the research throughout: they chose the questions, decided which
lines to pursue and which to drop, judged and selected the results, and take full responsibility for
every claim. The models did most of the exploration, derivation, computation and drafting.

Much of the exploration took place in long working sessions, in which many model instances
worked on a problem in parallel, communicated with one another, and built on and challenged each
other’s results. We also set the models against one another. Before a result was kept, an instance
that had not seen its proof, usually from a different developer, first tried to refute the statement
and then audited the proof line by line, with exact computation wherever possible. Each paper
then went through several rounds of adversarial review, on its own and together with its companion
papers, and AI-assisted literature searches were used to check priority and how we report the work
of others. Errors found at any of these stages are corrected in the text. The proofs are given in full:
the checks support them but do not replace them.

Machine checks accompany the paper. Programs in its repository, https://github.com/
Apsiape/answering-in-real-time, check the numbers, worked examples and finite constructions
listed in its verification notes, with exact arithmetic where possible, and test the stated inequalities
on many random and near-extremal instances. The general theorems, and the construction and
continuity arguments the notes do not list, are proved in the text; results quoted from the companion
papers are checked in their own repositories. The finite and algebraic cores of the arguments are
proved in Lean with Mathlib, and every formal proof is audited to use only the standard axioms.
Here the formal proofs cover the Gibbs variational step and the value of the delay process, the
order-costs-work device and the classical-agents table, the bound on the correlated process, the
whole-history phase lift and its energy conservation, and the arithmetic of the strong converse,
the repair of small gain and the finite-source factory. The verification notes in the repository list
which statements are checked by machine and which are proved only in the text. Reports of the
independent checks of this version are available from the authors.

A Testers, dilations and port bounds
Testers. A deterministic tester for n slots is described by a positive operator t = IOn ⊗Cn, whose
dual prefixes Ck on I1O1 · · ·Ok−1Ik satisfy TrIk

Ck = IOk−1 ⊗ Ck−1 for k ≥ 2 and TrC1 = 1 [5, 6].
Put x = tT . Run against an extension with Choi prefixes RF

j , the tester’s purified final state is

νZF = (
√
x⊗ IF )RF

n (
√
x⊗ IF ) (10)

on Z = supp(x), which has dimension at most d2. Any further purification or waste of the tester can
be compressed isometrically into this Z; it may not be discarded, since that would change S(Z|F ).
The tester normalizations form a compact convex set.
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Dilations. A dilation is a bath B in a state τ and unitaries Uj on IjB; nothing is assumed about
energy. Purify τ by F and run a purified tester. Then ZBF is pure at the end, so

S(Z|F ) = S(ωt) − S(τ),

where ωt is the final bath. Conversely, every finite extension has a causal dilation that leaves
F untouched. Allocating every later ancilla as initial padding in one bath, and completing each
isometry to a unitary on IjB (possible because the ports are square), turns it into a dilation. So
extensions and dilations describe the same objects, with no bound on the size of the bath.

Port bounds. Since Tr t = d, we have x ≤ d I. For the extended Choi operator RB
n the final bath

on tester t is ωt = TrZ [(x ⊗ I)RB
n ], and the flat tester t0 = I/d gives ω0 = TrZ R

B
n /d. Positivity

gives
ωt ≤ d2 ω0 for every tester t. (11)

For normalized Choi operators J = R/d, the strategy distance satisfies

dc(R,R′) ≤ d2 · 1
2∥J − J ′∥1, (12)

since
√
x(R − R′)

√
x has trace norm at most d∥R − R′∥1. These bounds involve only the ports.

Every score S(Z|F )t + eβ(t) is bounded in absolute value by 2 log2 d+ β
ln 2
∑

j span(Hj), and the
scores are equicontinuous in t uniformly in the bath, because conditional entropy continuity uses
only dimZ ≤ d2. This compactness is what the minimax of Lemma 6 uses.

B The construction
Fix N . All constants C below depend only on d, the Hamiltonians and β. Let ω1, . . . , ωr be a basis
of the group generated by all port energies, and write each energy as ae ·ω with an integer vector ae.

B.1 One finite dilation for each number of episodes. Choose a dilation with dc(Ψ,P) ≤ N−3

and gain at most Kβ +N−1/8. Mix a weight ρ = N−12 of the maximally mixed state into its source
and round the source’s logarithmic energies down to a mesh h = N−12; call the result p. Because a
tester’s final register has dimension at most d2, conditional entropy continuity changes every score
by O(√ρ+

√
h), uniformly in the bath, and energies change by O(ρ+h). Averaging over a finite grid

of common phases, controlled by a flag in the bath, makes the dilation covariant without increasing
its gain (Section 3.4).

B.2 The joint tangent. Let t∗ maximize S(ωt) + eβ(t), put ζ = ωt∗ , and let v be the maximum.
The support of ζ contains that of every ωt: otherwise mixing in outside weight would raise the
entropy at first order faster than the energy changes. The directional derivative gives

Trωt(− log2 ζ) + eβ(t) ≤ v for every tester t.

When ζ is singular this is read on its support, by regularizing and letting the regularization vanish.
Put ζs = (1 − s)ζ + s ω0 and round its logarithmic energies to the mesh h, normalizing to a faithful
state q. Then e−hζs ≤ q ≤ ehζs, so by (11) ωt ≤ (ehd2/s) q, and

Trωt(− log2 q) − S(p) + eβ(t) ≤ g + cs + h/ ln 2, cs = log2
1

1−s . (13)

The relative-entropy mismatch between ωt and q is controlled by this single tangent, for entropy
and energy together.
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B.3 A strip estimate for a whole episode. For complex z replace each contact by Uj(z) =
ezβHj/2Uje

−zβHj/2, leaving the observer’s isometries untouched, and call the resulting map of the
whole episode Wz. For x = Re z the imaginary filters are unitary and the real ones have singular
values bounded by the port energies, so e−C|x|I ≤ W ∗

zWz ≤ eC|x|I. Positivity and (13) give
WzpW

∗
z ≤ Ax(IZ ⊗ q) with Ax = eh+C|x|d4/s; no dimension of the bath enters. Define

M(z) = Tr
[
(IZ ⊗ q)−z Wz p

1+z W ∗
z̄

]
.

On the line x = 1, Tr[(I ⊗ q)−1Wzp
2W ∗

z ] ≤ eh+3Cd4/s; on x = −1, Tr[(I ⊗ q)WzW
∗
z ] ≤ eCd2. By

Cauchy–Schwarz these bound |M | on both boundary lines; M is bounded on the strip for each finite
dilation, and the three-lines theorem, with an eεz2 barrier, gives |M(z)| ≤ Ks := Ceh/s for |x| ≤ 1.
Cauchy’s formula then gives, for real |t| ≤ 1/4,

M(t) ≤ exp
[
tM ′(0) + CKst

2],
M ′(0) = ln 2

[
Trωt(− log2 q) − S(p) + eβ(t)

]
≤ a := ln 2 (g + cs) + h,

by (13). Here and in B.4, t is a real parameter, while the subscript of ωt and the argument of eβ(t)
refer to the fixed tester. Each energy derivative is the actual energy before or after a contact; the
observer’s gates do not enter. A bound M ′(0) ≥ −a− with a fixed a− controls negative tails.

B.4 One bank for all episodes. Let R be the observer’s memory, of any size, and fix its whole
protocol for one episode. For a common phase θ of the ports define the positive operator on R

Xt(θ) = TrB

[
p1+tWt(θ)∗ (IZ ⊗ q−t)Wt(θ)

]
.

Every pure state of R defines a tester, so B.3 gives the operator bound Xt(θ) ≤ eta+CKst2
IR for

0 ≤ t ≤ 1/4, uniformly in θ, the protocol and the size of R.
The bank has coordinates (b0, b) ∈ Z × Zr and energy Ecap + (h/β)b0 + b · ω; it starts in the

sharp state (0, 0) with a large counted capital Ecap. Each contact is lifted by translating b by
the charge it moves and b0 by the controller’s mesh energy; the lift conserves energy exactly. Let
Qt = e−tβ(Hbank−Ecap)/2 and let δl be the episode’s change of controller offsets and log-partition
functions. In the Fourier representation of the bank,

Ep
[
W ∗

lift(I ⊗Q2
t )Wlift

]
= etδl Qt Multθ

[
Xt(θ)

]
Qt, (14)

where Multθ is multiplication by the θ-dependent operator on the payload torus. The identity can
be checked by expanding all bath labels and charge histories: initial and final labels agree in bra
and ket, no source label is copied, and no payload energy is measured. The pointwise bound on
Xt(θ) makes (14) at most etδl+ta+CKst2

Q2
t as an operator on R, the bank and any spectator, even

when they are entangled. Only the current source needs to be fresh. Iterating over the N episodes,
with Y = β(Ecap −Hbank) and ∆ =

∑
l δl,

E etY ≤ exp
[
t∆ +N(ta+ CKst

2)
]
.

With s = γ = N−1/8, optimizing t gives Pr{Y > ∆ + N(a + γ ln 2)} ≤ e−cN5/8 =: qcut, and the
positive and negative bounds give E(|Y | +CN)21bad ≤ CN2√

qcut: truncated second moments that
do not depend on the bank’s span.
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B.5 A fixed Hamiltonian and a finite bank. The controller holds all N bath cells and a clock
with nN + 1 states. In clock block k, used cells carry the Hamiltonian of q, unused cells that of p,
and the active cell the appropriate one at its episode boundaries and zero at intermediate contacts;
with offsets ck = h⌊lnZk/h⌋ this is one fixed block-diagonal Hamiltonian. The Gibbs state restricted
to clock 0 is p⊗N and to the last clock value q⊗N , and |∆| ≤ h. The bank lives in the finite box
|b0| ≤ 2DE , ∥b∥∞ ≤ 4(A+ 1)(nN + 1), where DE is the span of the controller’s mesh indices and
A = max ∥ae∥∞. Lifted columns are specified on the inner box, which every actual history stays in;
their images are orthonormal within each energy shell, and the remainder of each shell is completed
arbitrarily. Tracing out the bank averages the whole episode, all n contacts together, over one
common phase, which reproduces Ψ exactly because it is covariant; the N cells give N episodes of
Ψ in every adaptive experiment.

B.6 Forming the sources. An energy-conserving converter between subspaces P and Q of Gibbs
volumes ZP , ZQ moves the battery by any signed work below β−1 ln(ZQ/ZP ). It is built from a
reservoir of tiles with energies j · ω′ and integer degeneracies ⌊K0e

βj·ω′⌋, by isometric injection and
exact swaps within each energy shell, succeeds with an input-independent probability 1 − δ, and
leaves every other column untouched. Use it to form the controller’s clock-0 block from its Gibbs
state, at work Wf , with tile rounding θf and failure δf at most N−40, and twirl each occupied target
shell with a finite one-design. The formed controller then satisfies

ρgood ≤ κ p⊗N , κ =
[
(1 − θf )2(1 − δf )

]−1 = 1 +O(N−40).

This multiplicative domination transfers every positive statistic of the ideal fresh-source comparison
to the actual, correlated source, with no additive error multiplied by the bank’s span. On formation
failure the device applies the identity, which conserves energy because each input and its output
have the same Hamiltonian.

B.7 Reset, rate and endpoints. After the last episode, convert the subspace PX (last clock
value, bank accepted at Y ≤ dN , with dN the mesh rounding of N(a + γ ln 2) + h) to QX (bank
at (0, 0)). Summing the geometric tails, ZPX

≤ ZMe−βEcapedNLN/(1 − e−h), where LN = O(N r)
counts the payload coordinates, and ZQX

= ZCe
−βEcap . The capital and the bath spectrum cancel.

Finally swap the controller with a fresh Gibbs copy, so it returns exactly and independently on
every branch. The nominal debit satisfies

βWnom
N ln 2 ≤ g + cs + γ +O

( logN
N

+ h
)

≤ Kβ(P) + o(1).

The battery fails to reach its endpoint with probability at most δf + κqcut + δr, and on every failed
branch its energy deviates by at most C(|Y | + N), never by the capital. So its absolute energy
variance tends to zero. Its entropy also tends to zero: the bank’s coordinate second moments vanish,
and an integer-valued variable with second moment µ has entropy at most λµ+ ln

∑
b e

−λb2 , which
tends to zero with λ = 1

2 ln(1/µ). The observer’s error is at most

N ·N−3 +N(ρ+ eh − 1) + 2(κ− 1) + δf → 0.

Every bound is uniform in the witness chosen at each N , whose hardware may depend on N in
a non-effective way. Rank deficiency is handled directly: the bank pays for changes of relative
likelihood, so no exact implementation of the target is ever needed. At zero Hamiltonian the bank
has only the coordinate b0.
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C The strong converse
Throughout, t is a tester, x = tT , and hε(t) is the infimum of S(Z|F )t + eβ(t) over ε-extensions, so
that Kβ = supt limε→0 hε(t) by Lemma 6.

C.1 An observer that conserves energy. For a process satisfying (2), hε(t) is invariant under a
common time translation of t and concave in t. Averaging t over a finite grid of the torus generated
by the gaps therefore does not lower its limit, and mixing in a small weight of the flat tester makes
it full rank at an arbitrarily small loss, since all scores are bounded. Fix, before N or the device is
given, a full-rank invariant tester with limε hε(t) ≥ Kβ − η. Then x commutes with the charge

HZ =
∑

j

(
HOj −HT

Ij

)
.

Realize t causally. Its dual prefixes Ck are Choi operators of channels from the outputs O1, . . . , Ok−1

to the inputs I1, . . . , Ik, and the minimal dilation Vk = (I ⊗
√
CT

k )(|I⟩⟩ ⊗ I) has memory Mk =
supp(CT

k ). Common invariance of Ck, inherited from Cn, makes Vk intertwine
∑

l≤k HIl
+ HMk

with
∑

l<k HOl
, where HMk

is the compression of
∑

l<k HOl
−
∑

l≤k H
T
Il

. By uniqueness of minimal
dilations there are stage isometries Fk : Mk−1 ⊗ Ok−1 → Ik ⊗ Mk with Vk = (I ⊗ Fk)(Vk−1 ⊗ I).
These intertwine the stage energies on the whole memory: the two factorizations transformed by a
common phase agree on the range of Vk−1 ⊗ I, and that range spans Mk−1 ⊗Ok−1 by minimality.
No later input is used to release an earlier output. Keeping On and Mn as Z gives νZ =

√
xRP

√
x

on a space of dimension at most d2 with physical Hamiltonian HZ , and telescoping the intertwiners
gives

TrHZνZ =
∑

j

(
energy delivered in Oj − energy injected in Ij

)
.

The sign matters: for one slot the reference carries −HT
I , and the physical charge is HO −HT

I . All
observer waste is kept in Z.

C.2 A tradeoff valid for every device. Let ν∗ =
√
xRP

√
x. Because x has full rank, ν 7→ the

associated process is a bijection on the affine space of deterministic processes. For ν in its image
let gx(ν) be the infimum of S(Z|F ) over finite extensions of the associated process, with all prefix
constraints, and gx = +∞ elsewhere. Flagged mixtures make gx convex, and |gx| ≤ 2 log2 d. Its
lower semicontinuous hull at ν∗ is the ε → 0 cost for this tester, by (12). A separating hyperplane
gives, for every ζ > 0, an affine ℓ ≤ gx with

ℓ(ν∗) + β
ln 2 TrHZν∗ ≥ Kβ − η − ζ.

This holds even when ν∗ is rank-deficient, and needs no optimal extension of bounded size. Average
ℓ over the charge HZ : the domain and the constraints are invariant and ν∗ commutes with HZ , so ℓ
may be taken to depend only on the energy-block pinching of ν.

In each energy block of dimension m, the vectors ei, ei + ek and ei + iek (i < k), normalized by
their frame operator, give m2 rank-one effects that are informationally complete on the block. Over
all blocks this gives L ≤ d4 effects Λx = |vx⟩⟨vx| from whose probabilities the pinching is recovered
linearly. Fix 0 < γ < 1/4. In each episode the observer applies to Z the instrument with Kraus
operators

√
1 − γ I and √

γ |u⟩⟨vx|, where u has the same energy as vx; it has a charge-conserving
dilation that writes two copies of the outcome at zero energy. One copy stays with Z, forming the
register A; the other is counted with the device’s records below. For any state of the device, purified
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by an inert F , the fresh tester is independent of F and the induced extension satisfies all prefix
constraints, so S(Z|F ) ≥ gx(ν) ≥ ℓ(ν). Given a tested outcome, Z is pure, so S(A|F ) ≥ (1 − γ)ℓ(ν).
The outcome distribution, qx = γ Tr Λxν and q0 = 1 − γ, determines the pinching, so

f(q) = (1 − γ) ℓ
(
pinching recovered from qx/γ

)
is an affine min-tradeoff function that is valid for every state of the device, with no dimension of the
device in its coefficients.

C.3 Accumulation and an energy event. Run this tester afresh in every episode; the device
may keep arbitrary correlations between episodes, and the rounds of entropy accumulation are whole
episodes. Let E purify all initial thermal hardware. The Markov conditions of [29] hold trivially,
since there is no side register passed between rounds. Let q∗ be the ideal outcome distribution, fix
ζs > 0, put h = f(q∗) − ζs, and let G be the event that the empirical score is at least h and at most
2γN episodes are tested. Then |G| ≤ 2Nθγ with θγ = h(2γ) + 2γ log2 L, and by [29, Thm. 4.4], for
pG = Pr(G) > 0,

Hδ
min(AN |E)|G > Nh− Cf

√
N
[
1 − 2 log2(δpG)

]
, (15)

with Cf depending only on d, L and f . Let ∆E = TrHZν∗. The instrument conserves charge, so in
the ideal experiment the observer’s total charge HA is a sum of N independent bounded terms with
mean N∆E, and the projector PA onto HA ≥ N(∆E − u) rejects with probability eN ≤ ce−bN for
any fixed u > 0. If p is the probability that G, PA and PB all pass in the real experiment, then
p ≥ 1 − εN − eN − qN .

C.4 A Gibbs-weighted cap.

Lemma 10. Let ωAEK be pure with (HA +HK −HE)|ω⟩ = Ei|ω⟩, suppose HA ≥ LE on the support,
ωE ≤ e−βHE/(pZE), and K is supported in a subspace that reduces HK and has Gibbs volume ZK .
Then for 0 < s < 1,

Hs
min(A|E)ω ≤ log2

eβ(Ei−LE)ZK

pZE
+ 2 log2

2
1 − s

.

Proof. The charge condition makes ωAE commute with HA −HE , and its block paired with K-energy
k has rank at most the dimension dk of the K-support at that energy. Put a0 = (1 − s)/(2ZK) and
keep the eigenvectors with eigenvalue at least a0e

−βk; the rejected weight is at most a0
∑

k dke
−βk =

(1 − s)/2. For the accepted projector Π, ωAE ≥ a0e
β(HA−HE−Ei)Π, and conjugating with e−βHA/2

gives TrA Π ≤ eβ(Ei−LE)/(a0pZE) IE . A state within purified distance s has accepted weight at least
(1 − s)/2; if it is at most 2−h0IA ⊗ ζE , this weight is at most 2−h0 times the bound on TrA Π.

Apply this after the three projections. The initial thermofield state has charge zero with
HE = HT

T , the battery has energy Einit, and the observer and instrument conserve charge, so the
charge shell is exact. After conditioning, ωE ≤ γE/p. The controller, all reservoirs, the battery and
the second outcome copy are in K, so ZE = ZT and ZK = ZT Tr(PBe

−βHB )|G|: the hardware’s
partition function cancels, whatever its size. With equal input and output Hamiltonians, swapping
a carrier in or out does not change it. For s = 1/2 and LE = N(∆E − u),

H
1/2
min(AN |E)proj ≤ bβ(PB) − βN(∆E−u)

ln 2 +Nθγ + log2(1/p) + 4. (16)
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C.5 Assembly. If a pure state is projected by PA ⊗ PK with probability r > 0 and δ ≤ r/64,
then H1/2

min(A|E) of the projected state is at least Hδ
min(A|E) + log2 r: lift a near-optimal smoothing

state by Uhlmann’s theorem, filter it, and renormalize; its squared purified distance to the projected
state is at most 4δ/r ≤ 1/16. Use this with δ = p/64 after G, where the conditional pass probability
is r = p/pG ≥ p. Combining with (15) and (16),

bβ(PB) > N
[
h+ β(∆E−u)

ln 2 − θγ

]
− Cf

√
N
[
13 + 4 log2(1/p)

]
− 2 log2(1/p) − 4.

Given δ in Theorem 8, choose η, ζ, γ, ζs, u before N so that the bracket is at least Kβ − δ/2; entropy
and energy here belong to the same tester. Put a = min{δ/16, δ2/(256C2

f )}. If bβ(PB) ≤ N(Kβ − δ)
and log2(1/p) ≤ aN , the right-hand side exceeds the left for large N . So p < 2−aN , and with
p ≥ 1 − εN − qN − ce−bN this proves Theorem 8.

C.6 Remarks. The constants are not uniform as δ → 0. Covariance enters only through the
choice of the tester and its energy-conserving realization in C.1. A degenerate battery target pays
log2 of its rank, as noted after Theorem 8. For n = 1 the argument reduces to the fixed-error
converse for channels in [4].

D Repairing small gain
We use the notation of Section 5: a dilation with gain g and distance ε to P , the enlarged source σ,
the gauged contacts Wj of (7), and ηj = GjξjG

∗
j , the gauged bath after j Gibbs-driven slots, with

η0 = σ. By (6) and unitary invariance, D(σ∥ηj) =
∑

l≤j al ≤ g for every j, so ∥√
ηj −

√
σ∥2 ≤

√
ln 2 g.

Under γj ⊗ ηj−1 the one-contact output is related by Gj to Uj(γj ⊗ τj−1)U∗
j , so its relative entropy

to γj ⊗ ηj is aj ≤ g. The triangle inequality for square roots then gives (8).

Step 1: regularization. Let DB be the dimension of the enlarged bath and σu = (1−u)σ+uI/DB

with u = g. This changes the process by at most u. The gauged Gibbs-driven baths ηu
j are mixtures

of ηj and another state with weight u, so

∥
√
ηu

j −
√
σu∥2 ≤

√
ln 2 g + 2

√
2u =: kg,

∥∥[Wj ,
√
γj ⊗ σu]

∥∥
2 ≤ 3

√
ln 2 g + 2

√
2u =: bg.

No entropy continuity on the growing bath is used.

Step 2: commensurate Hamiltonians. Replace each Hj by a Hamiltonian H0j , diagonal in
the same basis, whose gaps are all integer multiples of a mesh hE ; let δ = maxj ∥H0j −Hj∥ and γ0j

its Gibbs state. For fixed port dimensions,
√
qj :=

∥∥[Wj ,
√
γ0j ⊗ σu]

∥∥
2 ≤ bg + CHδ.

Step 3: one offset for all contacts. Put h = βhE and write the eigenvalues of σu as e−ξb . For
an offset s ∈ [0, h) round ξ′

b = h⌊(ξb + s)/h⌋ − s and normalize σ′ ∝ e−ξ′ . Then e−hσu ≤ σ′ ≤ ehσu

up to normalization, and 1
2∥σ′ − σu∥1 ≤ (eh − 1)/2. At slot j the blocks of the rounded total

energy βH0j + ξ′ coincide with bins of βH0j + ξ, because every gap of H0j is a multiple of h. Let
Xj be Wj pinched into these blocks and Lj(s) = ∥(Wj −Xj)

√
γ0j ⊗ σu∥2

2. Two eigenvalues λa, λb
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fall into different bins with probability min{1, | ln(λa/λb)|/h} ≤ |
√
λa/λb − 1|/(1 − e−h/2), so by

Cauchy–Schwarz EsLj(s) ≤ √
qj/(1 − e−h/2). Choose one offset with

∑
j

Lj(s) ≤ n(bg + CHδ)
1 − e−h/2 . (17)

Separately good offsets for separate contacts would not give one bath Hamiltonian.

Step 4: polar completion. Complete each block of Xj to a unitary Vj by its polar decomposition,
completing null subspaces within the same block. On each block γ0j ⊗σ′ is a multiple of the identity,
and 1 − s ≤ 1 − s2 for singular values s ≤ 1, so

∥(Wj − Vj)
√
γ0j ⊗ σu∥2

2 ≤ 2e2hLj .

Every Vj conserves H0j +H ′
B exactly, with H ′

B = −β−1 ln σ′.

Step 5: the process telescope. Feed fresh purifications of the true γj , keep all references and
outputs, and compare the original process with the one whose contacts from j on are repaired. At
contact j the bath of the original prefix is ηu

j−1. Since γj ≤ cδγ0j with cδ = eO(δ) and ∥Wj −Vj∥ ≤ 2,

∥(Wj − Vj)
√
γj ⊗ ηu

j−1∥2 ≤
√
cδ

[√
2e2hLj + 2kg

]
,

first replacing
√
ηu

j−1 by √
σu at cost 2kg. This holds for every purification of that bath, so the

correlations of earlier outputs are kept. Summing the purified vectors over j, and converting from
Gibbs inputs to the flat probe with the fixed factor RH =

∏
j(djλmin(γj))−1 and (12), the repaired

process is within

u+ eh − 1
2 + d2√RHcδ

[√2e2hn2(bg + CHδ)
1 − e−h/2 + 2nkg

]
(18)

of the original. No constant depends on the dimension, spectral range or smallest eigenvalue of the
bath.

Step 6: irrational gaps. Choose a rationally independent basis ω = ∆(1, v2, . . . , vr) of the group
generated by all gaps of all ports, and write each energy as Ej,∗ + aj,e · ω with integer vectors aj,e.
For r ≥ 2 and every integer L ≥ 2, Dirichlet’s theorem gives 1 ≤ q ≤ Lr−1 and integers pk with
|qvk − pk| ≤ 1/L. Let ω0 = ∆(1, p2/q, . . . , pr/q), define H0j with the same integer labels, and take
hE = ∆/(mq) with m = ⌈L1/3⌉. Then δ ≤ C/(Lq), and with u = g the bound (18) is a fixed
multiple of L−1/3 + g1/4Lr/2−1/3 + √

g + g. Taking L = ⌈g−1/(2r)⌉ gives O(g1/(6r)). For r ≤ 1 take
H0 = H and a mesh of order g1/6 dividing its gap, which gives O(g1/6).

Step 7: the original Hamiltonians. The repaired process conserves H0j , not Hj . Append one
Gibbs lattice register with labels ℓ ∈ [−M,M ]r and Hamiltonian HL = E0

L + ℓ · (ω − ω0), shared
by all slots and retained throughout. For each label k at distance at least A = max ∥aj,e∥∞ from
the boundary, the isometries Jj,k|e, b⟩ = |e, b, k − aj,e⟩ have orthogonal images, and J∗

j,k(Hj +H ′
B +

HL)Jj,k = H0j +H ′
B + const. So

Ṽj =
⊕

k

Jj,kVjJ
∗
j,k ⊕ I
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conserves the original Hj +H ′
B +HL exactly; the identity on the complement is allowed because the

complement reduces the energy. A history of inputs and outputs shifts the lattice label by its total
charge

∑
j(aj,in − aj,out). After the lattice is traced out, two histories keep their coherence exactly

when their total charges agree, so for labels far from the boundary the process is the average of the
repaired process over one common phase of the whole episode. Since P satisfies (2), this average is
no farther from P. No separate phase flag is needed. Labels near the boundary have Gibbs weight
at most Cr,n,A/M +

(
e2βM∥ω−ω0∥1 − 1

)
/2, which is O(L−1/3) for M of order L1/3. This gives (9).

Step 8: covariance is forced. Each repaired process before Step 7 commutes with the common
time translation for H0. If g → 0 and the dilations converge to P, the repaired processes converge
to P and H0 → H, and at every fixed time the translations for H0 converge to those for H. So P
satisfies (2).

Step 9: a clock for the episodes. The zero-rate construction of Section 5 needs a controller
register that indexes the episodes. Let it have dimension Dc = nN + 1, zero Hamiltonian, and
start maximally mixed. A two-level battery with gap Wc = β−1 lnDc starts excited, and a Gibbs
ladder has levels jWc with degeneracy Dj

c for j = 0, . . . , L, each of Gibbs probability 1/(L + 1).
Energy-conserving swaps map (clock, battery excited, ladder level j) to (clock |0⟩, battery ground,
ladder level j + 1) for j < L. The top branch fails, with probability 1/(L+ 1). At the end the clock
is swapped with a fresh maximally mixed clock, so the controller returns exactly. With L ≥ N8 the
work is O(logN), and the battery’s entropy and variance tend to zero.

E The compiler without time covariance
This appendix proves Theorem 9; Theorem 11 restates it in energy units, with every hypothesis
explicit. Section E.1 states the contract. Section E.2 proves the lower bound and a minimax step.
Section E.3 keeps, on a rare branch, a record of the observer’s strategy, and Section E.4 turns the
gap between the most demanding observer and the actual one into a positive heat effect on that
record, which Section E.5 pays with a hot thermal qubit. Section E.6 forms the required source
from Gibbs supplies (Lemma 12). Sections E.7 and E.8 return the cache and lift the whole history
to energy-conserving gates, Section E.9 fixes the order in which the parameters are chosen, and
Section E.10 states the scope.

E.1 The contract and the theorem

All entropies in this appendix are natural-log entropies. Put Fβ(ρ) = TrHρ− S(ρ)/β, with β > 0.
Trace distance and complete strategy distance use the half-trace convention. A fixed finite process
P has ℓ slots Ij −→ Oj , with Ij = Oj as physical carriers, dimension dj , and the same finite
Hamiltonian Hj on entry and exit. Write d =

∏
j dj , c =

∏
j<ℓ dj , and RH =

∑
j span(Hj). An

episode releases Oj before Ij+1 arrives. No released output is recalled.
An implementation of N episodes has a controller C, a mechanical battery W (written B

in Section 2), and declared finite Gibbs stocks G. Initially their state is αC ⊗ |wi⟩⟨wi| ⊗ γG,
independent of the observer. The controller includes every phase register, cache, program, counter,
seed and retained working cell. Its arbitrary initial athermal state is invested capital, with price
β−1Dnat(αC∥γC); no bound on that price is assumed. Every gate is a full square unitary conserving
one fixed additive Hamiltonian exactly. All Gibbs stocks start independently in their true Gibbs
states. Retired stocks and physical records remain in the physical rest, denoted R.
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Uniformly over all adaptive observers, including cross-episode adaptation and reference entangle-
ment, the return contract requires

εN → 0, 1
2∥ΩCR − αC ⊗ ΩR∥1 ≤ ηN → 0, |∆EC | = o(N), |∆SC | = o(N).

The energy and entropy here are actual unconditional quantities, not inferences from trace closeness.
The battery has a fixed nominal rank-one endpoint of energy Enom, with failure probability qW → 0,
S(Wf) = o(N), and E|HW,f −Enom| = o(N), where the last expectation is the spectral expectation
of the absolute operator. Nominal debit is Wnom = EW,i − Enom. The endpoint is uniform in the
observer.

An extension emits an inert F before the first input and satisfies all causal prefix constraints. A
purified tester retains all its waste and outputs in Z; it does not read F . Define the energy-valued
score

Gε(P) = inf
E finite

dc(TrF E,P)≤ε

sup
t

{
S(Z|F )t

β
+ Epay(t)

}
, k(P) = lim

ε↓0
Gε(P).

Here Epay is the sum of output minus input energies, on the same run and tester. In the bits of
Section 2, k = (ln 2/β)Kβ.

Theorem 11 (Work law for a fixed process without covariance). For every fixed finite process just
described, at arbitrary Choi rank and without time covariance, the infimum of limiting nominal
operating work per episode among families that meet the contract is k(P). In particular there is one
finite implementation at each horizon N , serving every observer, with

εN = O(N−2), ηN → 0,
|∆EC | + |∆SC | = o(1),
S(Wf) + E|HW,f − Enom| = o(1),
Wnom/N ≤ k + o(1).

Hardware and invested capital may be arbitrarily large and non-effective functions of N . The theorem
is a rate law at vanishing error; Section E.10 states what it does not give.

E.2 Finite dilations, minimax and the converse

A finite extension has a causal Stinespring realization leaving F inert. Purifying its first-output state
by a bath, allocating all future ancillas in that bath initially, and completing the stage isometries on
their orthogonal complements gives a fixed bath B, source τ , and square contacts Uj : IjB → OjB.
The dimensions of the two carrier spaces agree, so these completions are possible. Conversely any
such dilation gives an extension by its inert source purifier. For a purified tester the terminal ZBF
state is pure, hence

S(Z|F ) = S(ωt) − S(τ).

The bath state and payload energy are affine functions of the deterministic tester operator. A
tester’s effective final span is at most d2: in the Choi representation its final state is a sandwich
by the square root of its deterministic tester on the d2-dimensional port space. Any extra pure
spectator is an isometric redundant extension. Thus every energy-valued score has absolute value at
most

C0 = 2 ln d
β

+RH . (E1)

This bound holds for enlarged dilations too. The gain of every equal-Hamiltonian dilation is
nonnegative. Feed fresh Gibbs inputs in all slots. For the bath marginal τj−1 entering contact
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j, entropy conservation gives its score increment as Dnat(Uj(γj ⊗ τj−1)U∗
j ∥γj ⊗ τj)/β ≥ 0. These

increments telescope.
For completeness, Gε = supt infE fE(t). Each fE is continuous and concave on the compact tester

set. Flagging a finite convex mixture of extensions in F makes its score exactly the corresponding
mixture of scores; flag entropy cancels. Let b = supt infE fE(t). For any a > 0, continuity and
compactness give a finite set f1, . . . , fL with mini fi(t) < b+ a for every tester. The set of vectors
dominated by (f1(t), . . . , fL(t)) for some t is closed, convex and downward closed. It excludes
(b+ a, . . . , b+ a). Separation supplies nonnegative weights summing to one whose flagged mixture
has maximum at most b+ a. Let a ↓ 0.

Let D = CGW include all internal stocks, retired ones included. Starting each episode with a
fresh independent copy of one fixed tester, purify the current D by an inert Fi, containing earlier
outputs and references. The complete error εN implies that this episode’s marginal process is an
εN -extension: use the chosen histories before it, an arbitrary tester in it, and contract the whole
experiment afterwards. Global purity gives

S(Di+1) − S(Di) = S(Zi|Fi).

Internal inter-episode unitaries do not change S(D). Minimax therefore gives, for any a > 0, a
single repeated tester with

∆SD

β
+ ∆Epay ≥ N(GεN − a). (E2)

No covariance or independence from earlier outputs is used.
The exact Gibbs accounting identity is

Wmean − ∆Fβ(C) + S(Wf)
β

= ∆SD

β
+ ∆Epay + Dnat(ΩG∥γG) + I(C:W :G)f

β
. (E3)

Indeed initial stocks are product Gibbs, and β∆EG = ∆SG +Dnat(ΩG∥γG); final multi-information
equals the sum of marginal entropies minus S(Df). Equations (E2)–(E3), the actual refunds required
by the contract and the battery absolute nominal-deviation bound yield lim inf Wnom/N ≥ k.

E.3 Recording the observer’s strategy

Fix one finite dilation of gain g = maxt[(S(ωt) − S(τ))/β +Epay(t)]. Set a classical flag f of weight
δ, and add pairs AjRj , j < ℓ, of dimensions d2

j . Let K denote their product. The enlarged source is

τ ′ = τB ⊗ [(1 − δ)|0⟩⟨0|f ⊗ πK + δ|1⟩⟨1|f ⊗ ΩK ], (E4)

where ΩK is the product of normalized EPR states. On f = 0, run the original contacts and leave
K idle. On f = 1, at each j < ℓ SWAP the arriving Ij with Aj , releasing the EPR half originally
there; leave B idle. At the last slot use the identity. These are full square unitaries. The branch is
a coherent part of the implementation; nothing is postselected. It changes the complete one-episode
process by at most δ.

Immediately after input j arrives, before its contact, trace the observer’s private memory and
ignore unused future EPR pairs. On A<jR<jIj , the retained state is Zj/cj , where cj =

∏
a<j da,

and
Zj ≥ 0, TrIj Zj = IRj−1 ⊗ Zj−1 (j > 1), TrZ1 = 1, TrZℓ = c. (E5)

To verify (E5), write the initial input–memory density as ρa1r1;a′
1r′

1
. Let the observer’s isometry

after output j − 1 have entries Lj(aj , rj ; rj−1, oj−1), where rj includes all observer waste. With
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v = (a1, o1, . . . , aj−1, oj−1, aj), the Gram matrix is explicitly

(Zj)v;v′ =
∑

r1,...,rj

r′
1,...,r′

j

ρa1r1;a′
1r′

1
δrjr′

j

j∏
k=2

Lk(ak, rk; rk−1, ok−1)Lk(a′
k, r

′
k; r′

k−1, o
′
k−1).

For j = 1 this means Z1 = Trr1 ρ. Each EPR insertion contributes d−1/2
j in bra and ket; contraction

of the observer memory gives exactly the deterministic dual Choi matrix. Tracing the last input
uses the isometry normalization and produces IRj−1 , with the stated factor cj . There is no partial
transpose in this physical matrix convention. Conversely every positive chain (E5) is realized by a
tester: purify Z1, and at each step apply the isometry supplied by equality of the two purifications
of the required prefix, using inverses only on supports. Retain all dilation waste. Thus the physical
records fill precisely this cone, including quantum-memory testers.

These rare-branch inputs are the tester’s responses to the EPR outputs, not the inputs on the
ordinary branch. Main-branch states and energies are affine link products of the same Zℓ with the
dilation. Write χt = TrIℓ

Zℓ/c. Flag entropy cancels, so

S(ω′
t) − S(τ ′) = (1 − δ)[S(ωt) − S(τ)] + δS(χt), g′ ≤ g + δC0. (E6)

E.4 A joint tangent and a positive heat effect

Maximize S(ω′
t)/β+E′

pay(t), and call the terminal bath of a maximizing tester ζ. Its support contains
all terminal outputs: any outside weight in a convex mixture contributes −x ln x, dominating the
bounded first-order energy change. The directional entropy derivative then gives

E′
pay(t) − Trω′

t ln ζ + S(τ ′)
β

≤ g′. (E7)

Let R = dimB′, q = (1 − s)ζ + sIR/R, and T = − ln q/β. It is faithful, with partition function one.
The flag blocks remain separate in q and T . The source τ ′ need not commute with T . Set

F = Dnat(τ ′∥q)/β, J(t) = E′
pay(t) + TrT (ω′

t − τ ′), w = max
t
J(t), as = − ln(1 − s)/β.

Since q ≥ (1 − s)ζ, (E7) implies
F + w ≤ g′ + as. (E8)

The signed service pump w may be negative.
Let V be the real linear space of homogeneous tester prefix constraints, n(Z) = TrZ/c. The slack

L(Z) = wn(Z) −J(Z) is linear and nonnegative on V ∩ PSD. The flat normalized tester is Z0 = I/d.
The orthogonal projection of the PSD cone into V is closed: if its images converge, pairing them
with Z0 bounds the trace of the positive preimages, so a bounded subsequence converges. Its dual
inside V is V ∩ PSD; finite-dimensional bipolar duality gives a positive representative Dhist with

TrDhistZ = L(Z) (Z ∈ V), ∥Dhist∥ ≤ TrDhist = d[w − J(Z0)] ≤ d(2C0 + as). (E9)

The last step uses g′ ≤ C0 directly from (E1), and J(Z0)+F ≥ (S(ω′
Z0

)−S(τ ′))/β+E′
pay(Z0) ≥ −C0.

Before the last output, the accessible effect

D = |1⟩⟨1|f ⊗ IB ⊗ (c/δ)Dhist, b := ∥D∥ ≤ cd(2C0 + as)/δ (E10)

has expectation w− J(t) on every tester. It acts only on genuinely retained records and the current
last input. It touches no released output, source purifier or observer memory.
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E.5 The hot-qubit contact

Append a fresh independent Gibbs qubit G, gap M ≥ 2b, excited probability z = (1 + eβM )−1. Put

CD =
√
I −D/M, FD =

√
D/M, JD =

(
CD −FD

FD CD

)
.

The whole contact is (U ′
ℓ ⊗ IG)JD. Because CD, FD commute and C2

D + F 2
D = I, this is square

unitary on every column, excited columns included. Tracing G for either initial eigenstate gives
X 7→ CDXCD + FDXFD. The initialized heat effect is exactly (1 − 2z)D.

Let Q = U ′∗
ℓ (Hℓ + T )U ′

ℓ, and h = span(Hℓ) + span(T ). The remainder

RM = CDQCD + FDQFD −Q− 2zD, ∥RM ∥ ≤ rM := 3hb/M + 2zb (E11)

follows after subtracting a scalar from Q. All earlier bath energies telescope with the same fixed T .
The total initialized episode energy gain is therefore w + ⟨RM ⟩ for every tester. The source τ ′ need
not commute with T . Since D is zero on f = 0, the entire ordinary branch still implements the
original dilation exactly; for error it suffices to charge the rare probability δ, not the norm b/M .

E.6 Forming the source from Gibbs supplies

Lemma 12 (Finite-source module). Let τ be a fixed finite source on a retained body, q a faithful
state with T = −β−1 ln q, and consider a finite sequence of full square gates on held systems. If a
terminal contact makes the initialized total external energy gain w + r(t) uniformly in testers, then
source formation, an invested one-source cyclic cache, a finite conserving whole-history phase lift,
sharp pumps and a terminal Gibbs swap reset give nominal work β−1Dnat(τ∥q) + w + o(1), with
complete error o(1), joint return of the whole controller with all physical rest within o(1), actual
controller energy and entropy changes o(1), and battery entropy and absolute nominal deviation
o(1), as r → 0 and the parameters below are chosen. The proof is the rest of this subsection and the
next two; it does not use square slots.

This section proves a pointwise module for any fixed finite source τ on a Hamiltonian T , not
necessarily commuting with it. Let R = dimB, γ = e−βT /ZT , and Fτ = Dnat(τ∥γ)/β. For each
sufficiently large integer m, it produces a state ρm with

1
2∥ρm − τ⊗m∥1 ≤ em → 0, am → Fτ , Wfactory,nom = mam. (E12)

All its nonphase work deviations are bounded by mAτ on a failure event of probability fm, where
Aτ < ∞ is fixed for this source and fm can be chosen arbitrarily small. The factory’s output may
stay correlated with the coding and thermal residues. The joint return of Lemma 12 does not need
them to be independent; it is obtained through the cyclic cache of Section E.7.

Energy-shell support conversion

For commuting projectors P,Q on finite X,HX , write ZP = TrPe−βHX , ZQ = TrQe−βHX . For any
extracted work x < β−1 ln(ZQ/ZP ) and f > 0, a finite Gibbs stock and full conserving square take
every P -supported state, even reference-entangled, to Q with sharp credit x on a stock event of
probability at least 1 − f , independent of that state.

Here is the exact shell construction. Choose an integer basis ω of the finite group generated by
the energies and x. Let reservoir tiles j in a finite box have energy E0 + j ·ω and integer degeneracy
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gj = ⌊Keβj·ω⌋. Choose K so (1 − θ)Keβj·ω ≤ gj ≤ Keβj·ω on that finite box. Tile Gibbs weights lie
between common factors 1 − θ and 1. A margin larger than every source–target energy-coordinate
difference and the work shift makes the inner tiles have probability 1 − f when the box is enlarged.

In shell coordinate u, the good source dimension is at most Keβu·ωZP ; the available target
dimension is at least (1 − θ)Keβ(u·ω−x)ZQ. Choose (1 − θ)eβ[ln(ZQ/ZP )/β−x] > 1. Inject every source
basis column isometrically into that target shell. Source and image carry orthogonal work labels.
Exchange these two subspaces and use identity on their orthogonal complements. This is a full
conserving square, including every boundary and unused column. Bad initial tiles leave the initialized
work label unchanged. For negative x this is a debit; at zero gap the labels remain orthogonal.
Origins E0 are fixed explicitly to make finite Hamiltonians nonnegative. This is a support statement,
not a universal output-Gibbs-state statement.

Exact flat-rank formation

For zero-Hamiltonian dimension D and target rank K ≤ D, the debit is ln(D/K)/β. Tiles
j = 0, . . . , J have that gap and degeneracy DjKJ−j , hence exactly equal Gibbs probability. The
full initialized flat-D block at j < J and the full target rank-K block at j + 1 have equal dimension.
Exchange them with orthogonal work labels; cap columns stay unchanged. Conditional output is
exactly flat rank K, since the target block is fully occupied by a flat source. Failure is 1/(J + 1).
This distributional conclusion uses the fixed flat source, whereas the preceding support converter
has an all-state quantifier.

Four-work-qubit factory and the residue

Let σ = S(τ)/ ln 2, γm = m−1/4,

r = ⌈3mγm⌉ + 4, D = Rm2r, K = 2⌈m(σ+2γm)⌉.

The controller coding body is zero-Hamiltonian Am of dimension Rm and a zero-Hamiltonian residue
of dimension 2r, initially flat on dimension D. Four sharp work qubits record these four operations.

1. Form physical γ⊗m into one ground vector |g⟩⊗m by the support converter, with debit
m(hmin + lnZT /β) + s0, where s0 > 0 is fixed. Its failure can be at most fm/3; on success the
source is exactly pure and hence product with everything.

2. Form flat rank K on coding body plus residue, debit ln(D/K)/β, failure at most fm/3. In
the τ -eigenstring basis assign ⌊Kpx⌋ distinct flat labels to each typical x, with distinct residue
labels. The typical bounds are 2−m(σ+γm) ≤ px ≤ 2−m(σ−γm). Each fiber fits in the residue,
and the assignment completes to a square zero-Hamiltonian unitary. The marginal coding
error is bounded by

ecode ≤ 2e−cτ
√

m + 2−mγm , (E13)

on the nonzero spectrum of τ ; if its log-eigenvalue variable is constant, the atypical term is
zero. The first term follows from bounded iid log-likelihood concentration, the second from at
most 2m(σ+γm) rounded labels. Leftovers are placed arbitrarily. Correlation with the residue
is retained.

3. Lift the whole SWAP Am ↔ Bm with a phase register, then pump the known m(Tr τT −hmin).
The physical source receives the coding marginal. On ground-formation success, the coding
output is exactly |g⟩⊗m, even in the lifted SWAP: each output term places the old energy
eigenvector in zero-Hamiltonian Am.
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4. Extract m lnR/β−s0 from the pure coding support, using the support converter on |g⟩⟨g|⊗m ⊗
Iresidue to the whole coding/residue space. The entire residue participates, so no correlation
is omitted. Then SWAP coding body plus residue with an independent flat Gibbs stock of
dimension D. They return exactly to their initial flat state, independently of all physical rest.
Extraction failure from impure coding is already included in ground-formation failure.

The sum of the four nominal debits/credits is

mam = m[Tr τT + lnZT /β − S(τ)/β] +O(m3/4) +O(1) = mFτ + o(m). (E14)

One may choose positive overhead, hence am ≥ 0. All four work gaps have magnitude at most mAτ

for large m. The nonphase failures contribute fm and can be made arbitrarily small by choosing
finite tile boxes and caps.

If the phase-vector error is df , exact SWAP conservation and the known pump, compared only
with the touched physical Bm energies, give

|∆EPf
| ≤ Cm span(T )(em + df ), em ≤ ecode + fm. (E15)

There is no multiplication by the phase register’s large energy span. The phase construction and
entropy bound are proved below.

E.7 A cyclic cache and its joint return

Fix this source and factory, then choose m > N . Use m− 1 cache cells with Hamiltonian T , and a
classical clock k = 0, . . . ,m− 1 of fixed energy (m− 1 − k)am. Invest the correlated controller state

σm = 1
m

m−1∑
k=0

|k⟩⟨k| ⊗ τ⊗k ⊗ γ⊗(m−1−k). (E16)

Each call receives a fresh independent γ carrier. For k > 0, SWAP out the first cached τ , permute
cache cells, and decrement k. Raising the clock costs exactly am, supplied by the main sharp battery.
The equal-dimensional product-support identities give full-square conserving permutations. For
k = 0, the clock drops to m− 1, releasing (m− 1)am; with the same am main debit it charges a
two-label auxiliary work register by mam. Apply the m-copy factory to the cache cells and fresh
carrier. Every path advances the clock. The auxiliary register and the four factory work qubits are
part of W , not unpriced controller records. On a successful boundary their total energy equals its
no-boundary value: the factory debit mam cancels the auxiliary credit.

The N calls cross a boundary for exactly N initial clock values, so p = N/m, independently of the
future observer. On every no-boundary sector the N emitted carriers are exactly τ⊗N , product with
cache and all pre-existing physical rest. The resulting cache sectors agree with the corresponding
sectors of (E16). Boundary sectors have total weight p, and may carry all source–residue correlations.
Comparing both joint states on these sectors, and then replacing the comparison rest marginal by
the actual one, gives the conservative uniform bound

1
2∥Ωcache,rest − σm ⊗ Ωrest∥1 ≤ 4p+ 2pem,

1
2∥Ωcache − σm∥1 ≤ pem,

1
2∥ρemitted − τ⊗N ∥1 ≤ pem.

(E17)
The first inequality is weaker than the 2p estimate available for an exact factory, but it proves return
jointly with the whole physical rest without assuming that source and residue are independent.
Subsequent service cannot increase it because it never acts on the cache. Equations (E17)–(E18)
initially describe the bare factory. For the physical factory let ẽm = em + df , where df is its
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conditional full-vector error on any boundary sector. On no-boundary sectors the factory phase
register is never operated. Consequently the actual cache and emitted-source marginal errors are at
most pẽm, not an unweighted df . In the following refund bounds em is to be replaced by ẽm for
the physical implementation. The all-rest estimate remains bounded by the displayed conservative
expression with that replacement, and the phase factor itself is returned by (E23).

Put Dcache = mRm−1. Separate actual refunds follow from the marginal bound, not from the
joint bound:

|∆Scache| ≤ h(pem) + pem ln(Dcache − 1), |∆Ecache| ≤ Nem[span(T ) + am]. (E18)

Here h is binary entropy in nats. Formula (E15) is weighted by boundary probability p, giving
O(N span(T )(em + df )) for factory-phase mean drift. The combined five helper work registers have
at most 32 labels. They differ from their nominal no-boundary vector only on a boundary, so

qW,helpers ≤ p, S(Whelpers) ≤ h(p) + p ln 32, E|HW,f − Enom| ≤ N(4Aτ + am)fm. (E19)

Success-boundary helpers need not be in the nominal vector, but their total energy is nominal.
Failed boundaries are retained, not deleted. The work estimate is an absolute deviation bound.

The invested cache capital is explicitly

Dnat(σm∥γcache ⊗ γclock)
β

= m− 1
2 (Fτ +am)+ ln(Zclock/m)

β
, Zclock =

m−1∑
k=0

e−β(m−1−k)am . (E20)

This cache is an invested Duan-type correlated state, not a free Gibbs supply. All N calls are made
before the first observer input. The factory convergence is pointwise for this fixed source; m is
chosen only after the horizon’s dilation and every source constant.

E.8 Whole-history phase lift and finite completion

Every finite set of gaps and signed pump energies generates a finite-rank free integer group. Choose
positive generators ω1, . . . , ωr, flipping signs when necessary, and integer labels ae for all exact
energy differences. On an analytic bilateral lattice Tv|b⟩ = |b+ v⟩, define

L(X) =
∑
e,f

PeXPf ⊗ Taf −ae . (E21)

Intermediate energy projectors show L(XY ) = L(X)L(Y ), L(X∗) = L(X)∗, and L(I) = I. Thus
whole square contacts lift to whole unitaries, preserving all coherent branch Grams and exactly
conserving external energy plus HP |b⟩ = (b · ω)|b⟩. A sharp work-label transition losing x = k · ω
adds k to the phase translation. This allows signed w too.

The physical phase register is a finite positive-energy box. Initialize a product sine vector of
width L, offset by a buffer B∗ in each coordinate,

|ξL⟩ =
r⊗

a=1

√
2

L+ 1

L−1∑
u=0

sin π(u+ 1)
L+ 1 |B∗ + u⟩.

Choose B∗ larger than the sum of absolute coordinate excursions on every possible path, including
excited Gibbs inputs, hot quanta, factory failures and all work branches. The box side is DP =
L+ 2B∗ + 1. On all reachable columns the analytic lift is an isometry in each exact total-energy
shell. Domain and image have equal rank there; complete orthonormal bases of their complements
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in the same finite shell. This gives a full finite conserving square, with no boundary error on any
physically reachable path. A pure zero-Hamiltonian scheduling counter is invested in C, selects the
finitely many gate blocks, advances on every path, and returns cyclically to its initial label. The
controlled direct sum and counter shift are full conserving squares. This is not an autonomous/local
circuit efficiency claim.

Purify every stock and input mathematically, retaining all observer waste. Fourier transformation
of the analytic lattice gives the whole contact fibre DθUD

∗
θ , with pumps as scalar phases. The

observer’s isometries are θ-independent. If the sum of finite fibre Lipschitz constants is K∗, the
entire adaptive purified circuit has ∥Vθ − V0∥ ≤ K∗∥θ∥2, uniformly in all observer dimensions and
correlations. The sine nearest-neighbor overlap is cos(π/(L + 1)), and E∥θ∥2

2 ≤ rπ4/[4(L + 1)2].
Parseval yields

∥Ψphysical − ξL ⊗ Ψbare∥ ≤ dP := π2√
rK∗

2(L+ 1) . (E22)

It holds at every prefix with the prefix Lipschitz sum. In particular

qP = 1 − ⟨ξL|ΩP |ξL⟩ ≤ d2
P ,

1
2∥ΩP,rest − |ξL⟩⟨ξL| ⊗ Ωrest∥1 ≤ 2dP , S(P ) ≤ h(d2

P ) +d2
P ln(Dr

P − 1).
(E23)

The first projection and normalization cost at most √
qP ; replacing its rest marginal by the actual

marginal costs another √
qP . Inert purifiers are never acted on. Use separate factory and service

phase registers if convenient.
Actual service mean drift requires another argument. After all cache calls, trace retired factory

residues for the comparison, not for physical accounting. The emitted marginal is within pem,
or conservatively p, of fresh τ ′⊗N . Uniform prefix comparison by (E22) costs ds. Let QN < ∞
bound the energy span of one touched service system, including Hj , T and the hot gap M , and all
loading/reset swaps. Comparison of pre- and post-contact energies, not of HP , gives

|∆EPs | ≤ NrM + CNQN (p+ ds). (E24)

Exact conserving lifts and pumps imply this equality/bound directly. This is valid even when τ ′

fails to commute with T ; one must not move τ ′ through an energy lift under a partial trace. The
ideal comparison has fresh sources before their first use, even when the observer is entangled with
future inputs. Past conditional records cannot steer an untouched independent source. After each
episode’s last output leaves, SWAP its service body with a fresh q Gibbs cell of the same T . This
exactly returns those working controller cells to their original q’s, independently of physical rest.
Loading sources uses equal-Hamiltonian swaps before inputs. No released output participates.

E.9 Order of choices and the ledger

For each N , choose one finite dilation within N−3 of P, with g ≤ k +N−1/8. This is justified by
the definition of the right-error limit and needs no exactification. Choose δ = N−3, s = N−1/8,
then form (E4)–(E10). Now the finite R, T, F,w, b are known. Choose M so NrM ≤ N−3, and then
record finite QN . Only now choose the source factory and cache length m > N so

am − F ≤ N−1/8, Nem(1 + lnR+ span(T ) + am +Aτ ) ≤ N−3,

N(4Aτ + am)fm ≤ N−3, N2QN/m ≤ N−3, h(N/m) + (N/m) ln 32 ≤ N−3.
(E25)

Pointwise convergence (E12)–(E14) allows these simultaneous choices for this already fixed source,
even if its dimensions or spectrum change arbitrarily with N . Choose all stocks, energy bases and all-
path buffers first; choose phase widths last so their entropy bounds and N(1+lnR+span(T )+am)df ,
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NQNds are at most N−3. This also makes h(pẽm) + pẽm ln(Dcache − 1) = o(1); indeed lnDcache =
lnm+ (m− 1) lnR.

OnN ordinary episodes, the target error is at mostN ·N−3; rare branches addNδ. Factory/source
and phase comparisons give

εN ≤ N−2 +Nδ + p+ df + ds = O(N−2), ηN ≤ 4p+ 2pẽm + 2df + 2ds → 0. (E26)

The marginal cache bound, (E18), controls its actual entropy and energy. Factory and service phase
actual energies are controlled by (E15), (E24), (E25), not their spans. Their entropies are controlled
by (E23); Araki–Lieb bounds the change in joint controller entropy by the cache entropy change
plus the sum of phase entropies. All other coding/service factors are swapped exactly to their initial
Gibbs/flat states and the counter returns exactly. Therefore |∆EC | + |∆SC | = o(1), uniformly over
observers, and (E26) refers to the whole controller versus all physical stocks, records, the battery,
the delivered outputs and the observer’s references; (E17) and (E22) hold for the purified state of
all of these.

The main battery has fixed service/source-counter labels with signed increments am +w, ending
sharply on every initialized column. The boundary auxiliary and four factory helpers are included
in the same mechanical ledger. Equations (E19), (E25) give

qW ≤ p, S(Wf) ≤ h(p) + p ln 32 = o(1), E|HW,f − Enom| ≤ N(4Aτ + am)fm = o(1).

A conservative finite battery dimension is 32(N + 1)2. Its initial charged helper capital and energy
span can be enormous; both are declared. The nominal total debit and its rate obey

Wnom = N(am + w), Wnom
N

≤ g + δC0 + as +N−1/8 ≤ k + o(1). (E27)

With (E3), this proves Theorem 11.
A full controller inventory is: cache/clock of dimension mRm−1; N service bodies of dimension

R initially q; zero-Hamiltonian coding body/residue of dimension Rm2r, initially flat; two finite
phase boxes; and a pure cyclic counter. Its cache capital is (E20). Each phase contributes

⟨HP ⟩ξL
+ lnZP /β, ⟨HP ⟩ξL

= [B∗ + (L− 1)/2]
∑

a

ωa, ZP =
∏
a

DP −1∑
b=0

e−βbωa .

The counter costs lnDctr/β; flat coding and thermal service factors cost zero relative to their own
Gibbs states. These are startup investments, not operating debits or thermally prepared free clocks.

Gibbs supplies are fresh source carriers, hot qubits, support-converter tiles, exact flat-rank tiles,
coding/residue reset stocks, and service q-reset stocks. All are finite and initially independent. Every
spent tile and old controller state remains in physical rest. Rare hot stocks and cache boundary
events can carry input-dependent energy far larger than order N , with tiny probabilities, and the
cache and service reference can be off by order N on common branches while the unconditional
mean is refunded.

E.10 Scope

The construction is a finite-hardware existence proof for fixed processes whose ports carry equal
Hamiltonians. Its source and phase modules accept any fixed finite source and any finite sequence
of square gates on systems the device actually holds; another access schedule must supply its own
carrier inventory, record of the observer’s strategy and positive dual, as Appendix B of [26] does
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for general schedules. Rectangular ports, free switches of the Hamiltonian and recall of released
outputs are not covered. The proof uses causal Stinespring purification and finite-dimensional cone
separation, both reconstructed above; it uses no Gibbs-preserving map as a black box, no erasure
against released outputs and no action on a purifier. The theorem is a rate law at vanishing error.
It is not a strong converse, and it gives no exact or branch-by-branch return of the controller, no
bound on capital or on the tails of the heat, no efficient circuit, and no construction for an unknown
horizon or for local or autonomous hardware.

F The correlated process
This appendix derives the value Kβ = βvϑ/ ln 2 of the correlated process of Section 7. Both slots
carry a qubit with H = E|1⟩⟨1|; write Z = |0⟩⟨0| − |1⟩⟨1|, and let branch b apply Ub in slot 1 and
Vb in slot 2. The energy the second gate adds on an input ρ is Tr ρDb with Db = V ∗

b HVb −H, so
D0 = EZ and D1 = E

2 (Z −X). The first gates commute with H and add no energy. If ρb is the
second input on branch b, the energy an episode adds is therefore 1

2
∑

b Tr ρbDb, and eβ(t) is β/ ln 2
times it.

Step 1: the reachable pairs. The observer prepares the first input A together with a memory
in a pure state ψ, receives UbA, and applies an operation, which cannot depend on the hidden b,
to produce the second input. Before that operation the two branch states are pure, with overlap
|⟨ψ|U1 ⊗ I|ψ⟩| = | cosϑ+ i sinϑ TrσZ| ≥ | cosϑ|, where σ is the state of A. Root fidelity does not
decrease under channels and partial traces, so every reachable pair has F (ρ0, ρ1) = ∥√

ρ0
√
ρ1∥1 ≥

| cosϑ|. Conversely, let F (ρ0, ρ1) = f ≥ cosϑ > 0. By Uhlmann’s theorem the two states have
purifications |ϕ0⟩, |ϕ1⟩ with ⟨ϕ0|ϕ1⟩ = f . Adjoin an ancilla in states |a0⟩, |a1⟩ with ⟨a0|a1⟩ = cosϑ/f .
The pair |ϕb⟩|ab⟩ then has overlap cosϑ, as does the pair Ub|+⟩, so an isometry maps the second
pair onto the first. An observer that sends |+⟩, applies this isometry to the first output and passes
on the system of ρb produces exactly (ρ0, ρ1).

Step 2: the energy maximum. Write a qubit state as 1
2(I + r · σ⃗) with |r| ≤ 1, and lift r to the

unit vector R = (r,
√

1 − |r|2) in R4. For qubits F (ρ, ρ′)2 = Tr ρρ′ + 2
√

det ρdet ρ′ = 1
2(1 +R ·R′),

so the constraint F (ρ0, ρ1) ≥ cosϑ says that the angle between R0 and R1 is at most 2ϑ. The energy
is

1
2
∑

b

Tr ρbDb = E
2

(
R0 · u+ 1√

2 R1 · w
)
,

where u = (0, 0, 1, 0) and w = (−1, 0, 1, 0)/
√

2 are the Bloch directions of the top eigenvectors of D0
and D1, at angle π/4. Let 0 < ϑ < π/8 and γ = π/4 − 2ϑ > 0. By the triangle inequality for angles
on the sphere, the angles α of R0 from u and β of R1 from w satisfy α+ β ≥ γ. Since the cosine
decreases on [0, π], the energy is at most E

2 max{cosα+ 1√
2 cosβ : α, β ≥ 0, α+ β = γ}, and this

maximum is the length of the sum of two plane vectors of lengths 1 and 1/
√

2 at angle γ:

E
2

√
1 + 1

2 +
√

2 cos γ = E
2

√
3
2 + cos 2ϑ+ sin 2ϑ = vϑ.

It is attained by two pure states in the plane of u and w, at angle 2ϑ, which Step 1 makes
reachable. Mixed states do no better, because the lift turns them into points of the same sphere.
When | cosϑ| ≤ cos(π/8), the two top eigenvectors, whose root fidelity is cos(π/8), are themselves
reachable, and the value is each branch’s own maximum, E

2 (1 + 1/
√

2).
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Step 3: no entropy credit. Let |Cb⟩⟩ be the Choi vector of branch b, the two-slot comb that
applies Ub and then Vb with no memory. The Choi operator of P is 1

2
∑

b |Cb⟩⟩⟨⟨Cb|, and that of an
exact extension P̃ is positive with this marginal, so it is supported on the span of the two vectors
tensored with F :

R̃ =
∑
b,b′

|Cb⟩⟩⟨⟨Cb′ | ⊗Gbb′ ,

with operators Gbb′ on F . Tracing out the second output gives TrO2 |Cb⟩⟩⟨⟨Cb′ | = |Ub⟩⟩⟨⟨Ub′ |⊗(V ∗
b′Vb)T .

The causal constraint at slot 2 requires TrO2 R̃ to be the identity on the second input tensored
with an operator on everything else. The diagonal terms have this form. In the off-diagonal
terms, V ∗

1 V0 = 1√
2
( 1 1

−1 1
)

is not a multiple of the identity, and |U0⟩⟩⟨⟨U1| and |U1⟩⟩⟨⟨U0| are linearly
independent because U1 is not a multiple of U0; so the traceless part of (V ∗

1 V0)T can be cancelled
only if G01 = G10 = 0. Hence R̃ =

∑
b |Cb⟩⟩⟨⟨Cb| ⊗ Gbb: F is only classically correlated with b.

Against any purified tester, the final state of Z and F is then
∑

b |ψb⟩⟨ψb| ⊗ gb, with |ψb⟩ the tester’s
pure final state on branch b and gb ≥ 0 on F . This state is separable, so S(Z|F ) ≥ 0. A classical
copy of b, with gb = 1

2 |b⟩⟨b|, gives S(Z|F ) = 0 for every tester, so that extension scores exactly the
energy, and its best tester scores βvϑ/ ln 2. For an ε-extension the block structure holds up to an
error controlled by Uhlmann’s theorem, and the continuity bound for conditional entropy, which
uses only dimZ ≤ 16 and not the size of F , gives S(Z|F ) ≥ −b(ε) with b(ε) → 0 as ε → 0 at fixed
ϑ; its constants grow like cscϑ as ϑ → 0, where the two branches merge. Together with Steps 1
and 2, this gives Kβ = βvϑ/ ln 2.

G Results from the companion papers
Table 2 lists every result of the companion papers and of our earlier papers on which an argument
here depends, and where it is used. Results mentioned only for comparison are cited in the text.
Numbers refer to the versions cited in the bibliography.

Result Source Used in

device model; accounting identity [4, Sec. 2, Lemma 4] Section 2, Eq. (3),
Appendix C

real-time entropy cost of a channel and its rate
κβ

[4, Def. 1] Proposition 5(a), Section 7

invariance argument for an exactly returned
controller

[4, Prop. 10] Remark 1

fixed-error converse for channels [4, Thm. 6, App. B] Theorem 8, Appendix C
∥√

ρ−
√
σ∥2

2 ≤ Dnat(ρ∥σ) [4, Eq. (15)] Section 5
irrational gaps: commensurate approximation
and a thermal lattice

[4, Thm. 9, App. C] Section 5

a clock that returns approximately runs every
channel at κβ

[4, Thm. 11] delayed channels, Section 7

Table 2: Results of the companion papers and of our earlier papers on which an argument here
depends.

Appendix E, including Lemma 12, which [4] imports, uses none of these results, so the dependency
between the two papers runs one way at the level of lemmas.
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