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Abstract

We determine how fast wave packets spread under quasi-periodic Schrédinger operators
(Hu)(n) = u(n + 1) + u(n — 1) + v(0 + na)u(n) with real-analytic v and positive Lyapunov
exponent L on the spectrum. Let 3(a) = limsup,, ¢, ' log ¢, 11, let £, be the minimum of L
on the spectrum, and put F(¢) = max{0,1 — ¢/5(a)}, with F =0 if f(a) =0 and F =1 if
B(a) = oo. If v is of type I in the sense of Avila and of Ge and Jitomirskaya, then for almost
every phase the fastest transport exponent a;F and the exponent of every moment, both upper
and Abel-averaged, equal F(£,); the lower bound for o holds for every phase. The law also
holds energy by energy: for packets filtered ever more narrowly near an energy F of the spectrum,
every moment exponent tends to F(L(F)), and the spectral measure has upper local dimension
F(L(E)) at almost every E. These conclusions extend to v(z) = w(sz), with S(sa) in place of
B(a), when w at frequency s« is supercritical and of type I. Beyond type I, we show, conditionally
on one hypothesis, that every real-analytic potential with positive Lyapunov exponent on its
spectrum has o = F({.), computed with 3(sa), for almost every phase, where s is the period
reduction of the potential. The hypothesis: at fixed energy, the zeros of the rational discriminants
of its primitive part, as functions of the phase, do not cluster at an exponential rate near the
drifting phase. The fastest-transport law for analytic potentials is thereby reduced to this weak
separation hypothesis for primitive potentials with acceleration at least two. The proofs combine
a covering argument over all times, an exact g-step resolvent identity, elliptic runs of Weyl
solutions, and an arcsine law for the rational discriminant.
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1 Introduction
Consider a one-frequency quasi-periodic Schrédinger operator on £2(7Z),
(Hyapu)(n) =u(n+1) +u(n—1)+v(0 + na)u(n), (1)

with a real-analytic sampling function v on T = R/Z, an irrational frequency « and a phase 6 € T.
The best-known example is the almost Mathieu operator, v(z) = 2 cos 2mz, known to physicists as
the Aubry—André model [1] and realized with cold atoms in bichromatic optical lattices [24] and
with light in quasi-periodic waveguide arrays [21]. When the Lyapunov exponent is positive on the
spectrum, the folklore physical picture is that every state is localized.
That picture depends on the arithmetic of . Let p, /g, be the continued-fraction convergents
of a and
f(a) = lim sup 108 Gn+1

n—00 dn

€ [0, 00]. (2)



Avila, You and Zhou [3] proved that the almost Mathieu operator with A > 1 has Anderson
localization for almost every phase when A > e#(®) and purely singular continuous spectrum for
every phase when 1 < X < #(®. Ge and Jitomirskaya extended sharp arithmetic transitions of
this kind to supercritical operators of type I [13], a class defined through Avila’s global theory [2].
Strongly Liouville frequencies thus destroy localization even though the Lyapunov exponent stays
positive.

What does a wave packet do in that regime? This paper answers the question for every
supercritical type I analytic potential, with one formula. Three points summarize the answer.

o Transport is a competition between two exponential rates, the localization strength L and the
Liouville strength f(«), and its exponent is max{0,1 — L/S3(«)}.

o The law is universal and local in energy. The acceleration does not enter; the farthest tails are
set by the smallest Lyapunov exponent, every moment follows the same law, and the part of
the packet at energy E spreads with exponent max{0,1 — L(EF)/5(«)}.

e Beyond type I, the fastest-tail law follows from a single geometric hypothesis on the zeros of
rational discriminants, which we isolate exactly.

1.1 The transport exponent

Let ¢y = e~y and average in time with the exponential weight (2/7)e=2/T"

i) = [T NG R d PONT) = X aGiT), MT) = 1iPaliT). ()
T Jo >N jez

P(N,T) is the time-averaged probability of finding the particle beyond distance N, and M,(T) is
the averaged p-th moment of the position. The upper transport exponents are

) log M, (T
Bt (p) = h;n sup zﬂmgT)’ o) = sup BF(p). (4)
—00 p

The quantity «; is the fastest upper exponent of Damanik and Tcheremchantsev [11]. Tt sees
even polynomially small tails: «;f < a holds when P(T% T) decays faster than every power of T'

(Lemma 2.3), and a tail of size T~ at distance T already forces af > a. Always 0 < 87 (p) <
a; <1, since hopping is bounded. For 0 < 3 < co we write

Fj(6) = max{0, 1 - 2}

with Fy =0 and F,, = 1.

1.2 Main results

Write L(E) for the Lyapunov exponent of H, ,¢ at energy E and X for its spectrum, which does
not depend on 6. Following Avila [2], an energy is supercritical if L(E) > 0. The acceleration of F
is the right derivative at y = 0 of y — L(E,y)/(27), where L(E,y) is the Lyapunov exponent of
the cocycle with phase complexified by iy; it is a positive integer at supercritical spectral energies.
Following Ge and Jitomirskaya [13], a supercritical energy is of type I if its acceleration is one
(Section 5 recalls the precise definition). The almost Mathieu operator with A > 1 is supercritical
and of type I at every spectral energy [2], and so is every sufficiently small analytic perturbation of
it.



Theorem A (The transport law). Let v be real-analytic and « irrational, and assume that every
enerqgy in X is supercritical and of type I. Let £, = mingex, L(E) > 0.

1. If B(a) < o0, then for every 6 in a set G, of full measure,

/
T (Hyap) = 0, 1— "
au( , ,9) max{ ) 5(04) }a
read as 0 when B(a) =0, and P(T*,T) = O(T~™) for every a > Fg(q)(lx) and m > 0. When
v is even, G, contains the explicit set Go of (6). When S(a) = 0 the equality holds for every
phase.

2. If B(a) = oo, then a;f =1 for every phase.
The lower bound o;f > 1 —£,/B(a) holds for every phase.

The set G, is explicit (Definition 5.21): it consists of the phases # for which ¢, 0 stays at distance
at least 2¢; % from the turning points of the band centres of the p, /q,-periodic approximants, for
all large n. The exponent vanishes when f(«a) < ¢, including the threshold itself. When S(a) > 0
it grows to 1 as ¢, | 0; when 3(a) = 0 it vanishes. For the almost Mathieu operator the threshold
B(a) = log A is the arithmetic spectral transition of Avila, You and Zhou.

The formula has a simple heuristic origin. At a resonant scale ¢ = ¢, the potential is almost
g-periodic, with a slow drift of size |ga — p|~' ~ 7 in space. On that scale the packet moves like
a particle in a nearly periodic band of width about e L£(F)4_ so its speed is about e L(E)4, The
slow drift turns this into a Bloch-type oscillation that lasts for a time about 7' = 4. In that time
the packet covers a distance about Te L(E)1 = T1-L(E)/B  The fastest spreading comes from the
energies with the smallest Lyapunov exponent. The theorems show that no other mechanism moves
any polynomial fraction of the packet faster, at any time.

Remark 1.1 (The almost Mathieu operator). For v(z) = 2\ cos 2wz with A > 1, Theorem A applies
with £, = log A and gives o} = max{0,1—1log\/B(a)} for every § € G,. The companion paper [12]
proves this special case independently, by an elementary route built on an exactly conserved quantity:
at each denominator ¢, a degree-q polynomial of H is a slowly varying diagonal plus an operator of
range ¢q. It also determines every moment and the packing dimension of every spectral measure of
the almost Mathieu operator, and it shows that the transport exponent can be noncomputable.

The next theorem extends the law from the fastest tails to every moment, and resolves it in
energy. Let g be the spectral measure of dg, and let £y > ¢, and ¢’ be the minimum and the
maximum of L on its support. For a finite measure p the upper local dimension is d:[(E) =
lim sup,_,o log u([E — 7, E +r])/log r, and the upper and lower packing dimensions dim3 () are its

p-essential supremum and infimum.

Theorem B (Every moment, energy by energy). Assume the hypotheses of Theorem A with
0 < Bla) < oo, write f = B(a), and let 0 € GY,.

1. For every p > 0, BT (p) = Fs({y). If b, < 8, then L attains . on supp ug, and for every
v > 0 a fized positive fraction of the packet lies beyond distance e(Pn=t=7dn ot the times
Ty = |gn — pa|™Y, for all large n with b, = q; *log Ty, > £, + 157.

2. Let By € ¥, 0 <y < l/2, and let g € C°(R) be real, supported in {E : |L(E) — L(Ey)| < v},
with g(H)dg # 0. Then the packet started at g(H)dy satisfies, for every p > 0,

F(L(Eo) +7) < Byms,P) < Fp(L(Eo) — ).
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3. df (E) = Fg(L(E)) for pg-almost every E. Consequently dim} (ug) = F(lg) and dimp(ug) =
Fa(1).

Part 1 says that, at every phase of GY, the fastest-tail exponent and every upper moment
exponent coincide, and that the critical distance is reached by a fixed fraction of the packet, not
only by a polynomially small tail. Part 2 says that a packet filtered near an energy E spreads,
in every moment, with exponent Fg(L(F)), in the limit of narrow filters. Part 3 is its spectral
counterpart: the upper local dimension of the spectral measure is an explicit function of the energy.
It is nonconstant, and the two packing dimensions differ, as soon as ¢, < § and L is not constant
on supp pg. For 6 € GY N (Gy, — «) every nonzero spectral measure p, satisfies d:@ = FgolL
almost everywhere, so dim}(u,) < F(£.) (Corollary 6.13). For frequencies with 8(a) > maxy, L,
lower bounds of the form in parts 1 and 3 hold at every phase for every Lipschitz potential whose
Lyapunov exponent is continuous on the spectrum (Theorem 6.6).

The type I hypothesis singles out the correct frequency. If v(z) = w(sx) for an integer s > 2,
then v(6 + no) = w(sl + nsa), so Hy o9 = Hy sa,s0: the operator is really driven by the frequency
sa, and f(sa) can differ from f(«). Such a v has acceleration at least s and is never of type L.

Theorem C (Covariance). Let v be real-analytic and nonconstant, let s be the greatest common
dwisor of the frequencies k # 0 with 0(k) # 0, and write v(x) = w(sz). If Hy so s supercritical and
of type I, then for almost every 0,

af (Hyop) = maX{07 1= B(ikoz) }’

read as 0 when B(sa) =0, and for every 0 if 5(«) € {0,00}. Moreover B(a) < f(sa) < sB(w).

If the primitive part w has acceleration at least two somewhere on the spectrum of Hy, o, then
Hy, 5o is not of type I and Theorem C does not apply. For them the rational discriminant, as a
function of the phase at a fixed energy, can have several zeros near the real axis, and the zeros
can cluster. Our last result shows that excluding such clusters is the only input our argument still
needs. For a convergent p/q let t,(x, E) be the trace of the transfer matrix over one period of the
p/q-periodic approximant at the phase z/q. We say that WXS(v, ) holds (weak separation) if for
every ¢ > 0 and ¢ > 0, for almost every # and all large n with ¢, ! log |gna — pn|~! > ¢, no energy
within 1/g¢,, of the spectrum has two zeros of t,, (-, E), real or complex and counted with multiplicity,
within e~ % of each other with one of them within e™¢%" of ¢,6 (Definition 7.1).

Theorem D (A conditional complete law). Let v be real-analytic with positive Lyapunov exponent
on its spectrum, and write v(x) = w(sx) as in Theorem C. If WXS(w, sa) holds, then for almost
every 0,

oz;f(HU’a,g) = maX{O, 1-— ,B(i:ka) },

read as 0 when B(sa) = 0, where £y is the minimum of the Lyapunov exponent on the spectrum.

By Theorems A and C, the hypothesis is needed only when the primitive part w has acceleration
at least two at some point of the spectrum. For real-analytic potentials with positive Lyapunov
exponent on the spectrum, the transport law is therefore reduced to one precise open hypothesis:
WXS for primitive potentials with acceleration at least two. We do not know whether it holds. For
the two-harmonic family 2\ cos 2mx + 2 cos 4wz we reduce it further to a large-deviation estimate,
(E-A), for the measure of the energies at which one explicit polynomial of degree at most 2¢ is
exponentially small (Proposition 7.14). The hypothesis must be imposed on the primitive part: for
non-primitive potentials it can fail by symmetry alone (Remark 7.12).



1.3 Relation to earlier work

For the almost Mathieu operator two endpoints were known. Damanik and Tcheremchantsev proved
af =0 for A > 1 when B(a) = 0 [11], and Jitomirskaya and Zhang proved «; = 1 for every
phase when B(«) = oo [19]. Jitomirskaya and Kriiger proved exponential dynamical localization in
phase expectation when () is sufficiently small, including positive values [15], and Bradshaw, de
Jong, Liu, Wang, Wang and Yang refined the growth rates for weakly Liouville frequencies with
B(a) =0 [7]. In between, lower bounds of the form 1 — C'log A/ were obtained by Jitomirskaya
and Zhang and by Haeming [19, 14|, and upper bounds on fractal dimensions of spectral measures
near the transition by Jitomirskaya, Liu and Tcheremchantsev [16]; Levi extended their packing and
generalized-dimension bounds, with the same factor two, to potentials that are monotone on the
period [22, Theorems 1.1 and 1.3]. Haeming also proved lower bounds for every moment, at every
phase and along sequences of times, with exponent 1 —d when f(«) > 3¢, /d and 0 < d < 1/2 [14,
Theorem 1.1]. The exact value of o for finite positive B(a) > log A was not known even for
the almost Mathieu operator; the companion paper [12] determines it. Here we treat general
supercritical analytic potentials. For them the endpoint S(a) = 0 was observed by Jitomirskaya
and Mavi [18, Remark 1.12]. The structural inputs are Avila’s global theory [2], the type I class of
Ge and Jitomirskaya [13], the finite harmonic structure of rational discriminants of Jitomirskaya
and Marx [17] and Shamis [25], and, for the spectral consequences, the inequality of Barbaroux,
Germinet and Tcheremchantsev between transport and generalized dimensions [4].

1.4 How the proofs work

The lower bound (Section 4) constructs, at a resonant scale ¢ = ¢, and for any h slightly above
{., a band of energies on which complex-energy transfer matrices stay bounded by e?"? over a
distance e(bn=na+0(oga) Tt applies to any Lipschitz sampling function whose Lyapunov exponent is
continuous near a spectral minimizer.

The upper bound has two layers. The outer layer (Section 3) is a covering argument that works
for any potential. It reduces the upper bound to two estimates about the operator. The first, (M1),
confines the packet to distance O(gy) up to times e at every denominator; it comes from the
complex-energy method of Damanik and Tcheremchantsev [11]. The second, (M2), describes the
motion at a scale where |g,a — py,| is exponentially small: speed e !+ up to a stopping radius.
The inner layer (Section 5) proves (M2) without any conserved operator. Its single object is the
resolvent vector at a fixed complex energy, which satisfies an exact g-step recursion whose coefficient
is the rational discriminant at the local phase, with an error controlled by the Lyapunov exponent
at that energy. Where the discriminant is large the recursion forces decay; where it is small its
imaginary part has a fixed sign, and a weighted estimate bounds the speed. The type I hypothesis
enters only through the geometry of the zeros of the discriminant near the phase of the initial site.

Every moment (Section 6). Two new ingredients give a fixed fraction of the packet, not a
polynomially small one, at the critical distance. First, an arcsine law: at resonant scales, the rational
discriminant evaluated along the spectral measure is distributed like the discriminant of a periodic
operator, whose law is exactly the arcsine law by the periodic magic formula of Damanik, Killip
and Simon [10]. Second, an elliptic run: at an energy where the transfer matrix over one period is
elliptic with a margin, and at the damping Im z = |g,& — p,|, the Weyl solution keeps its size, in a
frame that follows the slowly drifting periods, over at least e(®»—"n sites for every h > L(E), and a
flux identity controls everything beyond the run. A Taylor expansion of energy filters localizes both
statements in energy, and the window estimate of Section 5 makes the arcsine law local.

Beyond type I (Section 7). The rational discriminant of an analytic potential is, up to an



exponentially small error, a trigonometric polynomial of fixed degree in the phase. Its exact
factorization over its zeros shows that the window estimate needs only weak separation of the zeros
near the drifting phase.

1.5 Organization

Section 2 fixes notation and collects elementary facts. Section 3 states (M1) and (M2) and proves the
covering theorem. Section 4 proves the lower bound. Section 5 treats supercritical type I potentials
and proves Theorems A and C. Section 6 proves Theorem B. Section 7 proves Theorem D and treats
the two-harmonic family. Section 8 discusses open problems.

2 Preliminaries

2.1 Notation

Throughout, v : T — R is continuous, and H = H,, ¢ is the operator (1). When v is Lipschitz
we write Lip(v) for its Lipschitz constant. We write S for the shift (Su)(n) = u(n + 1), X for the
position operator Xd; = jd;, and 14 for multiplication by the indicator of A C Z. For a rational
frequency p/q we use H, /4,0 in the same way. The spectrum ¥ of H, o does not depend on 6
when « is irrational, since lattice translations conjugate Hy, g to Hy o g1ka, the orbit 0 + ko is
dense, and the operator depends norm-continuously on the phase.

Transfer matrices. For E € C and z € T put T'(F,z) = (E —11)($) _01> and, for r > 0,

A(E,x)=T(E, 2+ (r—1)a)---T(E,x), Ay =1.

A solution of Hu = Fu satisfies (u(r), u(r —1))T = A.(FE,0)(u(0),u(—1))". For a rational frequency

A7(np/ q)

p/q we write for the same products with « replaced by p/q. The Lyapunov exponent is

L(E) = Tim

r—00 T

1
[ 108 14,(B.a) | do = int - [ 1og]4,(B.a)| do.
T r>17r Jr

As an infimum of continuous functions of F, it is upper semicontinuous. For real-analytic v it is
continuous in E [6, Theorem 1].
Continued fractions. Let p,/q, be the convergents of o and put

_ log g1 log D
On = qnQ — Pp, Dn:|5n‘ 1; ﬁn:M, b, = g =
dn dn
The classical inequalities (g1 + gn) ™" < |0n] < q;}rl give
log 2
dn+1 < Dn < QQn—i—l; 0< bn - ﬁn < q . (5)
n

In particular limsup b, = limsup f3,, = B(«). Denominators grow at least like Fibonacci numbers,
and |a — pn/qn| = |6n]/qn < @, When the scale n is fixed we drop the index and write ¢, p, d, D, b.

Transport for a general initial state. For a vector ¢ € £2(Z) put ¢y = e~ "*14) and define ay(j, T),
Py(N,T) and M, ,(T) as in (3) with ¢; in place of e~ §,. For ¢ # 0 the exponents ﬁ;r(p) and
a:’w are defined as in (4); they do not change when v is multiplied by a nonzero constant. We say
that ¢ has finite moments if 3 17IP|%(5)|? < oo for every p > 0. When 1) = &y we drop the index.
We write 1, for the spectral measure of 1 and pg = s, for that of 6y and H, 4 ¢.
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Lemma 2.1 (Parseval). Let ¢ € (*(Z), T > 0, and write Gy(n; z) = (6,, (H — 2)714). Then
1 . 2
ay(n, T) = ﬁ/R|Gw(n,E+z/T)| dE.

Moreover Y, |Gy(n; 2)[? = Im(yp, (H — 2)71)/Im 2 for Imz > 0, and for every bounded Borel
function f,

€
m(x? +€2)

7:T/Rf(E) H(H —F — i/T)_leQ dE = /R(Pl/T * f) iy, 'pe(x) _

Proof. Let ¢(t) = e /T(5,,4;) for t > 0 and ¢(t) = 0 for t < 0. Its Fourier transform is
JeeBto(t)ydt = (6, [§° e MHE=/T)qtep) = —iGy(n; E + i/T). Plancherel’s theorem gives
Jr lo)?dt = 27) 7L [ |Gy (n; E 4 i/T)|?dE, and ay(n, T) = (2/T) [ |¢|?dt. The second statement is
the spectral theorem: both sides equal [ |z — 2| "2dpuy(z). For the third, 7T Yz — E —i/T| 72 =
P1r(z — E); integrate against f(F)dE and djy(v) and use Fubini’s theorem. O

This is the Abel form of the Parseval formula used by Damanik and Tcheremchantsev [11].

2.2 The phase set
For an irrational a put
Go=1{0€T: |sin(2rg.0)| > g,? for all sufficiently large n}, (6)
and for 6 € G, let ng(#) be an index from which on this holds.
Lemma 2.2. For every irrational o the set G, has full Lebesque measure.

Proof. The map 6 +— g, preserves Lebesgue measure on T, and {z € T : |sin27rz| < u} has
measure at most u. Hence {6 : |sin27¢,0| < ¢;2} has measure at most g, 2. Since 3, ¢,% < oo,
the Borel-Cantelli lemma shows that almost every 6 lies in only finitely many of these sets. O

2.3 Moments
Lemma 2.3. Let ¢ be a unit vector with finite moments, and let H have a bounded real potential.

1. For every p > 0 there is Cy,, depending only on p and on finitely many moments of ¢, such
that My, (T) < Cp (1 +T)P for all T > 0.

2. For0<a<1andT >1, Myy(T) < T% + (My,,(T) Py(T%, T))".

3. If0<a<1and Py(T*T)=0(T"™) for every m > 0, then a;r’w < a.

Proof. 1. Let k > 1 be an integer. We have [X, H] = S~' — S and [X*, H] = YF ! X?[X, H] X+
Moving the shifts to the left with ¢(X)ST! = S*le(X F 1) writes [X*, H] as Y., S*lci(X), where
c+ are polynomials of degree at most k — 1 with coefficients bounded by a constant depend-
ing only on k. Hence ||[[X* H]¢| < Cy i<k | X7¢||. Duhamel’s formula X*v, = e~ Xk —
zfot e M=) H[XF Hep, ds, justified by truncating X to bounded sets, and induction on k give
| X ¥ || < Cpp(1 + [t])k. For real p > 0 choose an integer k with 2k > p. Jensen’s inequality for
the probability distribution [t/ (j)|? gives

/(2k)
S PG < (P G)R)” = Xl < o+ ).
J J
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Averaging against (2/T)e~2/T proves the claim.

2. Split My, (T into |j| < T and |j| > T*. The first part is at most 77, because > ; ay (5, T) =
1. Apply the Cauchy—Schwarz inequality to the second part, for the probability measure ay(-,7") on
Z.

3. By parts 1 and 2, M, 4(T) < T% + C(1 + T)PT~™/2. Taking m > 2p gives M, ,(T) < CT,
SO ﬁi(p) < a for every p. O

2.4 Uniform growth and rational products

Lemma 2.4. Let K C R be compact and h > maxg L. There are a bounded open set U D K and a
constant C such that

|A(E,z)|| < Ce"™  forallreal E€ U, x€T, r>0.
The maximum exists because L is upper semicontinuous.

Proof. Fix Ey € K and h; = (maxx L + h)/2. Since L(Ey) < hy, there is 7o with
1
—/logHAm(Eo,x)de < hy.
ro JT

The function Fg(z) = log||A,,(E,z)|| is jointly continuous, so the same strict inequality holds for
F in a compact neighborhood Ny of Ey. Rotation by rga is uniquely ergodic, so Birkhoff averages
of the continuous functions Fg converge to [ Fg uniformly in x; by equicontinuity of {Fg}ren,
they converge uniformly in E € Ny as well. Hence there is mq with >, ., Fe(z + kroa) < mroh
for all m > mg, x € T and E € Ny. Writing a product of length r = mrg 4+ s with 0 < s <rgas m
blocks of length 7y and a remainder, submultiplicativity gives ||A,(E,z)|| < Ce’ on Ny. A finite
cover of the compact set K by the interiors of such neighborhoods gives U and C. O

For a convergent p/q and a phase ¢, the rational discriminant is Ay (E) = tr Agp/q) (E,p), the

discriminant of the g-periodic operator H,,/, . Its spectrum is {E : |[A,(E)| < 2}. The shift

© — ¢ + p/q permutes the ¢ factors of AS}” /9 cyclically and leaves the trace unchanged. Since

ged(p, q) =1, A, is invariant under ¢ — ¢ + 1/q.

Lemma 2.5 (Rational products). Let v be Lipschitz, and let U, h and C be as in Lemma 2.4.
There is C' such that for every convergent p/q of a, every real E € U and all phases x,p, ¢’ :

1. HA,(np/Q)(E, z)|| < C'e for 0 <r < gq;
2. |0LAL(E)| <20 g e for every integer r > 1, and

|AL(E) — Ay (E)| < 207 Lip(v) g™ — ¢/|;

3. |4q(E,x) — AP(E, )| < C" Lip(v) g €h4]3).

Proof. 1. For 0 < k < ¢ the potentials v(xz + kp/q) and v(z + ka) differ by at most d :=
Lip(v) k|ao — p/q| < Lip(v)|é|. Write each rational factor as the irrational one plus an error of norm
at most d, and expand the product of r < ¢ factors. A term with j errors contains at most j + 1
maximal irrational segments, each bounded by Lemma 2.4. Hence

|AP/D(E, z)|| < > (r) CITLh =D @) = Ce (1 4+ Cde™)" < CelreClip()e™
—o \J
7=0
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because rd < qLip(v)|d| < Lip(v).

2. Each factor is affine in E with derivative (} ). Differentiating the product 7 times inserts
this matrix at r distinct positions; there are at most ¢" ordered choices, and each resulting product
consists of at most r + 1 rational segments of total length at most ¢, so it is bounded by C'"t1eha
by part 1. The trace is at most twice the norm. For the phase, telescope the difference of the two
products: the term with index k is a product of two rational segments of total length ¢ — 1 and a
one-step difference of norm at most Lip(v)|p — ¢'|.

3. Telescope as in part 2. The one-step differences are at most Lip(v)|d| by part 1, and the
segments are bounded by Lemma 2.4 and part 1. O

2.5 Rational spectra

For a rational p/q in lowest terms let 3/, = Uyer 0(Hyp/q.0)-

Lemma 2.6. Let Hy be a bounded Schrédinger operator on £?(Z) with hopping one and real potential,
and let E € o(Hy). For every integer M > 1 there is a unit vector u supported in an interval of
length 2M with ||(Ho — E)ul| < 8/M.

Proof. By Weyl’s criterion there is a finitely supported vector w with ||(Hy — E)w|| < M~!|lw].
For k € Z let x;(n) = sin(n(n — kM)/(2M)) for kM < n < (k + 2)M and xx(n) = 0 otherwise.
Then 3 xx(n)? = 1, because on [kM, (k + 1)M] the two windows Y and x;_; are a sine and a
cosine of the same angle. Also |xx(n + 1) — xx(n)| < w/(2M), and for each n at most three indices
k have xi(n) or xx(n + 1) nonzero. Since ([S, xxJw)(n) = (xx(n + 1) — xx(n))w(n + 1), this gives
S IS5, xaJwP < 372(@M?) . Hence S | xpw|2 = [Jw]]? and

2 + 672
> (Ho = E)xwl* <237 lIxk(Ho — B)wll* + 23 [I[Ho, xuw||* < =5 [lw]*
k k k
Some k therefore has ||[(Hy — E)xrw|| < (8/M)||xrw]|- O

Lemma 2.7. Let v be Lipschitz. There is C such that for every rational p/q:

1/2

1. every point of ¥/, is within Cla — p/q|"/? of ¥, and every point of ¥ is within Cla — p/q|'/?

of ¥

P/q
p/a’

2. for every ¢, every point of ¥, is within Lip(v)/(2q) of o(Hy p/q.0)-

Proof. 1. Let E € 0(H, p/q,) and take u from Lemma 2.6, supported in [c — M, ¢ + M]. Choose '
with 6’ + ca = ¢ + cp/q. For [n — ¢| < M the potentials of H, ¢ and H, /4, differ by at most
Lip(v)M|o — p/q|. Hence dist(E, %) < 8/M + Lip(v)M|a — p/q|, and M = [|a — p/q|~'/?] gives
the first claim. The second claim is proved in the same way with the roles exchanged.

2. Translation by k sites conjugates H, /g, 10 Hy /g otkp/q» a0d {kp/q} is the full grid q 7 7.
Every phase ¢’ is within 1/(2¢) of a grid translate of ¢, and the potential is Lip(v)-Lipschitz in the
phase. O

2.6 Quasi-locality

Lemma 2.8. Let Hy be a bounded Schrédinger operator on £?(Z) with hopping one and real potential,
let R > 0, and let g € C*°(R) be supported in [—R, R|. For every integer M > 0 there is Cy R,
independent of Hy, such that

lad¥ (9(Ho))ll < Carrllgllemrzs 185, 9(Ho)dk)| < Carrllgllonrsa |5 — k7Y (5 # k).
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Proof. Write g(Hp) = (2r)~! [ g(t)eo dt and H, = e™X Hye~™X | which replaces S*! by eTiu S+,
Then ad¥ (e'H0) = (—id,)Me'Hu|,_g, and all u-derivatives of H, have norm at most 2. Repeated
Duhamel expansion gives ||ad¥ (e®0)|| < Cpr(1 + [t)M. Hence ||ad¥ (g(Ho))|| < Cu [(1 +
[t)M|g(t)| dt < Car.rllgllcm+z. The second bound follows from (5;,ad¥ (Y)éy) = (5 — k)M (5;, Y 6.

O

3 From two estimates to the transport law

The upper bounds of this paper have one architecture. Two estimates about a single operator suffice,
and the rest of the argument is a covering of all large times. This section states the two estimates
and proves the covering. Section 5 establishes them for supercritical type I potentials, Section 6 for
packets filtered in energy, and Section 7 under a separation hypothesis.

Throughout this section H = H,, , ¢ has a bounded real sampling function v, a fixed irrational
frequency a with B(a) < oo, and a fixed phase §. The initial state v is a fixed unit vector with
finite moments, and we write P = Py. Let £ > 0.

Definition 3.1. We say that H and v satisfy:

(M1) if there are Cp > 1 and x > 0, and for every M > 0 a constant Cy, such that for all sufficiently
large n, every T' > 1 and every N > Cpqy,

P(N,T) < CyN~M 4 ¢y T3e ",

(M2y) if for every fixed ¢ > 0, 0 < d < B, ¢ > 0 and m > 0 there are C' and ng such that for every
n > ng with b, > ¢ and every T with edim < T < eBan,

P(R,(T),T) <CT™™,  R,(T)=¢™ [1 + min(Te e<bn—f>+%)]

(M1) is a confinement estimate at every denominator. It confines the packet to distance O(g,)
until times e%/3 whatever the next denominator is. (M2;) describes the motion at a scale with a
definite Liouville ratio b, > ¢. Up to the factor %%, the packet moves with speed e %" and stops
at the radius e(bn=0+4 In (M2,), no may depend on the phase. For 1) = &y the per-denominator
estimate of Section 5 has the stronger form P(N,T) < Ce~PN 4 CT3e~" which implies (M1).

3.1 Windows at scales with a definite ratio

Proposition 3.2. Assume (M2). Let 0 <a <1, m>0,c>0and 0<d < B, and let By > 5(a)
satisfy fo := max{0,1 —¢/By} < a. There are C and ngy such that for every n > ng with b, > ¢
and every T with edin < T < qu",

P(T°,T) <CT™™.

Proof. Choose ¢ > 0 with ¢/d < (a — fo)/2, and apply (M2y) with these ¢,d, B,e,m. Since
limsupb, = B(a) < By, we may also assume b, < By for n > ng. Write ¢ = ¢, b = b, and
7 =1ogT/q € [d, B]. Then

log R, (T) <& log 2 N max{0, min(r — ¢, (b—£)4+)}
logT ~— d dq T '

The last term is at most fy. If b < £ it vanishes. If b > £ it equals 0 for 7 < ¢, equals 1 —¢/7 < 1—¢/b
for ¢ < 7 < b, and equals (b — ¢)/7 < 1 —¥¢/bfor 7 > b; and 1 — ¢/b < 1 — ¢/By. Hence
log R, (T)/logT < (a+ fo)/2+0(1) < a for large n, so R, (T) < T® and P(T*,T) < P(R,(T),T) <
cr—m. ]
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3.2 Covering every time

Theorem 3.3 (Covering). Assume (M1) and (M2;), and f(a) < co. For every a > max{0,1 —
¢/B(a)} and every m >0, P(T*,T)=0O(T™™) as T — oo. Consequently
4

aId}(H) < max{O7 1-— w}

If B(a) = 0, the same conclusion holds assuming (M1) alone.

Proof. 1t suffices to treat a < 1; for a > 1 use monotonicity of P(-,7") and some a’ € (max{0,1 —
¢/B},1). Let Cp, Kk be as in (M1). Fix K > 1 with kK > m + 3, and put d = 1/K and ¢ = a/(2K).
Fix By > f(«) with max{0,1 — ¢/By} < a, and put B = max{2By/a,2d}. Let C and ng be given
by Proposition 3.2.
For large T let j be the least index with q; > KlogT'. Two cases exhaust all possibilities.
Case A: qj < T*/(2Cp). Let N = |T?], so N > T*/2 > Cpg; for large T. By (M1) with
M =2m/a,

P(T% T) < P(N,T) < Cp2MT=M Oy T3e7% < O 2MT72™ - O T3 ~E = o(T™™).

Case B: g > T*/(2Cp). Let ¢ = gj—1. By the choice of j, ¢ < KlogT, so 7 =logT/q > d.
By (5), ¢j < Dj_1 = €%-19, s0

alogT —log(2Cp) < loggq; < bj_1q.

Along a sequence of times in this case, ¢; — 00, hence j — 0o and ¢ — oo. Dividing by ¢ < Klog T
gives bj_1 > a/K —1og(2Cp)/q > a/(2K) = c for large T. Also bj_1 < By for large j, so
7 < (Bo +10g(2Cp)/q)/a < B. Thus T € [e%,eP9] and bj_; > ¢, and Proposition 3.2 gives
P(T*,T) < CT~™ once j —1 > ny.

If () = 0, then b, — 0, so Case B cannot occur for large T" and (M2) is never used. The
bound on aiw follows from Lemma 2.3(3), letting a decrease to max{0,1 — ¢/3}. O

The covering uses no information about the scales between ¢j_1 and ¢; other than the two
displayed inequalities. In particular it allows liminf,, 3,, = 0. Case A uses no information about the
phase.

4 The lower bound

The lower bound holds for every phase and for general Lipschitz sampling functions. In this section
v: T — Ris Lipschitz and Hyg = H, o 9.

Theorem 4.1. Let a be irrational with 0 < () < oo. Assume that L(-) is continuous on a
neighborhood of a point E, € ¥ with L(E,) = ¢ := miny L. Then for every phase 0,

1
ot (Hg) > max{O, 1- M}

For real-analytic v the Lyapunov exponent is continuous [6, Theorem 1], so its minimum over %
is attained and the hypothesis holds at every minimizer.
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4.1 Elliptic blocks

E—v. -1
1 O)7C0:I7CT’: T—l'.‘TO

and A = C,. Suppose A is real and elliptic, | tr A| < 2. Choose B € SL(2,R) with B~'*AB = R,,
the rotation by angle o, and put u, = e] C,.B, the first row of C,.B, and

q—1

0 O 0 -1

Sa=3 llus|” Nn—(_l o)’ JO_(l o>-
r=0

Lemma 4.2. 1. Sy = |0ptr.Al/|sing|.

For a finite sequence of energies E—v,., 0 <1 < ¢, let T}. =

2. For every z € C and 0 < r < q, with A(E+ z) and C.(E + z) the products at the energy E + z,

IBTMA(E +2)B| < €194, ||Co(E + 2)B| < || Cy(E) B 154,

3. If [tr Al < 3/2 and the entries v, depend on a parameter ¢ with |Opv,| < Lip, then
|B~1(8,A)B|| < CLip |0p tr A| and | B~Y(8pA)B|| < C|0g tr A|, with an absolute constant
C.

4. Let z4 be the fized point of A in the upper half-plane. Any B € SL(2,R) with B(i) = z4
conjugates A to a rotation, and || B||?> = | B~Y|? = e¥24) | where d is the hyperbolic distance.
Moreover || Al|%g = 2 + 4sinh?(d(i, z.4)) sin? o. If | tr A| < 3/2, then e?24) < C||A||, and 24
moves with hyperbolic speed at most C||B~1A'B|| under any parameter derivative A’.

5. Let wo, ..., wg—1 € C, and let C}’ be the products C, with every E —v; replaced by E —v; +w;.
Then

0
C;UB = CTB H (I + ijj), Qj = —Jou]Tuj,
j=r—1
with the factors ordered from j =r — 1 on the left to j = 0 on the right. This identity holds
for every B € SL(2,R), with uj = e] C;B. Each Q; satisfies Q? =0 and ||Q;|| = ||lu;j||*. In
particular |TTj<,(I +w;Q;) — I|| < exp(3; < [wjl [luyll?) — 1.

Proof. Since T,.(E — v, + w) = T.(E — v,)({ + wNy) for every w € C, induction on r gives
cr = C, H(J)':rq(f + ijJ»_lNHCj). Conjugating by B gives part 5 with Q; = Bile_lNHCjB.
A direct computation, using M~t = —JyM"Jy for M = C;B € SL(2,R), gives Q; = —JoujTuj,
a rank-one matrix with [|Q;] = [lu;]|* and Q3 = 0 because ujjou;!— = 0. The product bound
follows from ||I +w;Q;| < 1+ |wj||lu;||>. Part 2 is the case w; = z, together with B~1AB = R,,.
Differentiating at z = 0, B~1(9pA)B = R, Y, Qr, and the trace of R,(—Jou u,) equals sin g ||u, |2,
because the symmetric part of R,.Jy is —sin o/ and the antisymmetric part has zero quadratic
form. This proves part 1. A change of v, at rate ¢, gives in the same way B~ A'B = R, Y, ¢, Q,
so [|[B~1A'B|| < max, |e.| S4. When |tr A| < 3/2, |sing| > +/7/4, and part 3 follows from part 1.
For part 4, recall that every M € SL(2,R) satisfies | M||?gq = 2coshd(i, M ()); since its singular
values are o and o~', this gives ||M|? = e?-M@)  Apply this to B and B~!. If B(i) = z4, then
B~'AB fixes i and is a rotation. Conjugating to that rotation and differentiating A(z4) = 24
shows that the fixed point moves at hyperbolic speed at most |1 — e~2%|~1||B~1 A’'B||. Finally
|All%g = 2 + 4sinh?(d(i, z.4)) sin? o, which with |sin o] > v/7/4 gives e(v24) < O|| A]|. O
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4.2 Proof of Theorem 4.1

If B(a) < ¢ there is nothing to prove, so assume ¢ < f(a). Fix h with ¢ < h < B(a).

Uniform real growth. By continuity of L near E, there is a compact neighborhood U of F, on
which L < h. Lemma 2.4 gives Cj, with ||A.(E,z)| < Cpe for E € U, x € T and r > 0. By the
product rule, with D, = Cqel,

|0p tr Ag(E, x)| < Dy, |0p tr Ag(E, z)| < Lip(v) Dy (EeU), (7)

the second almost everywhere in x.

A band near E,. Choose convergents with 5, — B(«); write ¢ = gy, 0 = d,,. Fix a phase xy and
let HP®" be the g-periodic operator whose potential repeats v(zg + ka), 0 < k < ¢. Its monodromy
is Aq(E,x0), and it differs in norm by at most Lip(v)|d| from the p/g-periodic operator at phase
rg. By Lemma 2.7, the phase-union spectrum 3, ,, converges to ¥ and lies within Lip(v)/(2q) of
each fixed-phase spectrum. So o(HP®") has a point converging to F,.. Every band of a ¢g-periodic
operator with hopping one has width at most 27/¢: distributing the Bloch phase over the ¢ bonds
makes the Floquet matrices 2/¢-Lipschitz in the Bloch phase. Hence, for large n, an entire band of
HP*" lies in U. On that band tr A;(E, ) is monotone and takes all values in [—2, 2], so the set

Sy = {F in the band : | tr A,(E, zo)| < 1}

is an interval of length at least 2/D,.
Slowly drifting blocks. The blocks of the actual operator starting at sites mgq, for § = xg, are
AM(E) = Ay(E, x0 + mqa) = Ay(E, xo +mé), since gqa = p + J. Let

c
K, = Lf%lj N, =qK,  T,=CoK,D,,
with ¢g small and Cj large fixed constants. Since log(1/|d]) = bpg and b,, — () > h, K, — oo. For
Ec S,and 0 <m < K, (7) gives | tr A™(E) — tr A, (E, z0)| < Lip(v)DyK,|d| < Lip(v)co < 1/2,
so every block satisfies |tr AT™| < 3/2.

By Lemma 4.2(3)—(4), the fixed points z,, of the blocks A(™) move a total hyperbolic distance
Y>om A(Zms 2me1) < C Lip(v)DyKy|d| < C. Choose any By, € SL(2,R) with B,,(i) = 2. Since
B} | By, maps i to a point at distance d(zp, zm1) from i, Lemma 4.2(4) gives ||B,} By =
ez zm11)/2 g0 [T, HBf:L}FleH < €Y. By Lemma 4.2(1)—(2), each block at the energy E +i/T,
satisfies || B! A" (E 4 i/T,)By| < ¢“Pa/Ta; and the product of K, such factors is at most
eCKaDq/Ts < ¢C/C0, The endpoint lifts cost at most Ce’ by Lemma 4.2(4). A partial last block is
handled by the second inequality in Lemma 4.2(2). Hence, writing ®(x, z) for the transfer matrix of
H,, from site 0 to site x,

s [0 B+i/T)| <CeM (e s,) ®)

Resolvent. Let G(n;z) = (6, (Hgy — 2)"200). For n > 1 the vector (G(n + 1;2),G(n; 2)) is
obtained from (G(1;2),G(0;2)) by the transfer matrices starting at site 1, which are bounded as
in (8) after a shift of the starting site that changes only constants. Since these matrices have
determinant one and |G(0; E +i/T)| > Im G(0; E+i/T) > ¢/T for bounded E,

G(n; E+4/T) > +|G(n+ LE +i/T))|> > I, %e™* (B €8, 0<n<N,).

By Lemma 2.1, a(n,T) = (7T)7! [z |G(n; E +i/T)|? dE. Summing over the pairs of sites between
Ny/2 and Ny gives
P(Ng/2,Ty) > ¢ Ny |Sg| Ty 2™ > T,7¢ (9)
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for a finite constant C, depending only on h and f(a), because logT, = byq + O(loggq) and
1S, = 2/D,.

The exponent. From log N; = (b, — h)q + O(logq) and logT, = b,q + O(logq) we get
log Ng/logTy — 1 —h/B(a). By (9), Mp(Tq) = (Ng/2)PP(Ng/2,Tq) = C(Nq/z)qu_C*’ so 7 (p) >
1 —h/B(a) — Cy/p. Letting p — oo and then h | ¢ proves the theorem for the phase xy. The phase
was arbitrary. O

The mass produced by this argument is polynomially small. Section 6 replaces it by a fixed
fraction of the packet, which controls every moment.

5 Supercritical type I potentials

This section proves the two inputs (M1) and (M2, ) of the covering theorem (Definition 3.1, with
1 = dg) for real-analytic potentials, where ¢, is the smallest Lyapunov exponent on the spectrum.
Theorem 5.9 proves (M1), in a stronger exponential form, for every real-analytic potential whose
Lyapunov exponent is positive on the spectrum. Theorem 5.15 is a single-scale window estimate under
a geometric hypothesis on the rational discriminant near the phase of the initial site. Theorems 5.17
and 5.25 verify that hypothesis, and hence prove (M2, ), for almost every phase when, in addition,
the potential is of type I in the sense of Ge and Jitomirskaya. Theorem 5.26 combines them with
the covering argument and with Theorem 4.1; it is Theorem A. Theorem 5.29 treats potentials of
the form w(sz); it is Theorem C.

The proof of (M2) uses no conserved operator. Its single object is the resolvent vector (H — E' —
i/T)~16p. Comparing ¢ consecutive transfer matrices with the periodic approximant at the local
phase gives an exact g-step recursion for this vector (Lemma 5.7). The coefficient of the recursion
is the rational discriminant at a phase that drifts by d,, per site. Its error is controlled by the
Lyapunov exponent at the energy F itself. The type I hypothesis makes the discriminant, as a
function of the phase, behave like a single cosine near the phase of the initial site. Where it is large,
the recursion forces exponential decay. Where it is small, its imaginary part has a fixed sign, and a
weighted estimate bounds the speed.

5.1 Setting and type I potentials

In this section only, v : T — R is real analytic. It extends holomorphically to a strip |Im x| < dy,
and we fix 0 < 01 < §,. We write Hy = H, ¢ for the operator (Hpu)(n) = u(n +1) +u(n —1) +
v(0 + na)u(n), and define T'(F, z), A,(E,z), ¥, P(N,T) and o, as in Sections 1 and 2 with this v.
Transfer matrices are used at complex energies F and at complex phases x with |Im x| < §,. We
write [|v'|| = maxr |v/|, so that Lip(v) = ||¢/||, and ¢(E) = L(E) for the Lyapunov exponent of v at
E € C. By [6, Theorem 1], ¢ is continuous on R. The operator is supercritical if £ > 0 on X, and
then ¢, = miny £ > 0. The continued-fraction notation py,/qn, dn, Dy, by is that of Section 2. At
a fixed scale we write ¢, p, d, D,b. Constants may depend on v, « and explicitly fixed parameters,
never on the phase, the scale or the time. “For large ¢” means for every convergent denominator
q = qn with n beyond a threshold that depends only on the same data.

Complezification. For real E and |y| < d, let L(E,y) be the Lyapunov exponent of the cocycle
x +— T(E,z +iy) over the rotation by «, so that L(E,0) = ¢(E). Since v is real, A,(E,x — iy) is
the complex conjugate of A,.(E,z + iy) for real x, so L(FE,-) is even. It is convex [2, Section 1.3].
The acceleration is w(E) = lim, o(L(E,y) — ((E))/(2my). We use three facts from Avila’s global
theory. Theorem numbers for [2] refer to its arXiv version v1.

(A1) Quantization [2, Theorem 5|. The acceleration of an analytic SL(2,C) cocycle over an irrational
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rotation is an integer. Applied to the cocycles at every height, this makes L(F,-) a convex
piecewise affine function with slopes in 27Z.

(A2) Regularity [2, Theorem 6]. A cocycle is regular if its complexified Lyapunov exponent is affine
for heights near zero. If its Lyapunov exponent is positive, it is regular if and only if it is
uniformly hyperbolic.

(A3) Uniform hyperbolicity 2, Section 1.3]. A real energy F lies outside ¥ if and only if its cocycle
is uniformly hyperbolic. Uniform hyperbolicity is an open condition, uniformly hyperbolic
cocycles have positive Lyapunov exponent, and the Lyapunov exponent is a smooth function
on the open set of uniformly hyperbolic cocycles.

Definition 5.1. Ge and Jitomirskaya call an energy of type I if its T-acceleration equals one [13,
Definition 2.1]. For supercritical energies the T-acceleration is the acceleration w(FE) [13, Section 2.1].
We say that H, , is supercritical and type I if £(E) > 0 and w(E) =1 for every E € ¥.

Here [13] is cited in its arXiv version v2. The almost Mathieu operator with A > 1 is supercritical
and type I: by [2, Theorem 10 and Corollary 11], L(E,y) = max{{(F),log A+2x|y|} and {(E) = log A
for E € X, so L(E,y) =log A + 27|y| on X. The operator with potential 2\ cos(2wsx), s > 2, is not
of type I: its acceleration on the spectrum is s (Remark 5.30).

Lemma 5.2 (A common strip). Let Hy o be supercritical. It is of type I if and only if there is
h € (0,61) such that

L(E,y) ={(E) + 2rly| forall E € ¥ and |y| < h. (10)

Proof. If (10) holds, then w =1 on X. Conversely, let £’ € ¥. By (Al), L(E’,") is affine on [0, y1]
for some y; > 0, with slope 27w(E’) > 0. If w(E’) = 0, evenness makes L(E’,-) constant near 0.
The cocycle of E’ is then regular with positive Lyapunov exponent, hence uniformly hyperbolic by
(A2), which contradicts E' € ¥ by (A3). So w(E’) > 1 at every E' € ¥.

Now assume type I and fix E € ¥. Then L(E,y) = ¢(E) + 2wy on some [0,y;] with 0 < y; < d7.
Put yo = y1/2. At height yo the cocycle is regular with Lyapunov exponent at least ¢(E) > 0, so it
is uniformly hyperbolic by (A2). By (A3) there are e > 0 and 0 < d < yp such that the cocycles of
all real E' € [E — e, E + €] at all heights in [yo — d, yo + d] are uniformly hyperbolic. Each of them is
regular by (A2), so L(E',-) is affine on [yo — d, yo + d], with a slope ¢(E’) € 27Z by (A1). The slope
S(E") = (L(E',yo +d) — L(E',yo — d))/(2d) is continuous in E’ by (A3), so it equals ¢(E) = 2. If
moreover E' € 3, the convex function L(E’,-) has slope at least 27 just to the right of 0 and slope
27 at yo. Hence its slope is 27 on (0, yol, and L(E',y) = ¢(E’) + 27y for 0 < y < yo. Finitely many
intervals [E — e, E + ¢] cover the compact set ¥. Let h be the smallest of the corresponding yo.
Evenness gives (10). O

Whenever type 1 is assumed, h denotes the number of Lemma 5.2.

5.2 Rational discriminants

Let p/q be a convergent of a. For |[Im | < 6, let A (E) be the trace of the rational product

A((Ip/q)(E, @) of Section 2. As noted before Lemma 2.5, A, is invariant under ¢ — ¢ + 1/¢; the
argument there applies to complex phases as well. So

ty(z, B) = Ay /y(E)
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is well defined. It is 1-periodic and analytic in « on |Im x| < ¢d,, a monic polynomial of degree ¢ in
E, and real for real x and E. Write t,(z, E) = Y 1oy cqrx(E)e?™. For real E, ¢y _r(E) = cyx(E).
If v is even, then t,(—z, E) = ty(z, E). Indeed, the potentials at the phase —x/q are those at z/q
in reverse cyclic order, and the trace of a product of matrices (¢ 51) is invariant under reversing
the order, since conjugation by diag(1, —1) maps each factor to its transpose. So for even v every
cq.k(E) is real.

For the operator Hy the local phase at site j is
zj =q(0+ jo) mod 1 = xp + j9, 29 = g6 mod 1,
because gae = p + 6.

Lemma 5.3 (Band centres). For real x the roots of ty(x,-) are g simple real numbers Ey(z) < --- <
Eq(z). Each Ejy is real analytic and 1-periodic, and |E;| < ||V'||/q. If = is a real zero of ty(-, E) for
a real E, then

Optyw, B)| 2 15 10sta(a, B (1)
Proof. The roots of t,(x,-) are the eigenvalues, with multiplicity, of the Floquet matrix of the
p/g-periodic operator at phase x/q with Bloch phase 7/2, since 2cos(w/2) = 0. This is a ¢ X ¢
Hermitian matrix, so the roots are real. A double root would give two independent Bloch solutions
with multiplier ¢, forcing the real unimodular monodromy matrix to equal ¢, which is impossible.
So the roots are simple, and the implicit function theorem gives analytic branches. By the Hellmann—
Feynman formula the phase derivative of a simple eigenvalue is at most the norm of the phase
derivative of the Floquet matrix, which is at most ||v’|); since x = g, |E}(z)| < ||v'[|/g. Finally,
differentiating t4(z, Ey(z)) = 0 gives Oytq = —0Optq - Ej, which is (11). O

We call Ey(z) the band centres at phase x. Each lies in the spectrum of the p/g-periodic operator
at phase z/q, and each band of that operator contains exactly one of them.

Lemma 5.4 (Location). There is C such that for every convergent p/q:
1. every band centre lies within C(|6]/q)"/? of ¥;
2. for every real x, every real E with dist(E,X) < 1/q lies within C/q of {E1(x), ..., Eq(x)}.

Proof. Part 1 of Lemma 2.7, with |« — p/q| = |d|/q, gives part 1. For part 2, F is within 1/q of 3,
hence within 1/q + C(|8|/¢)"/? < C/q of the phase-union rational spectrum, hence within a further
|v']|/(2q) of the spectrum at phase x/q by Lemma 2.7(2). Every band of a g-periodic operator with
hopping one has width at most 27 /q (proof of Theorem 4.1), and it contains a band centre. O

Lemma 5.5 (Local growth). Let a > 0.
1. There are p, > 0 and C, such that

145 (z, 2)|| < Cael I+

for every real E with dist(E,X) < pg, every z € C with |z — E| < p,, every x € T and every
r > 0.

2. If Hy o is supercritical and type I, the same holds with = replaced by x + iy, |y| < h, and {(E)
replaced by ((E) + 27|y|.
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3. For all large q the rational products Agp/Q)(z, ©), r < q, obey the bounds of parts 1 and 2 with

Ca replaced by C} = Cqexp(Col|v'||n), where |[v'||, = max| y z)<p [V (2)| and h =0 in part 1.

Proof. We prove part 2; part 1 is the case h = 0, which does not use type I. Fix (Ep,y0) €
Y x [—h,h]. By (10), L(Eo,y0) = ¢(Ep) + 27|yo|. Since the Lyapunov exponent is the infimum of
the averages r~! [ log || A.|| dz, there is ro with ry ! [p1og || Ay (Eo, x + iyo) || dz < £(Eo) + 27|yo| +
a/4. The integrand is jointly continuous in (z,y,x). So the same holds with a/2 for (z,y) in a
compact neighborhood Vj of (Ey,yo), with z complex. As in the proof of Lemma 2.4, uniform
convergence of Birkhoff averages over the uniquely ergodic rotation by roa gives || A, (z, z + iy)|| <
CoelllEo)+2mlyol+3a/4)r o Vi Shrinking Vp, continuity of £ on R gives £(Ep) + 27|yo| < U(E) +
27|y| + a/4 for real E with (E,y) € Vp. Finitely many interiors of such V cover the compact set
¥ X [—h, h], so there is p, > 0 such that every ball of radius 3p, centred in ¥ x [—h, h] lies in one
Vo. If dist(E,X) < p, and |z — E| < p,, choose E' € ¥ with |E — E'| < pg; then (E,y) and (z,y)
lie in the ball of radius 3p, about (E’,y), hence in one ;.

For part 3, the rational factor T'(z, ¢ + iy + kp/q) differs from T'(z, ¢ + iy + ka)) by at most
d = ||v'||n]d]| in norm, for 0 < k < ¢. Expanding the product as in the proof of Lemma 2.5(1), a term
with k errors has at most k41 maximal irrational segments. The sum is at most C,e(¢(F)+27lyl+a)r(1 4
Cod)" < CuellB)t2mlylta)r Cadr hocause £(E) 4 a > 0; and dr < dg < |[v/||5. O

Corollary 5.6 (Bounds for the discriminant). For every ¢ > 0 and all large q the following holds
for every real E with dist(E,X) < p¢/2, every real E' with |E' — E| < 1/q, every real x and every
k> 0:

ty(z,2)| < AUEIHD (12— Bl <1/q), |05t (x, E")| < k! (2q)Fet B (5 =0,1).
If H, o is supercritical and type I, then |0%t,(z, E')| < k! (2q)FedCE)TOF2rIImz] for | Tm 2| < gh.

Proof. Apply Lemma 5.5 with a = (/2. The trace of a 2 x 2 matrix is at most twice its norm.
Differentiating A, in ¢ inserts the matrix ( _6" 8) at one of ¢ positions, between two rational segments
whose lengths add up to ¢ — 1; since 8, = ¢~10,, this gives |dyt,(z, 2)| < 2||v/||C2e{F)+@)a, For
large ¢ both bounds are at most e?“(F)*0) when |z — E| < 2/q. The derivatives in E follow from
Cauchy’s estimate on the circle of radius 1/(2¢) about E’. The last statement is proved in the same

way from Lemma 5.5(2). O

Parts 1 and 3 of Lemma 5.5 (with A = 0) and the first statement of Corollary 5.6 use only the
continuity of £ on R, the compactness of ¥ and unique ergodicity. They hold, with the same proofs,
when X is replaced by any compact interval of real energies; Section 7 uses them on such an interval.

5.3 An energy-local ¢-step identity

Lemma 5.7 (A g¢-step identity). Fiz a >0, and let p, and C), be as in Lemma 5.5. For all large q
the following holds. Let E be real with dist(E,X) < po/2, let |z — E| < 1/q, let j € Z, and let ¢
satisfy (Hg — z)Y)(k) =0 forj—q+ 1<k <j+gq. Then

Vi +a) + 90— ) = ty(z,2) P(j) + €5, lej] < exes(E) (10 ()] + [ (7 + 1)), (12)

where eres(E) = 2C72 q ||V |6] V)4 In particular (12) holds for i = (Hg — 2)~ '8¢ whenever
jl=q+1.
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Proof. Write wy = (1(k+1),(k))T and T), = T(z, 0+ka). The equation at site k reads wy, = Tywy,_1.
Hence wjiq = Ayw; and w; = Agwj_q, with Ay =T}, 4---Tj41 and Ag =T} ---Tj_441. Let B; be
the ¢g-periodic operator with potential v(6 + ja + (k — j)p/q) at site k, and T,f its transfer matrices.
By periodicity both products Tj]iq e Tﬁrl and TJB . TJBL g+1 €qual one matrix M, a period transfer
matrix of the p/g-periodic operator. Its trace is t,(z;, z), because the trace does not depend on
which period one starts from and g(f + ja) = ; mod 1. Since det M =1, M + M~ = (tr M)I. So

Witq + wj—g = te(x5,2) wy + [(Ay — M) + (Ag' — M~H)]w;,

and the second component is (12) with |e;| < (|[Ay — M| + [|Agt — MN[0 ()] + | (5 + 1)]).
For |[k—j| < q the potentials of Hp and B; at site k differ by at most ||v'|| |k—j| |a—p/q| < ||V/]]]4].
Telescoping,

q
Ay =M =3 "TH, - T (Tivi = T Tjgie - Ty
=1

The term with index ¢ contains a rational segment of length ¢ — ¢ and an irrational segment of length
1 — 1. By Lemma 5.5, with each segment bounded according to its own length, it has norm at most
C2||v'|| 18] e“E)Fa)a=1) " The same bound holds for Ag' — M~ telescoped through the inverse

one-step matrices, because a product of inverses is the inverse of a segment and ||B~!|| = || B|| in
SL(2,C). Summing over i gives the claim. For ¢ = (Hy — 2)~1dy the equation is homogeneous at
every site except 0, which lies outside [j — ¢+ 1,5 + ¢] when |j| > ¢+ 1. O

The bound on e; uses the length of each segment. Bounding both segments by their maximal
length ¢ would give the exponent 2¢(F) in place of ¢(F), which is too large for what follows.

5.4 The per-denominator estimate

Lemma 5.8. Let H, o be supercritical, and put Kg = max(4, ||v||oc +3). There is v, > 0 such that
for all large q, every x € T and every z with |Rez| < Kg and 0 <Imz <1,

(max [[Ar(z,2)] = ™.
Proof. Positivity. The function £ is continuous on R, positive on X by assumption and positive off 3 by
(A3). Let v > 0 be its minimum on [—K g, Kg]. By the Thouless formula ¢(z) = [log|z— E'| dk(E'),
valid at every z € C [9], where k is the integrated density of states, we have ¢(E + in) > ((FE)
for real E and n > 0. So ¢ > ~ on the rectangle R = {|Rez| < Kp,0 < Imz < 1}. Since
((z) = inf, n~! [plog||An(z, x)| dz, we get [qlog ||An (2, 2)||dx > ny for every n > 1 and z € R.

Bounds. Let T' = log(Kg + 3 + max|im 4<s, |v(2)]), so that |T(z,z)| < €' for = € R and
|Imz| < &;. Fix z € Rand n > 1, and let f(x) = || A (z, x)|/fg for real . It extends analytically to
|Im x| < &, as 37, ; aij(w)aij(T), where a;; are the entries of A, (z,-), and [f] < 4e*™ on |Im x| < 6.
On the real line, [;log f > 2ny and log f < 2nI' 4 log 2.

A threshold. Let tg = ™. For every real u, ty* ft%to log|u — t|dt > logty — 1 — log2, the
minimum over u being attained at u = 3to/2. By Fubini’s theorem there is ¢ € [tg,2to] with
Jrlog|f —t| > ny —2.

Counting zeros. Put F = f —t; then |F| < e“1" on |Imz| < 61, with C; = 2T' + 2. Let
ay = min(d1,1)/4 and cover T by [1/a;]| closed intervals I of length a;. Since [jlog|F| >
ny =220 forn > 2/yand [p, log|F| < Cin, we get [} log|F| = —Cin, so some xj, € Ij; has
log|F(zx)| > —Cin/ay. Jensen’s formula on the disk of radius 2a; about zj, which lies in the
strip | Im x| < §1, bounds the number of zeros of F' in the disk of radius a, which contains Ij, by
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(Cin+Cin/ay)/log2. Hence F has at most Can real zeros in T, with Cy = [1/a;](1+1/a;)C/ log2.
The centres were chosen where F' is not small, so no assumption on the location of zeros is needed.

A long interval. Let G = {z € T: f(x) > t}. Off G, log f <logt < ny+log2. Splitting [ log f
gives 2ny < |G|(2nI" + log2) + (1 — |G])(ny + log2), so |G| > (ny —log2)/(2nI') > ~/(4T") for
n > 2log2/~. The boundary points of the open set G are zeros of F', so G has at most Con + 1
components, and one of them is an arc of length at least c4/n, ¢4 = v/(4'(Ca + 1)).

Orbit hitting. Take n = |c4q/8], so that this arc has length at least 8/¢, and n > c4q/16
for large q. On it ||[An(z, )| > 272 An(z, )|lus > 27 V212 > 271/2¢71/2 Let p/q be the
convergent. The points x + ja, 0 < j < ¢, are within 1/q of a translate of the grid ¢~'Z, because
lia — jp/q| < j/q* < 1/q. Hence they are 3/(2¢)-dense, and some j < ¢ has x + ja in the arc, so
|An (2,2 + ja)| > 271/2e™/2,

Conclusion. Since Ajin(z,7) = Ap(2,2 + ja)A;(z,2) and |[M 71| = ||[M| for a 2 x 2 matrix of
determinant one,

2712612 < | Ag 2,2 145 (24 2]

So one of ||A;(z,2)|| (if j > 1) or ||Aj4n(z,x)|| is at least 271/4em/4 with 1 < j +n < 2¢. Since
n > c4q/16, the lemma holds with 7, = ¢47/128. O

Theorem 5.9 ((M1) for analytic potentials). Let v be real analytic and H, o supercritical. There
are Cp > 1 and C,cp,k > 0 such that for every phase 6, every sufficiently large n, every T > 1 and
every N > Cpqp,

P(N,T) < Ce= PN - CT3ern,

Proof. We use the general transport bound of Damanik and Tcheremchantsev [11, Theorem 7]. For
a Schrodinger operator with bounded potential, choose Kg > 4 with o(H) C [-Kg + 1, Kg — 1];
here K = max(4, ||v||cc +3) works, since || Hyg|| < 2+ ||v]|so. Their theorem bounds the right outside
probability, for the initial state 0; and the same exponential time average, by

KE -1
_ 3 . 2
C exp(—cN) + CT /_KE<1E}3<XN]|<I>(/<:,E+Z/T)H> dE,

where ®(k, z) is the transfer matrix from site 1 to site k, and the left outside probability by the
analogous expression for negative k. The constants depend only on Kg and ||v||s. For "> 1 and
|E| < Kg, the point E +i/T lies in the rectangle of Lemma 5.8. The transfer matrices from site 1
are A (2,0 + o), so the integrand of the right half-line is at most e=27*% once N > 2¢q,. The left
half-line is handled by reflection: (Ru)(n) = u(—n) satisfies RH, o gR = Hp o,—¢ with 0(z) = v(—2x).
The function ¥ is real analytic. Since Ry = dp, the two families have the same integrated density of
states, hence by the Thouless formula the same Lyapunov exponent; so Hj , is supercritical, and
Lemma 5.8 applies to it. If Hu = zu, then Ru solves the reflected equation, so the left transfer
matrices of H, , ¢ are right transfer matrices of Hy o _g, up to conjugation by (9 ) and one one-step
factor of bounded norm. With x = 2min(v,,75) both integrands are at most e~ once N > 2¢,,.
Changing the initial site from §; to dg shifts the phase by « and the radius by one, which is absorbed
by enlarging Cp and C. Finitely many small n are absorbed into C, since P <1 < T3. 0

Corollary 5.10. Let v be real analytic, H, o supercritical and $(a) = 0. Then for every phase,
every a > 0 and every m > 0, P(T%,T) = O(T~™). In particular o;f (Hg) = 0 for every 6.

Proof. By Theorem 5.9, (M1) holds for every phase. When ((a) = 0, Theorem 3.3 needs (M1)
alone, and its Case A uses no information about the phase. So o < a for every a > 0 and every
phase. O
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The conclusion is known. Damanik and Tcheremchantsev proved it for trigonometric polynomial
potentials whose Lyapunov exponent is bounded below by a positive constant at every complex
energy [11, Theorem 5]. Jitomirskaya and Mavi proved 3% (p) = 0 for Diophantine frequencies
and piecewise Holder potentials whose Lyapunov exponent is continuous and positive on R [18,
Theorem 1.7], and recorded that a simple modification of their proof gives the same for analytic
potentials whenever log ¢,,+1/qn, — 0, that is, 5(a) = 0 [18, Remark 1.12]. Their hypotheses hold
here, since ¢ is continuous and positive on ¥ and, by (A3), off 3. Their upper exponent is defined
without time averaging, for the average of the packets started at dy and 1, so it bounds ours.
Lemma 5.8 and Theorem 5.9 give a quantitative route to this endpoint.

5.5 The dominant phase coefficient

We import the finite harmonic structure of rational discriminants from Jitomirskaya and Marx. Their
tp/q(0, E) and aq 1 (E) are our t4(gf, E) and ¢, x(E), and their complex phase ¢ + ie corresponds to
our x + tqe.

Lemma 5.11 ([17, Lemma 3.5, (3.11)—(3.12)]). There are Ko € N and ¢y > 0 such that, along
the convergents of a:

1 Jtg(2, E) = X<k gk (E)e*™ | < ememd for gll E € X and |Imz| < qd1, for large g;

2. L(E,y) = max{0, maxy <, (¢~ " log |cq x(E)| — 27ky) } 4+ o(1) as ¢ — oo, uniformly in E € ¥
and |y| < 0.

Jitomirskaya and Marx prove these statements in their Appendix A for an arbitrary analytic
SL(2,C) cocycle; see (A.13)—(A.17) for part 1 and (A.31) for part 2. Their uniformity over E € 3
comes from the uniform bound (A.2) on the analytic norms of the cocycles, together with continuity
of the Lyapunov exponent on the compact family. Proposition 3.1 of [17] is a different statement,
about energies with zero Lyapunov exponent, and is not used. We cite [17] in its arXiv version v2.

Proposition 5.12 (Dominant phase coefficient). Let H, . be supercritical and type I. Write
agk(E) = ¢ tlog|cyk(E)|. Uniformly in E € ¥, as ¢ — oo along the convergents,

1. ag+1(E) =L(E)+o(1);
2. aqi(E) <UE)—2n(|k] = 1)h +o(1) for 2 < |k| < Ko, and aqo(E) < U(E)+o(1).
Let ng = min(7h, cym) /4. For large g and every E € 3:

3. on the real line ty(z, E) = cg0(E) +cq1(E)e*™ +cy—1(E)e™ 2™ +ry(z, E) with |ry| +|0.r4] <
|Cq1 (E)|e™™;

4. fory € {h/4,h/2} and real u, ty(u £ iqy, E) = cq+1(E) e*™¥eT2™(1 + ey (u)) with |ex(u)] <
o104

Proof. For real E, |cq—k| = |cq k|- So for y > 0 Lemma 5.11(2) reads Fy(y) = ¢(E) + 2wy + o(1) on
[0, h], uniformly on ¥, where Fy(y) = max{0, maxo<p<r,(aqr + 27ky)}. Fix € > 0 with e < 7h/8
and € < ¢y\/2, and let ¢ be so large that the error is at most €. Since Fy,(h/2) > ((E) +mh —€ > 0,
some line ky € {0,..., Ko} attains F,(h/2). Lines lie below Fy, so Fy(h/4) > Fy(h/2) — nkoh/2 and
F,(3h/4) > Fy(h/2) 4+ mkoh/2. With the two-sided bounds on Fj, these give ko > 1 — 4¢/(wh) and
ko <1+4e/(mh), so ko = 1 and |agq1 — £(E)| < e. This is part 1. For k > 2, a4 + 2wkh < Fy(h) <
U(E)+2nh+¢, and ago < F,(0) < ¢(E) + €. This is part 2.
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For part 3, the modes 2 < |k| < Kj contribute at most 2Ky(1 4 2rKg)ed(E)=2mhte) ¢4
|rq| + |0z7r¢|. The tail beyond Ky is at most e”“M? on |Im x| < ¢d1, so its z-derivative on the
real line is at most e~“™? by Cauchy’s estimate on the unit disk. Divide by |c,1(E)| > e?“(F)=¢)
which is part 1. The ratio is at most 2Ko(1 4 27 Kg)e?(—270+2¢) 4 geal—cam—LE)+e)  which is at
most e~ for large ¢, because 2¢ < wh/4, € < cyy/2 and ¢(E) > 0. For part 4, on the line
Imz = gy the mode k& has modulus |cq7k|e_27rqu. The mode —1 has size e?¢(E)+2my+o(1)) By
parts 1-2, the mode 0 and the modes k > 1 are at most e4?E)+o(1) and the modes k < —2 are at
most ed({E)+2my=2n([kl=1)(h—y)+o(1)  With h/4 < y < h/2 every other mode is smaller by a factor
e~4(mh/2=0(1)) "and so is the tail. The line Imz = —qy is symmetric. O

For & > 0 write
N, (&) = {E € R: dist(E, %) < e %4}.

Lemma 5.13 (Near the spectrum). Let H, o be supercritical and type I, 0 < & < ng and ¢ > 0. For
large q and every E € Ny(§):
1. e1UE)=C) < lcqt1(E)| < e?UE)+C) .

2. ty(z,E) = cgo(E)+cg1(E)e*™ 4y _1(E)e > +r,(z, E) on the real line, with |ry|+|0.r,] <
g1 (B)|e %972

3. part 4 of Proposition 5.12 holds at E with |ex| < e=%9/2,

Proof. Pick E' € ¥ with |E — E'| < e~%. By Corollary 5.6 with ( = £/8, every point between
E' and E satisfies [0pdit,| < 2qe?(“(EN+E/8)+2mmal for j — (0,1 on the real line and for j = 0 on
|Im z| < gh. By Proposition 5.12(1), |cq+1(E")| > e1“E)=¢/8) Hence on the real line

sup |8%(tq(x7 E) - tq(% El))’ S 2q673§q/4’cq71<El)’7 .7 - 07 L.
x

Fourier coefficients move by at most the supremum, so |c,x(E) — cox(E")| < 2qe™3%44|c, 1 (E")).
Together with |¢(E)—¢(E")| = o(1) this gives part 1. The remainder r4(-, E)—74(-, E') is a sum of four
such differences, so it and its z-derivative are at most C'qe™39/4|c, 1(E")|. With Proposition 5.12(3)
and & < 7o this gives part 2. On the lines Im 2 = +qy the difference t,(z, E) — t4(z, E’) is at most
2qe=%/4c, +1(E")|€*™%¥ | which gives part 3. O

5.6 A window estimate under a geometric hypothesis
The dynamical argument uses the potential only through the following property of the discriminant
near the phase xy = ¢ of the initial site. Distances on T are arc lengths.
Definition 5.14. Let &, > 0, let ¢ be a convergent denominator, g € T and e ¢/t < g < 1. We
say that (W) holds at (q,xo,0) if for every E € N,y (§) the set

Zp={zeT: |z — x| <0/16, |t,(z, E)| < o2ed“E)=0}
is empty or lies within 0 /16 of the centre of a closed arc Jg of length o /4 on which ¢,(-, E) is strictly
monotone with [d,t,(z, E)| > oedF)=0),

Theorem 5.15 (Window estimate). Let H,, be supercritical. Fiz ¢ >0,0<d < B, € >0 and
m > 0, and let
0 < € < 155 min{e, ¢, d, 44,1}, 0 < ¢ < £/100.

There are C and ny with the following property. Letn > nq with b, > ¢, and let 0 be a phase such that
(W) holds at (g, qnb,0), with these &,¢, for some o € [e=S9/* 1]. Let T satisfy e®™r < T < eBin,
and write Y = (Hy — E —i/T)"'6y. Then:
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1. P(R,(T),T) < CT™™, where R, (T) = €% [1 + min(Te 4 elbn=t)+am)];

2. (per energy) if E is real with dist(E,X) < =% then [1gj>mYEll < AT™™ for every

N Z ellan [1 + min(Te_z(E)Qn’ e(bn_z(E))qu'n)};

3. (far energies) if E is real with g := dist(E, %) > e~%, then Hl{\j\>N}¢EH2 < 64g2g' eI N
for every N > 0, where ¢’ = min(g, 1).

No upper bound on b,, is needed. Since ¢=3 > e=¢4/4 for large ¢, the range of o contains [g,,3, 1]
for large n. Section 7 uses exponentially small o.

Proof of Theorem 5.15. Notation. Write ¢ = gn, b = b, 6 = 8, D = |6|7' = €%, 29 = gf mod 1,
xj =xo+ jo, nr = 1/T and Ny = Ny(§). Put

Nq = LDO’/lGJ, Q= [—NQ,NQ] NZ,

so that |z; — x9| < 0 /16 for j € Q. By Lemma 2.1,

1 . _
P(N,T) = T /R|f1{|j|>N}1/JE||2dE, Vg = (Hy— E —inp)~'do, (13)

and ||[¢vg| <T.
Parameters. Use Lemma 5.7 with a = (/2 and Corollary 5.6 with (. For E € N, put
Eres = Eres(E) and
qw Ho 8A

_ 3&q — ~,4(U(E)=() _ 1 - _ _ 2
A =e>2 4 2e5), w=o0e€ , Mo TEdk PE 324270 T o

Let £* be the maximum of ¢ on the 1-neighborhood of X. For large ¢, uniformly in E € N, in the
phase and in b > ¢:

(E1) 4, — ¢ <UE) <(t;
(E2) Eres < e(E(E)JrCib)qa and 9 = (2 + €rcs)/(A - 5rcs) < 6735q5
(E3) 1000 A < min{uo, popr, 02el™E=OY pp < 1/(4q) and 4gn. < 1.

(E1) holds since N shrinks to Y. For (E2), A — eres > €39(2 + £105). For (E3), A < 23¢9 +
2e(EHUEIHC=0)a wwhile popp = o2edEE)=30) /(32||0/||2), po > qo2ed™E)=O) /||/|| and o2 > e=<9/2;
the claim follows from 3¢ + 5¢ < £, — ¢ and 3¢ + 5¢ < b. Taylor’s formula in 7, with [0%t,(x, E)| <
k!(2q)keq(£(E)+4) from Corollary 5.6, gives for 0 < n < 7, and real x

|Rety(z, E+in) —ty(z, E)| <A, | Imty(x, E +in) — n0pty(z, E)| < nuo/4. (14)

Indeed the real part of the remainder is at most 2e2(E)+9)(2¢n)? < 16A2/(popr) < A, and its
imaginary part at most 2e4(E)+0 (2gn)? < 5 - 329A%/(nopr) < npo/4, by (E3).

Far energies. Let E ¢ Ny and g = dist(E,X), so g > e %4. Put ¢ = min(g,1) and p/ =
¢'/8. The operator e**'X Hype¥#'X differs from Hy by at most e” — e < 3¢/8 in norm, so its
resolvent at z = E + inp has norm at most 2/g. This is the Combes-Thomas bound |(d;, V)| <
(2/g)e~9191/8, Summing, 11g5>n¥El? < 64g9~2gle=9'N/* For g <1and N > %9 this is at most
64e%% exp(—et?/4), and these E form a set of bounded length. For g > 1 it is at most 64g—2e~N/4,
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which is integrable in E. Since R, (T) > ¢ > ¢%4, the far energies contribute at most Ce=¢*"/8

to (13).
From now on E € Nj is fixed, z = E 4+ inr, ¥ = ¢, and dj = t4(xj, z). Since np < e~ < 1/q,
Lemma 5.7 gives

v+ @) +v0 —a) =diw() tey, el S eV G+, il Ze+1 (15)

If Zp =0, then |t,(z;, E)| > 02e4UE)=C0) > 10A for every j € Q by (E3). Otherwise let Jg be the
arc of Definition 5.14.

Near-root lemma. Let x € T with |z — 29| < ¢/16 and |t,(x, E)| < 10A. We claim that
|0ptq(z, E')| > po/2, with a fixed sign, for |E' — E| < pg, and that t,(z,-) has a root within
20A/po < pp/2 of E. By (E3), x € Zg, so z lies in the middle half of Jg, where ¢,(-, E) is monotone
with [05t4| > w. Moving from z in the direction in which |t,| decreases, we meet a zero x, of t4(-, E)
with |z — x,| < 10A/w; this distance is less than o /16 by (E3), so we stay in Jg. By (11) at (x4, F),
|0pty(z«, E)| > qw/||v|| = pto. The mixed derivative is at most 2¢e?“®)¥O by Corollary 5.6, so

20gAe?“EITO g BOJlVIA o
|0ptq(x, E) — Opty(zy, E)| < R CCIE) < E

by (E3). Hence |0pt,(z, E)| > 3po/4. The second energy derivative is at most 8¢q2e?“(F)+0) g0
Optq(z,-) changes by at most p9/4 on |E' — E| < pg. Since |t,(z, E)| < 10A, monotonicity puts a
root within 20A/uo of E, and 40A < ugpg by (E3).

Forbidden decay. Let A= {j € Q:|d;|] <A}, ¢ =q+1, and

B=AU[-¢,¢]U(Z\ [-Na+ q,Nq — q]).

We claim that [¢(5)] < 9T < e73*IT whenever dist(j,B) > kq for an integer & > 0. Let
M (s) = max{|1(j)| : dist(4, B) > s}, a maximum over a finite set, with M (s) = 0 if the set is empty;
M(0) < ||¥]| £T. Let s > q and dist(j, B) > s. Then |j| > ¢+ 1 and |d;| > A, and the sites j + ¢
and j+1 are at distance at least s —q from B. By (15), A|¥(5)| < 2M(s—q) +eres(|¥ ()| + M (s —q)),
so M(s) < 9M (s — q). Iterate and use (E2).

Cutting. For an integer c; > 1, the restriction ¢4 of ¥ to (cy,00) solves (Hi — z)yp =
—1(c4 )¢, +1, where H is the restriction of Hy to ¢%((cy,00) N Z). Hence ||1(., coytl| < T|t(cy)],
and similarly ||1(_007_8+)1[)H < T|Y(—cy)|. Put My = q[ef9] and Ny = ¢ + 1 + My. By the
forbidden decay, a cut at a site at distance at least My from B costs at most e=36ae™ T2 Since
Nq > e(b_4/4)q/16 — 1 and b> ¢ > 100¢, every site of modulus at most e(’=8)7 is at distance more
than My from Z \ [-Nq + ¢, No — ¢].

Regime I: np > n,. We claim |d;| > 4A for every j € 2. The polynomial ¢,(x;,-) is monic with
real roots Ey, so |dj| = [ |2 — Ex|. If [tqy(xj, E)| > 10A, then |d;| > [], |E— Ex| = |tq(z;, E)| > 10A.
Otherwise the near-root lemma gives a root E; with |E — E;| < pg/2 and |0pte(zj,-)| > po/2 on
|E — Ei| < pp/2. By the mean value theorem, g(E') = [[;(E" — Ey) = t4(z;, E')/(E' — E;)
satisfies |g(E")| > u0/2 there. So |dj| > |z — Ei| [y |E — Ex| > nrpo/2 > 4A. Thus A = (). The
sites +Np are at distance My from [—¢', ¢'], and the cuts there give [|1(;/>n1 ¥ < 2e—38aet 2,

Regime II: ny < n; confinement. By (14), |d;| < A forces |t,(z;, E)| < 2A, so A C I, where

I = {j €Q: |tq(xj7E)| < 2A}7 U= {.7 €Q: |tq(xj7E)‘ < 9A}

If Zr = 0 both are empty. Otherwise the points z;, j € I UU, lie in Zg by (E3), hence in the
middle half of Jg, where t4(-, E) is strictly monotone with slope at least w. Since j — xz; is affine
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with step § and Ngq|d| < 1/2, the sets I and U are intervals of integers, with

a1 < M <t g co-mne) < BB L s o e-may
w0 w|d|
For these bounds, AD/w < 2e(4+204(c(0—UENd 4 C4) by (E2) and ¢ > e <94 If I = () or
dist(0, 1) > Ng + Mo, put Ny = Ny. Otherwise put Ny = max{No, maxcs|j|} + Mo. In both cases
+ N, are at distance at least My from B, and

N, < 2Ny +2My + #1 < 65&1(1 + e(b*f(E))ﬁLQ) < e(bfé)q7

because 6§ < min(b, /(E)). The cuts at =Ny give ||1q;j>n,1%] < e3¢ T2,

Regime II: velocity. Now assume in addition that b > ¢(E) + 5¢, that T < Ty, := De™3%¢, and
that I # () with dist(0, 1) < Ny + Mp.

Geometry. By Corollary 5.6, t,(z, E) changes by at most |6]edUE)+O) < == per site.
Over 4(No + M) < 16¢e®? sites this is less than A. So [t,(z;, E)| < 3A for |j| < 3(No + My), and
these sites lie in U. A site with |t,| < 3A and a site of Q\ U are at least 6Aeb%e4E)TQ) > ¢(8=C)a
apart. Since U is an interval of length at most €%¢9(1 4 e(!~=¢(F))9) containing 0, every site j' ¢ U
within distance g + 1 of U lies in Q, at distance at least My from B, and | (j')] < e~ 36¢et T by the
forbidden decay.

Sign. The set of real z with |z — xo| < /16 and |t,(x, )| < 9A is an interval, because it lies in
the middle half of Jg, where ¢,(-, E) is monotone. By the near-root lemma, dgt,(z, E) # 0 on this
interval, so its sign ¢ is constant there. The interval contains x; for every j € U. By (14),

sImd; > nrpo/2 — nrpe/4 =: 1 (j€U).

Weighted estimate. Let v = min(u,1)/(20q), N. = [CyplogT/v] with Cps chosen below,
w(j) = e/™nN) and ¢ = 1ywyp. Define (Qu)(j) = dju(j) — u(j + q) — u(j — q). Since
(¢, (814 S71)¢) is real and ¢ is supported in U,

pllgl? < <Im(g, Qp) < [|4]| 1rQ0|-
For j € U with [j| > ¢+ 1, by (15),

(Q0)(j) = —w(ie;+ Y. (w() —wl+a)vGxa)+ >, wiv(i=+aq).

+:jtqeU +:jEtq¢U

Since |logw(j) — logw(j")| < vq <1/20 for |j — j'| < g, the weight differences contribute at most
2(e’1—1)||¢]| < 2.1vq||¢]] < 0.11u||¢||. The residual contributes at most (1+e”)eres||@|| < 2.1eres|| @l
plus a boundary term at the right end of U. Now eyes/ft = 4T €res /110 < 4Theres/ o < Ce=2¢4/*, using
o > e €% and a = (/2. So the residual contributes at most 0.1 ¢|| for large g. The terms in which
jxqorj+1lies outside U are boundary terms. There are at most 6(¢q + 1) of them, each at most
eV TCm -e*3§q€£qT, and their sum is at most 1 for large ¢, since T' < P9, For |j| < ¢ we have j € U,
and the remaining source term w(j)(dji(j) — ¥ (j + q) — ¥(j — q)) is at most e/9(ed )T 1 )T,
Since T > %, the source terms have norm at most T¢s with Cs = 3 + (¢ + 1)/d. Altogether
pllgll < 0.21ul|¢)| + TS + 1. Since 1/p = 4T /po < T/2,

lo]| < 27s

Take Cyy = Cs +m + 3. For j € U with [j| > Ny, [¢(5)] < ||¢]le "N+ < 2T%H1=Cn Cut at
cy = N, if N, € U, and otherwise at ¢, = 1+ maxU < N,, which is a boundary site; similarly on
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the left. The cutting estimate gives || 1> n,3¢|| < 4T7™. Finally, 1/v = 20g max(1,47/po) and
po = eAUE=20) /1o, s

N, < 20CyBg*(1 + 4||v'|| Te 1HEI=2)) 11 < 89(1 4 TeB)9).

The additive polynomial part of this radius is absorbed by the factor ¢ and the term 1.
Assembly. In every case there is a radius N(E) with ||1{|j|>N(E)}¢E||2 < 16T~2™ for large q,
and
N(B) < e"[1 4 min(Te ()1 (b= (EDsa)].

In regime I, and in regime I when I is empty or far from the source, N(E) = Ny < %4, In
regime II with b < ((E) +5¢, N(E) = N, < 2e'% If b > ((E) + 56 and T > Ty, then
e(=UE)a = De~tB)a < 3T e~ E)N 5o N(E) = N, < e®+3909[1 4 min(Te {(F)a b—LE)a)]  1f
b > (FE)+ 5 and T < Tp, take N(E) = min(Ns, N.). By (E1), ¢(E) > 4, — (, so N(E) <
(14041 4 min(Te= 4, e=t)+49)] < R, (T), because 11€ 4+ ¢ < e. Inserting this and the far-energy
bound into (13), where N, has bounded length, gives P(R,,(T),T) < CT~™. This is part 1. Since
115>~ is nonincreasing in IV, the bound on N(E) is part 2, and the far-energy step is part 3.
All thresholds depend only on v, «, ¢, d, B,e,m, &, (. O

5.7 Even potentials

Lemma 5.16. Let v be even and H, . supercritical and type 1. Let 0 < § < no and ¢ > 0. For large
q and every xg with s = |sin2mwg| > ¢~2, (W) holds at (g, o, 3).

Proof. Let E € Ny(&) and Jg = {z : |z — xo| < s/8}. Since v is even, ¢;,_1(E) = ¢41(E) is real,
and Lemma 5.13 (with (/2) gives ty(z, E) = ¢q0 + 2¢4,1 cos 2mx + r4 on the real line. On Jg,
|sin2rx| > s(1 — w/4) > s/5, so sin27wx has a fixed sign, and |[47cy ;1 sin 2mx| > 2.5|cq1]s. Also
10:rq| < |eg1]e 892 < |cg1]8/2. Hence O,t, = —4me, 1 sin 27w + 9,r, has a fixed sign on Jp and
|0xtq| > 2|cqa]s > sed(E)=C)  The set Zg lies within s/16 of xg, the centre of Jg. O

Theorem 5.17 ((M2) for even type I potentials). Let v be even and H, o supercritical and type
L Fixrc>0,0<d<B,e>0andm >0. There are C and ni such that for every n > ny with
by, > ¢, every phase with |sin(27q,0)| > q;2 and every T with e < T < Bin,

P(R,(T), T)<CT™™.
In particular (M2) holds for every 6 € G, with ng = max(ny,ng(0)).

Proof. Choose & < min{e, ¢,d, lx,1,19}/100 and ¢ < £/100. Lemma 5.16 gives (W) at (gn, gn0, s)
with s € [g,2, 1], and Theorem 5.15 applies. O

For the almost Mathieu operator v(z) = 2Acos2mx, A > 1, Chambers’ formula [8] gives
ty(z, E) = P,/(E) — 2X? cos 2z for a monic polynomial P,/,, so the expansion of Lemma 5.13
holds exactly, with ¢ +1 = —A? and ry = 0. Theorem 5.17 then gives (M2j5g 1) on G without the
conserved polynomial used in the companion paper [12].

5.8 Potentials that are not even

Without evenness, the leading coefficients ¢, +1(F) are complex conjugates with an energy-dependent
argument. The phase at which the discriminant turns therefore depends on the energy, and no
single sine condition controls all energies. The substitute is a factorization of the discriminant in
the complex phase variable.
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Lemma 5.18 (Two zeros in a strip). Let H, o be supercritical and type I, 0 < & < ng and ¢ > 0.
For large q and every E € Ny(§):

1. t4(-,E) has exactly two zeros zi,zz, counted with multiplicity, in each period of the strip
|Im x| < gh/2. Both satisfy | Im zx| < qh/4, and either both are real or z = Z.

2. ty(z, B) = gp(x)sinm(x — z1) sinm(x — 22), where gg is 1-periodic, analytic and zero-free on
|Im x| < gh/2, and for real x

1B~ < gp(x)| < D g (2)] < Clgp(a)].

Proof. 1. By Lemma 5.13(3), on the line Imz = qy, y € {h/4,h/2}, the function t4(-, F) is a
nonzero multiple of e =27 times 1 + ¢, with |e,| < 1, so it has no zeros there and winds —1 times
over a period. On Imx = —qy it winds +1 times. The vertical sides of a period rectangle cancel by
periodicity, so the argument principle gives exactly two zeros in |Im x| < qy, for both values of y.
For real E, t,(z, E) = tq(z, E), so non-real zeros come in conjugate pairs.

2. The product sin 7(x — z1) sin w(z — 22) is 1-periodic, so gg is periodic, analytic and zero-free on
the closed strip | Im x| < gh/2. On the line Imz = gh /2, Im(x — z) > gh/4, so log |sin7(z — zi)| =
m(qh/2 — Im z;,) — log2 + O(e~™"/2). Since Im z; + Im 29 = 0, the logarithm of the product is
mgh—2log2+o0(1). By Lemma 5.13(1),(3), log |tq| = log |cq,—1(E)|+mgh+o0(1) = q(¢(E)£(/2)+mqh.
So |log|gr| — ¢¢(E)| < {q/2 + O(1) on this line, and likewise on Imx = —gh/2. The function
log |gp| — ¢¢(E) is harmonic on the open strip, continuous up to the boundary and periodic, so
by the maximum and minimum principles it is at most (g in modulus on the whole strip. If u is
harmonic on a closed disk D of radius R and centre x., each partial derivative 0;u is harmonic,
so the mean value property and the divergence theorem give diu(z.) = (mR?)™! [, uv; ds, hence
|Oju(z.)] < (2/R)maxp |ul. Disks of radius R = ¢gh/4 about real points lie in the strip, so
|V1og|gg|| < 8v/2(¢/h on the real line, and |¢%s/gr| = |V log |gx|| by the Cauchy-Riemann equations.
Replacing ¢ by (h/12 at the start gives the claim. O

The same count holds on a fixed neighborhood of the spectrum, at every scale. This is needed
to define the phase set at every convergent, including scales where b, is small.

Lemma 5.19 (Two zeros at every scale). Let H, o be supercritical and type I. There are a closed
neighborhood U, of ¥ in R and g, such that for every convergent denominator q > q. and every
E € U, ty(-,E) has exactly two zeros, counted with multiplicity, in each period of the strip
| Imz| < gh/4.

Proof. Uniform hyperbolicity at positive heights. For E € ¥ and y € [h/8,3h/8], the function
L(E,-) is affine near y by (10), and L(E,y) > £, > 0. So the cocycle at height y is regular, hence
uniformly hyperbolic by (A2). By (A3) and compactness there is eg > 0 such that the cocycles of
all E e U, ={F € R:dist(F,X) < eg} at all heights y € [h/8,3h/8] are uniformly hyperbolic.

An affine profile off the spectrum. For E € U, each of these cocycles is regular by (A2), so
L(E,-) is affine on [h/8,3h/8], with a slope in 27Z by (Al). The slope is continuous in E by (A3),
hence constant on each component of U,. Each component meets ¥, where the slope is 27. So
L(E,y) = a(F) + 27wy on [h/8,3h/8] for E € U,, with a continuous and a(F) + wh/4 > 0. We do
not claim a(E) = {(F) off ¥.

The finite harmonic structure on U,. The proofs of (A.13)—(A.17) and (A.31) in [17, Appendix A]
are written for an arbitrary analytic SL(2,C) cocycle. Applied to the compact family of cocycles of
FE € U,, whose analytic norms are uniformly bounded and whose Lyapunov exponents at the heights
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y € [h/8,3h/8] depend continuously on E by (A3), they give the two statements of Lemma 5.11
with ¥ replaced by U, and |y| < 07 replaced by h/8 <y < 3h/8.

Dominance. Let € € (0,7h/16) and let ¢ be so large that F'(y) = max{0, max <, {x(y)}, with
Up(y) = aqr — 2mky, is within € of a(F) + 27y on [h/8,3h/8]. Each line ¢, lies below F', and has
slope —27k. Comparing at h/8 and 3h/8,

l(h/4) < a(E)+7mh/2+ € — |27 + 27k| h/8.
For k # —1 this is at most a(E) + wh/2 — wh/4 + €, while F(h/4) > a(E) 4+ wh/2 — € > 0. So the

mode —1 exceeds every other mode |k| < Ky on the line Im z = gh/4 by a factor e?(™/4=2¢) and it
exceeds the exponentially small tail as well. On Imz = —qh/4 the mode +1 dominates in the same
way, since |¢q k| = |cq k|- The argument principle concludes as in Lemma 5.18. O

Lemma 5.20 (Band-centre curves). Let H,, be supercritical and type 1. For large q:

1. each band centre Ey has exactly two critical points per period, a maximum and a minimum,
and is strictly monotone on the two arcs between them. Let Turn, be the set of these 2q points;

2. if Ey(x) = Ep(2’) with x # 2’, each of the two arcs of T between x and x’ contains a point of
Turn,; in particular |x — x'| > dist(x, Turng);

3. if © is a real zero of ty(-, E), E real, then the other zero x' in the strip is real, and either
z' =z € Turng, or &’ # = and Ey(z') = Ey(x) = E for the band b with Ey(z) = E.

Moreover, let ¢ >0, 0 < & < min(¢/3,1n9) and { > 0. For large q with b > ¢, every band b and every
real x,

4. |0uty(x, By(x))| > 2meaEe@)=0) dist(z, Turn,) and |Ej(z)| > e~ dist(x, Turn,) /q.

Proof. By Lemma 5.4(1), all band centres lie in U, for large ¢, so Lemma 5.19 applies to their
values. Near a point x with Ey(z) = E, t,(2/, E) =[] (E — Ey(2')) and the factors with ' # b do
not vanish. So the order of the zero of t,(-, E) at  equals the order of the zero of £} — E at x, and
the total number of solutions of Ey (z) = E over all bands, counted with order, is at most two.

1. E} is not constant, since otherwise t4(-, E') would vanish identically. Let s and z,, be points
of maximum and minimum. Each value strictly between the two extreme values is taken on each of
the two arcs between xj; and x,,, so it is taken exactly once on each, with order one. Hence Fj is
strictly monotone on both arcs with nonzero derivative, and the extreme values are taken only at
zy and T,,.

2. By part 1, z and 2’ lie in the interiors of different monotone arcs, so each arc between them
contains xps or .

3. If 2/ were not real, ' would be a third zero. If 2’ = z, the zero is double, so 0,t,(z, E) =0
while Opty(x, E) # 0 (Lemma 5.3); hence Ej(z) = 0 and = € Turn,. If 2/ # x and Ey(2') = E with
b’ # b, then E is taken by Ej either at a second point or with order two at x; with 2’ this gives
three zeros.

4. By Lemma 5.4(1), E = Ey(z) is within C(|§]/q)'/? < Ce™/2 of ¥, so E € N,(€). If
x’ = z, then z € Turn, and there is nothing to prove. Otherwise Lemma 5.18 gives 0,t,(z, E) =
wgp(x)sinm(z — 2'), and | sinTu| > 2dist(u, Z), so part 2 gives the first bound. The second follows
from Ej = —0,t,/0pt, and |0pt,(z, E)| < 2qe?“E)+0), O

Definition 5.21. Let 7, = ¢~3. A point 29 € T is good at scale q if dist(xg, Turn,) > 27,. Let
Gy, ={0€T: ¢,0 mod1is good at scale g, for all sufficiently large n},

and for 6 € GY, let ng () be an index from which on this holds.
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Lemma 5.22. Let H, o be supercritical and type I. Then G¢, has full Lebesque measure. If v is
even, then G, C GY,.

Proof. The set of points that are not good at scale ¢ is a union of at most 2¢ arcs of length 47,
of measure at most 8¢~2. The map @ + ¢fl preserves Lebesgue measure, and Y, ¢, %2 < 00, so the
Borel-Cantelli lemma gives full measure. If v is even, t,(—x, E) = t4(z, E), so Ey(—x) = Ep(x)
and, by periodicity, Eb(% +x) = Eb(% — ). Hence 0 and % are critical points of every Fj,
and by Lemma 5.20(1) Turn, = {0,3}. Since |sin2mzo| < 2mdist(zo,{0,5}), the condition

| sin 27q,,0| > ¢ 2 implies goodness once g, > 4. O

The only place where the phase set must be defined at every convergent is the Borel-Cantelli
argument above. If one prefers not to use Lemma 5.19, one may instead intersect, over k € N, the
sets of phases that are good at all large n with b, > 1/k. At those scales the band centres lie in
N, (€) for € < 1/(3k), so Lemmas 5.18 and 5.20 suffice. This also gives a full-measure set on which
Theorem 5.25 below applies at every selected scale, and it contains GY,.

Lemma 5.23 (Geometry at good phases). Let H, , be supercritical and type I, ¢ > 0, 0 < § <
min(c/3,n0) and ¢’ > 0. For large q with b > ¢, every xo good at scale g and every E € Ny(§), with
T =14 and Sy = {x : |v — xo| < 7/8}, at least one of the following holds:

(i) |ty(z, B)| > 72e1UE)=C) for every x € So;

(it) tq(-, E) has a simple real zero zp with |z — xo| < 37/8. On {|x — zg| < 7/8} it is strictly
monotone with |dyty(z, E)| > 7edE)=C/10) " gnd |t,(z, B)| > 27etUE)=C/10)3 — 25| for
T € 5).

Proof. Apply Lemmas 5.18 and 5.20 with ¢ = ¢’/20; for large ¢ every band centre lies in Ny (§)
(Lemma 5.4(1), £ < ¢/3). Let z1, z9 be the zeros of Lemma 5.18, with g = gp. Distances from complex
points to Sy are taken in the metric of the cylinder (R/Z) x R; for complex w, |sin 7w| > 2 dist(w, Z),
because |sin 7 (u + iy)|? = sin® 7u 4 sinh? 7.

Case A: both zeros are at distance at least T/4 from Sp. Then on Sp, |t,| > ed“E)=0)(r/2)2
which gives (i).

Case B: exactly one zero, z1, is within 7/4 of Sy, and |z1 — zo| > 7. If z; were not real, z;
would be a zero at the same distance from the real set Sp; so 21 is real, and then so is z9. Also
|21 — zo| < 37/8. For real x with |z — 21| < 7/8, write Sy, = sinm(z — 2;) and Cy = cosm(x — z1).
Then |S1| < 77/8, |Ci| > 0.99 and |S2| > 77/4, so

|8xtq| = ’9/5152 + ﬂ'g(ClSQ + 5102)| > |g|(5.47‘ —1.241 — 0.017') > 47‘|g|.

This derivative is continuous and nonzero, hence of fixed sign. For z € Sy, |z — 21| < 7/2 and
|z — 29| > 7/2, 50 |ty(x, E)| > |g| - 2|z — 21| - 7. With |g| > e9®(F)=O) this is (ii), with zp = 2.

Case C: some zero is within T/4 of Sp, and |z1 — z2| < 7. Then one zero is within 37/8 of z
and the other within 117/8.

C1. Both zeros real. If z; = 25, then z; € Turng, by Lemma 5.20(3). Otherwise they are two
preimages of E under one band centre, and the shorter arc between them, which lies within 117/8
of xg, contains a point of Turn, by Lemma 5.20(2). Both contradict dist(xg, Turng) > 27.

C2. A conjugate pair z, Z with |Im z| > ¢; := e~<'9/47. For real z, |sin7(z — z)| > 2|Im 2|, so
Ity| > 4e1UE)=O 2 > 724(UE)=C) on S, This is (i).

C3. A conjugate pair with |Imz| < ¢;. We show this is impossible. Let x; = Rez, so
|z1 — xo| < 37/8, and dist(z, Turn,) > 7 for |z — x1| < 7/2. Let p(u) = t4(x1,u). Its roots are the
band centres e; = E;(x1); put £; = {(e;). First,

Ip(E)| = |g(z1)| sinh? (x| Im z|) < e9WEFO (27¢))? < 4q?eall(E)=045C) 22
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At each root, by (11) and Lemma 5.20(4),

qr edli—¢)

' (eq)| > pi ==
' v

By Corollary 5.6, [p"| < K; := 8¢2e4(litC) within 1/q of e;. With p; = p;/(4K5), |p'| > pi/2 with a
fixed sign on [e; — p;, €; + pi], SO

724(£i—3C)

Ip(e; + pi)| > pipi/2 = I

These neighborhoods are pairwise disjoint: overlapping neighborhoods of two consecutive roots
would contain a critical point of p between them, where |p’| > p;/2 fails. Suppose E lies outside all
of them. If F lies between consecutive roots e; < e;;1, then log |p| is concave on [e; + pi, €i41 — pi+1],
since (log |p|)” = — Y1 (u — ex) 2. Interpolate between the two endpoint bounds with their affine
weights. By Lemma 5.4(2) some root is within C'/q of E, so one endpoint, say e;, is within C'/q
of E, and ¢; = ((E) + o(1). If ;1 is within ¢='/2 of E, then also £;,1 = £(E) + o(1). Otherwise
the weight of the far endpoint is O(¢~/?), and since £ is bounded near ¥, it costs only O(g/?) in
log [p(E)|. In both cases

log|p(E)| > ¢(¢(E) - 4¢) + 2log T — O(q'/?).

If E lies beyond the largest or below the smallest root, |p| is monotone there and the nearest root,
within C/q, gives the same bound. With 4¢ = 0.2¢’ this contradicts the upper bound on |p(F)| for
large q. Hence FE lies in some [e; — p;, €; + p;], and

B — e < 2|p(E)| < T 035¢q,
223 q

On {|z — z1] < 7/2} the band centre E; is strictly monotone, since this arc contains no turning
point, and |E!| > e~ %47 /q by Lemma 5.20(4). So E; takes every value within 72e=01¢'7/(2¢) of ¢;
on this arc. Since 076*0'35C,q/q is smaller for large ¢, E = E;(x) for some real x, a real zero of
ty(-, E). This contradicts the assumption that its two zeros form a non-real conjugate pair.

The cases are exhaustive. If both zeros are within 7/4 of Sy, which has length 7/4, they are less
than 7 apart, which is Case C. O

Lemma 5.24. Let H, , be supercritical and type I, ¢ > 0, 0 < £ < min(c¢/3,19) and ( > 0. For
large g with b > ¢ and every xo good at scale q, (W) holds at (q,zo,7y).

Proof. Apply Lemma 5.23 with ¢’ = ¢ and let E € N,(§). The arc {|z — x¢| < 7/16} lies in Sp. In
case (i), Zg = 0. In case (ii), let Jg = {|x — zg| < 7/8}, on which ¢,(-, E)) is strictly monotone with
|0ty > TedHE)=C) " A point of Z lies in Sy and satisfies 27edUE)=C¢/10) |3 — 25| < 724 UE)=C) g0
|x — zg| < 7/16. O

Theorem 5.25 ((M2) for type I potentials). Let H, o be supercritical and type I. Fiz ¢ > 0,
0<d< B,e>0andm > 0. There are C and ny such that for every n > ni with b, > ¢, every
phase 0 for which ¢,0 mod 1 is good at scale q,, and every T with e < T < B,

P(R,(T),T) < CT™™.
In particular (M2) holds for every 0 € G, with ng = max(ni,ng(0)).

Proof. Choose £ < min{e, ¢, d, ¥, 1,m0}/100 and ¢ < £/100. Lemma 5.24 gives (W) at (g, gnb, 74,),
and Theorem 5.15 applies. O
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5.9 The transport law for type I potentials

Theorem 5.26. Let v be real analytic, o irrational, and H, o supercritical and type I. Let £, =
miny; £.

1. If B(a) < o0, then for every 6 € GY,

L
+ - _
ay (Hyap) = max{O, 1 B(a) },
read as 0 when (o) = 0. Moreover P(T*,T) = O(T~"™) for every a > max{0,1 — £,/B(a)}
and m > 0.

2. If B(«) = 0, part 1 holds for every phase. If B(c) = oo, then aif (H, o) = 1 for every phase.
3. If 0 < B(a) < oo, then o (Hyap) > 1 —C./B(a) for every phase.
If v is even, GY, D Gy.

Proof. Upper bound. Let 6 € G, and § = f(«) < co. By Theorems 5.9 and 5.25, H, o ¢ satisfies
(M1) and (M2, ). Theorem 3.3 gives P(T%,T') = O(T~™) for every a > max{0,1 — ¢,/3} and every
m > 0, and of < max{0,1—¢,./3}.

Lower bound. The potential v is Lipschitz, and ¢ is continuous by [6, Theorem 1], in particular
near a point of 3 where it attains ¢,. So Theorem 4.1 applies with ¢ = ¢, and gives part 3, which
with the upper bound gives part 1 when g > £,. When 5 < /, the claimed value is 0.

Endpoints. The case § = 0 is Corollary 5.10. For 5 = oo, the Lyapunov exponent has no zeros,
since it is positive on ¥ and, by (A3), off ; so the dynamics is quasiballistic, 57 (p) = 1 for every
p > 0, for every phase, by [19, Theorem 3(2)] (numbering of arXiv:1510.07086v2; there it is derived
from Theorem 7, which holds for every phase). The moments there are those of (3), and ajf <1
always. The last sentence is Lemma 5.22. O

Theorem 5.26 is Theorem A. For the almost Mathieu operator, which is even, supercritical and
type I with ¢, = log J, it gives o = max{0,1 —logA/B(a)} on the phase set G,. The companion
paper [12] proves this case independently, through a conserved polynomial.

5.10 Covariance

A potential may have a fundamental period shorter than one. If v(z) = w(sx) for an integer s > 2,
then H, 9 = Hy sa,56, and the relevant arithmetic is that of sa.

Proposition 5.27 (Chebyshev identity). Let v(x) = w(maz) with w real analytic and m > 1 an
integer. Let p/q be a convergent of o with m | q, and put ¢ = q/m. Then p/q’ is a convergent of
ma, with ¢'(ma) —p = qa — p, and for all x, E

) (2, E) = sz(%tfli”)(:c,E)),
(v)

where Ty, is the Chebyshev polynomial, ty’ is the discriminant of v at p/q, and tl(;,u) that of w at
p/q’, both in the variable x of Section 5.2.

Proof. Since ged(p, q) = 1, also ged(p, ¢') = 1. Moreover |ma — p/q'| = |qa —p|/¢’ < 1/(¢'gn+1) <
1/(2¢"*) when m > 2, because ¢, 11 > q¢ = mq’; by Legendre’s theorem [20, Chapter I1], p/q’ is a
convergent of ma. For the identity, v(¢ + kp/q) = w(my + kp/q’'), a ¢’-periodic sequence in k. So
the g-step transfer matrix of v at phase ¢ is M™, where M is the ¢/-step transfer matrix of w at
phase mep. For M € SL(2,C), tr M™ = 2T,,(tr M/2). Finally ¢'(my) = qp = x. O
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At a zero of tt(f)(',E), %t((;,u) equals one of the numbers cos((25 — 1)7/(2m)), and 8xt¢(f) =

T,gl(%tf;”)) 8@5;,1}) with |T7,| < m? on [—1,1]. By Corollary 5.6 applied to w at frequency ma, whose

Lyapunov exponent is that of v at «, the phase derivative of tév) at its real zeros near X is at most

m2edtEI+O/m not of size e?(F). So at scales divisible by m the geometry of Lemma 5.23 fails for
v. This is how the frequency sc, rather than «, enters in the next theorem. We do not use, and do
not claim, any statement about the individual distances between the clustered zeros.

Lemma 5.28. For every irrational o and integer s > 1, B(a) < B(sa) < sfB(a).

Proof. For irrational y, 8(y) = lim sup,_,o, k= log(1/||ky||), where || - || is the distance to Z. Indeed,
if gn < k < gny1 are the convergent denominators of y, the best approximation property gives
”kyH 2 anyH > 1/(Qn+1 =+ Qn) > 1/(2Qn+1) [207 Chapter H]v S0 kil log(l/HkyH) < qgl log(2qn+1);
and k = g, gives g, ' 10g(1/guyl)) > 4, 0g g1 Now |[ksal| < sl|ka]| gives B(sa) > B(a), and
k™ og(1/|lk(sa)l]) = s - (sk)~'log(1/[[(sk)all) gives B(sar) < sB(a). O

Theorem 5.29 (Covariance). Let v be a nonconstant real-analytic function on T, let s > 1 be
the greatest common divisor of the frequencies k # 0 with ©(k) # 0, and let w be the real-analytic
function with v(x) = w(sx). Then Hy o9 = Hy sa,s0 for every 0, and the two families have the same
spectrum and the same Lyapunov exponent. Assume that H, so is supercritical and type I, and let
L, be the minimum of its Lyapunov exponent on its spectrum. Then:

1. if B(sa) < oo, then for every 0 with sO € GY,, a set of full measure,

sa’

OL;_(H%O[’Q) = max{(), 1— B(i*a)}’

read as 0 when [B(sa) =0;
2. if B(sa) = 0 this holds for every 0, and if B(sa) = oo, then of (Hyap) =1 for every 6.
Moreover B(a) < B(sa) < sp(a); in particular f(sa) is 0 or oo exactly when B(a) is.

Proof. The function w(y) = ) #(sk)e*™*¥ is real analytic, and v(f + na) = w(sf + nsa) for
every n. The spectra agree because the operators agree. The transfer matrices satisfy AW (E,z) =
Af«w’sa)(E, sx), and [; f(sx)dz = [} f, so the Lyapunov exponents agree. The map 6 — s6 preserves

Lebesgue measure, so the preimage of the full-measure set G%, (Lemma 5.22) has full measure.
Apply Theorem 5.26 to (w, sa, s6), and Lemma 5.28. O

Remark 5.30. In the same way L,(F,y) = L, (F, sy), where L,, is computed at frequency sa. So
the acceleration of v is s times that of w, and for s > 2 the operator H, . is not of type I even
when H,, o is. For example v(x) = 2 cos(2msz) with A > 1 has acceleration s on its spectrum;
Theorem 5.29 gives ;) = max{0,1 —log A\/B(sa)} for almost every phase, and 3(sa) can exceed
B(a). For potentials with s = 1 whose acceleration exceeds one somewhere on the spectrum,
Theorem 5.9 and Corollary 5.10 still apply, but the exact law at finite positive 5(«) is not proved
here; Section 7 proves it under a separation hypothesis.

6 Every moment and local dimensions

Theorem A concerns the farthest polynomial tails. The construction of Section 4 moves only a
polynomially small part of the packet, which says nothing about a fixed moment. This section shows
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that a fixed fraction of the packet reaches the critical distance at resonant times, which controls
every moment, and it resolves both the transport and the spectral measure energy by energy. Three
ingredients enter. An arcsine law says that, at resonant scales, the rational discriminant evaluated
along the spectral measure is distributed like the discriminant of a periodic operator. An elliptic-run
estimate says that, at an energy where the local transfer matrices are elliptic with a margin, the
Weyl solution keeps its size over a long run of periods and carries a fixed fraction of its mass beyond
it. A Taylor expansion of energy filters transfers both to packets localized in energy.

6.1 Notation

Let ¢ be the arcsine law on [—2,2], with density 7—!(4 — z2)~1/2; its moments are mj, = (k%) for

even k and my, = 0 for odd k. For 0 < # < oo and ¢ € R put Fg(¢) = max{0,1 — ¢/B}; put Fop =0
and F, = 1. For a phase 0 and a convergent p, /¢, let

A (E) = Ag(E) = tr AP/)(E, 9),

the discriminant of the p;, /qn-periodic operator H,,, /4. ¢- For a finite Borel measure y on R and
E € R, the upper local dimension is d} (E) = limsup,.| log u([E — r, E +r])/logr. The upper and
lower packing dimensions of u are the u-essential supremum and infimum of d:[, written dim;(u)
and dimp(p). Recall that pp is the spectral measure of &y for H,, 4 ¢.

Lemma 6.1 (Periodic magic formula [10]). Let Hpex be a g-periodic Schrédinger operator on (%(Z)
with hopping one and discriminant A. Then A(Hpe) = S9+ 5749,

This is the elementary direction of [10, Theorem 3.1}, proved there by Floquet decomposition
(equations (3.5)—(3.6)). The hypotheses hold: the operator is bounded, two-sided, periodic and has
positive off-diagonal entries. Since Ay, is the discriminant of H, /4. 0, the law of A, under the
spectral measure of dy for that periodic operator is exactly o its moments are (&g, (S9+S~9)*5y) =
my. The next two lemmas transfer this to the irrational operator.

6.2 The arcsine law

Lemma 6.2 (Arcsine law at strongly resonant scales). Let v be Lipschitz, 0 € T, Lyax = maxy, L,
and let N be an infinite set of indices with b, > ¢ > Lyax for n € N'. For every real g € C°(R)
and every integer k > 0,

/gAdeug%mk/gdug (n— o0, neN).

Consequently, if g > 0, then [ g d(Ay) dug — (@) [ gdug for every bounded continuous ¢.

Proof. Fix h € (Lmax,c¢). Let U D ¥ and C be given by Lemma 2.4 with K = 3, and C’ by
Lemma 2.5. Write ¢ = ¢n, p = pp, 6 = 6n, F =57+ 577 and Q = A, (Hy,q,). Since A, is a real
polynomial of degree ¢, @ is a real symmetric operator with (d;, Qd;) = 0 for |i — j| > q.

Rows. Fix j € Z with [j| < (k+1)g. Let p; = 0 + j(a — p/q) and B; = H, 4, Whose
potential at site i is v(0 + jo+ (i — j)p/q). It agrees with the potential of H = H, o9 at i = j and
differs from it by at most Lip(v)|i — j||a — p/q| < Lip(v)|é] for |i — j| < ¢q. Let C; be B; with its
potential on [j — ¢, j + ¢] replaced by that of H, so ||B; — C}|| < Lip(v)|d]. A path of length at most
q starting at j stays in [j — ¢, j + ¢, so the j-th rows of Ay(C;) and @ coincide. The discriminant
of Bj is Ay, so by Lemma 6.1 the j-th row of A, (B;) is that of . Hence the j-th row of @ — F
is the j-th row of

[R6(Cj) = Do(Bj)] + [A0(B)) — Ag, (Bj)]-

33



By Lemma 2.7, 0(B;) C X/, lies within C|6/q|*/? of &, and ¢ (C;) lies within Lip(v)|d| of o(B;).
Fix an open U’ with ¥ c U’ ¢ U’ C U. For large n both spectra lie in U’, uniformly in j. Since
lo; — 0] = |4]|6]/q, Lemma 2.5(2) bounds the norm of the second bracket by 2C"2 Lip(v)eh|j||6| <
2(k + 1)C" Lip(v)qe™|5|. For the first bracket fix y € C°(U) with x = 1 on U’ and put f = xAg;
then f(Bj) = Ag(B;) and f(C;) = Ap(C}). For bounded self-adjoint B, C, Fourier inversion and
le? — ™€l < [t] | B ~ C| give

_C R
158) - s < 2L [ foran < 1B — il ey
™ R

by the Cauchy—Schwarz inequality and [2(1 4 ?)~2dt < co. By Lemma 2.5(2), ||f| g2 < Cyq?e.
Altogether each row of Q — F with index |j| < (k + 1)q has ¢2 norm at most r, := Crg?e"¥|5| =
Crq?eh=t)4 which tends to zero exponentially.

Restricted norm. Let Py, = 1|_pqxe- The operator (Q — F)P; has nonzero rows only in
[—(k+ 1)q, (k+ 1)q], and every row and column of @) — F" has at most 2¢ + 1 nonzero entries. Since
Q — F is symmetric, the ¢! norms of the rows and columns of (Q — F) P, are at most \/2¢q + 17y,
and the Schur test gives ||[(Q — F)Px|| < e, :=+v2¢+ 17, — 0.

Moments. For i < k the vectors Q'dp and F'dy are supported in [—ig,iq]. Let e; = ||Q6o — Fo|.
For i < k, ||Q¢|| < (2 +€p)]||¢|| for ¢ supported in [—kg, kq|, so

eir1 < Q(Q"0 — F'o)|l + (@ = F)F'do|| < (2+ en)e; + €2’

and ey < (24 ¢,)F — 28 — 0. Now FFy =3, (
Hence

(k+kz')/2)5iq’ the sum over |i| < k with ¢ = k mod 2.

AR dpg = (g(H)do, Q6) = m dpg + ( k_ ) H)50,6ig) + O(|lgllooer)-
[ 98k dus = (930, Q60) = . [ gl 5 172 0308 + Ollllo)

By Lemma 2.8, |(8;q, g(H)d0)| < Cylig|™* — 0 for i # 0. This proves the first claim.

For ¢ > 0 with [gdug > 0, the probability measures (A,).(gu)/ | gdpe have moments
converging to those of o. The law ¢ has compact support, so it is determined by its moments, and
convergence of all moments to those of a moment-determinate law implies weak convergence [5,
Theorems 30.1 and 30.2]. If [ gdug = 0 there is nothing to prove. O

The hypothesis b, > Lyax enters only through the global comparison of A, (H) with F. For
type I potentials the window estimate of Section 5 makes the comparison local in energy, and the
hypothesis can be weakened to b, > L(Ey) near a given energy Ej.

Lemma 6.3 (Localized arcsine law). Let v be real analytic with H, . supercritical and type I, and
let 0 € GY. Let Eg € R and v > 0, and let N be an infinite set of indices with b, > ¢(Eg) + 307y for
n € N. For every real g € C°(R) supported in {E : [{(E) — {(Eo)| < v} and every ¢ € CL(R),

[0 dn— @) [gdno 0 (n >0, neN).
If g > 0, the same holds for every bounded continuous ¢.

Proof. Write ¢ = qn, p = pp, § = 0, b = by, by = U(Ey), Jg = suppg, H = Hy a9, and let Y =
H, p,/q,0, the periodic operator whose discriminant is A,,. Their potentials satisfy [V (k) — Vi (k)| <
Lip(v)|k]|6]/q. Put T =T, = “0t2M4 2 = E +4/T, Gy = (H — 2) "6 and Gy = (Y — 2)~16p.

Write py for the spectral measure of §y and Y.
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Step 1: confinement on J,. Apply Theorem 5.15 with ¢ = £y + 30y, d = by + v, B = {y + 37,
e = /2, m = 1, and with ¢ < min{vy/2,¢,d,¢,1,1m0}/100 and ¢ < £/100. Since 6 € G,
Lemma 5.24 gives (W) at (gn,qn0,7,,) for all large n € N. Let R = ¢V4. If E € J, and
dist(E, %) < e~ then £(E) > ly — 7, so eM84[1 4 TeFE)] < e1184(1 4 ¢319) < R for large ¢, and
part 2 of Theorem 5.15 gives || 1= Gull < 4T If E € J, and dist(E,X) > e, part 3 gives
11>y Gr?* < 64639 exp(—e*1=8)4/4) < 1672 for large ¢. So 115> Ry Grll < 4T for every
E € J, and all large n € NV,

Step 2: comparison with the periodic operator. The second resolvent identity gives Gg — Gy =
—(Y - 2)"Y (Vg — W)Gpy, and ||(Y — 2)7Y|| < T. Splitting the multiplication by Vy — V4 into
|k| < R and |k| > R,

IGr = Gy || <T Lip(v) RO |[Gall + 8[lvlec (B € Jy).

Put D? = (xT)~" [; |Gn — Gyl dE. Since (nT)~" [ |Gy |? dE = 1 by Lemma 2.1, Minkowski’s
inequality gives

D < T Lip(v)R|6] + 8||v]|oo (| 4]/ (xT))/? < Cellot®r=ba 1 op=1/2 _

because b > (o + 307. For every bounded Borel f supported in J,, writing ||Ggl||* — |Gy ||* =
(Gg — Gy,Gg) + (Gy,Gg — Gy) and using the Cauchy—Schwarz inequality and the normalization
for H and Y,

= [1EGHI? - 16y IP) dE| < 211 |wD.

Step 8: smoothing. By Lemma 2.1, (#T)~" [ f||Gu|?dE = [ Py * f dpg, and the same holds
for Y and py. For a Lipschitz function f and e € (0, 1],

P f=FI<Lip(f) [ fulPe(u)du+2fl [ Pe < Lip(f)elog(l+€ ) + 2] e

lu|<1 Ju|>1

Apply this to f,, = g $(Ay), whose derivative is supported in Jy. Since £ < £y +~ on J,, Lemmas 2.4
and 2.5(2) with K = J, and h = lo+3v/2 give sup; [A7 ] < Cqelot37/2)4 5o Lip(f,) < Cqellot31/2)
and Lip(f,)T 'logT — 0. Together with Step 2,

/fndNG_/fndﬂY_>07 /gdue—/gduyﬁo-

Step 4: the periodic operator. By Lemma 6.1, A, (Y) = 594579, and o(Y) = {|A,| < 2}. For
a polynomial P,

[ 9P dny = (9(¥ )30, P(ST+57)60) = o(P) [ gduy + o(D)

because (S + S~9)*§; is a combination of the vectors d;q, and |(8;q, (Y )d0)| < Cylig|~t for i # 0
by Lemma 2.8, uniformly in the periodic operator. The signed measure (A, ).(guy) is supported in
[—2, 2] and has total variation at most ||¢|/cc. Approximating ¢ uniformly on [—2, 2] by polynomials
gives [ go(Ay) dpy — o(¢) [ gduy — 0. Combined with Step 3, this proves the first claim.

If g > 0, the measures (A,,)«(gug) have the fixed total mass [ g dug, and they converge vaguely
to o [ gdug because C} is dense in Cy. With conservation of mass this is weak convergence. O
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6.3 The elliptic run

In this subsection v is Lipschitz, 6 € T, p/q is a convergent of o with 6 = ga — p, and z = E + ie
with E real and € > 0. Let u € £?(Z>¢) satisfy

ulk+1)+u(k—1)+v(0+ ka)u(k) = zu(k) (k>1).

For m > 0 put @, = 0 + (mq + 1)a, Ap(w) = Ay(w, zm) and ¥, = (u(mg + 1),u(mq))7, so that
U1 = An(2)¥,, and u(mg + 1+ 1) = e] Ay (2, 2,)¥,, for 0 < r < q. The block masses are
My =324 lu(mg+ 1+ r)|2. When A,,(E) is elliptic, a frame is a matrix B,, € SL(2,R) with
B (i) the fixed point of A,,(E) in the upper half-plane, so that B,,' A,,,(E) B, = R,,, is a rotation
(Lemma 4.2(4)). Given a frame we put

u™ = el Ar(B,@m)Bp,  Sp= Y ™ IP Gn= Y (™) Tul™ P = By Uin.

T T o
r<q r<q

Then G, is real, symmetric and positive semidefinite with trace Sy, and S, = S4,,(g) in the
notation of Section 4.

Lemma 6.4 (Elliptic run). Let 0 < n < 1 and suppose |tr Ag(E)| < 2 —n. Let By be a frame
for Ag(E), put k = (Lip(v) + 1) max(e, |§|) and K = [73/2/(2'%:Sy)], and assume K > 8. Let
mo = [K/2]. Then

5/2 2
7 [ 12
> = T S e < () IBol? fu(0)? < Bl

k>moq+1 N E>1 ke

The run has about Kg sites, of order ¢/(max(g,|d])Sp) up to factors depending on n and Lip(v).
The lemma controls the size of the conjugated vectors ®,,, and the masses of pairs of adjacent blocks;
it says nothing about individual sites, where a standing wave may have nodes.

Proof. Margin. If M € SL(2,R) and |tr M| < 2 — /2, then M is elliptic, conjugate to a rotation
R, with |cos | <1—n/4, and |sing| > so := \/1)/2, since sin? p > n/2 —n?/16 > n/4.

Step 1: from one block to the next. Since T,+1 = Ty + d mod 1, the potentials of block m + 1
and block m at the same position r are v(z, + § + ra) and v(z,, + ra); they differ by at most
Lip(v)|d|. Suppose A,,(E) has a frame B,,. Lemma 4.2(5) gives, for 0 <r < ¢,

Ar(Ewrm—&-l)Bm = Ar(Eaxm)Bera ||Hr - I” < Ym = eLip(v)|§|Sm -1,

and in the same way A, (2, Ty ) By = Ar(E, 2) Bl (i) with |T1,. (i) — || < €5 —1. In particular
Bl A1 (E)By = Ry, 1, and |tr Apy1(E) — tr A (E)| < 2y,

Step 2: frame update. Let M’ = R,(I +Y) € SL(2,R) with |sing| > sp and ||Y] <y < s0/8.
Conjugation by the unitary Cayley matrix 271/2(1 ~%) maps SL(2,R) acting on the upper'half-plane
to matrices (¢ g) with |a|? — |b|? = 1 acting on the disc, maps i to 0, maps R, to diag(e~%, %) and
preserves operator norms. So |b| < y and |a—e~%| <y, hence |Ima| > sg—y > s0/2 > |b|. Then M’
is elliptic, and its fixed point in the disc has modulus |b|/(| Im a| + ((Im a)? — [b|?)Y/?) < 2y/so < 1/4.

Since log % < 3r for 0 < r < 1/2, the fixed point w’ of M’ in the upper half-plane satisfies

d(i,w') < 6y/so. Apply this to M’ = B, 'A,11(E)By = R,, 1, with ¥y = 4, whenever
| sin o] > sp and y,, < 50/8. Let Ny, € SL(2,R) be the positive symmetric matrix with N, (i) = w';
then | Ny |2 = IN-Y]?2 = edov) < edm with d,, := 12y,,/s0. The matrix By, := BNy, is a
frame for A,,11(F), because By, 11(i) = By, (w') is the fixed point of A, 41(E) = B,,M'B,}.
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Step 3: bootstrap. We show by induction on m < K that frames are defined and
[trAm(E)[ <2—=1n/2,  Sm €[5/2,25],  [|®mll € [[Poll/2,2/[Poll]- (16)

This holds at m = 0. Assume it for all j < m. Since K > 8, kSy < 773/2/213 and KkSy < 173/2/210.
Using Lip(v)|d] < k and e® —1 < 2z for 0 <z < 1, for j < m,

y; < 2Lip(v)[8]S; < 4rSp < nP/2/2M < s0/8.

By Step 2 the frames Bj1 are defined. By Step 1, |tr A (E) — tr Ag(E)| <23,y < 8KkSp <
n/2, which gives the first claim in (16). Next, with II, the factors of Step 1 for the block j,

uf ™ = el A, (B, 2j41) B;N; = uf LN}, so
Si(1—y;)?e™h < Sjy1 < S(1+y;)%eb,

and [10g(Sm/So)| < 3 jmBys + dj) < i 27y;/ /1 < 108K KSo/ (/0 < 108n/2' < 0.11. Finally
Qi = Nj_l[Bj_lAj(z)Bj}ij, and Bj_lAj(z)Bj = R, TI,(ic) and its inverse have norm at most
€53, since a 2 x 2 matrix of determinant one and its inverse have the same norm. Since € < &,

log(||®m|l/[®ol)] < 3 (5, + dj/2) < 2K Sy + 48K kSp/ /7 < 0.05.

j<m

This proves (16) for m.
Step 4: pairs of blocks. Let G be a real symmetric positive semidefinite 2 x 2 matrix with trace
S, and R = R,. Write G = (5/2)I + Gy with Gy traceless and ||Go|| = g < S/2. Conjugation by R
rotates G by the angle 20 in the plane of traceless symmetric matrices, so ||Go+RTGoR| = 2g| cos ol
and
G+ R'GR> S(1—|cosg|)I.

This is an inequality between Hermitian matrices, so ®*(G + RTGR)® > S(1 — | cos o|)||®||? for
every ® € C2. Now fix m < K. By Step 1,

My = |ul™ T (i8) @), Mypgr = [0l ILIL (i€) Ry, Iy (i) B,

where II/ (i¢) is the factor of Lemma 4.2(5) for the complex shift of block m + 1, computed with the
TOWS u&m)ﬂr in the frame B,,, whose squared norms sum to at most (1+4%,,)2Sm, < 2S,,. Each of the
factors 1., TI.(ig), I1,.(ig), T1,(i€) is within g := e2EFLP@INS 1 < 4150 1 < 85y < /2210
of the identity. So the vectors acted on by uﬁf”)
£2|| B, Tespectively ((1+ e2)® — 1)|®pa| < dea||Ppml|. Since S, |[ul™w|? < Sy ||w||?, the triangle

inequality in £2(r) and (z — y)? > 22/2 — y? give

differ from ®,,, respectively R, ®,,, by at most

M+ Myni1 2 387, (Gt By, G R, ) O =173 [ @l 2 (£ -1723) Sun| @i 2 1Sl

By (16), My, + M1 > (7/27)S0]|®o % Also My, < (14 €2)280||®m||? < 950]|®o|? for m < K.
Step 5: the tail beyond the run. Multiply the equation by u(k), sum over k > n > 0 and take
imaginary parts. Since u € £? and the potential is real, the sum telescopes:

e 3 Ju(k)? = Im(u(n + 1) u(n).

k>n
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For ¥ = (u(n + 1),u(n))T = B® with B real of determinant one, U1Wy — U1 ¥y = det(¥, ¥) =
det(®, ®), so |Im(u(n + u(n))| < |@1]|@2| < [|®%/2. At n = Kq, with ¥ = U = Brpdy
and (16),
Di||? _ 2||Dolf?
k>Kq+1 € €
Step 6: conclusion. Let X = n*/2/(2'9x8y), so K = |X| > 8 and K > X/2. The blocks

mo < m < K contain at least K /8 disjoint adjacent pairs (m,m + 1) with m < K, and they consist
of sites k > mgq + 1. By Step 4,

K 7 2o XuSo, oo 177 [P0l
Yo uk)? = = =Sl Poll® > =0l = S5
k> o] 8 2 2 2 K
The sites 1 < k < Kq form the blocks m < K, whose total mass is at most 9K Sp||®o|*> <
9X Sp||®o||> < ||®o]|?/k. With Step 5 this gives the second bound. Finally u(0) = ed ¥y =
eI Bo®o. O

No turning-point analysis is needed: Step 5 controls everything beyond the run through the
flux, at the price of a damping € > |§|/C when the run is to carry a fixed fraction. No arithmetic
condition on the phase is used.

6.4 A fixed fraction at resonant times

Proposition 6.5. Let v be Lipschitz and 0 € T. Let a,y >0,0<n<1/4, and let K C{E €R:
L(E) < a} be a compact interval. Let N be an infinite set of indices with b, > a+y for n € N,
and put

T = 16,7, N,, = |ebnma=7an |, I, ={Ec K :|A,(E)| <2-2n},

and fo = ,75/2/(225(Lip(v) +1)). There is Cy such that for all large n € N and every E € I, with
G(k) - <5k7 (Hv,aﬁ - F— Z/Tn)7150>

1 Yo, (GO = 2fo Ciez |GR)
2. g ([E — |6n], E + [6,]]) < Cpelatr/Dan|s,|.

If moreover K' C K is a compact interval in the interior of K, then for all large n € N,
1 . _ 2
T /I ||1{‘k‘>Nn}(Hv7a’9 —FE—i/T,) 150” dE > fope({E € K': |An(E)| <2 —3n}).
n n

In particular P(Ny,T),,) is at least the right-hand side.

Proof. Since L is upper semicontinuous, maxyx L < a. Put hp = a+ /2, and let U D K and
C be given by Lemma 2.4 with h = hg, and C’ by Lemma 2.5. Write ¢ = g, 06 = 0p, b = by,
e = 0| =1/T,, k = (Lip(v) + 1)|9], and fix F € I,,.

The right half-line. The sequence u(k) = G(k), k > 0, is square summable and solves the
equation of Section 6.3 with z = E +ie for k > 1. Its first block is Ag(E) = A4(E, 0+ «). Since A,
is 1/g-periodic and a = §/q mod 1/q, Lemma 2.5(2),(3) give

| tr Ag(E, 0+0) = A (E)| < |tr Ag(B, 0+0) = Appa(E)|+|Ag15/4(E)—2g(E)| < 4C™ Lip(v)ge?|é],
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which is at most 7 for large n because b > hg. So [trAg(F)| < 2 —n. By Lemma 4.2(1),
the product rule and [singo| > /1/2, So = [Optr Ao(E)|/|sinoo| < (4/,/m)C%qe™?. Hence
X =13?/(21%Sp) > ¢,e®="0)4/q with ¢, > 0, so the run length | X | of Lemma 6.4 is at least 8,
and its my satisfies mog > (X —1)q/2 > e(b=a=14 > N for large n, uniformly in E € I,,. Lemma 6.4
gives, with 1 and B its vector and frame,

n°/2 (| @2 3(Lip(v) + 1
= X 10wP =z T I S ome < (L Dyiepp < SR o
k>Np k>1

The left half-line. The sequence u(k) = G(—k), k > 0, solves the same equation for k > 1
with v replaced by ©(z) = v(—x) and 6 by —6. The function ¢ has the same Lipschitz constant.
Conjugation by diag(1, —1) maps each one-step matrix to its transpose, so a product of one-step
matrices and the product in reversed order have the same norm and the same trace. Hence
|AY(E,z)|| = |A(E,—x — (r — 1)a)]|, the same holds for rational products, and Lemmas 2.4
and 2.5 hold for © with the same U, C and C’. The rational discriminant of ¥ at the phase —6 is
a trace of the factors of Ay in reversed cyclic order, so it equals A,. The argument of the right
half-line therefore applies verbatim and gives the same bounds for far_ := Y, .y |G(k)|?
Sk<_1|G(K)[?, with a vector ®; .

Part 1. By Lemma 4.2(4), ||Ao|l4g = 2 + 4sinh?(d) sin? gy with d = d(i, B (), so || B ||? =
ed <1+2sinhd < 1+ 2v2||Ao||/\/n < Cpe™d. So

and

222
GO < 155 2105 | < Cyetoh — faes = o) ..

since ke < Celho—b)a. Adding the two half-lines and the origin,

ip(v 22
S iawP < (R o) fars 4 far) < - 3 G
3 n 0 1k|>N,

Part 2. Since ImG(0) = £33, |G(k)|? > efary > n°/2|| @ ||12/(2%(Lip(v) + 1)) and Im G(0) <
G(O) < [IBg [l @g 1], we get @4 < CylIBg || and |G(0)] < G| By || < Cye™o?. Finally Im G(0) =

Je((z— E)? + &%) tdug(x) = po([E — ¢, E +€]) /(22).
The integrated bound. By Lemma 2.1 and part 1,

2
/ dE>fO/ Z|G y2dE_2f0/ P.(E — x) dE dug(z).
7TT
" \k\>Nn
Let r,, = min{dist(K’, R\ K), n/(QC/Qqehoq)} Ifx € K" and |A,(x)] < 2—3n, then [z —ry,, x+7,] C
I, by Lemma 2.5(2), and fu|<r -(u) du > 1 — 2¢/(mry). Since e/r, < Cpqe?0=09 — 0, the right
side is at least foug({x € K’ : |A,(z)] < 2 —3n}) for large n. Restricting the energy integral of
Lemma 2.1 to I, shows that P(N,,T),) is at least the left side. O

6.5 Strongly Liouville frequencies and Lipschitz potentials

When S(a) exceeds the largest Lyapunov exponent on the spectrum, the global arcsine law applies,
and no type I hypothesis, phase condition or confinement estimate is needed.

Theorem 6.6. Let v be Lipschitz with L continuous on X3, let Liax = maxy, L, and let o be irrational
with B = () > Lyax, possibly § = co. For every phase 6 put £y = min{L(E) : E € supp up}.
Then:
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1. 8+(p) = Fy(lg) for every p > 0;

2. df (E) > Fs(L(E)) for pg-almost every E; consequently dim} (ug) > Fs(ly) and dimp(ug) >
F3(Lmax)-

For every 0, by = £, := miny, L holds at the phase 0 or at the phase 0 + «.

Proof. Fix n=1/4, and fix ¢ € (Lmax, 5).

1. We may assume fy < (3. Let Ey € supp ug with L(Ey) = £y, and let v > 0 with ¢y + 2y < S.
Put a = ¢y + . Since L is upper semicontinuous, {L < a} is an open set containing Fy. Choose
compact intervals K/ C int K € K C {L < a} with Ej in the interior of K, and g € C2° with
0<g<1,suppg C K’ and g > 0 near Ey, so that [gdug > 0. Choose an infinite set N with
b, — 8 and b, > max(c,a + ) for n € N. Since 0 < g < 1g+, Lemma 6.2 and the portmanteau
theorem applied to the open set O, = (=2 + 31,2 — 37) give

lim inf g ({F € K"+ |An(E)| <2 30}) > lirréji\rflf/glon(An)dug > o(0y) /gd,u,g —2¢ > 0.

Proposition 6.5 gives P(N,,T,,) > foci for large n € N, and hence My(T,,) > NEP(N,,T,) >
fOclNrI;' Since log N;, > (bn —a—- PY)Qn —log 2 and log T}, = bngn, we get 5+(p) >1- (69 + 2’7)/57
or fT(p) > 1if B =o00. Let v — 0.

2. Fix rationals @ > 0 and v > 0 with a + v < 3, and choose an infinite set A with b, — 3 and
b, > max(c,a + 7). The open set {L < a} is a countable union of the interiors of compact intervals
K/ with K/ C int K; and K; C {L < a}. Fix i, and let g > 0 be smooth, positive exactly on int K.
For 0 < n < 1/4 let A, be the set of E € K/ with |A,(E)| < 2 — 2n for infinitely many n € . For
the finite measure gy, Fatou’s lemma for sets and the portmanteau theorem for closed sets give

(91) (K \ Ay) < liminf(gue) ({|An] > 2 = 20}) < o ({|z] = 2 - 2n}) /gdue,

which tends to zero with 7. So gup-almost every E € K lies in some A /- For such E, Proposi-
tion 6.5(2) holds at infinitely many n € N, so

log pg([E — |0n], E + |0]]) o1 a+v/2 logCy o a+v/2
log |6y bn bndn B

along these n, and d;fe(E) >1—(a+7v/2)/8, read as 1 if 5 = oo. Since g > 0 on int K/, this holds
for pg-almost every F € int K/, hence for pg-almost every E with L(E) < a. Intersecting over the
countably many rational a,~ gives df (E) > Fg(L(E)) for ug-almost every E with L(E) < f3; for
L(FE) > 3 there is nothing to prove.

The essential infimum of L with respect to ug is €y, because L is continuous on ¥ D supp pg,
and L < Ly on X. Since Fj is nonincreasing, this gives the bounds on dimfg.

The last statement holds because dy and d; form a cyclic pair for H, so supp ps, U supp p5, = 2,
and the translation (Uu)(n) = u(n + 1) satisfies UH, 49U ' = Hy 010 and Udy = &, so the
spectral measure of §; at the phase 6 is pg1q- O

6.6 Type I potentials: every moment, energy by energy

In this subsection v is real analytic, H, , is supercritical and of type I, £ = L is continuous on R,
and 0 € G¢,. For such 6 put

Ly = min{l(F) : E € supp uy}, ¢ = max{{(E) : E € supp g}

Then ¢, < ¢y < (Y, and by continuity these are the pg-essential infimum and supremum of /.
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Theorem 6.7 (Every moment). Let 0 < f = () < 0o. For every p > 0,
Fp(lg) < B*(p) < Fa(L).
Moreover, for every v > 0 there is ¢ > 0 such that
P(e®r=to=an 15171 > ¢ for all large n with b, > lg + 157.

Proof. The upper bound follows from 57 (p) < a;f and Theorem 5.26. For the rest let v > 0, put
v =7/2, and let Ey € supp ug with £(Ey) = £y. Choose compact intervals K’ C int K, with Fy in
the interior of K’ such that [£ — ¢p| <+’ on K. Choose g € C° with 0 < g <1, suppg C K’ and
g > 0 near Fy, so that [gdug > 0. Let N = {n : b, > ly+ 30+'}. If N is finite there is nothing to
prove; otherwise Lemma 6.3 with Ey, 7/ and ¢, and the portmanteau theorem, give

liné/i\lflfug({E eK' :|AL(E) <2-3n}) >0o((—24 31,2 —3n)) /gd,ug =:2¢; >0

with n = 1/4. Proposition 6.5 with a = £y ++' and +/ in place of v applies, because K C {¢ < a}
and b, > a + v on N; its radius is N,, = Le(b“*%*'*)qnj. It gives P(Ny, |0,]71) > focr for large
n € N, which is the fixed-fraction statement. If ¢y < 3, choose v with ¢y + 15y < B and n € N
with b, — 3; as in the proof of Theorem 6.6, 3% (p) > 1 — (¢9 +~)/B. Let v — 0. O

Corollary 6.11 below shows that the two bounds of Theorem 6.7 coincide.

Remark 6.8. For 3(«) = 0 all moment exponents vanish by Theorem 5.26, and for 5(«) = co they
all equal one, for every phase [19, Theorem 3(2)].

To resolve the dynamics in energy we filter the initial state. For real g € C°(R) let 1y =
9(Hy,a,0)00- By Lemma 2.8, ¢, has finite moments, and its spectral measure is jiy, = g°1g.

Lemma 6.9 (Filtering). Let H be a Schrodinger operator with hopping one and bounded real potential,
let g € CX(R) be real, and let J, M > 1 be integers. For T > 1 and real E put z = E +i/T,
G.=(H —2)"1% and
1\J
(7)-

There is C, depending on g, J, M and a bound for |H||, such that for every T > 1 and every integer
N >2J,

(4)
CJ(E7T) = Z J ('E)

j<J I

1 1/2 _ _
’ng(NaT)l/Q - (ﬁ[R|0J(E7T)|2 Hl{\n\>N}Gz||2dE> ‘ <CN M +CT J>

where Yy = g(H)dy. Moreover c;(-,T) vanishes outside supp g and |c;(E,T) — g(E)| < C/T.

Proof. Taylor’s formula at E gives g(x) =3, g9I(E)(x — E) /j!+ (z — E) rg(z) with rp(z) =
fol(l —8)! L gUNE + s(x — E))ds/(J — 1), so [re(z)| < |g") ||e/J! for all E,z. Put a =i/T. The
identity (H — E)G, = §p + aG, and induction on j give
(H-E)YG. =Y da(H—-E)""7"6+dG..
r=0

Applying the functional calculus,

g(H)G, =c;(E,T)G, +wg + aJrE(H)GZ,
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where wg is a sum of the vectors (H — E)*dy, k < J, with coefficients bounded by C, and of the
vectors a"rg(H)(H — E)?~1778p, 0 < r < J. The former are supported in [—.J,.J] and vanish under
1{jn)>ny- For the latter, let o(H) C [~Ro, Ro] and fix x € Cg° equal to 1 on [~Ro — 1, Rg + 1]; then
re(H) = (xrg)(H). The functions xrg are bounded in CM+3 for E in a compact set. If E lies
outside supp g and |E| > 2R + 4, all derivatives of g vanish at E, so rg(z) = g(z)/(z — E)’ on
supp x and || x7g||ca+s < C(1+|E|)~’. Lemma 2.8 with M 41 in place of M and the Schur test give
1> ny Ore) (H)L - g g | < CA+|E) ™/ N~ for N > 27, and ||(H—E)”~17"6|| < (Ro+|E])7".
Hence [|1{,>nywel| < C(1+ [E[)"'N=*. The last term has norm at most CT~||G.|.

By Lemma 2.1 with ) = tg, Py, (N, T) = (xT) " [ | 1(jnj>nyg(H)G: |2 dE, since (H —z) =14, =
g(H)G,. Minkowski’s inequality in L2(R,dE/(xT);¢3(Z)), (#T)~! [||G.||?dE = 1 and [(1 +
|E|)~2dE < oo give the claim. The last two statements are immediate from the definition of c;. [

Theorem 6.10 (Energy by energy). Let = f(a) < 00, Ey € ¥ and 0 < v < £,/2. Let g € CX(R)
be real, supported in {E : [((E) — £(Ey)| < v}, with g # 0. Then for every p > 0,

Fy(U(Eo) +7) < By, (p) < Fs(£(Eo) — 7).

Letting the support of g shrink to an energy E, a packet filtered near I spreads, in every
moment, with exponent Fg(¢(E)). The statement concerns a family of filters of shrinking width; a
fixed filter of positive width need not have a single exponent of this form.

Proof. We normalize ¢ = 1)4/||14]|; this changes no exponent.
Upper bound. Put £ = ¢(Ey) — v, which is positive. We verify (M1) and (M2;) for H = H, o0
and v, and apply Theorem 3.3. Since e~y = g(H)e "5y, splitting e~ at |n| = N/2 gives

2 —
Py, (N, T) < 2|1 npg(H) L i<y l|” + 209113 P(N/2,T) < Coyr N~ + 2||g[|3,P(N/2,T)

for every M, by Lemma 2.8 and the Schur test. Theorem 5.9 gives (M1). For (M2) fix
¢,d,B,e,m. Apply Theorem 5.15 with £/2 in place of €, with m + 1 in place of m, and with
¢ <min{e/2,¢,d, l,1,10}/100 and ¢ < £/100; Lemma 5.24 provides (W) at (gn, gnb, 7, ) for large
n with b, > c. Let

RI(T) = etléan {1 + min(Te %", e(b”*@*q")} < R, (T).

For E € supp g we have £(E) > £. If moreover dist(E,¥) < e~% part 2 of Theorem 5.15 gives
141> Ro (1)} G=|l < 4T, since the radius there is nonincreasing in £(E). If dist(E, X) > eS8,
part 3 gives the same bound for large n, since RI(T) > e''¢. Lemma 6.9 with an integer
J > max{l, [m|} and an integer M > mB/(11£), together with |c;| < C and ¢; = 0 off suppyg,
gives

Py, (RY(T),T) <2 C’S;:;?)g‘ 16722 4 2(CRYT) ™ + cT")? < oT™

for edn < T < eBin because RI(T) > T ¢/B. This is (M2). Theorem 3.3 gives Oz;:d] < Fg(¢), also
when g =0, and @Z(p) < oz;rﬂﬁ.

Lower bound. We may assume £(Ep) +7 < (3. Since [ g?dug = ||1by||*> > 0, there is E1 € supp pg
with g(E1) # 0, and ¢(E1) < (Ep) + 7. Choose 71 > 0 with ¢(Eq) + 2y < {(Ep) + v and
((Ey) 4+ 30 < . Choose compact intervals K’ C int K, with E in the interior of K’, such that
|6 — (Eq)| <1 and |g| > g1 := |g(E1)|/2 on K. Choose g € C® with 0 < § <1, suppg C K’ and
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g > 0 near Fy. Let N be an infinite set with b, — 8 and b, > ¢(E;) + 30y;. As in the proof of
Theorem 6.7, Lemma 6.3 and Proposition 6.5, with a = ¢(E1) 4+ 71, give ¢; > 0 with

1 _ _ _
ﬁA ||1{|k|>Nn}GzH2dE > foct, N, = |elbn=8ED=2m)an | T — |5, |71,

for large n € N, where I,, C K. On K, |cj(E,T,)| > g1 — C/T,, > ¢1/2 for large n. Lemma 6.9
with J = M =1 gives

Py, (N, Tp) /% > %(f0c1)1/2 —ON;'—CT > >0

for large n € N, because N,, — oo. Hence M, (T,) > ¢3NE, and as before ﬂ:[g (p) >1—(U(EL) +
2m)/B = 1 = (((Eo) +7)/B- O

A finite partition of unity in energy turns the filtered upper bounds into a bound for the unfiltered
packet, which closes the gap in Theorem 6.7.

Corollary 6.11 (The complete moment law). Let 0 < = (a) < 0o and 0 € GY,. Then

Bt (p) = Fs(tg) = Fp(ly) for every p > 0.

In particular, if £, < B, then £y = C,: the Lyapunov exponent attains its minimum over the spectrum
on the support of ug.

Proof. Let S = supp ug, a compact subset of ¥, and let 0 < r < £,/2. Since /¢ is continuous, every
E € S has an open interval around it on which |¢ — ¢(E)| < r. Finitely many such intervals, centred
at points Fi,...,E, € S, cover S. Take real functions g; € C2°(R), each supported in the i-th
interval, with >, g; = 1 on S. Then suppg; C {|¢ — ¢(E;)| < r}, and Y, ¢i(H)dp = Jp, because
13 9i — 1D)(H)SolI? = [ 13 9i — 1> dug = 0. Put 1; = g;(H)Jdp and discard the indices with 1; = 0.
By Theorem 6.10 and ¢(E;) > 4y,

By, (p) < Fg(U(E;) —r) < Fs(lg — 7).

At every time, the Cauchy—Schwarz inequality for the finite sum (§;, e ~®#5y) = 3, (0;, e ~Hq);)
gives |(§;, e H )2 < kS, (85, e~ 14;)|2. Multiplying by |4|P, summing over j and averaging in
time,
My(T) <k Z My, (T),
7

where M, ,, are the moments of the unnormalized vectors. Since the sum is finite, 57 (p) <
max; BL (p) < F3(lp — ). Letting r — 0 and using the continuity of Fg gives 51 (p) < Fp(lp), and
Theorem 6.7 gives equality. Hence o;f = sup, 8% (p) = Fs({p), while o = Fj(£.) by Theorem 5.26.
If ¢, < B, then Fg(¢s) > 0 and Fj is strictly decreasing on (—oo, ], so Fg(lg) = Fp(¢s) forces
by =L, If £, > (3, both values are zero. O

So at every phase of GY, the fastest-tail exponent, every moment exponent, and the exponent of
the fixed fraction in Theorem 6.7 are all governed by the same number Fp(4y).

Theorem 6.12 (Local dimensions). Let 0 < 8 = f(a) < co. Then
dy (E) = F3({(E)) for ug-almost every E.

Consequently dim},(1p) = Fs(lg) and dimp(ug) = F(¢%). In particular dimp(ug) = dimb(ug) if
and only if Fjg ol is constant pg-almost everywhere.
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Proof. Lower bound. Fix -y > 0. For a rational Fy with ¢(Ep) + 30y < 8 and a rational p > 0 such
that [¢ — ((Ey)| <y on K = [Ey — 2p, Eo + 2p|, put K’ = [Ey — p, Eo + p|. By continuity of ¢, the
interiors of these countably many intervals K’ cover {E : {(E)+31vy < }. Fix one of them, let g > 0
be smooth and positive exactly on int K', and let N be infinite with b, — 3 and b, > ¢(Ep) + 30+.
Lemma 6.3 gives the weak convergence of (A,,).(gug) to o [ gdug. The argument of Theorem 6.6(2),
with Proposition 6.5(2) for a = £(Eo) 4, gives df (E) > 1 — (£(Eo) +3v/2)/8 > 1— (U(E) +37)/
for pg-almost every E € int K’. Letting v — 0 along a sequence gives d;re > Fgol almost everywhere.

Upper bound. We use the theorem of Barbaroux, Germinet and Tcheremchantsev [4, Theorem 1
and Proposition 1(iii)]: for a bounded operator on ¢?(Z) and a normalized initial vector v» with
compactly supported spectral measure, the exponents of the Cesaro-averaged moments satisfy
ﬁqj (p) = D, (1/(L +p)) > dim} (), where D is the upper generalized Rényi dimension. No
finite-support hypothesis on v is made. Since (2/T)e 2T > (2¢72/ T)1(o,1)(t), our Abel-averaged
moments dominate 2e 2 times the Cesaro-averaged ones, so the same inequality holds for our B:g (p).

Fix v € (0,4./2), a countable dense set D C 3, and for Ey € D and rational p > 0 with
|6 — U(Ey)| < von K = [Ey— 2p,Ey + 2p] put K" = [Ey — p, Ey + p]. By continuity of ¢ the
interiors of these intervals cover X. Fix one, and let g € C2° be real with suppg C int K and
g=1on K". If ¢, = 0, then py(K") = 0. Otherwise Theorem 6.10 and the inequality above give
dim}(g?ug) < Fs(¢(Ep) — 7). For E € int K" the measures g*ug and 19 agree near E, so they have
the same upper local dimension at E. Hence d}} (E) < Fg(¢(Eo) —) < Fg(¢(E) —2v) for pg-almost
every E € int K”, and so for pp-almost every E. Let v — 0 and use the continuity of Fj.

The consequences follow from dim; = esssupd™’, dimp = essinfd", the monotonicity of Fj,
and the identification of ¢y, ¢’ with the essential extrema of £. ]

For B(a) = 0 every spectral measure pg has d:;e = 0 almost everywhere, at every phase, by
Theorem 5.26 and the inequality of [4]. The equality extends to all spectral measures.

Corollary 6.13. Let 0 < B(a) < oo and 0 € G, N (GY, — ). For every ¢ € (*(Z) with py, # 0,
dzw(E) = F3((E)) for py-almost every E. In particular dim}(uy) < Fa(ly).

Proof. Let pg and u; be the spectral measures of dy and d§; at the phase 0; as in the proof of
Theorem 6.6, 1 = pp+qo. Theorem 6.12 at the phases 6 and 6 + « gives d;[i = Fg o/l p;-almost
everywhere, for i = 0,1. Let v = pg + p1, and recall the differentiation theorem for Radon
measures [23, Theorem 2.12 and Corollary 2.14]: if y < v, then at py-almost every E the ratio
u([E—r,E+7]))/v([E —r,E+r]) converges as r — 0 to the density du/dv(FE) € (0,00), and at
such E taking logarithms gives d:[(E) = d}(F). Applied to u = p;, this gives df = d:z, =Fgol
on a set A; of full u;-measure. The complement of Ag U A; is null for g and for py, hence for v,
so df = Fg o { v-almost everywhere. The pair &y, d; is cyclic, so p, < v, and the differentiation
theorem applied to pu = p, gives d;rw =d} = Fp o/l pg-almost everywhere. The last claim follows
from ¢ >/, on X. O

For the almost Mathieu operator ¢ = log A on 3, so Corollary 6.13 shows that every nonzero
spectral measure is exactly packing-dimensional for § € G, N (G4 — @), in agreement with the
companion paper [12]. For a type I potential with ¢y < ¢/ and ¢y < $(a), Theorem 6.12 gives
dimp(ug) < dimb(pe): the upper local dimension is a nonconstant explicit function of the energy.

7 Beyond type I: a conditional complete law

For a type I potential the rational discriminant ¢,(-, F) has exactly two zeros in a strip of width
proportional to ¢, and near the drifting phase it behaves like a single cosine (Section 5). When
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the acceleration is at least two somewhere on the spectrum, ¢,(-, F) has more zeros near the real
axis, and they may cluster. The dynamical argument of Theorem 5.15 needs only one geometric
property: near the drifting phase, the zero of t,(-, ') that the phase crosses is not exponentially
close to another zero at the same energy. This section makes that property precise, shows that it
implies the transport law for every real-analytic potential with positive Lyapunov exponent on its
spectrum, and reduces it, for an explicit two-harmonic family, to a large-deviation estimate for one
polynomial.

Throughout this section v is real analytic and H, . is supercritical, but no type, evenness,
primitivity or acceleration hypothesis is made. We use the notation of Section 5: t4(z, E) is the
rational discriminant in the variable x = ¢f, ¢ = L is the Lyapunov exponent, ¢, = miny ¢, and
Ny(€) = {E € R : dist(E,¥) < e %9}. Lemmas 5.3 and 5.7, Corollary 5.6 and Theorem 5.15 do not
use the type I hypothesis. Put

J=[—|v]ec — 3, ||v]leo + 3], Jo={F e R:dist(E,X) < 1/q}.

Then ¥ C J, and J, C J and N, (§) C J, for large ¢. The Lyapunov exponent is positive on 3
by hypothesis and off ¥ by (A3), and it is continuous, so vy := min; ¢ > 0. By the remark after
Corollary 5.6, for every ¢ > 0 and all large ¢,

0500t ,(z, E)| < k! (2¢)%ed“PHO)  (EeJ zeR, k>0, j=0,1). (17)

Distances between points of C/Z are taken in the metric of the cylinder.

7.1 Clusters of zeros and weak separation

Definition 7.1. Let ¢ be a convergent denominator and € > 0, and put 7 = e ¢. For F € R let
Z4(F) be the multiset of zeros of ¢,(-, F) in {x € C/Z : |Im x| < 1}, counted with multiplicity. Let

By(e) = {zo € T : for some E € J,, Z,(E) has two entries z, 2’ with |z—=z¢| < 7 and [z —2| < 7}.

We say that WXS(v,a) holds if for every € > 0 and every ¢ > 0, almost every 6 € T has an index
ng such that ¢,0 mod 1 ¢ B, (¢) for all n > ng with b, > c.

The set By(g) is open, since for fixed witnesses E, z, 2" the condition on z( is open, and it
decreases as ¢ increases. Since 6 — ¢,0 preserves Lebesgue measure, the Borel-Cantelli lemma
shows that WXS(v, ) holds if 3. <. |Bg,(€)] < oo for all £,¢ > 0. If S(a) = 0, only finitely many
n have b, > ¢, and WXS(v, ) holds trivially.

WXS is a horizontal condition: it concerns the zeros of ¢4(-, E) as functions of the phase at one
fixed energy, real or complex. It excludes a real double zero (a turning point of a band centre) near
xg, two band centres crossing the energy E at nearby phases, and a pair of complex zeros close
to the real axis. It is different from a wvertical separation of band centres Ejy(z) at a fixed phase;
Remark 7.4 shows how the two are related.

7.2 Factorization

Lemma 7.2. Let v(z) = > lk|<d vRe2™*T be o real trigonometric polynomial with vy # 0, and let

p/q be a convergent of . Then ty(x, E) = > jk|<d cq7k(E)e2m"m7 and
cqxd(E) = (—v4a)? eEmidpla—1) for every & € C.

In particular the extreme coefficients do not depend on E, and |cq+q| = |val|?.
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The energy independence of the extreme coefficients is due to Shamis [25, Propositions 3.1
and 3.2]; we include the short computation in our normalization.

Proof. Each one-step matrix has entries of degree at most d in e?™%, so Ay (E) is a trigonometric
polynomial of degree at most ¢d in ¢. It is invariant under ¢ — ¢ + 1/q, so only the harmonics
e2mimay — e2mim with |m| < d survive. In the expansion of the trace as a sum over closed index
paths, degree gd in e*™ forces the (1,1) entry and its top harmonic —pge2mid(e+ip/a) at every

step j =0,...,q — 1. Their product is (—uvg)?e?dave2midpa(a=1)/20) = (_y,)2e2midvemidp(a—1)  The
coefficient of e~27% is computed in the same way. O
For a real trigonometric polynomial T'(z) = 3 <k cpe?™kT of exact degree K’ > 1 (so

c_ = ¢ and cgr # 0) write (1,..., ks for its zeros in C/Z, counted with multiplicity, and
m(T) = fol log |T(y)| dy. Put

g(u) = [sinmule ™™ (ueC/z), =2
Lemma 7.3 (Factorization). Let T' be as above.

1. > Im (= 0, and with suitable representatives ¢y, € C, T'(x) = cKr(2i)2K/emZk T, sin 7 (z—
Ck)-
co min{dist(u, Z),1} < g(u) <1, and m(T) = log |cx| + 7> | Im (x|

For every z € C, |T(x)| > 4% em(T)=2n K [Imal [T, (g — (), with equality for real x.

e e

At a simple real zero (1, |T'(C1)| = wa% ™M) =® with & = — > k>21ogg(C1 — k) > 0.
5. m(T) > log maxger |T(x)| — K'log 4.

Proof. 1. With w = €2 wX'T is a polynomial of degree 2K’ in w with nonzero constant
coefficient ¢_ g, so its roots wy = 2™k are nonzero, and [1; wx = c_k//ckr has modulus one.
Hence 3", log|wg| = 0, which is 3, Im ¢y = 0. The factorization follows from 2™ — £2™¢ =
e™ @+ 2 sin w(x — ¢).

2. Write u = a + ib. Since |sinmu|?> = sin?ra + sinh? 1b < cosh?7b, g < 1. If |b| > 1 then
|sin7u| > sinh 7|b| > 0.49¢™° so g(u) > 0.49 > ¢g. If |b| < 1 then |sinmu|? > 4 dist(a, Z)? +72b? >
4 dist(u, Z)?, so g(u) > 2e~™ dist(u, Z). The classical integral fol log | sinw(y—()|dy = 7| Im (| —log 2
and part 1, where |eng’€| =1, give the formula for m(T).

3. By part 1, [T(z)| = |eg: |45 [, | sinw(x — ¢, and |sinw(z — ¢)| = gz — ¢)er M@=l >
g(x — ¢)erltmdl=mlImz| " with equality for real z. Use part 2.

4. Differentiate the product of part 1 at (1, and use part 3 for the remaining factors, with
Im Cl =0.

5. Evaluate part 3 at a real point where |T| is maximal and use g < 1. O

Remark 7.4 (Band products). Let v be a trigonometric polynomial of degree d, F real, and let z
be a simple real zero of ¢,4(-, E), so that E = Ep(x) for one band centre. Since t4(z,-) is monic with
the simple roots Ey (), Opty(z, E) = [1y 2,(Es(7) — Ey (7)), and 0ty = —0pt, B, by Lemma 5.3.
Lemma 7.3(4) therefore gives the exact finite-period identity
log| By(2)| + ) log| Ey(x) — Ey (x)| = log(md?) + m(te(, E)) — ®(z, E),
b'#b
where ®(z, E) is the quantity of Lemma 7.3(4) for ¢,(-, E). The horizontal loss ® involves the

distances from z to all other phase zeros at the same energy. Vertical gaps |Ep(z) — Ey ()| enter
only through the full product over all other bands, together with the slope Ej(x).
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7.3 Truncation and a lower bound
Recall that v extends holomorphically to |Imz| < d,, and that 0 < 01 < 0, is fixed.

Lemma 7.5 (Truncation). Let I' = max{log||T(E,z)|| : E € J, |Imz| < 6} and K = [(T +
2)/(2761)]. For E € J write ty(z, E) = 31 cqk(E)e*™ and T, g(z) = Dlk|<K cor(E)e?™ R For
all large q, every E € J and every x with |Imx| < 1,

[tg(z, B) =Ty p(2)] < e,

and |0, (tq — Ty p)(x)| < 2e79 for |Imx| < 1/2. If v is a trigonometric polynomial of degree d, we
take K =d and Ty g = t4(-, ).

This is the truncation argument of Avila [2, Section 2, equations (10)—(11)], reproduced by
Shamis [25, Lemma 2.1].

Proof. For |Im z| < gd1 the ¢ factors of the rational product have phases with imaginary part at
most &1, so [ty(z, E)| < 2e'%. Shifting the contour of the Fourier integral to Imz = F¢d; gives
lcgk(E)| < 2eta=2lklad1 For |Tm x| < 1,

Z ‘Cq k(E)‘€27r\k| <4 Z qu—27rk(q51—1) < 8627T(K+1)€(F—2W(K+1)51)q < 862W(K+1)6—2q
[k|>K k>K+1

for large ¢, since 2w K §; > I' + 2. This is at most e~ 7 for large q. The derivative bound follows from
Cauchy’s estimate on disks of radius 1/2. For a trigonometric polynomial of degree d, Lemma 7.2
shows that ¢,(-, F) has no harmonics beyond d. O

For real E, T, g is a real trigonometric polynomial of some exact degree K’ < K; Lemma 7.6
shows that it is not identically zero.

Lemma 7.6 (Lower bound for the mean). For every n > 0 there is qo such that for every convergent
denominator q > qo and every E € J,

m(Tgp) = q(((E) —n).

Proof. For a rational p/q let L(p/q,E) = ¢! J;log p(A((]p/q)(E, ©)) dp, where p is the spectral
radius; this is the Lyapunov exponent of the frequency p/q, averaged over the phase. Bourgain and
Jitomirskaya proved that (w, E') — L(w, E), with this definition at rational w, is jointly continuous
at (a, F) for every irrational « and real E' [6, Theorem 1]. By compactness of J, L(py/qn, E) — ((E)
uniformly on J. For M € SL(2,R), p(M) < max{l,|tr M|}: the spectral radius is one if M
is elliptic or parabolic, and smaller than |tr M| if M is hyperbolic. Since A, is 1/g-periodic,
qL(p/q, E) < log max{1, max, |t,(z, E)|}. It suffices to prove the lemma for 1, = min{n,~,}, since
its conclusion for n; implies the one for n. For large ¢, L(p/q, E) > ((E) —n1/2 > ~v;/2 >0 on J,
s0 maxy |t,(z, E)| > edUE)=m/2) and max, |T, g(z)| > %eq(e(E)*m/Q) by Lemma 7.5. Lemma 7.3(5)
gives m(Ty ) > qUU(E) —m1/2) —log2 — Klog4 > q(¢(E) — m) for large q. O

7.4 Geometry at separated phases
Lemma 7.7. Let K be as in Lemma 7.5, and put

1+, 1 1(60PK)2K_

“W=TZK 0 PKTIRpr -1y KT als

Let 0 < e <ap/2 and 0 <n < v7/2. For all large q, every xo € T\ By(e) and every E € J,, with
T=e¢ 1 and Sy ={x € T:|zx — x| < 7/16}, one of the following holds.
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(i) |ty(x, B)| > AgedCE)=Mr2K for every x € Sp.

1) ty(-, E) has a simple real zero zg with |zp—xo| < 7/2. Onlgp ={x e R: |x—zg| < pg7/4} the
q
derivative Oyty(-, E) has a constant sign and modulus at least Sg := %eq(e(E)_")(coT/Q)QK_l,
and |ty(x, B)| > AgedCE)= 72K for ¢ c o\ Ig.

Proof. Let ¢ be large, zg ¢ By(e), E € J,, and write T = T, g, of exact degree K’ < K. By
Lemma 7.6, m(T) > q(¢(E) —n), and £(E) —n > ~;/2. If K’ =0, then T is a constant of modulus
e™T) (-, E) has no zeros in | Im x| < 1/2, and (i) holds. Assume K’ > 1.

Matching of zeros. Let h = e~%1 and let U be the union of the open disks of radius h about the
zeros of T in C/Z. On the boundary of U, and outside U, every zero of T is at distance at least h,
so by Lemma 7.3(2),(3), for |[Imz| < 1/2,

T (z)| > 4K e =mK (cqp)2K" > =™K 2K a0 2=(49)/4) 5 070 > |t (2, E) — T(x)]

for large ¢, since v;7/2 — (1 +v5)/4 > —1. A component W of U has diameter at most 4K h. If it
meets {|Im x| < 1/4}, its closure lies in {|Im x| < 1/2}, and Rouché’s theorem shows that ¢,(-, E)
and T have the same number of zeros in W. Moreover t4(-, E) has no zeros in {|Imx| < 1/4} \ U.
Since € < ap/2, 8Kh < 7/8 for large q.

Case A: ty(-,E) has no zero z with |z — xg| < 7/2. A zero ¢ of T with |( — xo| < 37/8
would lie in a component meeting {|Imz| < 1/4}, which would contain a zero of t,(-, E) within
37/8+4Kh < 7/2 of xy. So every zero of T is at distance at least 37/8 from xg, hence at least 7/4
from Sp. Lemma 7.3(3) gives |T| > e9UE)= ¢y /4)2K on Sy, and |t,| > |T| — e~ gives (i), since
UE)—n—2Ke>—1.

Case B: ty(-, E) has a zero z with |z — xg| < 7/2. Since x¢ ¢ Bg(e), no other entry 2’ of Z,(E)
satisfies |z — 2| < 7. In particular z is simple, and z is real: otherwise z would be a second entry
with |z — z| = 2|Im z| < 7. Let W be the component of U containing z. It contains no other zero of
tq(-, E), because its diameter is less than 7, so it contains exactly one zero ¢ of T', which is simple,
with | — z| < 4Kh. Since U is symmetric under conjugation and W contains the real point z,
W =W, so ¢ = C is real. If another zero ¢’ of T had |¢’ — (| < T — 8K h, its component would differ
from W and contain a zero z” # z of t4(-, E) with |2” — z| < 7, which is excluded. So every other
zero of T is at distance at least s := 7 — 8Kh > 77/8 from (.

Write T'(x) = sinm(z—({) G(z). For real x the function G is real, and G'/G = 7Y}~ cot m(x— ().
If dist(u,Z) > s/2, then |cot7u| < 1.01 when |Imwu| > 1, and | cot mu| < coshn/(2dist(u,Z)) <
11.6/s otherwise, by the bound in the proof of Lemma 7.3(2). Hence |G'/G| < 37(2K — 1)/s for
real x with |z — (| < s/2. On Ip = {z € R: |z — (| < prs} we get |sinw(x — ()| |G'/G| < 7/4,
meosm(z —¢) > 0.997 and |G(z)| > e V4 G(¢)]. So T' = G (wcosm(x — ¢) +sinw(z — () G'/Q)
has the constant sign of G' and |T"| > 0.74we~Y4|G(¢)| > |T"(¢)|/2 on Ir. By Lemma 7.3(4) and
g(C - Ck) > S,

IT'(C)| > 74X ™™ (¢s) =1 > et B0 (co7 /2)2K—1 = 455,

Since [|95(ty — T)| < 2e77 and Sg > e~ 9, O,ty(-, E) has the sign of 77 and modulus at least
|T"(¢)|/4 > Sg on Ip. Put zp = z. Then Ig C I, because pg7/4+ 4Kh < pks.

Finally let © € Sy \ Ig. Then |x — (| > px7/4 — 4Kh > pg7/8. Every other zero of T is
at distance at least s — |z — (| > 77/8 — (/16 + 7/2 + 4Kh) > 7/4 from z. So all zeros of T
are at distance at least pg7/8 from z, and Lemma 7.3(3) gives |T'(z)| > e4“E)=1) (¢oppr/8)K =
2 edUE)=n 72K - Subtracting e~ ¢ gives the last claim of (ii). In Case A the same bound holds,
since co7/4 > coprT/8. O
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Corollary 7.8. Let £,¢ > 0 and 0 < ¢ < min{(/(16K), ap/4}. For all large q and every

xo € T\ By(e), (W) holds at (g, 0, e 2559) with these &, .

Proof. Let o = 72K = ¢72K24 50 ¢7C9/4 < ¢ < 1. Apply Lemma 7.7 with n = min{¢,~,}/2, and let
E € Ny(§) C Jg. A point = with |z — x| < 0/16 lies in Sy. In case (i), and in case (ii) for = ¢ I,
lty(z, B)| > AgedWE)=m) 12K > 526alE)=C) for large ¢, since n < ¢ and 725 — 0; so such = do not
lie in the set Zg of Definition 5.14. In case (i) therefore Zgp = (). In case (ii) every x € Zp lies in
Ig, where t4(-, E) is monotone with slope at least Sg and vanishes at zg, so

20q(L(E)—C)
tq(z, E)| < o-e < Ok < g

Sk Sk - — 16

|z — zp| <

for large q. Let Jg = {|x — zg| < 0/8}, an arc of length o /4 centred at zg. It lies in I for large g,
and on it t,(-, E) is strictly monotone with |9,t,| > Sg > oe?“(F)=C0)_ This is (W). O

7.5 The conditional law

Theorem 7.9. Let v be real analytic and H,  supercritical. Fix c> 0, 0<d < B, eout > 0 and
m >0, let £,¢ be as in Theorem 5.15 with cou in place of €, and let 0 < ¢ < min{(/(16K),ap/4}.
There are C' and ny such that for every n > ny with b, > ¢, every phase 6 with ¢,0 mod 1 ¢ By, (¢),
and every T with edin < T < qu”,

P(R,(T),T) <CT™,  Ry(T) = e~ [1 + min(Te e(bn*f*mn)]

Proof. By Corollary 7.8, (W) holds at (g, ¢,0, e~25%4) for all large n, uniformly in #, and e 25K >
e¢4/4 Theorem 5.15, which does not use the type I hypothesis, applies. O

Theorem 7.10. Let v be real analytic, H, o supercritical, and assume WXS(v,a). Put = ().

1. If B < oo, then for almost every 8, P(T*,T) = O(T~™) for every a > Fg(¢y) and m > 0, and
o (Hya0) = Fp(Ls).

2. If =0 or 3 = oo, then a;f (Hy a,0) = Fs(ls) for every 6.
3. af (Hypap) > Fp(ly) for every 6.

Proof. For k € N let G, be the full-measure set of phases given by WXS(v, o) with e = ¢ = 1/k,
and let G =, Gg. Fix 0 € G and 8 < oo. Theorem 5.9 gives (M1). For (M2y,), fix ¢,d, B, eout, m,
let € be given by Theorem 7.9, and choose k with 1/k < min{e, c}. Since § € Gy, ¢,0 ¢ B, (1/k)
for all large n with b, > 1/k, in particular for all large n with b, > c¢. Since By, () decreases,
By, (e) C By, (1/k). So Theorem 7.9 applies at all large n with b, > ¢, which is (M2, ). Theorem 3.3
gives the upper bound in part 1. The lower bound in part 1 and part 3 for 0 < 8 < oo are
Theorem 4.1, which applies because £ is continuous. For § = 0 use Corollary 5.10, which does not
use the type I hypothesis, and for § = oo use [19, Theorem 3(2)] as in the proof of Theorem 5.26. [J

Theorem 7.11 (The complete law under weak separation). Let v be real analytic with L > 0 on its
spectrum. Let s > 1 be the greatest common divisor of the frequencies k # 0 with 0(k) # 0, and let
w be the real-analytic function with v(z) = w(sx). If WXS(w, sa)) holds, then for almost every 6,

O‘J(Hv,aﬁ) = Fﬁ(sa) (6*)7

where Ly is the minimum of the Lyapunov exponent on the spectrum. If f(a) € {0,000}, this holds
for every 0, without any hypothesis.
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Proof. A constant potential has zero Lyapunov exponent on its spectrum, so v is not constant
and s is defined. By Theorem 5.29 and its proof, H, ¢ = Hy sa,s0, and the two families have
the same spectrum and the same Lyapunov exponent; so Hy, s is supercritical with the same /..
Theorem 7.10 applies to (w, sa) and gives a full-measure set G of phases. The map 6 — s preserves
Lebesgue measure, so {6 : sf € G} has full measure. By Lemma 5.28, B(sa) € {0, 00} exactly when
B(a) € {0,000}, and then Theorem 7.10(2) needs no hypothesis. O

If w is of type I at the frequency sa, the conclusion of Theorem 7.11 already follows from
Theorem 5.29, without WXS. At every supercritical spectral energy the acceleration is a positive
integer (proof of Lemma 5.2). So WXS(w, sa) is the missing hypothesis exactly for the primitive
potentials w whose acceleration is at least two at some point of the spectrum.

Remark 7.12 (Why the primitive part). WXS(v, «) itself can fail when v is not primitive. Let
v =w(s") with s > 2, assume that H,, s, is supercritical and of type I, and assume that infinitely
many convergent denominators g, of a are divisible by s and satisfy b, > ¢ for a fixed ¢ > 0. At
such a scale, ¢ = ¢, /s is a convergent denominator of sa with the same §,, (Proposition 5.27),
and tgz) = 2T8(tf;,u)/2). Let 0 satisfy s € G¥,, a full-measure condition, and let zo = ¢,0 = ¢/(s0),
which is good for w at scale ¢’. Let E be a band centre of w at the phase x¢; it lies within
Ce~bnin/2 of 2 by Lemma 5.4(1). By Lemma 5.24 for w, tf;,u)(-, E) is monotone near xy with slope
at least ¢/ ~3e? ((B)=0) 5o it takes the s values 2cos((2j — 1)7/(2s)) at s distinct real points within
4q"3e= 1 UE)=Q) of gy, These are zeros of téﬁ’)(-, E). Hence g,0 € By, (¢) for every € < £, /(2s) at all
large such n, and WXS(v, o) fails. This failure needs the resonant scales: if 5(a) = 0, WXS holds
trivially for every potential. It also does not locate a change of the exponent, since WXS(v, ) can
fail while both Fg(o)(€«) and Fpsq)(f«) vanish.

7.6 An explicit two-harmonic family

Let
v(x) = 2\ cos 2wz + 24 cos 4, A#0, p#0,

and assume that H, , is supercritical. This potential is primitive and even. By Lemma 7.2 and the
evenness of t, (Section 5.2),

ty(z, E) = Py(E) + 2Cy(E) cos 2rx + 2B, cos 4z, B, = (—p)4,

with real polynomials P, of degree ¢ and Cj of degree at most ¢ — 1. With ¢ = cos2nz, t;, =
4Byc* 4 2Cyc + (P, — 2B,), whose roots in ¢ are ¢y = ¢4 + & A,, where

Cq(E) A Cq(E))2 _ Py(E) - 2B,

E: == —_2.
i ME= (g 5 (e —c-)

The four phase zeros of t,(-, E) are £z, and +x_, with cos2mrz4+ = c4. The polynomial Aq, of
degree at most 2¢, measures how far ¢, is from a perfect square in cos 27x.

Definition 7.13. We say that (E-A) holds if for every ¢ > 0 and every € > 0 there is ¢’ > 0 such
that for all large n with b, > c,

{E €T |Ag,(B) <e =0, |6, (E)| < 2}| < e,

Proposition 7.14. For the family above, (E-A) implies WXS(v,a). Consequently, under (E-A),
o (Hy,a,0) = Faa)(ls) for almost every 6.
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Proof. Fix ¢,e > 0, let ¢ = ¢, with b, > ¢ be large, 7 = e7°%, and let ¢y € By(¢), with witnesses
E € J, and entries z, 2’ of Z,(E). The entries are two of the four zeros £u4.

Mirror pairs. If {z,2'} = {4, —x4} or {x_, —x_}, then dist(22,Z) = |z — 2’| < 7, so z is within
7/2 of {0, 3} and z is within 27 of {0, 3}. These phases form a set of measure at most 87.

Cross pairs. Otherwise cos 27z = ¢4 and cos 272’ = c¢_, or the reverse. Since |Imz| < 7 and
|Im 2’| < 27, the derivative of cos2n- is at most 27 cosh4n7 on the segment between them, so
lcy —c_| <77 for large q. Hence |A,(E)| < 4972 < e=9, | cos 2mwg — &4(E)| < | cos 2mao — cos 2m2| +
le; —c—]/2 <117, and |¢4(E)| < 2. So E lies in

Ena = {E € J: |Ay(E)| < ™, [ey(B)| < 2},

and cos 27wz lies in the 117-neighbourhood S’ of S = ¢;(Epaq)-

The set S. Since Aq and ¢, are real polynomials of degrees at most 2¢ and ¢ — 1, Ej,aq is a union
of at most 3¢ + 2 intervals. On Ej,.q the roots satisfy |ci| < 2+ e~9%/2/2 < 2.5, so the four phase
zeros have |Im x| < arsinh(2.5)/(27) < 0.3. By Lemma 7.3(2), with |cq 12| = |p|?, m(ty(-, E)) <
qlog |p|+ 1.2 < qlog|pn|+3.8. Let n,¢ > 0. Lemma 7.6 gives £(E) < log|u|+n+3.8/q on Epaq, for
large q. Since Cq = (t4(0,-) — t4(3,-))/4, (17) gives |, (E)| = |CL(E)|/(4]u?) < Cqel" ) on Epaq.
Integrating over each component, S is a union of at most 3¢ + 2 intervals with |S| < qu(”+<)q]Ebad],
and [S'| < |S]+ 227(3¢ + 2).

Measure of the bad phases. For 0 < r <1, the set {x € T : |sin27rz| < r} has measure at most
4r. On its complement, x — cos 2wx is at most two-to-one with derivative of modulus at least 277,
so {x : cos2mx € S’ |sin2mx| > r} has measure at most |S’|/(7r). Altogether

1
[By(e)] < 87 + dr + — | Cqel™ | Byaq| + 227 (3q +2)].

Let €’ be given by (E-A) for ¢ and ¢; decreasing it, we may assume &’ < 2e. Take r = e€'1/2 and
n+¢ < €'/4. Every term is at most Cqe=¢'¢ with ¢ = min{e’/4,e—¢'/2} > 0. Since 3, gne <" < o0,
the Borel-Cantelli lemma gives WXS(v, «). The last statement is Theorem 7.10. t

For the non-primitive member A = 0 and even ¢, the Chebyshev identity of Proposition 5.27
gives exactly A, = 2/u?, which is exponentially small when || > 1; this is the structural clustering
of Remark 7.12. Whether (E-A) holds for A # 0 is open.

Remark 7.15 (Numerical observations). The following finite computations are not used in any
proof. For the family above with p = 1.8, A € {0.6, 0.02} and the frequency 161/242, and with
A = 0.6 and the frequency 321/482, we computed, at 32, 32 and 16 equally spaced phases respectively
and for each of the two lowest bands, the band centres, their slopes, the four phase zeros and the
loss ® of Remark 7.4, in arithmetic with 100 decimal digits. All phase zeros were real. The vertical
gaps between the two lowest band centres were as small as 4.0 - 1072, 1.1 - 10! and 3.6 - 1072,
and the slopes |E}| at most 3.1 - 10719,7.9-1071% and 9.3 - 1072°. Yet the largest loss ® was 4.48,
3.69 and 3.54, and the smallest distance between two phase zeros was 0.0085, 0.0098 and 0.0098.
The identity of Remark 7.4 held to a relative error below 10775, These are observations at finitely
many phases of two rational frequencies, which belong to the sequence (2k + 1)/(3k + 2) converging
to the rational number 2/3, not to the convergents of a fixed irrational frequency. At these samples
the tiny vertical gaps did not produce horizontal clusters. They say nothing about the behaviour
along the convergents of a fixed irrational frequency. Whether exponentially small vertical gaps
recur, at a positive exponential rate, along the convergents of a fixed irrational frequency, and what
they then do to the horizontal separation, is part of the open question of WXS.
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8 Discussion and open problems

The dynamical picture. Theorems A and B identify the upper Abel-averaged transport exponents
of every supercritical type I analytic operator, for every moment, at every phase of the full-measure
set G all of them equal max{0,1 — ¢,/8(a)} (Corollary 6.11). For the almost Mathieu operator,
Damanik and Tcheremchantsev proved that the lower transport exponents vanish for every A > 1
and every frequency [11], so the fastest lower and upper exponents differ in the window 1 < X < €.
The proofs suggest a picture of strong intermittency. Near the resonant times T' ~ |ga — pn]*1 of
strongly Liouville scales, the part of the packet at energy E makes a burst, moving with speed about
e LE)an and reaching distance T~ L(E)/Br: g fixed fraction of the packet takes part (Theorem B(1)).
The exponents record the largest of these bursts. We prove nothing about the proportion of times
spent in each regime, and nothing about the lower exponents of potentials other than the almost
Mathieu operator.

The open hypothesis: weak separation beyond type I. Theorem D reduces the law
max{0,1 — ¢,/B(sa)} for every real-analytic potential with positive Lyapunov exponent on its
spectrum to one hypothesis, WXS(w, sa) for its primitive part w, and the hypothesis is needed
only when w has acceleration at least two at some point of the spectrum. The open problem is
therefore exactly this: does WXS hold for primitive real-analytic potentials with acceleration at least
two? WXS is a horizontal condition. It asks that, at each fixed energy near the spectrum, no two
zeros of the rational discriminant in the phase variable, real or complex, cluster at an exponential
rate near the drifting phase ¢,0. It is not a condition on vertical gaps between band centres at a
fixed phase: by Remark 7.4, vertical gaps enter the horizontal loss only through a product over all
bands. Whether exponentially small vertical gaps recur, at a positive exponential rate, along the
convergents of a fixed irrational frequency, and whether they then force horizontal clusters, is part
of the open question. For the two-harmonic family 2\ cos 2rx + 2p cos 4wz, Proposition 7.14 reduces
WXS to the phase-free estimate (E-A) on a single polynomial of degree at most 2¢, which we also
leave open. A proof of WXS, or a fixed frequency at which the law fails together with the corrected
arithmetic invariant, would complete the picture for real-analytic potentials. The law could also
hold where WXS fails; our methods do not decide this.

Exceptional phases. The upper bounds are proved for § € G¢,, the phases whose local phase
gn0 stays polynomially far from the turning points of the band centres. At other phases a turning
point near the origin changes the geometry of the discriminant, and the window estimate must be
modified. Whether the exponent can be larger at such phases is open.

Lower local dimensions. Theorem B(3) determines the upper local dimension of py. The lower
local dimension and the Hausdorff dimension of spectral measures are not addressed here.

Critical and mixed spectrum. The law concerns potentials whose Lyapunov exponent is positive
on the whole spectrum. When the Lyapunov exponent vanishes somewhere on the spectrum and
B(a) > 0, transport is quasiballistic by the theorem of Jitomirskaya and Zhang [19, Theorem 3]. At
critical energies with S(a) = 0 our methods give nothing: the resonant scales disappear, and the
speed bound e LB hecomes vacuous.

Physical meaning. Laboratory realizations of the Aubry—André model use frequencies such as
the golden mean, for which g = 0; Corollary 5.10 confirms the absence of power-law transport for
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every analytic potential whose Lyapunov exponent is positive on the spectrum. The theorems show
that this absence is arithmetic, not a consequence of positive Lyapunov exponent alone, and that
it does not depend on the details of the potential. The proofs indicate that a frequency with one
exceptionally large partial quotient after a denominator ¢ produces a transient burst over the time
window eL(E)a < T < |ga — p|~L, energy by energy. The exponents themselves are infinite-time
quantities of an infinite system.

How this work was done

The authors developed the results and proofs with assistance from Al models from more than one
developer. They take responsibility for every claim. The authors chose the question, directed the
work and decided which lines to pursue; the models did most of the exploration, derivation and
drafting.

The proof was developed over several long working sessions, each building on the previous ones
and recording its proofs, failed routes and self-checks. Each step was then checked by a separate
session that had not seen the material, with instructions to refute it and to read the primary sources
it relies on. The repairs found in these checks are incorporated here. Priority and literature searches
were Al-assisted. No computation is used in any proof.
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