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Abstract

Spontaneous magnetization is undecidable at a fixed positive temperature for
translation-invariant finite-range classical lattice models with strictly positive rational
Boltzmann weights. A computable family on 2304 local states has maximal visible
nine-colour Potts magnetization exactly zero or a fixed positive constant, attained in a
translation-invariant Gibbs state. Its pressure in a uniform field is uniformly computable,
but differentiability at zero field is undecidable with a fixed derivative-jump gap. Rational
weights are asserted at zero field.

We also prove undecidability of exponential decay of one specified thermal spin cor-
relation, in every Gibbs state, on 512 local states. Both constructions couple critical
visible spins to cellular-automaton replicas. Surjectivity cancels the collision corrections;
nonsurjectivity gives strict subcritical bond domination and exponential decay of the
specified correlation uniformly over states. The interaction range depends on the input,
and the branches are fine-tuned at their critical or coexistence points. The results transfer
to diagonal quantum interactions and survive a prescribed output-reset noise family,
the same construction with reduced retention. Nonsurjective full-state uniqueness and
exponential clustering of arbitrary local observables remain open.

AI systems assisted with this work. The authors take responsibility for its claims; see “How this work
was done.” This preprint has not been peer reviewed.
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1 Introduction
Can a finite description determine whether a positive-temperature lattice model has spon-
taneous magnetization? We construct a family for which the answer is undecidable even
with a fixed gap in the standard Potts order parameter. The temperature is fixed, the local
weights are strictly positive rationals, and the maximal magnetization is either zero or the
same positive constant for every ordered input. The pressure as a function of a uniform field is
computable, yet its differentiability at zero field is undecidable. Theorem E states this result
first; its proof reuses the thermal-decay machinery developed for Theorem A.

Prominent many-body undecidability results concern low-energy properties. These include
ground-state observables of Gu, Weedbrook, Perales and Nielsen [27], the spectral gap of
Cubitt, Pérez-García and Wolf [13] and the phase diagrams of Bausch, Cubitt and Watson [4].
Purcell, Li and Cubitt construct a quantum ground-state phase transition at an uncomputable
parameter [38]. Perales-Eceiza and collaborators ask, “given a translational invariant Hamil-
tonian”, whether exponential spatial decay of the associated thermal correlations is decidable
[37, Section 5.1.4, arXiv v2 numbering]. We resolve a specified-observable formulation of this
question: exponential decay of a distinguished visible spin correlation is undecidable; the
formulation asking for exponential clustering of all local observables remains open.

The mechanism for both results starts with a cellular automaton whose surjectivity is
undecidable. Two independent copies produce collision weights. If the automaton is onto,
every nonconstant collision coefficient vanishes and the visible spins remain exactly at the
chosen critical point: discontinuous nine-colour Potts for magnetization, or anisotropic Ising
for decay. Otherwise a finite positive coefficient changes the bond distribution. A stochastic
comparison pushes it strictly into the subcritical regime. Conditional contraction of the hidden
variables makes this argument work in every Gibbs state.

An interaction is given by finitely many local weight tables and all their translates. At
inverse temperature β = 1, a table bX : SX → Q>0 represents the energy ΦX = − log bX .
Write G(Φ) for all DLR Gibbs states. The first coordinate is visible: a Potts colour in
Theorem E, and an Ising spin in Theorem A. Distances below use the ℓ1 norm.

Theorem E (spontaneous magnetization with a fixed gap). There is a computable
family of translation-invariant finite-range classical interactions Ψt on Z2, with strictly positive
rational local weights at β = 1 and on-site space

SP = {1, . . . , 9} × ({0, 1}2)4, |SP| = 2304,

for which existence of spontaneous visible magnetization is undecidable with a fixed gap. More
precisely, let

Xx = (91{σx=1} − 1)/8, m9 = ϕ1
3/4,9(0←→∞) > 0.

The index t specifies a CA Ft from a surjectivity-undecidable family.
(i) If Ft is surjective, a translation-invariant Gibbs state has µ(X0) = m9, and

supµ∈G(Ψt) µ(X0) = m9.
(ii) If Ft is nonsurjective, every Gibbs state has only finite clusters in its canonical visible

bond extension, with independent uniform cluster colours. Every state is invariant under
visible S9 permutations and has µ(X0) = 0. The excess equal-colour correlation decays
exponentially, uniformly over states and positions.

Thus supµ∈G(Ψt) µ(X0) ∈ {0, m9} exactly, also with the supremum restricted to translation-
invariant states. Any fixed rational m∗ ∈ (0, m9] supplies a promise gap. The interaction
range depends on the input.

Corollary 10.7 proves the pressure assertion: the one-sided derivatives are exactly m9 and
−m9/8 in the surjective branch, and both zero otherwise. The derivative jump is therefore
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9m9/8 or zero. The field weights need not be rational away from zero. The ordered branch is
fine-tuned at coexistence; no arbitrary-perturbation robustness is asserted.

For the separate thermal-decay result, the visible coordinate is σx ∈ {−1, +1}.

Theorem A (thermal spin correlation). There is a computable family of translation-
invariant finite-range interactions Φt on

S∗ = {−1, +1} × ({0, 1}2)4, |S∗| = 512,

with strictly positive rational local Boltzmann weights at β = 1, for which it is undecidable
whether

∀µ ∈ G(Φt) ∃Cµ <∞, aµ > 0 ∀x ∈ Z2 : |µ(σ0σx)| ≤ Cµe−aµ∥x∥1 . (1.1)

Every Gibbs state has zero visible magnetization. The family is constructed from a surjectivity-
undecidable family of cellular automata, with this dichotomy:

(i) For a nonsurjective input, there are Ct <∞ and at > 0 such that

∀µ ∈ G(Φt) ∀x, y ∈ Z2 : 0 ≤ µ(σxσy) ≤ Cte
−at∥x−y∥1 . (1.2)

(ii) For a surjective input, the full Gibbs state is unique. Its visible marginal is the critical
zero-field anisotropic Ising state with

e2KH = 3, e2KV = 2.

On this family, (1.1) is equivalent to the version with constants uniform over states and
positions, and to either version restricted to translation-invariant Gibbs states. The interaction
range depends on the input.

The indexing is t 7→ Ft 7→ G̃t 7→ Φ
G̃t

= Φt: Section 7 encodes each hard CA Ft as a
four-symbol CA G̃t, to which Section 2 applies.

The identified critical Ising correlation has no exponential envelope, by infinite critical
susceptibility [16, Proposition 2.2]. Zero magnetization makes the displayed correlations equal
to connected correlations. We first construct the interaction for an arbitrary CA alphabet A,
on {−1, +1} ×A4. Section 7 reduces the CA alphabet to four symbols.

Theorem B (diagonal quantum interaction). Theorem A holds for the corresponding
diagonal interactions on the full quasilocal matrix algebra with on-site space C512, with Gibbs
states replaced by β = 1 KMS states and σx replaced by Zx = σz

x ⊗ I256.

The quantum consequence uses the standard diagonal Gibbs–KMS correspondence, recalled
with a proof in Section 8. The Hamiltonian entries are logarithms of rational numbers, as
prescribed by the weight-table input convention.

Theorem C (output-reset noise). For every fixed rational η ∈ (0, 1], independently resetting
each CA output in each replica to a uniform symbol with probability 1− η, before averaging
the collision weights, preserves Theorems A and B. This is exactly the base construction with
ε 7→ ηε; arbitrary-perturbation robustness is not asserted.

Theorem D (no total decay modulus). There is no total algorithm that returns posi-
tive rational Ct, at on every input of the constructed family and guarantees (1.2) on every
nonsurjective input. The same holds for effectively described positive computable-real outputs.

The last statement concerns a procedure required to halt on both branches. A search
for a finite collision witness does halt on each nonsurjective input. Section 9 proves both
statements.
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1.1 Prior work

Undecidability of PCA ergodicity, due to Kurdyumov and developed by Toom (2000) and
Bušić–Mairesse–Marcovici (2013) [42, 8], concerns the long-time dynamics of cellular automata,
rather than equilibrium phase transitions of the spatial Gibbs models considered here.

Kari proved undecidability of two-dimensional CA surjectivity [31]. The balance equivalence
originates with Hedlund in one dimension [29] and Maruoka–Kimura in higher dimensions [36].
The connection between surjectivity, uniform Bernoulli measure and equilibrium measures is
developed by Kari and Taati [32]. The correspondence between probabilistic cellular automata
and equilibrium systems goes back to Goldstein, Kuik, Lebowitz and Maes [25] and Lebowitz,
Maes and Speer [34]. Their space-time representation is useful context; our proof works
directly with a spatial interaction on the square lattice.

Marcovici and Taati are the closest neighbor [35]. Their Theorem 3 shows that, for d ≥ 2,
PCA with positive rational local rules admitting a stationary uniform Bernoulli measure and
those admitting no stationary Bernoulli measure are computably inseparable; the reduction
from Kari perturbs a CA by uniform-replacement noise (κ = 1/2 in their notation). Their
rapid-forgetting theorem concerns time evolution. We credit that noisy-CA ingredient here;
the collision tilt and its comparison with critical and subcritical spatial Ising correlations
supply the additional argument.

Chazottes–Hochman [9] and Chazottes–Shinoda [10] construct nonconvergent zero-
temperature limits; Gayral, Sablik and Taati study ground-state sets and chaotic zero-
temperature limits [23]. Those limiting questions differ from the fixed positive temperature
used here. Fawzi, Fawzi and Scalet give certified algorithms for local equilibrium expectations
[19]. Computability of a correlation at each fixed distance is compatible with undecidability
of an asymptotic decay envelope. Likewise, computability of pressure [23, Proposition 14]
does not decide its differentiability. The Potts inputs are critical-point sharpness [5] and
discontinuity for more than four colours [17], used separately in Section 10.3.

The Edwards–Sokal coupling [18], Harris and FKG inequalities [28, 21], Holley’s comparison
principle [30], and Dobrushin’s contraction criterion [14, 39] are established tools. So are the
Ising critical-point and sharpness inputs cited in Section 6. The new comparison combines
a finite collision witness, a positive closed-pattern reward and a covariance interpolation.
The reward acts as an essential diminishment, in the sense motivating [2, 6, 3]; our anchor-
covariance interpolation replaces pivotal surgery. It does not require positive association of
the actual collision bond measure.

To our knowledge, Theorem E is the first fixed-positive-temperature undecidability result
for spontaneous magnetization with strictly positive rational local weights and a fixed order-
parameter gap. Theorem A is, to our knowledge, the first undecidability result for exponential
decay of a specified thermal spin correlation at a fixed positive temperature with the state
quantifier ranging over every Gibbs state. These provisional priority statements rest on the
review, the cited neighboring constructions and targeted literature searches.

1.2 Proof route

The load-bearing chain is

3.1 −→ 4.1 −→ 4.2 −→ 4.4 −→ 5.2/5.4 −→ 5.5 −→ 6.1/6.3 −→ 7.2.

Lemma 4.3 supplies the interpolation step, and Lemmas 5.1 and 5.3 supply the all-state
conditional laws. Quantum transfer and the corollaries follow in Sections 8–9. Section 10
transfers the collision and hidden-layer lemmas, states each changed Q-version, and adds
the Potts branches and pressure argument. The later arithmetic upper bound is proved
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independently; the discussion’s algebraic obstruction concerns fixed templates. Neither asserts
uniqueness of the nonsurjective collision model.

2 The local positive-weight model
Let F : AZ2 → AZ2 be a cellular automaton, specified by a local rule f : AN → A, where
N ⊂ Z2 is finite and nonempty. Put

q = |A| ≥ 2, m = |N |, ε = 1
100q(m + 1)2 . (2.1)

At each site place a visible spin σi ∈ {−1, +1} and four hidden variables

XH
i , X ′H

i , XV
i , X ′V

i ∈ A. (2.2)

The two orientations use distinct replica pairs. Set eH = (1, 0), eV = (0, 1), and

pH = 2
3 , pV = 1

2 , h(a, b) = q1{a=b} − 1. (2.3)

For r ∈ {H, V }, define
wr

i = 1 + ε2h
(
F (Xr)i, F (X ′r)i

)
. (2.4)

Equivalently, if Ỹi, Ỹ ′
i are the two deterministic outputs independently passed through uniform-

replacement channels of retention ε, then

wr
i = q Pr[Ỹi = Ỹ ′

i ].

Two independent channels explain ε2; uniform replacement makes the collision probability
strictly positive. Composing each channel with retention η gives ε 7→ ηε, precisely Theorem C,
and locates the noisy-CA ingredient of [35]. Now set

Bi,r = pr1{σi=σi+er } + (1− pr)wr
i , (2.5)

Φi,r = − log Bi,r. (2.6)

These are finite-support functions, translated identically at every lattice site.

Lemma 2.1 (positivity and effective description). The interaction ΦF defined above is
translation invariant and finite range. Every local Boltzmann weight is a strictly positive
rational. Moreover,

wmin = 1− ε2 ≤ wr
i ≤ 1 + (q − 1)ε2 = wmax, (2.7)

and G(ΦF ) is nonempty.

Proof. The kernel h takes the integer values −1 and q − 1, and 0 < ε < 1. Thus wr
i > 0, and

Bi,r ≥ (1−pr)wmin > 0. All entries are rational. The support is contained in {i, i+er}∪(i+N),
with the relevant hidden components at i + N . The finite rule table, the two rational
probabilities, and ε determine every entry by finite arithmetic. Existence of a Gibbs state
follows by taking a weakly convergent subsequence of finite-volume Gibbs measures; the
configuration space is compact and the finite-range, positive specification is continuous.

With counting a-priori measure on every copy of S = {−1, +1}×A4, the full finite-volume
Hamiltonian is

HΛ(ξ | ξ̄) = −
∑

i∈Z2, r∈{H,V }
({i,i+er}∪(i+N))∩Λ̸=∅

log
[
pr1{σi=σi+er } + (1− pr)wr

i

]
.

Each factor uses ξ on Λ and ξ̄ outside. There are no hidden one-site energy terms. Normalizing
counting measure to uniform measure only changes normalization constants.
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2.1 The auxiliary bonds

Introduce a bond ωi,r ∈ {0, 1} for each nearest-neighbor edge e = (i, i + er). Its joint local
factor is

B̃e =
{

pr1{σi=σi+er }, ωe = 1,

(1− pr)wr
i , ωe = 0.

(2.8)

For a finite set of affected factors E , this defines the joint conditional weight

γ̃(σ, X, ω | exterior) ∝
∏
e∈E

[
pe1{σu=σv}

]ωe
[
(1− pe)we

]1−ωe .

An exponent zero means that the corresponding factor is omitted. Counting measure is used
also for bonds. The canonical extension µ̃ below is defined by these weights. For r = H, V ,
put

Cr(ω) = {i ∈ Z2 : ωi,r = 0}.

The center of (i, i+er) means its lower-left endpoint i; this identifies horizontal witness centers
with horizontal edges.

Summing over ωe gives Bi,r. Given the original variables, these auxiliary bonds are
conditionally independent with the probabilities prescribed by (2.8)/Bi,r.

Every original Gibbs state has a canonical extension µ̃. For a finite collection of site and
bond coordinates, condition on all exterior coordinates. Its conditional density is the product
of the factors (2.8) that meet the resampled coordinates, with exterior values fixed. Factors
disjoint from them cancel. Indeed, the original DLR density is multiplied by the conditional
bond kernels; their denominators Be cancel the original factors on every affected edge. This
is the joint DLR specification. Its site projection is the original specification. Open bonds
impose visible equality; closed bonds have no visible-spin dependence.

Symbol Meaning

q, m, N CA alphabet size, neighborhood size, neighborhood
r ∈ {H, V }, η orientation; output-reset retention
h(a, b), wr

i collision kernel; positive local collision weight
cT , z(T ) collision coefficient; ε2|T |cT

Cr(ω), K(ω) closed centers; FK cluster count
P, D(P ), g witness; overlap neighborhood; comparator reward
κ, ∆ 3−(|P |−1); strict comparison displacement
λC , D conditional hidden measure; Dobrushin matrix
ρ, R∞(C, e) contraction bound; hidden insertion ratio

3 Collision identities and surjectivity
Let U, U ′ be independent uniform Bernoulli configurations on AZ2 , and write Y = F (U),
Y ′ = F (U ′). For finite T ⊂ Z2, set

cT = E
∏
i∈T

h(Yi, Y ′
i ), c∅ = 1, z(T ) = ε2|T |cT . (3.1)

Remark (The balance equivalence [29, 36, 32]). A CA on AZ2 is surjective if and only if it
preserves uniform Bernoulli measure.

Proof. Let u be uniform Bernoulli measure and ν = F∗u. Assume first that F is onto. Fix a
finite support P and a pattern a ∈ AP . In a large square Λ, choose translates P +x1, . . . , P +xk

whose input supports P +xj +N are pairwise disjoint and contained in Λ+N , with P +xj ⊂ Λ.
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Choosing their centers on a sufficiently widely spaced fixed grid gives k ≥ c|Λ|+ o(|Λ|), where
c > 0 depends only on P, N .

There are q|Λ|−k|P | output patterns on Λ that equal the selected translate of a on every
P + xj . Surjectivity gives a preimage for every such pattern, and different output patterns
require different input patterns on Λ + N . The number of input patterns satisfying the k
prescribed output constraints is exactly

q|Λ+N |ν([a])k, (3.2)

because the input supports are disjoint. Hence(
q|P |ν([a])

)k ≥ q−(|Λ+N |−|Λ|). (3.3)

The exponent on the right is a boundary term. Taking logarithms, dividing by k, and letting
Λ grow gives ν([a]) ≥ q−|P |. Summing over all patterns a gives equality for each one. Thus
ν = u.

Conversely, F (AZ2) is compact and therefore closed. If F∗u = u, this image contains the
support of u, which is the whole full shift. Thus F is onto.

Lemma 3.1 (positivity, factorization, and detection). For every finite T ,

0 ≤ cT ≤ (q − 1)|T |. (3.4)

Every cT is an effectively computable rational, with denominator dividing q2|T +N |. In particular,

cT > 0 =⇒ cT ≥ q−2m|T |. (3.5)

All nonempty cT vanish if and only if F is surjective.
Let Γ be the graph on output centers in which i, j are adjacent when (i + N)∩ (j + N) ̸= ∅.

Its maximum degree plus one is at most m2. If T1, T2 have no Γ-edge between them and are
disjoint, then

cT1∪T2 = cT1cT2 . (3.6)

Consequently, nonsurjectivity has a finite nonempty connected witness P with cP > 0.

Proof. Choose a real orthonormal basis 1, χ1, . . . , χq−1 for functions on A, with respect to
uniform measure. The completeness identity is

h(a, b) =
q−1∑
α=1

χα(a)χα(b). (3.7)

Expanding the product and using independence of the two replicas gives

cT =
∑

α:T →{1,...,q−1}

(
E
∏
i∈T

χα(i)(Yi)
)2

. (3.8)

This proves nonnegativity. The pointwise bound |h| ≤ q − 1 proves the upper bound. The
direct definition averages an integer-valued function over two independent configurations on
the finite input set T + N ; it gives the claimed rationality, computability, and denominator
bound.

If F is onto, the balance equivalence makes Y uniform iid, and every nonempty product
in (3.8) has mean zero. Conversely, if every nonempty cT vanishes, every squared Fourier
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coefficient in (3.8) vanishes. Every nonconstant tensor Fourier coefficient of every finite-
dimensional distribution of Y occurs in one of these expressions, with T its nonconstant-
coordinate support. Thus all those distributions are uniform product distributions, and the
balance equivalence applies.

The possible differences j− i for overlapping neighborhoods lie in N−N , whose cardinality
is at most m2. Independence of disjoint input sets proves (3.6): the random variables used in
the two products depend on disjoint coordinates in both replicas. Factorization over connected
components and positivity show that a positive nonempty witness has a positive connected
component.

For one orientation, let C be a finite set of closed-edge centers and integrate its hidden
variables against the iid prior:

W (C) = E
∏
i∈C

wi. (3.9)

Expansion gives the fundamental identity

W (C) =
∑

T ⊆C

z(T ). (3.10)

In particular, W (C) ≥ 1, and W is increasing under addition of closed edges.
Summing visible spins in a finite graph gives the cluster weight 2K(ω). With an iid hidden

prior on a sufficiently large padded input region, the integrated bond law is

µ(ω) ∝ 2K(ω)∏
e

pωe
e (1− pe)1−ωeW (CH(ω))W (CV (ω)). (3.11)

Free or wired spin counting uses the corresponding cluster count; constants from a wired
boundary cluster cancel. Formula (3.11) uses a free hidden boundary: all input variables in
the padded region are summed against the iid prior. Fixed hidden boundaries can change
insertion ratios near that boundary. Surjectivity also need not make the CA onto on a finite
periodic torus: wrap-around constraints can give W ≠ 1. Section 5 proves the infinite-volume
result separately. Every thermodynamic subsequential limit of these finite-volume measures is
covered by that result.

4 Witness completion and strict stochastic comparison
Fix a nonempty witness P , let k = |P |, and put

D(P ) = {j : (j + N) ∩ (P + N) ̸= ∅}, |D(P )| ≤ m2k, (4.1)

aP = ε2kcP

w
|D(P )|
max

> 0, g = 1
k

log(1 + aP ), (4.2)

κ = 3−(k−1), ∆ = κg > 0. (4.3)

Here D(P ) denotes an overlap neighborhood; it is not a Dobrushin matrix.

Lemma 4.1 (witness completion). Let i ∈ P , i /∈ C, and P \ {i} ⊆ C. Then

W (C ∪ {i})
W (C) ≥ 1 + aP . (4.4)

Without the completion assumption, this ratio is at least one.
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Proof. In the positive expansion of W (C ∪ {i})−W (C), retain only the subsets P ∪ S with
S ⊆ C \D(P ). Their input supports are disjoint between P and S, so factorization gives

W (C ∪ {i})−W (C) ≥ z(P )W (C \D(P )). (4.5)

Pointwise, at most |D(P )| factors were removed from the defining product for W (C), each at
most wmax. Therefore

W (C) ≤ w|D(P )|
max W (C \D(P )). (4.6)

Dividing proves the claim. The unconditional lower bound follows directly from nonnegative
coefficients in (3.10).

4.1 An attractive comparator

Use witness translates only on horizontal edges. In a finite edge set E, let TE contain translates
P + t all of whose horizontal edges belong to E. Define

VE(C) = exp

g
∑

t∈TE

1{P +t⊆C}

 . (4.7)

For a horizontal edge e /∈ C, write ne(C) for the number of retained witness translates
completed by adding e. Since a translate containing e is determined by its member of P
mapped to e, ne(C) ≤ k. Lemma 4.1 consequently gives

W (C ∪ {e})
W (C) ≥ egne(C). (4.8)

Indeed, if ne = 0 use the unconditional bound; otherwise egne ≤ egk = 1 + aP .

Lemma 4.2 (FKG comparator). For any free or wired finite-graph FK boundary condition,
let

νg(ω) ∝ 2K(ω)∏
e

pωe
e (1− pe)1−ωeVE(CH(ω)). (4.9)

This is an FKG measure. The finite law (3.11) satisfies

µ ⪯ νg. (4.10)

Proof. The function K(ω) is supermodular in the open-edge set, by submodularity of the
graphic-matroid rank. Each all-closed indicator is also supermodular: if I denotes absence of
any open edge from a fixed set, then I(ω ∨ ω′) + I(ω ∧ ω′) ≥ I(ω) + I(ω′). Thus the density
in (4.9) is log-supermodular. The FKG inequality [21] applies.

By (4.8), W (CH)/VE(CH) is increasing in closed edges. So is W (CV ). The density of µ
relative to νg is therefore decreasing in open edges. For increasing f , positive association
implies that its covariance with this decreasing density is nonpositive. Normalizing gives
µ(f) ≤ νg(f). This is also a special case of Holley’s comparison principle [30]; see also [26,
Theorems 2.19 and 2.27].

4.2 Covariance interpolation

Fix one member p∗ ∈ P as the anchor. Each retained translate P + t has anchor et, the
horizontal edge centered at p∗ + t. Distinct translates have distinct anchors. Let AE be this
anchor set. With log-odds θe = log(pe/(1− pe)), consider

νθ,s(ω) ∝ 2K(ω) exp

∑
e

θeωe + s
∑

t∈TE

It(ω)

 , It = 1{P +t closed}. (4.11)

It is FKG for s ≥ 0. Assume every horizontal θe ≤ log 2.
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Lemma 4.3 (the anchor covariance inequality). For every increasing f and every retained
translate,

Covνθ,s
(f, It) ≤ −3−(k−1) Covνθ,s

(f, ωet). (4.12)

Proof. The event It = 1 implies ωet = 0. Conditional FKG monotonicity gives

ν(f | It = 1) ≤ ν(f | ωet = 0). (4.13)

Subtracting ν(f) and multiplying by ν(It) yields

Covν(f, It) ≤ −
ν(It)

ν(ωet = 0) Covν(f, ωet). (4.14)

No pivotal modification is involved.
The conditional open odds of a horizontal edge are at most eθe ≤ 2: its FK cluster factor

is at most one, and opening an edge can only remove all-closed rewards. Its conditional
closed probability is therefore at least 1/3. This remains true when only some other edges are
conditioned, by averaging. Sequentially closing the other k − 1 edges gives

ν(It)
ν(ωet = 0) = ν(It | ωet = 0) ≥ 3−(k−1). (4.15)

The remaining covariance is nonnegative by FKG, proving the displayed inequality.

Proposition 4.4 (a strictly subcritical ordinary FK upper bound). The measure νg is
dominated by the ordinary FK-Ising measure with horizontal log-odds log 2−∆ on AE, critical
log-odds on the other horizontal edges, and vertical log-odds zero, with the same FK boundary
condition.

Proof. Use the path 0 ≤ s ≤ g with

θe(s) =


log 2− κg + κs, e ∈ AE ,

log 2, e horizontal but not in AE ,

0, e vertical.
(4.16)

Finite-volume differentiation and Lemma 4.3 give

d

ds
νθ(s),s(f) = κ

∑
e∈AE

Cov(f, ωe) +
∑

t∈TE

Cov(f, It) ≤ 0. (4.17)

The endpoint s = g is νg, and s = 0 is the asserted ordinary FK measure.

In the infinite-volume interior, this comparison has the homogeneous parameters

v′
H = eθ′

H = 2e−∆, v′
V = 1, p′

H = 2e−∆

1 + 2e−∆ , p′
V = 1

2 . (4.18)

The square-lattice FK-Ising critical curve is vHvV = 2, equivalently sinh(2KH) sinh(2KV ) = 1.
Thus (4.18) is strictly subcritical. The precise handling of the unshifted finite boundary strip
is included in the all-state proof below.

5 The comparison in every Gibbs state
This section is needed because integrating an iid hidden prior in finite volume does not by
itself control all Gibbs states.
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5.1 Uniform conditional contraction of the hidden layer

For one orientation, regard (Xi, X ′
i) as a single hidden variable with alphabet A2. For a

possibly infinite set C of closed centers, the hidden interaction consists of − log wi for i ∈ C.
Let

ℓw = log(wmax/wmin). (5.1)
For (2.1),

ℓw ≤ 2qε2. (5.2)

Lemma 5.1 (hidden uniqueness uniformly in the bonds). For every C ⊆ Z2, the hidden
specification has a unique Gibbs measure λC . The Dobrushin row sums are bounded, uniformly
in C, by

ρ ≤ 1
2ℓw m(m− 1) < 1. (5.3)

Its local distributions are insensitive, exponentially in the separation, to hidden boundary
conditions and to changes of closed centers outside a distant region. The corresponding
statement also holds conditional on any visible configuration.

Proof. For distinct hidden sites i, j, let nij count factors whose input supports contain both.
Changing the variable at j changes the single-site log weight at i by a function of oscillation
at most 2nijℓw. The likelihood-ratio estimate [24, Proposition 8.8] gives

Dij ≤ tanh(nijℓw/2) ≤ nijℓw/2.

Each site belongs to at most m factors, each involving at most m − 1 other sites. Thus∑
j nij ≤ m(m− 1), proving (5.3).
The estimate applies separately to both independent orientation layers. Given visible

spins, the factors are prδsame + (1− pr)wr
i . Their logarithmic oscillations are no larger than

ℓw, so the same estimate holds.
The Dobrushin uniqueness and comparison theorem [14, 39] now applies. One may see

exponential locality directly from its influence matrix D: it has row sum at most ρ < 1, and
each nonzero entry joins sites at separation at most diam N . The resolvent

∑
n≥0 Dn therefore

has exponentially small tails in physical distance, with constants allowed to depend on N . It
also controls inhomogeneous changes of factors confined outside a distant region.

If e /∈ C, define the infinite-volume insertion ratio

R∞(C, e) = λC(we). (5.4)

For a finite exhaustion En, the measure obtained by retaining only factors centered in C ∩En

has product reference outside their input support. Lemma 5.1 gives, uniformly in the ambient
C,

W ((C ∩ En) ∪ {e})
W (C ∩ En) −→ R∞(C, e). (5.5)

Lemma 5.2 (insertion bounds and local reweighting). For every infinite pattern C, with
e /∈ C,

R∞(C, e) ≥ 1. (5.6)
For the horizontal witness rewards of Section 4,

R∞(C, e) ≥ egne(C) (5.7)

when ne(C) counts any collection of completed witness translates. Moreover,

λC∪{e} = we

R∞(C, e) λC , λC∪{e}(w−1
e ) = R∞(C, e)−1. (5.8)

If F is onto, R∞(C, e) = 1 for every C, e.
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Proof. The finite insertion inequalities pass to the uniform limit (5.5). Only finitely many
translates contain a given edge, so their completions are all seen in a sufficiently large
truncation. Multiplication of a Gibbs measure by the positive local factor we, followed by
normalization, changes its specification by precisely that factor. Uniqueness in Lemma 5.1
identifies the result with λC∪{e}, proving (5.8). In the onto case all finite W ’s equal one, by
Lemma 3.1, and so do their insertion ratios.

5.2 Conditional signs and marginal bond odds

Let µ̃ be the canonical bond extension of an arbitrary µ ∈ G(ΦF ).

Lemma 5.3 (conditional independence and fair finite clusters). Given (σ, ω), the hidden
variables have the unique conditional law λCH(ω) ⊗ λCV (ω). Consequently hidden variables and
visible cluster signs are independent conditional on ω. Conditional on the bonds, every finite
open cluster has an independent fair sign, also independent of all infinite-cluster signs. No
absence-of-infinite-clusters assumption is needed.

Proof. There are countably many finite-volume DLR equations (test cylinder indicators).
A regular conditional distribution therefore satisfies all of their hidden-coordinate versions
simultaneously outside one null set. Disintegrating these joint DLR equations gives L(X |
σ, ω) ∈ G(γC(ω)) almost surely, where γC(ω) is the product of the two hidden closed-factor
specifications. It is independent of σ; Lemma 5.1 gives its unique law. This proves the
conditional independence.

For a fixed finite open cluster, flip every visible spin in that cluster. All open equality
constraints are preserved, and closed factors do not depend on visible spins. This finite
transformation preserves the joint conditional Gibbs weights. Its two cluster signs are
therefore equiprobable, conditional on all remaining information. Applying the argument to
any finite collection of finite clusters gives independent fair signs. Conditioning on the event
that a specified finite vertex set is a cluster makes this a direct finite-support DLR argument;
countably many such events cover all finite clusters.

Lemma 5.4 (exact marginal opening odds). Fix an edge e = {u, v}, condition on all other
bonds, and let C denote the other closed edges in its orientation, excluding e. Put

αµ = µ̃(σu = σv | ωec , ωe = 0). (5.9)

Then, almost surely,
µ̃(ωe = 1 | ωec)
µ̃(ωe = 0 | ωec) = pe

1− pe

αµ

R∞(C, e) . (5.10)

The closed conditional probability is bounded away from zero.

Proof. Changing a closed bond to open multiplies the local weight by

pe

1− pe

1{σu=σv}
we

. (5.11)

On the closed branch, the hidden law is λC∪{e}, not λC . Lemmas 5.3 and 5.2 factor its
conditional expectation into αµ/R∞(C, e). This proves the odds formula. Its right-hand side
is at most pe/(1− pe), because αµ ≤ 1 and R∞ ≥ 1. Thus the closed probability is at least
1− pe.
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5.3 Wired cores and arbitrary exterior conditions

Proposition 5.5 (all-state FK domination). For every µ ∈ G(ΦF ), its bond marginal is
stochastically dominated by the wired critical anisotropic FK-Ising measure ϕ1

c. If cP > 0, it
is dominated by the homogeneous strictly subcritical FK-Ising state with parameters (4.18).
Proof. Let Vn be a square core, En its internal nearest-neighbor edges, and identify all
boundary vertices of Vn in the reference FK measure. Condition the target bond law on its
exterior bonds.

Fix an internal edge e. If its endpoints are disconnected after deleting e in this fully wired
core, at most one of their components can meet the core boundary. At least one component is
therefore contained in the interior of Vn, and is a finite cluster in the full bond configuration.
On the closed branch, Lemma 5.3 implies αµ = 1/2. If the endpoints are wired-connected, use
simply αµ ≤ 1. Thus, with connectivity in the fully wired core with e deleted,

αµ ≤ wired cluster factor =

1, u←→w v,

1/2, u ̸←→w v.

Retain only witness translates wholly inside En, and let nVn
e (C) count just those completed

by closing e. Name the wired-core comparator νVn,w
g : it is (4.9) on En, with complete wiring

and only these retained translates. By (5.7), the target’s horizontal opening odds are at most
the ordinary fully wired FK opening odds multiplied by e−gnVn

e (C). On vertical edges use
R∞ ≥ 1. Thus every target single-edge opening probability is at most that of the fully wired
comparator νVn,w

g at the same internal configuration.
For clarity, this comparison does not require target FKG. The comparator’s single-edge

probabilities are increasing in the other edges, by its lattice condition. Couple single-edge
heat-bath updates with the same uniform random variable, starting both chains in the all-
closed configuration. The pointwise probability comparison and comparator monotonicity
preserve the order. The target has downward-closed support because closing any edge has
positive conditional probability. Its finite heat-bath chain is irreducible on that support: one
can close to the all-closed state and reverse a closing path to any supported configuration.
Passing to stationary distributions proves target domination by νVn,w

g . This is the single-edge
Holley coupling criterion with a monotone upper law [26, Theorems 2.3 and 2.27]; the support
argument covers the target’s possible zeros. It holds for almost every conditioned exterior, so
also after averaging it.

Apply Proposition 4.4. It reduces the horizontal odds on the anchors of complete witness
translates; it leaves an unshifted strip near the boundary. This strip is not ignored. Since
P is fixed, there is a fixed width such that every horizontal edge of a smaller concentric
core is an eligible anchor. Condition the resulting ordinary FK law on all edges outside this
smaller core. By the domain Markov property its induced boundary partition is dominated
by complete wiring [26, Lemmas 4.13–4.14]. Therefore its marginal on any fixed still smaller
region is dominated by the ordinary homogeneous subcritical FK law in the smaller core with
wired boundary. Let n→∞. The wired measures decrease to their infinite-volume limit [26,
Theorem 4.19]; here that is the unique subcritical FK state. This proves the comparison for
local increasing events. Finally {x←→ y} is the increasing union of events that an open path
inside a finite box joins x to y, so continuity from below gives the same connection bound.

For the critical comparison omit witness rewards entirely and use only R∞ ≥ 1 in the
same wired-core argument. The upper limit is critical wired FK-Ising.

6 The two branches and completion of the magnetic proof
We use the following external Ising facts, with their exact roles stated.
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(I1) Critical curve. Rectangular nearest-neighbor ferromagnetic Ising is critical when

sinh(2KH) sinh(2KV ) = 1. (6.1)

Equivalently vHvV = 2, for FK odds vr = e2Kr − 1. The square-lattice specialization of
the weighted-planar equation [11] is

tanh KH + tanh KV + tanh KH tanh KV = 1.

For (e2KH , e2KV ) = (3, 2) this reads 1/2 + 1/3 + 1/6 = 1, explaining the chosen rational
critical pair.

(I2) Critical continuity. At a critical nondegenerate biperiodic planar Ising model, the plus-
state magnetization is zero [15, Theorem 1.5]. Ising monotonicity implies uniqueness:
in the monotone coupling of plus and minus states, every single-site disagreement
has probability zero, and any Gibbs state lies between them. The Edwards–Sokal
identification gives

ϕ1
c(0←→∞) = ⟨σ0⟩+ = 0

[26, Theorems 4.91 and 5.17]. Thus critical wired FK has no infinite cluster; its free and
wired limits coincide. Indeed, the free Ising state lies between the equal plus and minus
states. Sampling bonds independently on equal-spin edges gives the free FK limit from
the free Ising state and the wired FK limit from the plus state, so these bond laws agree
[26, Theorem 4.91 and its following free-boundary remark]. The FK boundary-condition
sandwich [26, Lemma 4.14, Theorem 4.19] gives uniqueness of the FK state.

(I3) Sharpness. Strictly subcritical finite-range Ising two-point functions decay exponen-
tially, and hence so do FK-Ising connectivities [16, Theorem 2.1 and Section 2.2, arXiv v3
numbering]. At criticality the susceptibility is infinite [16, Proposition 2.2]; see also the
original correlation-inequality argument [40]. These results allow translation-invariant
anisotropic couplings. At the displaced point (4.18), fix its couplings and vary β along
their ray. The critical-curve theorem gives βc > 1; sharpness applies at β = 1. The
original sharpness result is due to Aizenman, Barsky and Fernández [1].

Proposition 6.1 (nonsurjective branch). If F is not onto, there are CF < ∞, aF > 0,
independent of the Gibbs state, such that every µ ∈ G(ΦF ) satisfies

µ(σx) = 0, 0 ≤ µ(σxσy) ≤ CF e−aF ∥x−y∥1 . (6.2)

Proof. Lemma 3.1 supplies a positive connected witness. Proposition 5.5 dominates every
bond marginal by the same strictly subcritical FK-Ising state. It follows that all its clusters
are finite, and (I3) bounds its connection probabilities exponentially. Fair independent cluster
signs give

µ(σx) = 0, µ(σxσy) = µ̃(x←→ y). (6.3)

Stochastic domination proves the result with the comparator’s constants.

Corollary 6.2 (the entire visible odd sector). Let f, g be bounded local functions of visible and
hidden variables, each odd under simultaneous reversal of all visible spins. If their supports
are S, T , respectively, then in the nonsurjective branch

µ(f) = µ(g) = 0,

|Covµ(f, g)| ≤ ∥f∥∞∥g∥∞ µ̃(S ←→ T )
≤ CF |S||T |∥f∥∞∥g∥∞e−aF dist1(S,T ).

(6.4)
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Proof. Condition on the bonds and hidden variables. All clusters have independent fair signs.
Flipping the finite union of clusters that meets S reverses f , giving conditional mean zero. If
no cluster meets both S and T , the same flip leaves g unchanged, so the conditional product
has mean zero. On the remaining event bound it by the product of the norms. A union bound
and the two-point FK estimate give the last inequality.

Proposition 6.3 (surjective branch). If F is onto, the full Gibbs state is unique. Its visible
marginal is exactly critical anisotropic Ising with e2KH = 3 and e2KV = 2. Its magnetic
two-point function has no exponential envelope.

Proof. All insertion ratios equal one. First apply the critical comparison in Proposition 5.5.
By (I2), critical wired FK has no infinite cluster, so neither does the target bond law.

With all clusters finite, Lemma 5.3 makes the factor αµ in (5.10) exactly one when the
endpoints are already connected without the tested edge, and exactly 1/2 otherwise. These are
precisely the ordinary FK-Ising conditional probabilities. Equivalently, conditioning on any
finite core induces the standard outside-connectivity boundary partition. All finite conditional
configurations have positive probabilities, so the single-edge conditionals identify the finite-core
FK specification. For every exterior partition ξ and core Vn,

ϕ0
Vn
⪯ ϕξ

Vn
⪯ ϕ1

Vn
.

The middle law is the conditional bond law given the exterior (domain Markov property).
Averaging preserves this sandwich. On every fixed local increasing event the outer laws tend
to ϕ0

c and ϕ1
c [26, Lemmas 4.13–4.14, Theorem 4.19]. They agree by (I2), so the bond marginal

is their common, unique critical FK state.
Given the bonds, the cluster signs are uniquely determined in law by fair independent

coloring, and the hidden layer is uniquely λCH⊗λCV . This identifies the full extended state and
hence the original Gibbs state uniquely. Coloring the critical FK measure gives the ordinary
critical Ising marginal. The base odds are 2 and 1, so e2KH = 1 + 2 = 3, e2KV = 1 + 1 = 2.
Directly,

sinh(log 3) sinh(log 2) = 4
3 ·

3
4 = 1. (6.5)

Finally, (I3) says that the critical susceptibility
∑

x µ(σ0σx) is infinite. An exponential
envelope would make this sum finite. Thus the required envelope does not exist. Alternatively,
exponential decay would make the Duminil-Copin–Tassion finite-set quantity less than one in
a large square; continuity would extend that strict inequality past criticality, contradicting
their critical-point characterization.

These propositions establish the variable-alphabet dichotomy, with zero magnetization
in every state. On nonsurjective inputs the constants are uniform over all Gibbs states and
locations. On surjective inputs the unique state is translation invariant and fails exponential
decay. Thus either choice of the state quantifier in Theorem A has the same answer on this
family.

7 Fixing the cellular-automaton alphabet
Kari’s original surjectivity construction [31, Theorem 2, p. 179] places a tile background and
a bit at each site. The background supplies local matching constraints and directed arrows.
A local error freezes the affected bit; away from errors the update XORs it with the bit at
the neighbor named by the directed tile’s arrow (the successor). More precisely, Kari adds a
symbol B to the directed-tile coordinate. The bit stays unchanged if either tile-component
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matching test fails at the cell, or if any site in its 3×3 Moore neighborhood has first component
B. Thus one can view the rule as bits propagating along locally checked directed paths.

The precise full-shift hypothesis used below is

G(q, s) = (q, gq(s)) for every q ∈ QZ2
, s ∈ {0, 1}Z2

.

Here Q is the finite set of allowed tile pairs; invalid global tilings are included. Kari states:
“The tile components of the states, both d and t, do not change. Only the bits may be altered.”
[31, p. 179] This is the full-shift property required by the reduction.

Lemma 7.1 (fixed-background alphabet reduction). For a fixed finite alphabet B, let G(q, s) =
(q, gq(s)) be a CA on (Q×B)Z2 . There is a computable CA G̃ on ({0, 1} ×B)Z2 , commuting
with every lattice translation, such that

G̃ is onto ⇐⇒ G is onto. (7.1)

Its neighborhood is allowed to grow.

Proof. Let ℓ = max(1, ⌈log2 |Q|⌉). Choose a computable surjection d : {0, 1}ℓ → Q and a right
inverse c : Q→ {0, 1}ℓ. Write Dℓ(n1, n2) = (ℓn1, n2). For a binary background u, decode at
every site x by the sliding window

D(u, x) = d(ux, ux+e1 , . . . , ux+(ℓ−1)e1). (7.2)

Suppose the evolving rule of G is

[gq(s)]x = f((qx+n, sx+n)n∈N ). (7.3)

Define
[G̃(u, v)]x =

(
ux, f

(
(D(u, x + Dℓn), vx+Dℓn)n∈N

))
. (7.4)

This is one finite local rule applied at every site. Thus it commutes with all shifts; it does not
select a privileged residue class.

For the proof only, decompose the signal coordinates into the ℓ classes (r, 0) + DℓZ2,
0 ≤ r < ℓ, and define

q(r)
n = D(u, (r, 0) + Dℓn), v(r)

n = v(r,0)+Dℓn. (7.5)

For fixed u, equation (7.4) gives

[G̃u(v)](r) = gq(r)(v(r)). (7.6)

The decoded backgrounds for different residues can overlap in their use of u; the signal
coordinates in different residues do not interact.

Because G freezes its background, it is onto exactly when gq is onto for every q. If this
holds, a target (u, w) for G̃ has a preimage obtained by choosing, separately for each of the
finitely many residues, a preimage of w(r) under gq(r) .

Conversely, suppose G̃ is onto. For any target (q, s) for G, place c(q(n,m)) in the disjoint
horizontal block {(ℓn + j, m) : 0 ≤ j < ℓ} of a binary background u. Then q(0) = q. Choose a
signal target w whose residue-zero component equals s, with arbitrary other components. A
preimage under G̃ has the same background u; its residue-zero signal is a preimage of s under
gq. Thus G is onto.

Corollary 7.2 (four CA symbols and 512 physical states). Surjectivity is undecidable for
two-dimensional CAs on the fixed four-symbol alphabet A∗ = {0, 1}2, with varying finite
neighborhoods. Theorem A follows with |S∗| = 512.
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Proof. Apply Lemma 7.1 with B = {0, 1} to Kari’s hard family. The collision construction
applies directly to the resulting four-symbol full-shift CA. There is no need for the decoder
to preserve uniform measure: the balance equivalence applies to the resulting CA itself.
Propositions 6.1 and 6.3 turn an algorithm deciding (1.1) into an algorithm deciding the
complement of surjectivity, and hence surjectivity, a contradiction.

For explicit bookkeeping, a Moore-neighborhood presentation of Kari’s rule can be padded
to N = {−1, 0, 1}2. The encoded rule can use

Ñ = {−ℓ,−ℓ + 1, . . . , 2ℓ− 1} × {−1, 0, 1}, |Ñ | = 9ℓ. (7.7)

The choice (2.1) is then
ε = 1

400(9ℓ + 1)2 . (7.8)

Every operation, including writing the finite local weight table, is effective. The four-symbol
surjectivity corollary is a routine encoding of Kari’s frozen-background rule; we make no
separate novelty claim for that CA statement. Its role here is the physical dimension bound.

8 Exact diagonal quantum transfer
Let d = |S| and let

A =
⋃

Λ⋐Z2

⊗
x∈Λ

Md(C) (8.1)

be the full quasilocal matrix algebra. Diagonalize each classical interaction term in the product
basis indexed by S, obtaining Φ̂. Let Ediag be the local dephasing conditional expectation,
extended consistently to A.
Remark (The standard diagonal correspondence [7, 41, 19]). For every β > 0, there is an affine
bijection

Gβ(Φ)←→ KMSβ(Φ̂), µ 7−→ ωµ = µ ◦ Ediag. (8.2)

For disjointly supported local quantum observables A, B,

Covωµ(A, B) = Covµ(EdiagA, EdiagB). (8.3)

In particular, Zx = σz
x ⊗ I has exactly the classical magnetic correlations, in every KMS state.

Proof. Every local diagonal observable D is fixed by the dynamics. The KMS identity implies
ω(AD) = ω(DA) for all local A. Hence ω is invariant under conjugation by every local diagonal
unitary. Averaging those unitaries dephases each finite matrix algebra, so ω = ω ◦ Ediag. This
argument also removes coherences inside energy-degenerate subspaces.

Let Λ contain the support of a local matrix unit |a⟩⟨b|, and write E(a, η) for the sum
of interaction energies meeting Λ, with interior configuration a and exterior configuration η.
Diagonality and finite range give

αiβ(|a⟩⟨b|) = e−β(E(a,η)−E(b,η))|a⟩⟨b|. (8.4)

Only finitely many interaction terms meeting the support enter; all other terms commute
with it. Thus every local observable is entire analytic.

Use the KMS identity with opposite matrix units, multiplied by arbitrary exterior cylinder
functions. It gives the conditional ratio

µ(a | η) = e−β(E(a,η)−E(b,η))µ(b | η). (8.5)
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These strictly positive ratios, together with normalization, are exactly the DLR conditional
probabilities.

Conversely, if µ is DLR, condition on the classical exterior of a finite region containing the
supports of two local operators. The conditional interior density matrix is the finite-volume
diagonal Gibbs matrix. Cyclicity of its trace gives the KMS identity for the two operators and
their local analytic dynamics. Integrating the exterior proves KMS on the local algebra, and
hence the full algebra. This establishes the bijection. The same local commuting-Hamiltonian
KMS reduction is discussed in [19, Section 3.5].

For disjoint supports, dephasing factorizes: Ediag(AB) = (EdiagA)(EdiagB). Applying µ
and subtracting the means proves (8.3).

Taking the diagonal algebra alone would be incorrect for this assertion: its dynamics is
trivial and every probability measure is KMS. The full matrix algebra is essential. The input
energies remain log-rational; the theorem makes no claim for the narrower class of rational or
algebraic Hamiltonian matrix entries at a fixed temperature.

Proof of Theorem B. Apply the correspondence to Theorem A. The diagonal observable Zx

has precisely the visible classical spin values. The affine bijection preserves translation
invariance and all stated spin expectations. It therefore transfers both branches and each
state quantifier.

9 Noise and effective impossibility corollaries

9.1 A prescribed output-reset noise family

Proposition 9.1 (structured reset noise). Fix a rational retention parameter η ∈ (0, 1].
Independently reset each CA output, in each replica and at each site, to a uniform symbol with
probability 1− η, before applying the collision kernel and averaging the resets. The resulting
local weight is

wi,η = 1 + (ηε)2h(F (X)i, F (X ′)i). (9.1)

Theorem A, including its every-Gibbs-state conclusion and diagonal quantum transfer, holds
for this family at every such fixed η > 0. At η = 0 all inputs have the same critical visible
marginal.

Proof. The reset kernel is Tη(a, b) = η1{a=b} +(1−η)/q. It multiplies each mean-zero function
on A by η. By the kernel expansion used in (3.8), averaging two independent resets multiplies
h by η2. The collision activities become η2|T |z(T ), so their zero/nonzero pattern is unchanged
for η > 0. All completion and covariance estimates apply with ε replaced by ηε; the hidden
contraction improves. Rational η preserves rationality of the weights. If η = 0, every w equals
one.

This proves Theorem C.

Proposition 9.2 (fragility under detuning and persistence under readout noise). The surjective
branch is not robust to arbitrary sufficiently small changes of the weights. In contrast,
independent sign noise on the visible readout preserves the correlation-decay dichotomy for
every nonzero retention.

Proof. Decrease the base horizontal log-odds from log 2 to log 2− t, t > 0, leaving the collision
factors unchanged. The proof using R∞ ≥ 1 now dominates every input model by the strictly
subcritical ordinary FK model with odds product 2e−t < 2. Thus all inputs have exponential
magnetic decay, however small t is. Rational changes of pH can be chosen arbitrarily close to
2/3.
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For independent visible flips with mean multiplier s ≠ 0, distinct-site connected correlations
become

Cov(σ̃x, σ̃y) = s2 Cov(σx, σy), x ̸= y. (9.2)

The same identity holds for a product quantum channel satisfying Z 7→ sZ. Multiplication by
a fixed positive constant preserves existence or nonexistence of an exponential envelope. The
postprocessed state is not asserted to be a Gibbs state of another finite-range interaction.

9.2 Effective compactness and no total positive decay modulus

Remark (Finite-volume extrema; standard compactness [41, 19]). For any finite-range interac-
tion with positive rational local weights, and any rational-valued local observable O, let Λn

exhaust the lattice and contain supp O. Define

mn = min
η

γη
Λn

(O), Mn = max
η

γη
Λn

(O), (9.3)

where only the finite interaction collar of Λn must be enumerated. These numbers are exactly
computable rationals, and

mn −→ inf
µ∈G(Φ)

µ(O), Mn −→ sup
µ∈G(Φ)

µ(O). (9.4)

No monotonicity or uniqueness assumption is required.

Proof. Finite-volume weights are products of positive rationals. Enumerating finitely many
interior configurations and exterior collars computes every conditional expectation and both
extrema exactly. The DLR equations place every Gibbs expectation between mn and Mn.

For any subsequence of maximizing boundary conditions, extend each finite-volume measure
by any configuration matching its chosen collar outside. Compactness gives a further weakly
convergent subsequence. Every fixed local DLR equation holds for all sufficiently large
volumes, and continuity passes it to the limit. Thus the limit is Gibbs. Its O-expectation is
the corresponding limit of the Mn’s, so no subsequential upper limit can exceed the supremum
over Gibbs states. Together with the outward bound this proves convergence. The argument
for minima is identical.

Proposition 9.3 (no total algorithm for positive decay moduli). There is no total algorithm
which, on every input in the constructed family, returns strictly positive rational numbers
CF , aF , with the guarantee that on every nonsurjective input

∀µ ∈ G(ΦF ) ∀x : µ(σ0σx) ≤ CF e−aF ∥x∥1 . (9.5)

The same impossibility holds if the outputs are computable positive real numbers with effective
descriptions.

Proof. Suppose such an algorithm exists. The fixed critical Ising state has a computable
expectation for each local observable: apply the finite-volume extrema remark to the rational-
weight critical Ising specification, and use its uniqueness to make the lower and upper extrema
converge to the same value.

Run the proposed algorithm on F . Since critical magnetic correlations have no exponential
envelope, an effective search over x, rational b, and approximation accuracies terminates with

CF e−aF ∥x∥1 < b < ⟨σ0σx⟩c. (9.6)

The exponential is a computable real, so the strict inequalities can be certified once true.
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For the input interaction ΦF , compute the finite-collar extrema in the finite-volume
extrema remark for O = σ0σx. If F is nonsurjective, all Gibbs expectations lie strictly below
b, and eventually Mn < b. If F is onto, its unique Gibbs expectation is the critical value
strictly above b, and eventually mn > b. Running these tests decides surjectivity, contradicting
Kari’s theorem and Section 7. Computable-real outputs can either be used in the same
strict-inequality search or relaxed to rational C above and a below them.

This proves Theorem D. Positivity and totality on every input are essential. It does not
rule out an algorithm which first searches for a collision witness and returns moduli only after
finding one; nor does it rule out a total rate description allowed to be zero on surjective inputs.

Corollary 9.4 (semidecidability and explicit witnesses). The positive answer to (1.1), on this
constructed family, is computably enumerable. Given a witness, a strictly positive comparison
displacement is explicitly computable.

Proof. Enumerate finite sets T and compute the rational cT exactly. The search finds a
positive one precisely in the nonsurjective branch. Equations (4.2)–(4.3) give a computable
positive ∆. If decay constants are desired, enumerate finite-set sharpness certificates for
the resulting ordinary subcritical Ising model. Their strict inequalities are semidecidable for
computable couplings, one exists by [16], and its iterative proof gives exponential constants.
No computable a priori bound on the witness search is asserted.

9.3 A general arithmetic upper bound

Here a positive rational finite-range model has a finite spin alphabet and a finite translation-
invariant list of strictly positive rational weight tables; the specified on-site observable f
has rational values. Put fx = f ◦ τx. The following is an upper bound, not a completeness
statement.

Proposition 9.5 (arithmetic upper bounds). The raw-decay property

∀µ ∈ G(Φ) ∃Cµ, aµ > 0 ∀x : |µ(f0fx)| ≤ Cµe−aµ∥x∥1

belongs to Σ0
3. Under the promise that G(Φ) is a singleton, it belongs to Σ0

2.

Proof. First the statewise bounds can be made uniform. The nonempty compact metrizable
convex set K = G(Φ) is covered by the closed sets

AC,m = {µ : |µ(f0fx)| ≤ C 2−⌈∥x∥1/m⌉ for every x}, C, m ∈ N>0.

This is equivalent to exponential decay after enlarging C, m. Baire’s theorem gives one AC,m

with nonempty relative interior, containing a neighborhood of some µ0. There is a single
λ > 0 so small that (1− λ)µ0 + λν lies in this neighborhood for every ν ∈ K. Indeed a basic
weak neighborhood imposes finitely many expectation constraints on bounded local functions;
their changes under this mixture are uniformly O(λ). Since also µ0 ∈ AC,m, affine linearity
gives, for every ν and x,

|ν(f0fx)| ≤ λ−1(2− λ)C 2−⌈∥x∥1/m⌉.

Rounding the new constant up proves uniformity, without requiring that Gibbs states them-
selves be translation invariant.

Choose nested boxes ΛL ↑ Zd and, once they contain 0, x, define the computable rational

UL(x) = max
τ
|γτ

ΛL
(f0fx)|.
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The tower identity for specifications gives UL+1(x) ≤ UL(x): each larger-volume expectation
is an average of smaller-volume conditional expectations. Every Gibbs expectation is bounded
by UL(x). Conversely maximizing collars have a subsequential Gibbs limit by the compactness
argument above, so

UL(x) ↓ sup
µ∈K
|µ(f0fx)|.

With slack obtained by enlarging C, m, the property is exactly

∃C, m ∈ N>0 ∀x ∈ Zd ∃L : {0, x} ⊆ ΛL, UL(x) < C 2−⌈∥x∥1/m⌉.

The matrix predicate is decidable rational arithmetic; this is Σ0
3.

Under uniqueness, the finite-collar minimum and maximum converge to the same expecta-
tion. Search until their gap is at most 2−k to compute a rational vx,k with |vx,k−µ(f0fx)| ≤ 2−k.
This search is uniform and total on the uniqueness promise. The decay property is then
equivalent to

∃C, m ∀x, k : |vx,k| ≤ C 2−⌈∥x∥1/m⌉ + 2−k.

For a literal arithmetic formula on input codes, let the universal variable also encode any
finite transcript of this deterministic approximation algorithm. Check the displayed inequality
only if the transcript is a completed run for (x, k), otherwise accept it. This is a decidable
predicate; totality on the promise ensures a completed transcript for each (x, k). Letting
k →∞ proves the converse. Thus the promise restriction has a Σ0

2 definition.

Remark (Decidable special cases). In one dimension, positive finite-range weights yield a
primitive block transfer matrix [22, Corollary 6.41]. All connected correlations decay ex-
ponentially; raw decay of a real on-site f is equivalent to zero Gibbs mean. With rational
weights this mean is algebraic, so equality to zero is decidable by real algebraic arithmetic.
For square-lattice nearest-neighbor zero-field ferromagnetic Ising and the spin observable, with
rational u = e2KH > 1, v = e2KV > 1, raw all-state exponential decay holds exactly when
(u− 1)(v − 1) < 2, by (I1)–(I3) and positive magnetization above criticality [11, 16]. Equality
is critical and fails. This is a rational comparison. These remarks do not assert decidability
for general higher-dimensional models.

10 Potts order with a fixed gap and a computable pressure
The collision machinery also detects a standard order parameter with a fixed gap. We
distinguish the CA alphabet size s = |A| from the number Q of visible colours. In this section
Q = 9 in the theorem; the intermediate comparison statements hold for every integer Q ≥ 2.

10.1 The local model and the unchanged ingredients

At each site use SQ = {1, . . . , Q} × A4 with the same two independent replica pairs as in
Section 2. Use ε from (2.1), evaluated with q = s, and define

bi,r = wr
i +

√
Q 1{σi=σi+er }, wr

i = 1 + ε2(s1{F (Xr)i=F (X′r)i} − 1
)
. (10.1)

Write ΨF for this interaction. Its Hamiltonian is the sum of − log bi,r over the affected factors,
exactly as in Section 2, with counting a-priori measure and no hidden one-site terms. For
Q = 9 the odds

√
Q = 3 and all entries are strictly positive rationals. Translation invariance,

finite range and effective description follow by the proof of Lemma 2.1.
The multiplier in the collision kernel is exactly s = |A|. Indeed an onto CA with a different

multiplier s′ would give
W (C) =

(
1 + ε2(s′/|A| − 1)

)|C|
,
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which moves the onto branch away from the coexistence point. No such detuning is allowed
here.

Use the same cT , D(P ) and hidden insertion ratios as before. Lemmas 3.1, 4.1, 5.1
and 5.2 transfer verbatim, with witness translates allowed in either orientation. The proof of
Lemma 5.4 also transfers verbatim, with Lemma 10.4 in place of Lemma 5.3: only its base
odds pe/(1 − pe) become

√
Q. These arguments use the CA collision layer, positivity and

conditional hidden uniqueness, not the visible alphabet size. In particular, given visible colours,
the oscillation of log(

√
Qδsame +w) is at most log(wmax/wmin), so the hidden Dobrushin bound

is unchanged. We do not repeat these proofs.
With a free padded hidden input region and free or monochromatic visible boundary, the

integrated bond density is

µ̃F (ω) ∝ QK(ω)(
√

Q)|ω|W (CH(ω))W (CV (ω)). (10.2)

Here K counts free clusters; with monochromatic boundary the wired cluster has weight one.
This follows by expanding (10.1): open edges contribute

√
Qδsame and closed edges contribute

we. Conditional on bonds in finite volume, visible cluster colours and hidden variables are
independent.

10.2 The changed comparison statements

Let cP > 0, k = |P |, wmax = 1 + ε2(s− 1), and

aP = ε2kcP

w
|D(P )|
max

, g = 1
k

log(1 + aP ), κQ = (1 +
√

Q)−(k−1), ∆Q = κQg. (10.3)

For each r = H, V , retain every translate of the r-oriented edge pattern with centers P
that lies in a finite edge set E. Let TE be the union of these two collections. Put It =
1{P +t closed in its orientation} and NE =

∑
t∈TE

It. Fix p∗ ∈ P and anchor a translate at its edge
centered at p∗ + t, in the same orientation. The anchors are distinct, also between the two
layers. Every edge sufficiently far from the boundary is an anchor.

Lemma 10.1 (Q-version of Lemma 4.2). For Q ≥ 2, any free or wired FK boundary condition
and real edge log-odds θe, the law

νθ,g(ω) ∝ QK(ω) exp
(∑

e

θeωe + gNE(ω)
)

is FKG for g ≥ 0. At θe = log
√

Q, the finite law (10.2) is stochastically dominated by νθ,g.

Proof. The proof of Lemma 4.2 changes 2K to QK ; K and each It remain supermodular.
For an edge in either orientation, at most k retained translates are completed by closing
it. The completion bound gives an insertion ratio at least egne , since egk = 1 + aP . Thus
W (CH)W (CV )e−gNE is increasing in closed edges. Its density relative to the FKG comparator
is decreasing in open edges, proving domination by the same covariance argument. The factor
1/k in (10.3) is essential when several translates are completed at once.

Lemma 10.2 (Q-version of Lemma 4.3). For νθ,u ∝ QK exp(
∑

e θeωe + uNE) with u ≥ 0 and
every θe ≤ log

√
Q, every increasing f and retained translate t satisfy

Cov(f, It) ≤ −κQ Cov(f, ωet). (10.4)

Proof. The FK cluster factor in the conditional opening odds is in {1, 1/Q}. Opening can
only remove rewards, so the odds are at most

√
Q. The conditional closure probability is at
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least (1 +
√

Q)−1, also under partial conditioning by averaging. Sequentially closing the other
k − 1 edges gives ν(It | ωet = 0) ≥ κQ. Conditional FKG, as in Lemma 4.3, gives

Cov(f, It) ≤ −
ν(It)

ν(ωet = 0) Cov(f, ωet),

and the last covariance is nonnegative. This proves (10.4). At Q = 9, the odds bound is 3
and κ9 = 4−(k−1).

Proposition 10.3 (Q-version of Proposition 4.4). The comparator at critical odds
√

Q and
reward g is dominated by ordinary FK with odds

√
Qe−∆Q on all retained anchors and

√
Q

on the remaining edges, with the same boundary condition.

Proof. Use 0 ≤ u ≤ g, with θe(u) = log
√

Q − κQg + κQu on anchors and θe(u) = log
√

Q
otherwise. All odds stay at most

√
Q. Differentiation gives the sum of κQ Cov(f, ωe) over

anchors and Cov(f, It) over translates; distinct anchors and (10.4) make it nonpositive. The
two endpoints are exactly the asserted laws. This is the proof of Proposition 4.4, now shifting
both orientations.

Lemma 10.4 (Q-version of Lemma 5.3). For the canonical bond extension of every µ ∈ G(ΨF ),
the hidden conditional law given (σ, ω) is λCH(ω) ⊗ λCV (ω) and is independent of the colours.
Conditional on bonds, all finite clusters have independent uniform colours in {1, . . . , Q},
independent also of the colours on infinite clusters.

Proof. The common-null-set disintegration argument in Lemma 5.3 is unchanged. Replace its
finite-cluster spin flip by a permutation of the colours of a finite cluster. This preserves open
equality constraints and all closed factors. Conditional on everything outside that cluster, the
Q colours are equiprobable. Apply this finite-support DLR argument to any finite collection
of clusters. Countably many finite-cluster events give the stated conditional law.

Proposition 10.5 (Q-version of Proposition 5.5). Every bond marginal of every µ ∈ G(ΨF )
is dominated by critical wired FK, ϕ1

pc(Q),Q, where pc(Q) =
√

Q/(1 +
√

Q). If cP > 0, it is
dominated by the homogeneous wired FK limit at

pF =
√

Qe−∆Q

1 +
√

Qe−∆Q
< pc(Q). (10.5)

Proof. The exact odds identity of Lemma 5.4 is
√

Q αµ/R∞(C, e). In a fully wired finite core,
if the endpoints are disconnected after deleting e, at least one component is a finite interior
cluster. Lemma 10.4 gives αµ = 1/Q. If the endpoints are wired-connected, αµ ≤ 1. Thus αµ

is bounded by the wired cluster factor, respectively 1/Q or 1. The insertion bounds apply in
both orientations. Consequently the target’s opening probabilities are at most those of the
fully wired comparator at the same internal configuration.

Use the monotone-upper-law heat-bath coupling in Proposition 5.5; its downward-support
and irreducibility argument applies without target FKG. Apply Proposition 10.3. Keep the
fixed-width unshifted boundary strip: every edge in a smaller concentric core is an eligible
anchor in its own orientation. Conditional on the strip and exterior edges, the induced
ordinary FK boundary partition is bounded by full wiring. The smaller core therefore has a
homogeneous upper law with parameter (10.5). Let the cores increase. Wired FK limits and
increasing finite-path unions give the comparison, including infinite-cluster events, exactly as
in Proposition 5.5. Omitting rewards proves the critical upper bound. Below pc(Q) the wired
limit is unique and has exponential connectivity decay [5].
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10.3 The two Potts branches

The external inputs are distinct. Beffara–Duminil-Copin [5] prove pc(Q) =
√

Q/(1 +
√

Q)
and exponential decay below this value. Discontinuity at Q > 4 is due to Duminil-Copin,
Gagnebin, Harel, Manolescu and Tassion [17]. Their Theorem 1.2(2) states

ϕ1
Z2,pc(Q),Q[there exists an infinite cluster] = 1,

and their Theorem 1.1(2) states, for each i ∈ {1, . . . , Q},

µi
c[σ0 = i] > 1/Q.

These are the statements used here; criticality alone does not imply them. In particular, with
Q = 9,

m9 = ϕ1
3/4,9(0←→∞) > 0. (10.6)

Positivity also follows directly from the first statement and translation invariance: if the
probability at each site were zero, a countable union could contain no infinite-cluster vertex.

Proposition 10.6 (Potts branch expectations). If F is nonsurjective, every Gibbs state of
ΨF has only finite visible bond clusters, is invariant under S9 acting on all visible colours,
and satisfies

µ(Xx) = 0, Xx =
91{σx=1} − 1

8 ,

0 ≤ µ(1{σx=σy})− 1
9 = 8

9 µ̃(x←→ y) ≤ CF e−aF ∥x−y∥1 ,

(10.7)

with CF < ∞, aF > 0 uniform over states and positions. If F is surjective, there are
translation-invariant Gibbs states µi

F , 1 ≤ i ≤ 9, with

µ1
F (X0) = m9, µi

F (X0) = −m9/8 (i ̸= 1).

Over all Gibbs states, in the surjective branch,

sup
µ

µ(X0) = m9, inf
µ

µ(X0) = −m9/8. (10.8)

Proof. Nonsurjectivity supplies a witness by Lemma 3.1. Proposition 10.5 and subcritical
sharpness make every cluster finite, with a uniform exponential connection bound. Independent
uniform colours, also independent of the hidden layer given bonds, give S9 invariance of the
full state, zero magnetization and (10.7).

If F is onto, W (C) = 1 for every finite C. In padded finite volumes with colour-i visible
boundary, (10.2) is exactly wired critical FK. The visible-bond marginal is its Edwards–Sokal
coupling: the wired cluster has colour i, other clusters have independent uniform colours. The
hidden buffer is free and includes all input variables for retained factors. Every fixed interior
specification is consequently exact for sufficiently large volumes, so limits are Gibbs for ΨF .

The wired bond limit and its colour-i coupling are translation invariant. The conditional
hidden law is unique by Lemma 5.1 and covariant under shifts; hence this marginal has a
unique full hidden extension and the resulting µi

F is translation invariant. The usual wired
Edwards–Sokal limit colours the infinite cluster i and finite clusters uniformly [26, Theorem
4.91 and Chapter 5]. In finite volume already,

µ1
F (X0) = ϕ1(0←→ ∂Λ),

with the appropriate finite-volume notation. Passing to the wired limit gives m9. For i ̸= 1
the contribution of the wired infinite cluster is −1/8, giving −m9/8.
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For an arbitrary Gibbs state let ϑ = µ̃(0 ←→ ∞) and b = µ̃(0 ←→ ∞, σ0 = 1). Finite-
cluster colours give

µ(X0) = 9b− ϑ

8 , 0 ≤ b ≤ ϑ ≤ m9,

where the last bound is the critical wired domination. Thus −m9/8 ≤ µ(X0) ≤ m9. The
ordered states attain both endpoints. This argument requires no classification of all critical
Gibbs states.

Proof of Theorem E. Apply the CA-only encoding of Corollary 7.2 to the hard inputs and
use (10.1) with Q = 9. The CA alphabet is four, independently of the visible alphabet.
Therefore the local dimension is 9 · 44 = 2304. Proposition 10.6 gives the exact alternative
supµ µ(X0) ∈ {0, m9}, also when the supremum is restricted to translation-invariant states.
Every fixed rational m∗ ∈ (0, m9] supplies a promise gap; such a rational exists and can be
fixed in the decision problem. No explicit numerical lower bound for m9 is needed or asserted.
A decision algorithm under this promise would decide CA surjectivity, contradicting Kari’s
theorem.

10.4 Computable pressure, undecidable differentiability

Add the uniform field h
∑

x Xx in the log weight, so the energy acquires −h
∑

x Xx. Use
counting a-priori measure and write

PF (h) = lim
L→∞

|ΛL|−1 log ZF,ΛL
(h), ΛL = {0, . . . , L− 1}2.

The boundary convention does not affect this limit. Rational weights are asserted at h = 0
only; the factors ehXx need not be rational.

Corollary 10.7 (computable pressure and an undecidable kink). The real function PF (h) is
uniformly computable from F and a computable-real name for h. Nevertheless differentiability
at h = 0 is undecidable on this family. Exactly,

P ′
F (0+) P ′

F (0−)
F surjective m9 −m9/8

F nonsurjective 0 0
(10.9)

Thus the derivative jump is either 0 or the fixed positive constant 9m9/8.

Proof. Pressure computability follows from Gayral–Sablik–Taati [23, Proposition 14]; their
proof is uniform in a computable potential. Here there is also a direct modulus. Choose an
integer R containing each factor support in [−R, R]2, and a computable rational upper bound
M for

∑
r=H,V ∥ log b0,r∥∞. Tile a large square by L-squares and omit the factors crossing tile

boundaries. At most 4R/L of the centers per orientation are affected in the density estimate,
so the safe bound KF = 16(R + 1)M gives∣∣∣PF (h)− L−2 log Z free

F,ΛL
(h)
∣∣∣ ≤ KF /L (L > 2R).

The field has no crossing terms. Finite sums of computable exponentials and logarithms
compute the middle term. Also |PF (h) − PF (h′)| ≤ |h − h′| since |Xx| ≤ 1, making this
uniform for real input names as well as rational fields.

For completeness, the derivative identification is a variational argument. Let I be the
compact set of translation-invariant probability measures on SZ2

P , s(ν) their entropy density,
and uF (ν) =

∑
r=H,V ν(− log b0,r) the energy density. The Gibbs variational principle gives

PF (h) = max
ν∈I
{AF (ν) + hν(X0)}, AF (ν) = s(ν)− uF (ν). (10.10)
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The maximizers are exactly the translation-invariant DLR states for the field interaction.
These facts are the Lanford–Ruelle principle: see Georgii [24, Theorems 15.30 and 15.39, with
the converse in Theorem 15.37]. Upper semicontinuity of entropy on a finite-alphabet full shift
follows from its finite-window infimum representation [24, Theorem 15.12 and Proposition
15.14]; the energy is continuous. Thus AF is upper semicontinuous and maximizers exist.

Let E0 be the maximizers at zero. Substituting any ν ∈ E0 at h > 0 gives (PF (h) −
PF (0))/h ≥ ν(X0). Conversely choose a maximizer νh at h. Since AF (νh) ≤ PF (0),

PF (h)− PF (0)
h

≤ νh(X0).

As h ↓ 0, compactness supplies limit points. The Lipschitz pressure bound and bounded X0
give AF (νh)→ PF (0); upper semicontinuity puts every such limit point in E0. Therefore

P ′
F (0+) = max

ν∈E0
ν(X0).

Apply the same argument to −X0 for negative fields to obtain P ′
F (0−) = minν∈E0 ν(X0).

Lanford–Ruelle is needed here to identify the limiting variational states with Gibbs states;
finite-volume formal differentiation alone would not suffice. Proposition 10.6 bounds all Gibbs
states and attains the extremes in translation-invariant ones, yielding (10.9). The hard family
from Corollary 7.2 proves undecidability, even under any fixed rational positive lower promise
smaller than the nonzero jump.

The diagonal Gibbs–KMS correspondence of Section 8 transfers Theorem E to on-site
dimension 2304, with the diagonal observable X0 and the same equilibrium pressure. The
output-reset calculation of Section 9, first subsection, transfers verbatim: ε2 7→ η2ε2 for fixed
rational η ∈ (0, 1] preserves the witness zero set and hence both Potts branches, the fixed gap
and the pressure kink.

11 Auxiliary uniqueness routes
Theorems A–E do not use this section. As a heuristic, factorization over the overlap graph
rewrites W as a hard-core polymer partition function. At sufficiently small activity its
logarithm has the form

log W (C) = L(C) + R(C), L(C) =
∑

P ̸=∅
P Γ-connected

z(P )1{P ⊆C}. (11.1)

Cluster expansions [33, 20] suggest a quadratic norm bound for R. Combining such a bound
with a uniform near-critical susceptibility estimate is a possible uniqueness strategy. We give
no proof here of the required lattice-uniform spin estimate, the limiting odd-sector gap, or
a boundary-compatible response bound; scaling-limit intuition alone does not supply them.
No susceptibility exponent or claimed quadratic room is used to establish uniqueness of the
actual L + R model.

11.1 What attractiveness does prove for the L-model

Write ne = 1− ωe, and IP =
∏

e∈P ne. The L-model means the FK-Ising law multiplied by

exp

s
∑

r=H,V

∑
P

zt(P )IP,r

 , zt(P ) = t|P |cP , t = ε2, s ≥ 0.
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The sum is over nonempty connected center sets and both orientations, with every translate
counted once. In particular t is the microscopic parameter, whereas s scales the entire
positive interaction. The factor t|P | must be retained: unnormalized powers would destroy the
surjective cancellation. At the paper’s ε, the activity bound and the connected-set count give

sup
e

∑
P,r: e∈Pr

|P |zt(P ) <∞

with an exponential tail in |P | and diameter. Indeed there are at most (m2)2(j−1) connected
j-sets through a center, and zt(P ) ≤ [(q − 1)t]j ; their product has ratio less than one. Thus
all boundary energy densities below vanish in growing squares.

Proposition 11.1 (L-model uniqueness at almost every scale). For each fixed input and
t = ε2, the L-model has a unique bond Gibbs state for every s ≥ 0 outside a countable set. If
all collision coefficients vanish, it is the unique critical FK state at every s. This proposition
concerns the L-model only.

Proof. We first prove the needed finite-energy separation lemma. Let ν− ⪯ ν+ be Gibbs
measures for an attractive binary specification on coordinates ne, with every single-coordinate
conditional probability of ne = 1 at least a > 0. For a finite P and e ∈ P , take a monotone
coupling and resample the coordinates of P \ {e} once each by the common-uniform heat
bath. Both marginals remain Gibbs and ordered; ne is unchanged. At each update the lower
coordinate becomes one with conditional probability at least a. Conditional on the original
discrepancy at e, the probability that all these lower coordinates finish at one is at least a|P |−1.
On that event IP differs by one between the upper and lower configurations. Since IP is
increasing, its difference is never negative. Therefore

ν+(IP )− ν−(IP ) ≥ a|P |−1[ν+(ne)− ν−(ne)
]
. (11.2)

The FK lattice condition and all positive all-closed rewards give attractiveness in the closed
variables. Their monotone extremal limits ν−

s , ν+
s sandwich every bond Gibbs state, by the

same finite-volume comparison as for FK. The absolutely summable reward tail preserves the
sandwich on passage to infinity. Every finite-volume L law is also dominated in open edges by
the ordinary wired critical FK law, since closing gains only positive rewards. Its limits have no
infinite open cluster by (I2); exterior connections between a fixed core and increasingly distant
boundaries therefore have vanishing probability. The usual FK core specification consequently
passes to these limits, together with the summable reward tail. Thus the extremal limits are
themselves Gibbs states, not just ordered limiting laws. Opening an edge has FK odds at most
2, and loses rewards; hence its closed conditional probability is at least a = 1/3, uniformly in
boundary partitions.

Let P(s) be the limiting pressure per vertex. It exists and is boundary independent:
tiling a large square by smaller squares changes the FK cluster count by at most the number
of boundary vertices; the summable interaction tail gives a further o(volume) error after
first truncating its range. Finite-volume pressures are convex in s, hence so is P. At a
differentiability point, their derivatives converge to P ′(s). To verify this without exchanging
derivatives and limits, bound each finite derivative between its two difference quotients at
s± h, pass to the pressure limit, and then send h ↓ 0 (at s = 0 use right derivatives or omit
this single point).

For either extremal boundary, that finite derivative is the mean positive pattern density.
Translation invariance of the extremal limits, removal of the vanishing boundary density, and
the uniformly summable tail identify its limit as

P ′(s) =
∑

r=H,V

∑
P ∋0

zt(P )
|P |

ν±
s (IP,r).
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All differences between the upper and lower terms are nonnegative. If a positive witness
exists, equality of these sums forces equality of its pattern expectation in each orientation.
Translates of that witness cover every edge of that orientation. Equation (11.2) then forces
equality of every one-edge marginal of ν+

s and ν−
s . In a monotone coupling every coordinate

disagreement has probability zero; countably many coordinates give equality of the measures.
The sandwich proves uniqueness. A convex function on an interval has at most countably many
nondifferentiability points (the disjoint derivative-jump intervals contain distinct rationals).
Add s = 0 to the possible exceptional set. If no witness exists, L = 0 and (I2) applies
directly.

Remark (Why this does not prove uniqueness in Theorem A). The actual collision marginal has
log W = L+R, and need not be attractive. For a binary iid input let F (X)i = 1{Xi=1,Xi+e1 =0}.
Its sign output has mean 1/2, but the sign product at adjacent centers has mean zero: the
two output-one events are disjoint. Thus c{i} = 1/4 and c{i,i+e1} = 0. At t = ε2,

W ({i, i + e1})−W ({i})W ({i + e1}) = − t2

16 < 0.

For example embed those two centers as adjacent horizontal edges on a path. Ordinary
FK weights there are products, so they do not repair this failed lattice inequality. Pressure
differentiability alone cannot identify Gibbs states without the monotone separation argument.
Uniqueness of the L + R model used in Theorem A remains open.

12 Open problems
Question 12.1 (Uniqueness). Does every nonsurjective member of the collision family have a
unique Gibbs state?

The magnetic estimate controls cluster signs. It does not control the response of closed-
pattern energies or hidden observables to an exterior condition. A closed FK cut does not
isolate the hidden factors that cross it.
Question 12.2 (All local observables). Can a collision-specific boundary comparison prove
exponential clustering for arbitrary bounded local observables in the nonsurjective branch?

For finite supports S, T , the usual target bounds |Covµ(f, g)| by a constant times
|S||T |∥f∥∞∥g∥∞e−a dist(S,T ). Odd observables are covered by Corollary 6.2. Even and hidden
observables require another argument.
Question 12.3 (Dimension and range). Can the local dimension and interaction range both be
fixed while retaining positive rational weight tables?

Fixing a CA alphabet and its neighborhood leaves only finitely many rules. Rational
physical couplings can still carry unbounded input data, so that observation does not rule out
a different construction.
Question 12.4 (Perturbations). Can an undecidability construction for connected correlations,
or for the raw observable Dx = σx − σx+e1 , be stable under sufficiently small translation-
invariant perturbations of its local weights?

The output-reset theorem concerns its prescribed noise family. Lowering the horizontal
base odds makes every member here magnetically subcritical, as Section 9 shows.
Remark (Conditional contraction and bounded magnetic clusters do not force uniqueness).
Place hidden spins τx = ±1 on Z2. For each nearest-neighbor edge e = {x, y} introduce 45
disjoint visible dimers (se,j , te,j) with factor

Be,j = 100
1011{se,j=te,j} + 1

1012τx+τy , ehτx = (67/72)45τx .
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These are strictly positive rational weights. Given bonds, the hidden law is product. Given
visible spins, the maximum hidden coupling contributed by an equal dimer is

j = 1
4 log 10426

10201 , 4 tanh(45j) < 45 log
(

1 + 225
10201

)
<

10125
10201 < 1.

Thus hidden contraction holds under both conditionings, and every visible open cluster has at
most two vertices. Summing one dimer gives a factor proportional to 50 + 2τx+τy . The chosen
field cancels its accumulated field, leaving zero-field hidden Ising coupling

J = 45
4 log 603

578 > Kc.

The strict inequality follows from 60345 > 6 57845 and 6 > 3 + 2
√

2 = e4Kc . Hence there
are distinct hidden phases. They also change visible dimer energies, since E(st | τ) =
50/(50 + 2τx+τy ) is strictly decreasing in each endpoint. The closed-factor integral is log-
supermodular: it is a product over sites of cosh(h + (log 2)nx(C))/ cosh h. This example
invalidates the generic uniqueness inference, not the small collision construction.
Remark (An FKG counterexample with no signed remainder). Take isolated visible dimers
indexed by i ∈ Z2, with closed indicators ci = 1− ωi. Add the positive reward

L(c) = λ
∑
⟨i,j⟩

cicj , λ = log 16.

Choose ordinary dimer FK parameter p = 512/513. Its effective open odds are p/[2(1− p)] =
256 = e2λ. The bond density is proportional to exp(2λ

∑
i ωi + L(c)). Substituting τi = 2ci− 1

cancels the field and gives hidden-index Ising coupling λ/4 = log 2 > Kc. There are two bond
Gibbs states. The density is FKG and is dominated by the underlying product dimer law,
whose clusters are bounded. All added weights 16cicj are rational. Thus FKG, bounded open
clusters and R = 0 still do not establish uniqueness.
Remark (Energy-sector reduction; the remaining estimate is open). For an edge put τe = σuσv.
Conditional on visible spins, summing the ordinary ES bond gives a closed-pattern energy

vP (σ) =
∏
e∈P

(
1− pe

2 −
pe

2 τe

)
.

Each factor is the conditional closed probability; the sum of absolute polynomial coefficients
of this product is at most one. Singleton rewards can be absorbed into the corresponding
pair coupling. Since the all-state odd sector already clusters, only even visible information
can distinguish states. On a connected lattice every even spin monomial is a product of edge
variables τe (join its even number of vertices by finite paths). Odd monomials have expectation
zero. Thus all finite products of edge energies determine the entire visible law. Given that
law, conditional hidden uniqueness from Lemma 5.1 determines the full law as well.

Consequently a sufficient route to uniqueness is a signed massive annealed energy-response
estimate for these edge products, uniform over the original visible and hidden boundaries.
The desired scale has mass at least c∆, a kernel bounded by

K∆(e, f) ≤ Ce−c∆ dist(e,f)

(1 + dist(e, f))2 , sup
e

∑
f

K∆(e, f) ≤ C[1 + log(1/∆)],

and a boundary error tending to zero, including rewards induced by fixed hidden boundary
variables. Such rewards can be O(ε2) even when all bulk activities vanish (a surjective shift
with pinned equal replicas gives we = 1 + (q − 1)ε2). A bulk quadratic remainder estimate
cannot simply absorb that boundary layer. A weaker row bound of order ∆−7/4 could suffice
after a suitably small parameter choice and certified constants, but neither bound is established
here. This is a constructive-renormalization-scale open estimate, not a theorem supplied by
the odd-sector comparison or Proposition 11.1.
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13 Discussion
The reduction keeps the temperature fixed. Computation is encoded in finite rational local
tables, and the infinite-volume spin correlation detects whether a finite collision witness exists.
Nonsurjectivity gives a strictly positive displacement from criticality. Surjectivity cancels
every collision correction and leaves the same critical Ising marginal.

Theorem E adds a fixed order-parameter gap: the maximal magnetization is exactly 0
or m9, and the pressure jump is exactly 0 or 9m9/8. Theorem A, in contrast, has no total
computable positive decay-rate bound, as Theorem D makes precise. The Potts comparison
uses the same witness, rewarded in both orientations; the rational critical odds are 3. Nine
is the smallest perfect square greater than four, giving both rational odds and a rigorously
discontinuous transition.

Both constructions have the same fine-tuning limitation. The onto branch lies on a critical
or coexistence surface of codimension one in the visible coupling parameters. Decreasing
both Potts odds below 3 makes every input subcritical, by the reward-free comparison. Thus
arbitrarily small rational detuning can erase the dichotomy. The prescribed output-reset
family preserves it because it changes only the collision retention and leaves that surface
fixed. Uniform-replacement readout noise with retention η > 0 multiplies µ(X0) by η, and the
distinct-site excess equal-colour correlation by η2; this preserves the corresponding distinctions
for the postprocessed observables.

Full-state uniqueness in the nonsurjective Potts branch remains open. Proving it for every
nonsurjective input would give undecidability of Gibbs uniqueness on this family, since the
surjective branch already has nine distinct ordered Gibbs states. No such uniqueness theorem
or full-clustering conclusion is claimed here.

The all-state argument is separate from the free-hidden finite-volume expansion. Uniform
conditional uniqueness of the replicas provides local insertion ratios in arbitrary infinite bond
configurations. Wired-core comparison then controls every Gibbs state without imposing
full-state uniqueness in the nonsurjective branch.

The difficult remaining issue is the response of even and hidden observables. The coun-
terexamples show why short magnetic clusters and conditional hidden contraction alone are
insufficient. A successful completion must use the collision identities and their quantitative
smallness.
Remark (Noetherian obstruction for a fixed collision template). Fix a finite template with
finitely many rational bias parameters z = (z1, . . . , zb), restricted to an explicitly decidable
rational domain where all denominators below are nonzero. Suppose a branch is characterized
by exact identities Rj(z) = 0, j ≥ 1, with each Rj a rational function over Q. Clearing
denominators gives polynomials pj . The Hilbert basis theorem [12, Chapter 2] makes the ideal
(p1, p2, . . .) ⊂ Q[z] finitely generated. Moreover finitely many of the original pj suffice: each of
finitely many ideal generators is a finite polynomial combination of original members; collect
those members. Consequently all identities hold exactly when this finite sublist vanishes.
Exact rational (or algebraic) evaluation decides the branch. This is an existence-of-a-decider
statement for each fixed template; it supplies no uniform procedure for finding that finite
sublist from an infinite presentation.

For one fixed CA F , with iid input biases in finitely many parameters, every cT is a rational
polynomial in those biases: use the direct finite sum of integer-valued collision products. Apply
the preceding argument to all nonempty T . A finite sublist fits in some box [−N(F ), N(F )]d
(the bias parametrization is fixed with F ). Hence collision-nullity on all T is equivalent to
nullity for all nonempty subsets of that finite box. No fixed CA with rational biases can
encode an undecidable predicate solely in this exact null locus.

With fixed alphabet, dimension and range there are only finitely many deterministic
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local rules, so the same obstruction covers that finite collection of collision templates. In a
collision-nullity route with these restrictions, range must therefore grow with the input, as
it does here. This conclusion concerns fixed finite templates and exact identities; it is not
an obstruction to limit predicates, infinite inequalities, varying alphabets, or every possible
fixed-range construction.
Remark (Uniform fields and raw decay; robustness sketches). For translation-invariant positive
finite-range Ising-spin models, raw all-state spin decay has empty interior in any real parameter
space allowing a uniform field H

∑
x σx. Here is a short proof. A translation-invariant Gibbs

state with summable raw spin correlations has zero magnetization: its squared spatial-average
mean is bounded by the second moment of that average, which tends to zero by summability.
On any compact interval of fields, finite energy bounds single-spin conditional variances below
by a constant c > 0. Choose a sublattice of positive density whose distinct sites occur in
no common interaction term. Conditional on its complement these spins are independent.
For MΛ =

∑
x∈Λ σx, total variance gives Var(MΛ) ≥ c′|Λ| up to boundary terms. Therefore

the finite-volume pressures have second derivative at least c′ > 0, and their limit is strongly
convex in H. Magnetizations of translation-invariant Gibbs states are its subgradients (the
Gibbs variational principle [24, Chapter 15]). Strong convexity allows subgradient zero at at
most one field. Since raw all-state decay forces that zero subgradient, it can hold at at most
one point of each uniform-field line, proving empty interior. Fields correspond to arbitrary
positive real weights; the interior assertion uses this real topology.

For contrast, the following robust-region statements are sketches based on standard mixing
and low-temperature phase theory [22, Chapters 6–7]. Dobrushin’s strict contraction condition
gives an open region of exponential decay for connected correlations. It also gives raw decay
for Dx = σx − σx+e1 , since uniqueness and translation invariance imply µ(Dx) = 0. At low
temperature the square-lattice checkerboard antiferromagnet has two translation-related phases
throughout an open interval of small uniform fields. Their symmetric mixture has persistent
staggered correlations and nonzero long-distance D correlations along even displacements,
giving open regions of failure for the all-state connected and D-raw properties. Extension
to small translation-invariant finite-range perturbations uses the Peierls/contour hypotheses
of Pirogov–Sinai theory; that contour argument is not proved here. These sketches make no
robustness claim about Theorem A.
Remark (Why computable-real weights make full clustering easy to encode). Enumerate finite
Garden-of-Eden witnesses for a CA F by a fixed effective search, at integer times T ≥ 0, and
set

δF =
{

2−(T +2), the first witness appears at time T,

0, no witness appears.
e2KH = 3− δF , e2KV = 2.

This is a uniformly computable real input: simulate through time n; if no witness has
appeared, output zero with error at most 2−(n+3). If one has appeared, its dyadic value is
exact. Logarithms of these positive computable reals also give computable energy entries.

A witness exists exactly for nonsurjective F : a nononto continuous image of the compact
full shift is closed and omits a cylinder; testing whether a finite pattern has a preimage is a
finite local enumeration. If δF > 0, the odds product is 2− δF < 2, so this nearest-neighbor
ferromagnet is strictly subcritical and has a unique Gibbs state with exponential clustering
of all bounded local observables. To recall the full-clustering step, (I3) and the Edwards–
Sokal boundary coupling bound influence on an interior set by the probability of an FK
connection to the boundary; exponential connectivity makes this influence exponentially small.
Conditioning a local observable on a distant exterior and integrating then gives exponential
covariance bounds for arbitrary finite supports [22, Chapters 3 and 6]. If δF = 0, the fixed
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critical spin correlation already fails exponential decay. Thus deciding full clustering for these
computable-real descriptions would decide CA surjectivity.

The numerical value 3−δF is rational in each case, but its presentation here is a computable-
real name: no algorithm outputs its exact rational numerator and denominator without
deciding whether a witness will ever appear. The content of Theorem A is its finite rational
weight-table input, not merely that the values happen to be rational.

How this work was done
The authors selected the questions and proof standards, directed the research, and take
responsibility for every claim. AI systems from more than one developer assisted with
exploration, derivation, programming and drafting.

The mathematical evidence consists of the proofs in this paper and the explicitly cited
external theorems. The ancillary programs provide reproducible finite checks. For this paper,
the construction and magnetic comparison were independently checked by a different model
family. The accompanying suites include symbolic and exact finite computations as well as
floating-point enumerations. A further exact-arithmetic checker tests collision identities, the
finite covariance comparison and rational counterexample constants. The Potts extension
also received an independent refutation-first check, whose six repairs are incorporated in the
stated proofs and citations. Its finite checkers are preserved alongside the added exact Potts
checks. The ancillary README gives the commands, outputs, dependencies and limitations
of each suite.

These finite checks do not establish infinite-volume comparison, uniqueness, the KMS
correspondence or undecidability by sampling. Those conclusions rest on the written proofs.
The auxiliary arithmetic upper bound, fixed-template obstruction and L-model proposition
were written out and checked during this revision; no additional independent-model audit of
those new statements is documented. The robustness and energy-response passages retain
their stated sketch or open status. This preprint has not been peer reviewed.

A Reproducibility
The accompanying verification/ directory contains the two review suites, their recorded
numerical outputs, fresh execution logs and an additional exact-arithmetic checker. Its
README gives relative-path commands, dependency versions, provenance and limitations.
SHA256SUMS identifies every public bundled file apart from itself. No public file depends on a
machine-local path.

The first suite checks collision identities, reset coefficients, finite surjectivity controls,
failure of the FKG lattice condition for the collision weight and conditional Dobrushin bounds.
The second checks witness completion, the attractive comparator, covariance interpolation,
wired boundary strips, insertion-ratio convergence and finite-cylinder Ising correlations. Its
network-flow and linear-programming implementations enumerate finite state spaces but use
floating-point arithmetic. The larger integer-scaled flow tests are screening calculations with
an explicit rounding bound.

The additional checker uses rational arithmetic. It tests the sum-of-squares collision identity
on a nonsurjective selector rule and an XOR control, witness-completion inequalities, finite
FKG and stochastic comparisons, independent-reset scaling, and both rational counterexample
certificates. The checker also computes exact nonzero single-site Dobrushin influences and
their row sums over every boundary assignment for a two-factor binary example, and tests
the comparator, both dominations and the covariance inequality on all 168 increasing events
of a four-edge cycle (the 2× 2 vertex box). Its finite Gibbs trace identity is an algebra sanity
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check, not verification of the infinite-volume KMS correspondence. The runner writes new
replay records to a fresh directory and leaves shipped hashes intact. These checks support
finite algebraic steps. They do not replace the analytic arguments.

Build the supplied PDF and source from paper/ with python build.py; the build rejects
final TeX/BibTeX warnings and overfull or underfull boxes.

The Potts subdirectory adds the independent review’s collision checker and its floating-
point nine-colour FK checker, ported byte for byte. The additional exact_q9_checks.py
compares direct nine-colour spin sums with wired bond sums using integers and fractions,
obtaining the finite-volume magnetization identity exactly. It checks a real two-site collision
witness in both orientations, and certifies both dominations for every increasing event of
a seven-edge graph by integer-capacity monotone-coupling flow. Rational points along a
nonconstant-odds interpolation verify the closure and anchor bounds. The exact endpoint test
uses a slightly smaller admissible reward to keep all odds rational; the analytic proof above
uses the full reward in (10.3). The full replay now contains 17 standalone jobs. These finite
checks do not establish the infinite-volume Potts transition or pressure variational principle;
those rely on the proofs and cited theorems.
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