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Abstract
We determine how fast wave packets spread under quasi-periodic Schrödinger operators

(Hu)(n) = u(n + 1) + u(n − 1) + v(θ + nα)u(n) with real-analytic v and positive Lyapunov
exponent L on the spectrum. Let β(α) = lim supn q

−1
n log qn+1, let ℓ∗ be the minimum of L

on the spectrum, and put F (ℓ) = max{0, 1 − ℓ/β(α)}, with F ≡ 0 if β(α) = 0 and F ≡ 1 if
β(α) = ∞. If v is of type I in the sense of Avila and of Ge and Jitomirskaya, then for almost
every phase the fastest transport exponent α+

u and the exponent of every moment, both upper
and Abel-averaged, equal F (ℓ∗); the lower bound for α+

u holds for every phase. The law also
holds energy by energy: for packets filtered ever more narrowly near an energy E of the spectrum,
every moment exponent tends to F (L(E)), and the spectral measure has upper local dimension
F (L(E)) at almost every E. These conclusions extend to v(x) = w(sx), with β(sα) in place of
β(α), when w at frequency sα is supercritical and of type I. Beyond type I, we show, conditionally
on one hypothesis, that every real-analytic potential with positive Lyapunov exponent on its
spectrum has α+

u = F (ℓ∗), computed with β(sα), for almost every phase, where s is the period
reduction of the potential. The hypothesis: at fixed energy, the zeros of the rational discriminants
of its primitive part, as functions of the phase, do not cluster at an exponential rate near the
drifting phase. The fastest-transport law for analytic potentials is thereby reduced to this weak
separation hypothesis for primitive potentials with acceleration at least two. The proofs combine
a covering argument over all times, an exact q-step resolvent identity, elliptic runs of Weyl
solutions, and an arcsine law for the rational discriminant.
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1 Introduction
Consider a one-frequency quasi-periodic Schrödinger operator on ℓ2(Z),

(Hv,α,θu)(n) = u(n+ 1) + u(n− 1) + v(θ + nα)u(n), (1)

with a real-analytic sampling function v on T = R/Z, an irrational frequency α and a phase θ ∈ T.
The best-known example is the almost Mathieu operator, v(x) = 2λ cos 2πx, known to physicists as
the Aubry–André model [1] and realized with cold atoms in bichromatic optical lattices [24] and
with light in quasi-periodic waveguide arrays [21]. When the Lyapunov exponent is positive on the
spectrum, the folklore physical picture is that every state is localized.

That picture depends on the arithmetic of α. Let pn/qn be the continued-fraction convergents
of α and

β(α) = lim sup
n→∞

log qn+1
qn

∈ [0,∞]. (2)
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Avila, You and Zhou [3] proved that the almost Mathieu operator with λ > 1 has Anderson
localization for almost every phase when λ > eβ(α), and purely singular continuous spectrum for
every phase when 1 < λ < eβ(α). Ge and Jitomirskaya extended sharp arithmetic transitions of
this kind to supercritical operators of type I [13], a class defined through Avila’s global theory [2].
Strongly Liouville frequencies thus destroy localization even though the Lyapunov exponent stays
positive.

What does a wave packet do in that regime? This paper answers the question for every
supercritical type I analytic potential, with one formula. Three points summarize the answer.

• Transport is a competition between two exponential rates, the localization strength L and the
Liouville strength β(α), and its exponent is max{0, 1 − L/β(α)}.

• The law is universal and local in energy. The acceleration does not enter; the farthest tails are
set by the smallest Lyapunov exponent, every moment follows the same law, and the part of
the packet at energy E spreads with exponent max{0, 1 − L(E)/β(α)}.

• Beyond type I, the fastest-tail law follows from a single geometric hypothesis on the zeros of
rational discriminants, which we isolate exactly.

1.1 The transport exponent

Let ψt = e−itHδ0 and average in time with the exponential weight (2/T )e−2t/T :

a(j, T ) = 2
T

∫ ∞

0
e−2t/T |⟨δj , ψt⟩|2 dt, P (N,T ) =

∑
|j|>N

a(j, T ), Mp(T ) =
∑
j∈Z

|j|pa(j, T ). (3)

P (N,T ) is the time-averaged probability of finding the particle beyond distance N , and Mp(T ) is
the averaged p-th moment of the position. The upper transport exponents are

β+(p) = lim sup
T→∞

logMp(T )
p log T , α+

u = sup
p>0

β+(p). (4)

The quantity α+
u is the fastest upper exponent of Damanik and Tcheremchantsev [11]. It sees

even polynomially small tails: α+
u ≤ a holds when P (T a, T ) decays faster than every power of T

(Lemma 2.3), and a tail of size T−C at distance T a already forces α+
u ≥ a. Always 0 ≤ β+(p) ≤

α+
u ≤ 1, since hopping is bounded. For 0 < β < ∞ we write

Fβ(ℓ) = max
{

0, 1 − ℓ

β

}
,

with F0 ≡ 0 and F∞ ≡ 1.

1.2 Main results

Write L(E) for the Lyapunov exponent of Hv,α,θ at energy E and Σ for its spectrum, which does
not depend on θ. Following Avila [2], an energy is supercritical if L(E) > 0. The acceleration of E
is the right derivative at y = 0 of y 7→ L(E, y)/(2π), where L(E, y) is the Lyapunov exponent of
the cocycle with phase complexified by iy; it is a positive integer at supercritical spectral energies.
Following Ge and Jitomirskaya [13], a supercritical energy is of type I if its acceleration is one
(Section 5 recalls the precise definition). The almost Mathieu operator with λ > 1 is supercritical
and of type I at every spectral energy [2], and so is every sufficiently small analytic perturbation of
it.
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Theorem A (The transport law). Let v be real-analytic and α irrational, and assume that every
energy in Σ is supercritical and of type I. Let ℓ∗ = minE∈Σ L(E) > 0.

1. If β(α) < ∞, then for every θ in a set Gvα of full measure,

α+
u (Hv,α,θ) = max

{
0, 1 − ℓ∗

β(α)
}
,

read as 0 when β(α) = 0, and P (T a, T ) = O(T−m) for every a > Fβ(α)(ℓ∗) and m > 0. When
v is even, Gvα contains the explicit set Gα of (6). When β(α) = 0 the equality holds for every
phase.

2. If β(α) = ∞, then α+
u = 1 for every phase.

The lower bound α+
u ≥ 1 − ℓ∗/β(α) holds for every phase.

The set Gvα is explicit (Definition 5.21): it consists of the phases θ for which qnθ stays at distance
at least 2q−3

n from the turning points of the band centres of the pn/qn-periodic approximants, for
all large n. The exponent vanishes when β(α) ≤ ℓ∗, including the threshold itself. When β(α) > 0
it grows to 1 as ℓ∗ ↓ 0; when β(α) = 0 it vanishes. For the almost Mathieu operator the threshold
β(α) = log λ is the arithmetic spectral transition of Avila, You and Zhou.

The formula has a simple heuristic origin. At a resonant scale q = qn the potential is almost
q-periodic, with a slow drift of size |qα− p|−1 ≈ eβq in space. On that scale the packet moves like
a particle in a nearly periodic band of width about e−L(E)q, so its speed is about e−L(E)q. The
slow drift turns this into a Bloch-type oscillation that lasts for a time about T = eβq. In that time
the packet covers a distance about Te−L(E)q = T 1−L(E)/β. The fastest spreading comes from the
energies with the smallest Lyapunov exponent. The theorems show that no other mechanism moves
any polynomial fraction of the packet faster, at any time.

Remark 1.1 (The almost Mathieu operator). For v(x) = 2λ cos 2πx with λ > 1, Theorem A applies
with ℓ∗ = log λ and gives α+

u = max{0, 1 − log λ/β(α)} for every θ ∈ Gα. The companion paper [12]
proves this special case independently, by an elementary route built on an exactly conserved quantity:
at each denominator q, a degree-q polynomial of H is a slowly varying diagonal plus an operator of
range q. It also determines every moment and the packing dimension of every spectral measure of
the almost Mathieu operator, and it shows that the transport exponent can be noncomputable.

The next theorem extends the law from the fastest tails to every moment, and resolves it in
energy. Let µθ be the spectral measure of δ0, and let ℓθ ≥ ℓ∗ and ℓθ be the minimum and the
maximum of L on its support. For a finite measure µ the upper local dimension is d+

µ (E) =
lim supr→0 logµ([E − r, E + r])/ log r, and the upper and lower packing dimensions dim±

P (µ) are its
µ-essential supremum and infimum.

Theorem B (Every moment, energy by energy). Assume the hypotheses of Theorem A with
0 < β(α) < ∞, write β = β(α), and let θ ∈ Gvα.

1. For every p > 0, β+(p) = Fβ(ℓ∗). If ℓ∗ < β, then L attains ℓ∗ on suppµθ, and for every
γ > 0 a fixed positive fraction of the packet lies beyond distance e(bn−ℓ∗−γ)qn at the times
Tn = |qnα− pn|−1, for all large n with bn = q−1

n log Tn ≥ ℓ∗ + 15γ.

2. Let E0 ∈ Σ, 0 < γ < ℓ∗/2, and let g ∈ C∞
c (R) be real, supported in {E : |L(E) − L(E0)| < γ},

with g(H)δ0 ̸= 0. Then the packet started at g(H)δ0 satisfies, for every p > 0,

Fβ
(
L(E0) + γ

)
≤ β+

g(H)δ0
(p) ≤ Fβ

(
L(E0) − γ

)
.
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3. d+
µθ

(E) = Fβ(L(E)) for µθ-almost every E. Consequently dim+
P (µθ) = Fβ(ℓθ) and dim−

P (µθ) =
Fβ(ℓθ).

Part 1 says that, at every phase of Gvα, the fastest-tail exponent and every upper moment
exponent coincide, and that the critical distance is reached by a fixed fraction of the packet, not
only by a polynomially small tail. Part 2 says that a packet filtered near an energy E spreads,
in every moment, with exponent Fβ(L(E)), in the limit of narrow filters. Part 3 is its spectral
counterpart: the upper local dimension of the spectral measure is an explicit function of the energy.
It is nonconstant, and the two packing dimensions differ, as soon as ℓ∗ < β and L is not constant
on suppµθ. For θ ∈ Gvα ∩ (Gvα − α) every nonzero spectral measure µφ satisfies d+

µφ = Fβ ◦ L
almost everywhere, so dim+

P (µφ) ≤ Fβ(ℓ∗) (Corollary 6.13). For frequencies with β(α) > maxΣ L,
lower bounds of the form in parts 1 and 3 hold at every phase for every Lipschitz potential whose
Lyapunov exponent is continuous on the spectrum (Theorem 6.6).

The type I hypothesis singles out the correct frequency. If v(x) = w(sx) for an integer s ≥ 2,
then v(θ + nα) = w(sθ + nsα), so Hv,α,θ = Hw,sα,sθ: the operator is really driven by the frequency
sα, and β(sα) can differ from β(α). Such a v has acceleration at least s and is never of type I.

Theorem C (Covariance). Let v be real-analytic and nonconstant, let s be the greatest common
divisor of the frequencies k ̸= 0 with v̂(k) ̸= 0, and write v(x) = w(sx). If Hw,sα is supercritical and
of type I, then for almost every θ,

α+
u (Hv,α,θ) = max

{
0, 1 − ℓ∗

β(sα)
}
,

read as 0 when β(sα) = 0, and for every θ if β(α) ∈ {0,∞}. Moreover β(α) ≤ β(sα) ≤ sβ(α).

If the primitive part w has acceleration at least two somewhere on the spectrum of Hw,sα, then
Hw,sα is not of type I and Theorem C does not apply. For them the rational discriminant, as a
function of the phase at a fixed energy, can have several zeros near the real axis, and the zeros
can cluster. Our last result shows that excluding such clusters is the only input our argument still
needs. For a convergent p/q let tq(x,E) be the trace of the transfer matrix over one period of the
p/q-periodic approximant at the phase x/q. We say that WXS(v, α) holds (weak separation) if for
every ε > 0 and c > 0, for almost every θ and all large n with q−1

n log |qnα− pn|−1 ≥ c, no energy
within 1/qn of the spectrum has two zeros of tqn(·, E), real or complex and counted with multiplicity,
within e−εqn of each other with one of them within e−εqn of qnθ (Definition 7.1).

Theorem D (A conditional complete law). Let v be real-analytic with positive Lyapunov exponent
on its spectrum, and write v(x) = w(sx) as in Theorem C. If WXS(w, sα) holds, then for almost
every θ,

α+
u (Hv,α,θ) = max

{
0, 1 − ℓ∗

β(sα)
}
,

read as 0 when β(sα) = 0, where ℓ∗ is the minimum of the Lyapunov exponent on the spectrum.

By Theorems A and C, the hypothesis is needed only when the primitive part w has acceleration
at least two at some point of the spectrum. For real-analytic potentials with positive Lyapunov
exponent on the spectrum, the transport law is therefore reduced to one precise open hypothesis:
WXS for primitive potentials with acceleration at least two. We do not know whether it holds. For
the two-harmonic family 2λ cos 2πx+ 2µ cos 4πx we reduce it further to a large-deviation estimate,
(E-∆), for the measure of the energies at which one explicit polynomial of degree at most 2q is
exponentially small (Proposition 7.14). The hypothesis must be imposed on the primitive part: for
non-primitive potentials it can fail by symmetry alone (Remark 7.12).
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1.3 Relation to earlier work

For the almost Mathieu operator two endpoints were known. Damanik and Tcheremchantsev proved
α+
u = 0 for λ > 1 when β(α) = 0 [11], and Jitomirskaya and Zhang proved α+

u = 1 for every
phase when β(α) = ∞ [19]. Jitomirskaya and Krüger proved exponential dynamical localization in
phase expectation when β(α) is sufficiently small, including positive values [15], and Bradshaw, de
Jong, Liu, Wang, Wang and Yang refined the growth rates for weakly Liouville frequencies with
β(α) = 0 [7]. In between, lower bounds of the form 1 − C log λ/β were obtained by Jitomirskaya
and Zhang and by Haeming [19, 14], and upper bounds on fractal dimensions of spectral measures
near the transition by Jitomirskaya, Liu and Tcheremchantsev [16]; Levi extended their packing and
generalized-dimension bounds, with the same factor two, to potentials that are monotone on the
period [22, Theorems 1.1 and 1.3]. Haeming also proved lower bounds for every moment, at every
phase and along sequences of times, with exponent 1 − d when β(α) > 3ℓ∗/d and 0 < d < 1/2 [14,
Theorem 1.1]. The exact value of α+

u for finite positive β(α) > log λ was not known even for
the almost Mathieu operator; the companion paper [12] determines it. Here we treat general
supercritical analytic potentials. For them the endpoint β(α) = 0 was observed by Jitomirskaya
and Mavi [18, Remark 1.12]. The structural inputs are Avila’s global theory [2], the type I class of
Ge and Jitomirskaya [13], the finite harmonic structure of rational discriminants of Jitomirskaya
and Marx [17] and Shamis [25], and, for the spectral consequences, the inequality of Barbaroux,
Germinet and Tcheremchantsev between transport and generalized dimensions [4].

1.4 How the proofs work

The lower bound (Section 4) constructs, at a resonant scale q = qn and for any h slightly above
ℓ∗, a band of energies on which complex-energy transfer matrices stay bounded by e2hq over a
distance e(bn−h)q+O(log q). It applies to any Lipschitz sampling function whose Lyapunov exponent is
continuous near a spectral minimizer.

The upper bound has two layers. The outer layer (Section 3) is a covering argument that works
for any potential. It reduces the upper bound to two estimates about the operator. The first, (M1),
confines the packet to distance O(qn) up to times eκqn at every denominator; it comes from the
complex-energy method of Damanik and Tcheremchantsev [11]. The second, (M2), describes the
motion at a scale where |qnα − pn| is exponentially small: speed e−ℓ∗qn , up to a stopping radius.
The inner layer (Section 5) proves (M2) without any conserved operator. Its single object is the
resolvent vector at a fixed complex energy, which satisfies an exact q-step recursion whose coefficient
is the rational discriminant at the local phase, with an error controlled by the Lyapunov exponent
at that energy. Where the discriminant is large the recursion forces decay; where it is small its
imaginary part has a fixed sign, and a weighted estimate bounds the speed. The type I hypothesis
enters only through the geometry of the zeros of the discriminant near the phase of the initial site.

Every moment (Section 6). Two new ingredients give a fixed fraction of the packet, not a
polynomially small one, at the critical distance. First, an arcsine law: at resonant scales, the rational
discriminant evaluated along the spectral measure is distributed like the discriminant of a periodic
operator, whose law is exactly the arcsine law by the periodic magic formula of Damanik, Killip
and Simon [10]. Second, an elliptic run: at an energy where the transfer matrix over one period is
elliptic with a margin, and at the damping Im z = |qnα− pn|, the Weyl solution keeps its size, in a
frame that follows the slowly drifting periods, over at least e(bn−h)qn sites for every h > L(E), and a
flux identity controls everything beyond the run. A Taylor expansion of energy filters localizes both
statements in energy, and the window estimate of Section 5 makes the arcsine law local.

Beyond type I (Section 7). The rational discriminant of an analytic potential is, up to an
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exponentially small error, a trigonometric polynomial of fixed degree in the phase. Its exact
factorization over its zeros shows that the window estimate needs only weak separation of the zeros
near the drifting phase.

1.5 Organization

Section 2 fixes notation and collects elementary facts. Section 3 states (M1) and (M2) and proves the
covering theorem. Section 4 proves the lower bound. Section 5 treats supercritical type I potentials
and proves Theorems A and C. Section 6 proves Theorem B. Section 7 proves Theorem D and treats
the two-harmonic family. Section 8 discusses open problems.

2 Preliminaries

2.1 Notation

Throughout, v : T → R is continuous, and H = Hv,α,θ is the operator (1). When v is Lipschitz
we write Lip(v) for its Lipschitz constant. We write S for the shift (Su)(n) = u(n+ 1), X for the
position operator Xδj = jδj , and 1A for multiplication by the indicator of A ⊂ Z. For a rational
frequency p/q we use Hv,p/q,φ in the same way. The spectrum Σ of Hv,α,θ does not depend on θ
when α is irrational, since lattice translations conjugate Hv,α,θ to Hv,α,θ+kα, the orbit θ + kα is
dense, and the operator depends norm-continuously on the phase.

Transfer matrices. For E ∈ C and x ∈ T put T (E, x) =
(
E − v(x) −1

1 0

)
and, for r ≥ 0,

Ar(E, x) = T (E, x+ (r − 1)α) · · ·T (E, x), A0 = I.

A solution of Hu = Eu satisfies (u(r), u(r− 1))T = Ar(E, θ)(u(0), u(−1))T. For a rational frequency
p/q we write A(p/q)

r for the same products with α replaced by p/q. The Lyapunov exponent is

L(E) = lim
r→∞

1
r

∫
T

log ∥Ar(E, x)∥ dx = inf
r≥1

1
r

∫
T

log ∥Ar(E, x)∥ dx.

As an infimum of continuous functions of E, it is upper semicontinuous. For real-analytic v it is
continuous in E [6, Theorem 1].

Continued fractions. Let pn/qn be the convergents of α and put

δn = qnα− pn, Dn = |δn|−1, βn = log qn+1
qn

, bn = logDn

qn
.

The classical inequalities (qn+1 + qn)−1 < |δn| < q−1
n+1 give

qn+1 < Dn < 2qn+1, 0 < bn − βn <
log 2
qn

. (5)

In particular lim sup bn = lim supβn = β(α). Denominators grow at least like Fibonacci numbers,
and |α− pn/qn| = |δn|/qn < q−2

n . When the scale n is fixed we drop the index and write q, p, δ,D, b.
Transport for a general initial state. For a vector ψ ∈ ℓ2(Z) put ψt = e−itHψ and define aψ(j, T ),

Pψ(N,T ) and Mp,ψ(T ) as in (3) with ψt in place of e−itHδ0. For ψ ≠ 0 the exponents β+
ψ (p) and

α+
u,ψ are defined as in (4); they do not change when ψ is multiplied by a nonzero constant. We say

that ψ has finite moments if ∑j |j|p|ψ(j)|2 < ∞ for every p > 0. When ψ = δ0 we drop the index.
We write µψ for the spectral measure of ψ and µθ = µδ0 for that of δ0 and Hv,α,θ.
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Lemma 2.1 (Parseval). Let ψ ∈ ℓ2(Z), T > 0, and write Gψ(n; z) = ⟨δn, (H − z)−1ψ⟩. Then

aψ(n, T ) = 1
πT

∫
R

∣∣Gψ(n;E + i/T )
∣∣2 dE.

Moreover
∑
n |Gψ(n; z)|2 = Im⟨ψ, (H − z)−1ψ⟩/ Im z for Im z > 0, and for every bounded Borel

function f ,
1
πT

∫
R
f(E)

∥∥(H − E − i/T )−1ψ
∥∥2
dE =

∫
R

(P1/T ∗ f) dµψ, Pϵ(x) = ϵ

π(x2 + ϵ2) .

Proof. Let ϕ(t) = e−t/T ⟨δn, ψt⟩ for t ≥ 0 and ϕ(t) = 0 for t < 0. Its Fourier transform is∫∞
0 eiEtϕ(t) dt = ⟨δn,

∫∞
0 e−it(H−E−i/T )dt ψ⟩ = −iGψ(n;E + i/T ). Plancherel’s theorem gives∫

R |ϕ|2dt = (2π)−1 ∫
R |Gψ(n;E + i/T )|2dE, and aψ(n, T ) = (2/T )

∫
|ϕ|2dt. The second statement is

the spectral theorem: both sides equal
∫

|x− z|−2dµψ(x). For the third, π−1T−1|x− E − i/T |−2 =
P1/T (x− E); integrate against f(E) dE and dµψ(x) and use Fubini’s theorem.

This is the Abel form of the Parseval formula used by Damanik and Tcheremchantsev [11].

2.2 The phase set

For an irrational α put

Gα =
{
θ ∈ T : | sin(2πqnθ)| ≥ q−2

n for all sufficiently large n
}
, (6)

and for θ ∈ Gα let nG(θ) be an index from which on this holds.

Lemma 2.2. For every irrational α the set Gα has full Lebesgue measure.

Proof. The map θ 7→ qnθ preserves Lebesgue measure on T, and {x ∈ T : | sin 2πx| < u} has
measure at most u. Hence {θ : | sin 2πqnθ| < q−2

n } has measure at most q−2
n . Since ∑n q

−2
n < ∞,

the Borel–Cantelli lemma shows that almost every θ lies in only finitely many of these sets.

2.3 Moments

Lemma 2.3. Let ψ be a unit vector with finite moments, and let H have a bounded real potential.

1. For every p > 0 there is Cp,ψ, depending only on p and on finitely many moments of ψ, such
that Mp,ψ(T ) ≤ Cp,ψ(1 + T )p for all T > 0.

2. For 0 < a < 1 and T ≥ 1, Mp,ψ(T ) ≤ T ap +
(
M2p,ψ(T )Pψ(T a, T )

)1/2.

3. If 0 < a < 1 and Pψ(T a, T ) = O(T−m) for every m > 0, then α+
u,ψ ≤ a.

Proof. 1. Let k ≥ 1 be an integer. We have [X,H] = S−1 −S and [Xk, H] = ∑k−1
i=0 X

i[X,H]Xk−1−i.
Moving the shifts to the left with c(X)S±1 = S±1c(X ∓ 1) writes [Xk, H] as ∑± S

±1c±(X), where
c± are polynomials of degree at most k − 1 with coefficients bounded by a constant depend-
ing only on k. Hence ∥[Xk, H]ϕ∥ ≤ Ck

∑
j<k ∥Xjϕ∥. Duhamel’s formula Xkψt = e−itHXkψ −

i
∫ t

0 e
−i(t−s)H [Xk, H]ψs ds, justified by truncating X to bounded sets, and induction on k give

∥Xkψt∥ ≤ Ck,ψ(1 + |t|)k. For real p > 0 choose an integer k with 2k ≥ p. Jensen’s inequality for
the probability distribution |ψt(j)|2 gives∑

j

|j|p|ψt(j)|2 ≤
(∑

j

|j|2k|ψt(j)|2
)p/(2k)

= ∥Xkψt∥p/k ≤ C(1 + |t|)p.
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Averaging against (2/T )e−2t/T proves the claim.
2. Split Mp,ψ(T ) into |j| ≤ T a and |j| > T a. The first part is at most T ap, because ∑j aψ(j, T ) =

1. Apply the Cauchy–Schwarz inequality to the second part, for the probability measure aψ(·, T ) on
Z.

3. By parts 1 and 2, Mp,ψ(T ) ≤ T ap +C(1 + T )pT−m/2. Taking m ≥ 2p gives Mp,ψ(T ) ≤ CT ap,
so β+

ψ (p) ≤ a for every p.

2.4 Uniform growth and rational products

Lemma 2.4. Let K ⊂ R be compact and h > maxK L. There are a bounded open set U ⊃ K and a
constant C such that

∥Ar(E, x)∥ ≤ Cehr for all real E ∈ U, x ∈ T, r ≥ 0.

The maximum exists because L is upper semicontinuous.

Proof. Fix E0 ∈ K and h1 = (maxK L+ h)/2. Since L(E0) < h1, there is r0 with

1
r0

∫
T

log ∥Ar0(E0, x)∥ dx < h1.

The function FE(x) = log ∥Ar0(E, x)∥ is jointly continuous, so the same strict inequality holds for
E in a compact neighborhood N0 of E0. Rotation by r0α is uniquely ergodic, so Birkhoff averages
of the continuous functions FE converge to

∫
FE uniformly in x; by equicontinuity of {FE}E∈N0

they converge uniformly in E ∈ N0 as well. Hence there is m0 with ∑k<m FE(x+ kr0α) ≤ mr0h
for all m ≥ m0, x ∈ T and E ∈ N0. Writing a product of length r = mr0 + s with 0 ≤ s < r0 as m
blocks of length r0 and a remainder, submultiplicativity gives ∥Ar(E, x)∥ ≤ Cehr on N0. A finite
cover of the compact set K by the interiors of such neighborhoods gives U and C.

For a convergent p/q and a phase φ, the rational discriminant is ∆φ(E) = trA(p/q)
q (E,φ), the

discriminant of the q-periodic operator Hv,p/q,φ. Its spectrum is {E : |∆φ(E)| ≤ 2}. The shift
φ 7→ φ + p/q permutes the q factors of A(p/q)

q cyclically and leaves the trace unchanged. Since
gcd(p, q) = 1, ∆φ is invariant under φ 7→ φ+ 1/q.

Lemma 2.5 (Rational products). Let v be Lipschitz, and let U , h and C be as in Lemma 2.4.
There is C ′ such that for every convergent p/q of α, every real E ∈ U and all phases x, φ, φ′:

1. ∥A(p/q)
r (E, x)∥ ≤ C ′ehr for 0 ≤ r ≤ q;

2. |∂rE∆φ(E)| ≤ 2C ′r+1qrehq for every integer r ≥ 1, and

|∆φ(E) − ∆φ′(E)| ≤ 2C ′2 Lip(v) q ehq|φ− φ′|;

3. ∥Aq(E, x) −A
(p/q)
q (E, x)∥ ≤ C ′2 Lip(v) q ehq|δ|.

Proof. 1. For 0 ≤ k < q the potentials v(x + kp/q) and v(x + kα) differ by at most d :=
Lip(v) k|α− p/q| ≤ Lip(v)|δ|. Write each rational factor as the irrational one plus an error of norm
at most d, and expand the product of r ≤ q factors. A term with j errors contains at most j + 1
maximal irrational segments, each bounded by Lemma 2.4. Hence

∥A(p/q)
r (E, x)∥ ≤

r∑
j=0

(
r

j

)
Cj+1eh(r−j)dj = Cehr

(
1 + Cde−h)r ≤ CehreC Lip(v)e−h

,
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because rd ≤ q Lip(v)|δ| ≤ Lip(v).
2. Each factor is affine in E with derivative

( 1 0
0 0
)
. Differentiating the product r times inserts

this matrix at r distinct positions; there are at most qr ordered choices, and each resulting product
consists of at most r + 1 rational segments of total length at most q, so it is bounded by C ′r+1ehq

by part 1. The trace is at most twice the norm. For the phase, telescope the difference of the two
products: the term with index k is a product of two rational segments of total length q − 1 and a
one-step difference of norm at most Lip(v)|φ− φ′|.

3. Telescope as in part 2. The one-step differences are at most Lip(v)|δ| by part 1, and the
segments are bounded by Lemma 2.4 and part 1.

2.5 Rational spectra

For a rational p/q in lowest terms let Σp/q = ⋃
φ∈T σ(Hv,p/q,φ).

Lemma 2.6. Let H0 be a bounded Schrödinger operator on ℓ2(Z) with hopping one and real potential,
and let E ∈ σ(H0). For every integer M ≥ 1 there is a unit vector u supported in an interval of
length 2M with ∥(H0 − E)u∥ ≤ 8/M .

Proof. By Weyl’s criterion there is a finitely supported vector w with ∥(H0 − E)w∥ ≤ M−1∥w∥.
For k ∈ Z let χk(n) = sin

(
π(n − kM)/(2M)

)
for kM ≤ n ≤ (k + 2)M and χk(n) = 0 otherwise.

Then ∑k χk(n)2 = 1, because on [kM, (k + 1)M ] the two windows χk and χk−1 are a sine and a
cosine of the same angle. Also |χk(n+ 1) − χk(n)| ≤ π/(2M), and for each n at most three indices
k have χk(n) or χk(n+ 1) nonzero. Since ([S, χk]w)(n) = (χk(n+ 1) − χk(n))w(n+ 1), this gives∑
k ∥[S±1, χk]w∥2 ≤ 3π2(4M2)−1∥w∥2. Hence ∑k ∥χkw∥2 = ∥w∥2 and

∑
k

∥(H0 − E)χkw∥2 ≤ 2
∑
k

∥χk(H0 − E)w∥2 + 2
∑
k

∥[H0, χk]w∥2 ≤ 2 + 6π2

M2 ∥w∥2.

Some k therefore has ∥(H0 − E)χkw∥ ≤ (8/M)∥χkw∥.

Lemma 2.7. Let v be Lipschitz. There is C such that for every rational p/q:

1. every point of Σp/q is within C|α− p/q|1/2 of Σ, and every point of Σ is within C|α− p/q|1/2

of Σp/q;

2. for every φ, every point of Σp/q is within Lip(v)/(2q) of σ(Hv,p/q,φ).

Proof. 1. Let E ∈ σ(Hv,p/q,φ) and take u from Lemma 2.6, supported in [c−M, c+M ]. Choose θ′

with θ′ + cα = φ+ cp/q. For |n − c| ≤ M the potentials of Hv,α,θ′ and Hv,p/q,φ differ by at most
Lip(v)M |α − p/q|. Hence dist(E,Σ) ≤ 8/M + Lip(v)M |α − p/q|, and M = ⌈|α − p/q|−1/2⌉ gives
the first claim. The second claim is proved in the same way with the roles exchanged.

2. Translation by k sites conjugates Hv,p/q,φ to Hv,p/q,φ+kp/q, and {kp/q} is the full grid q−1Z/Z.
Every phase φ′ is within 1/(2q) of a grid translate of φ, and the potential is Lip(v)-Lipschitz in the
phase.

2.6 Quasi-locality

Lemma 2.8. Let H0 be a bounded Schrödinger operator on ℓ2(Z) with hopping one and real potential,
let R > 0, and let g ∈ C∞(R) be supported in [−R,R]. For every integer M ≥ 0 there is CM,R,
independent of H0, such that

∥ adMX (g(H0))∥ ≤ CM,R∥g∥CM+2 , |⟨δj , g(H0)δk⟩| ≤ CM,R∥g∥CM+2 |j − k|−M (j ̸= k).
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Proof. Write g(H0) = (2π)−1 ∫ ĝ(t)eitH0 dt and Hu = eiuXH0e
−iuX , which replaces S±1 by e∓iuS±1.

Then adMX (eitH0) = (−i∂u)MeitHu |u=0, and all u-derivatives of Hu have norm at most 2. Repeated
Duhamel expansion gives ∥ adMX (eitH0)∥ ≤ CM (1 + |t|)M . Hence ∥ adMX (g(H0))∥ ≤ CM

∫
(1 +

|t|)M |ĝ(t)| dt ≤ CM,R∥g∥CM+2 . The second bound follows from ⟨δj , adMX (Y )δk⟩ = (j − k)M ⟨δj , Y δk⟩.

3 From two estimates to the transport law
The upper bounds of this paper have one architecture. Two estimates about a single operator suffice,
and the rest of the argument is a covering of all large times. This section states the two estimates
and proves the covering. Section 5 establishes them for supercritical type I potentials, Section 6 for
packets filtered in energy, and Section 7 under a separation hypothesis.

Throughout this section H = Hv,α,θ has a bounded real sampling function v, a fixed irrational
frequency α with β(α) < ∞, and a fixed phase θ. The initial state ψ is a fixed unit vector with
finite moments, and we write P = Pψ. Let ℓ > 0.
Definition 3.1. We say that H and ψ satisfy:
(M1) if there are CD ≥ 1 and κ > 0, and for every M > 0 a constant CM , such that for all sufficiently

large n, every T ≥ 1 and every N ≥ CDqn,

P (N,T ) ≤ CMN
−M + CMT

3e−κqn ;

(M2ℓ) if for every fixed c > 0, 0 < d < B, ε > 0 and m > 0 there are C and n0 such that for every
n ≥ n0 with bn ≥ c and every T with edqn ≤ T ≤ eBqn ,

P
(
Rn(T ), T

)
≤ CT−m, Rn(T ) = eεqn

[
1 + min

(
Te−ℓqn , e(bn−ℓ)+qn

)]
.

(M1) is a confinement estimate at every denominator. It confines the packet to distance O(qn)
until times eκqn/3, whatever the next denominator is. (M2ℓ) describes the motion at a scale with a
definite Liouville ratio bn ≥ c. Up to the factor eεqn , the packet moves with speed e−ℓqn and stops
at the radius e(bn−ℓ)+qn . In (M2ℓ), n0 may depend on the phase. For ψ = δ0 the per-denominator
estimate of Section 5 has the stronger form P (N,T ) ≤ Ce−cDN + CT 3e−κqn , which implies (M1).

3.1 Windows at scales with a definite ratio

Proposition 3.2. Assume (M2ℓ). Let 0 < a < 1, m > 0, c > 0 and 0 < d < B, and let B0 > β(α)
satisfy f0 := max{0, 1 − ℓ/B0} < a. There are C and n0 such that for every n ≥ n0 with bn ≥ c
and every T with edqn ≤ T ≤ eBqn,

P (T a, T ) ≤ CT−m.

Proof. Choose ε > 0 with ε/d < (a − f0)/2, and apply (M2ℓ) with these c, d,B, ε,m. Since
lim sup bn = β(α) < B0, we may also assume bn ≤ B0 for n ≥ n0. Write q = qn, b = bn and
τ = log T/q ∈ [d,B]. Then

logRn(T )
log T ≤ ε

d
+ log 2

dq
+ max{0,min(τ − ℓ, (b− ℓ)+)}

τ
.

The last term is at most f0. If b ≤ ℓ it vanishes. If b > ℓ it equals 0 for τ ≤ ℓ, equals 1−ℓ/τ ≤ 1−ℓ/b
for ℓ < τ ≤ b, and equals (b − ℓ)/τ ≤ 1 − ℓ/b for τ ≥ b; and 1 − ℓ/b ≤ 1 − ℓ/B0. Hence
logRn(T )/ log T < (a+f0)/2+o(1) < a for large n, so Rn(T ) ≤ T a and P (T a, T ) ≤ P (Rn(T ), T ) ≤
CT−m.
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3.2 Covering every time

Theorem 3.3 (Covering). Assume (M1) and (M2ℓ), and β(α) < ∞. For every a > max{0, 1 −
ℓ/β(α)} and every m > 0, P (T a, T ) = O(T−m) as T → ∞. Consequently

α+
u,ψ(H) ≤ max

{
0, 1 − ℓ

β(α)
}
.

If β(α) = 0, the same conclusion holds assuming (M1) alone.

Proof. It suffices to treat a < 1; for a ≥ 1 use monotonicity of P (·, T ) and some a′ ∈ (max{0, 1 −
ℓ/β}, 1). Let CD, κ be as in (M1). Fix K ≥ 1 with κK > m+ 3, and put d = 1/K and c = a/(2K).
Fix B0 > β(α) with max{0, 1 − ℓ/B0} < a, and put B = max{2B0/a, 2d}. Let C and n0 be given
by Proposition 3.2.

For large T let j be the least index with qj ≥ K log T . Two cases exhaust all possibilities.
Case A: qj ≤ T a/(2CD). Let N = ⌊T a⌋, so N ≥ T a/2 ≥ CDqj for large T . By (M1) with

M = 2m/a,

P (T a, T ) ≤ P (N,T ) ≤ CM2MT−aM + CMT
3e−κqj ≤ CM2MT−2m + CMT

3−κK = O(T−m).

Case B: qj > T a/(2CD). Let q = qj−1. By the choice of j, q < K log T , so τ = log T/q > d.
By (5), qj < Dj−1 = ebj−1q, so

a log T − log(2CD) < log qj < bj−1q.

Along a sequence of times in this case, qj → ∞, hence j → ∞ and q → ∞. Dividing by q < K log T
gives bj−1 > a/K − log(2CD)/q ≥ a/(2K) = c for large T . Also bj−1 ≤ B0 for large j, so
τ < (B0 + log(2CD)/q)/a ≤ B. Thus T ∈ [edq, eBq] and bj−1 ≥ c, and Proposition 3.2 gives
P (T a, T ) ≤ CT−m once j − 1 ≥ n0.

If β(α) = 0, then bn → 0, so Case B cannot occur for large T and (M2ℓ) is never used. The
bound on α+

u,ψ follows from Lemma 2.3(3), letting a decrease to max{0, 1 − ℓ/β}.

The covering uses no information about the scales between qj−1 and qj other than the two
displayed inequalities. In particular it allows lim infn βn = 0. Case A uses no information about the
phase.

4 The lower bound
The lower bound holds for every phase and for general Lipschitz sampling functions. In this section
v : T → R is Lipschitz and Hθ = Hv,α,θ.

Theorem 4.1. Let α be irrational with 0 < β(α) < ∞. Assume that L(·) is continuous on a
neighborhood of a point E∗ ∈ Σ with L(E∗) = ℓ := minΣ L. Then for every phase θ,

α+
u (Hθ) ≥ max

{
0, 1 − ℓ

β(α)
}
.

For real-analytic v the Lyapunov exponent is continuous [6, Theorem 1], so its minimum over Σ
is attained and the hypothesis holds at every minimizer.
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4.1 Elliptic blocks

For a finite sequence of energies E−vr, 0 ≤ r < q, let Tr =
(
E − vr −1

1 0

)
, C0 = I, Cr = Tr−1 · · ·T0

and A = Cq. Suppose A is real and elliptic, | tr A| < 2. Choose B ∈ SL(2,R) with B−1AB = Rϱ,
the rotation by angle ϱ, and put ur = eT

1CrB, the first row of CrB, and

SA =
q−1∑
r=0

∥ur∥2, Nκ =
(

0 0
−1 0

)
, J0 =

(
0 −1
1 0

)
.

Lemma 4.2. 1. SA = |∂E tr A|/| sin ϱ|.

2. For every z ∈ C and 0 ≤ r ≤ q, with A(E+ z) and Cr(E+ z) the products at the energy E+ z,

∥B−1A(E + z)B∥ ≤ e|z|SA , ∥Cr(E + z)B∥ ≤ ∥Cr(E)B∥ e|z|SA .

3. If | tr A| ≤ 3/2 and the entries vr depend on a parameter ϕ with |∂ϕvr| ≤ Lip, then
∥B−1(∂ϕA)B∥ ≤ C Lip |∂E tr A| and ∥B−1(∂EA)B∥ ≤ C|∂E tr A|, with an absolute constant
C.

4. Let zA be the fixed point of A in the upper half-plane. Any B ∈ SL(2,R) with B(i) = zA
conjugates A to a rotation, and ∥B∥2 = ∥B−1∥2 = ed(i,zA), where d is the hyperbolic distance.
Moreover ∥A∥2

HS = 2 + 4 sinh2(d(i, zA)
)

sin2 ϱ. If | tr A| ≤ 3/2, then ed(i,zA) ≤ C∥A∥, and zA
moves with hyperbolic speed at most C∥B−1A′B∥ under any parameter derivative A′.

5. Let w0, . . . , wq−1 ∈ C, and let Cwr be the products Cr with every E−vj replaced by E−vj +wj.
Then

Cwr B = CrB
0∏

j=r−1
(I + wjQj), Qj = −J0u

T
j uj ,

with the factors ordered from j = r − 1 on the left to j = 0 on the right. This identity holds
for every B ∈ SL(2,R), with uj = eT

1CjB. Each Qj satisfies Q2
j = 0 and ∥Qj∥ = ∥uj∥2. In

particular
∥∥∏

j<r(I + wjQj) − I
∥∥ ≤ exp

(∑
j<r |wj | ∥uj∥2)− 1.

Proof. Since Tr(E − vr + w) = Tr(E − vr)(I + wNκ) for every w ∈ C, induction on r gives
Cwr = Cr

∏0
j=r−1(I + wjC

−1
j NκCj). Conjugating by B gives part 5 with Qj = B−1C−1

j NκCjB.
A direct computation, using M−1 = −J0M

TJ0 for M = CjB ∈ SL(2,R), gives Qj = −J0u
T
j uj ,

a rank-one matrix with ∥Qj∥ = ∥uj∥2 and Q2
j = 0 because ujJ0u

T
j = 0. The product bound

follows from ∥I + wjQj∥ ≤ 1 + |wj |∥uj∥2. Part 2 is the case wj = z, together with B−1AB = Rϱ.
Differentiating at z = 0, B−1(∂EA)B = Rϱ

∑
rQr, and the trace of Rϱ(−J0u

T
r ur) equals sin ϱ ∥ur∥2,

because the symmetric part of RϱJ0 is − sin ϱ I and the antisymmetric part has zero quadratic
form. This proves part 1. A change of vr at rate cr gives in the same way B−1A′B = Rϱ

∑
r crQr,

so ∥B−1A′B∥ ≤ maxr |cr|SA. When | tr A| ≤ 3/2, | sin ϱ| ≥
√

7/4, and part 3 follows from part 1.
For part 4, recall that every M ∈ SL(2,R) satisfies ∥M∥2

HS = 2 cosh d(i,M(i)); since its singular
values are σ and σ−1, this gives ∥M∥2 = ed(i,M(i)). Apply this to B and B−1. If B(i) = zA, then
B−1AB fixes i and is a rotation. Conjugating to that rotation and differentiating A(zA) = zA
shows that the fixed point moves at hyperbolic speed at most |1 − e−2iϱ|−1∥B−1A′B∥. Finally
∥A∥2

HS = 2 + 4 sinh2(d(i, zA)
)

sin2 ϱ, which with | sin ϱ| ≥
√

7/4 gives ed(i,zA) ≤ C∥A∥.
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4.2 Proof of Theorem 4.1

If β(α) ≤ ℓ there is nothing to prove, so assume ℓ < β(α). Fix h with ℓ < h < β(α).
Uniform real growth. By continuity of L near E∗ there is a compact neighborhood U of E∗ on

which L < h. Lemma 2.4 gives Ch with ∥Ar(E, x)∥ ≤ Che
hr for E ∈ U , x ∈ T and r ≥ 0. By the

product rule, with Dq = Cqehq,

|∂E trAq(E, x)| ≤ Dq, |∂x trAq(E, x)| ≤ Lip(v)Dq (E ∈ U), (7)

the second almost everywhere in x.
A band near E∗. Choose convergents with βn → β(α); write q = qn, δ = δn. Fix a phase x0 and

let Hper be the q-periodic operator whose potential repeats v(x0 + kα), 0 ≤ k < q. Its monodromy
is Aq(E, x0), and it differs in norm by at most Lip(v)|δ| from the p/q-periodic operator at phase
x0. By Lemma 2.7, the phase-union spectrum Σp/q converges to Σ and lies within Lip(v)/(2q) of
each fixed-phase spectrum. So σ(Hper) has a point converging to E∗. Every band of a q-periodic
operator with hopping one has width at most 2π/q: distributing the Bloch phase over the q bonds
makes the Floquet matrices 2/q-Lipschitz in the Bloch phase. Hence, for large n, an entire band of
Hper lies in U . On that band trAq(E, x0) is monotone and takes all values in [−2, 2], so the set

Sq = {E in the band : | trAq(E, x0)| ≤ 1}

is an interval of length at least 2/Dq.
Slowly drifting blocks. The blocks of the actual operator starting at sites mq, for θ = x0, are

A(m)(E) = Aq(E, x0 +mqα) = Aq(E, x0 +mδ), since qα = p+ δ. Let

Kq =
⌊ c0
Dq|δ|

⌋
, Nq = qKq, Tq = C0KqDq,

with c0 small and C0 large fixed constants. Since log(1/|δ|) = bnq and bn → β(α) > h, Kq → ∞. For
E ∈ Sq and 0 ≤ m < Kq, (7) gives | trA(m)(E) − trAq(E, x0)| ≤ Lip(v)DqKq|δ| ≤ Lip(v)c0 ≤ 1/2,
so every block satisfies | trA(m)| ≤ 3/2.

By Lemma 4.2(3)–(4), the fixed points zm of the blocks A(m) move a total hyperbolic distance∑
m d(zm, zm+1) ≤ C Lip(v)DqKq|δ| ≤ C. Choose any Bm ∈ SL(2,R) with Bm(i) = zm. Since

B−1
m+1Bm maps i to a point at distance d(zm, zm+1) from i, Lemma 4.2(4) gives ∥B−1

m+1Bm∥ =
ed(zm,zm+1)/2, so ∏m ∥B−1

m+1Bm∥ ≤ eC . By Lemma 4.2(1)–(2), each block at the energy E + i/Tq
satisfies ∥B−1

m A(m)(E + i/Tq)Bm∥ ≤ eCDq/Tq , and the product of Kq such factors is at most
eCKqDq/Tq ≤ eC/C0 . The endpoint lifts cost at most Cehq by Lemma 4.2(4). A partial last block is
handled by the second inequality in Lemma 4.2(2). Hence, writing Φ(x, z) for the transfer matrix of
Hx0 from site 0 to site x,

max
0≤x≤Nq

∥Φ(x,E + i/Tq)∥ ≤ Ce2hq (E ∈ Sq). (8)

Resolvent. Let G(n; z) = ⟨δn, (Hx0 − z)−1δ0⟩. For n ≥ 1 the vector (G(n + 1; z), G(n; z)) is
obtained from (G(1; z), G(0; z)) by the transfer matrices starting at site 1, which are bounded as
in (8) after a shift of the starting site that changes only constants. Since these matrices have
determinant one and |G(0;E + i/T )| ≥ ImG(0;E + i/T ) ≥ c/T for bounded E,

|G(n;E + i/Tq)|2 + |G(n+ 1;E + i/Tq)|2 ≥ cT−2
q e−4hq (E ∈ Sq, 0 ≤ n ≤ Nq).

By Lemma 2.1, a(n, T ) = (πT )−1 ∫
R |G(n;E + i/T )|2 dE. Summing over the pairs of sites between

Nq/2 and Nq gives
P (Nq/2, Tq) ≥ cNq |Sq|T−3

q e−4hq ≥ T−C∗
q (9)
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for a finite constant C∗ depending only on h and β(α), because log Tq = bnq + O(log q) and
|Sq| ≥ 2/Dq.

The exponent. From logNq = (bn − h)q + O(log q) and log Tq = bnq + O(log q) we get
logNq/ log Tq → 1 − h/β(α). By (9), Mp(Tq) ≥ (Nq/2)pP (Nq/2, Tq) ≥ c(Nq/2)pT−C∗

q , so β+(p) ≥
1 − h/β(α) − C∗/p. Letting p → ∞ and then h ↓ ℓ proves the theorem for the phase x0. The phase
was arbitrary.

The mass produced by this argument is polynomially small. Section 6 replaces it by a fixed
fraction of the packet, which controls every moment.

5 Supercritical type I potentials
This section proves the two inputs (M1) and (M2ℓ∗) of the covering theorem (Definition 3.1, with
ψ = δ0) for real-analytic potentials, where ℓ∗ is the smallest Lyapunov exponent on the spectrum.
Theorem 5.9 proves (M1), in a stronger exponential form, for every real-analytic potential whose
Lyapunov exponent is positive on the spectrum. Theorem 5.15 is a single-scale window estimate under
a geometric hypothesis on the rational discriminant near the phase of the initial site. Theorems 5.17
and 5.25 verify that hypothesis, and hence prove (M2ℓ∗), for almost every phase when, in addition,
the potential is of type I in the sense of Ge and Jitomirskaya. Theorem 5.26 combines them with
the covering argument and with Theorem 4.1; it is Theorem A. Theorem 5.29 treats potentials of
the form w(sx); it is Theorem C.

The proof of (M2) uses no conserved operator. Its single object is the resolvent vector (H −E −
i/T )−1δ0. Comparing q consecutive transfer matrices with the periodic approximant at the local
phase gives an exact q-step recursion for this vector (Lemma 5.7). The coefficient of the recursion
is the rational discriminant at a phase that drifts by δn per site. Its error is controlled by the
Lyapunov exponent at the energy E itself. The type I hypothesis makes the discriminant, as a
function of the phase, behave like a single cosine near the phase of the initial site. Where it is large,
the recursion forces exponential decay. Where it is small, its imaginary part has a fixed sign, and a
weighted estimate bounds the speed.

5.1 Setting and type I potentials

In this section only, v : T → R is real analytic. It extends holomorphically to a strip | Im x| < δv,
and we fix 0 < δ1 < δv. We write Hθ = Hv,α,θ for the operator (Hθu)(n) = u(n+ 1) + u(n− 1) +
v(θ + nα)u(n), and define T (E, x), Ar(E, x), Σ, P (N,T ) and α+

u as in Sections 1 and 2 with this v.
Transfer matrices are used at complex energies E and at complex phases x with | Im x| < δv. We
write ∥v′∥ = maxT |v′|, so that Lip(v) = ∥v′∥, and ℓ(E) = L(E) for the Lyapunov exponent of v at
E ∈ C. By [6, Theorem 1], ℓ is continuous on R. The operator is supercritical if ℓ > 0 on Σ, and
then ℓ∗ = minΣ ℓ > 0. The continued-fraction notation pn/qn, δn, Dn, bn is that of Section 2. At
a fixed scale we write q, p, δ,D, b. Constants may depend on v, α and explicitly fixed parameters,
never on the phase, the scale or the time. “For large q” means for every convergent denominator
q = qn with n beyond a threshold that depends only on the same data.

Complexification. For real E and |y| < δv let L(E, y) be the Lyapunov exponent of the cocycle
x 7→ T (E, x+ iy) over the rotation by α, so that L(E, 0) = ℓ(E). Since v is real, Ar(E, x− iy) is
the complex conjugate of Ar(E, x+ iy) for real x, so L(E, ·) is even. It is convex [2, Section 1.3].
The acceleration is ω(E) = limy↓0(L(E, y) − ℓ(E))/(2πy). We use three facts from Avila’s global
theory. Theorem numbers for [2] refer to its arXiv version v1.

(A1) Quantization [2, Theorem 5]. The acceleration of an analytic SL(2,C) cocycle over an irrational
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rotation is an integer. Applied to the cocycles at every height, this makes L(E, ·) a convex
piecewise affine function with slopes in 2πZ.

(A2) Regularity [2, Theorem 6]. A cocycle is regular if its complexified Lyapunov exponent is affine
for heights near zero. If its Lyapunov exponent is positive, it is regular if and only if it is
uniformly hyperbolic.

(A3) Uniform hyperbolicity [2, Section 1.3]. A real energy E lies outside Σ if and only if its cocycle
is uniformly hyperbolic. Uniform hyperbolicity is an open condition, uniformly hyperbolic
cocycles have positive Lyapunov exponent, and the Lyapunov exponent is a smooth function
on the open set of uniformly hyperbolic cocycles.

Definition 5.1. Ge and Jitomirskaya call an energy of type I if its T-acceleration equals one [13,
Definition 2.1]. For supercritical energies the T-acceleration is the acceleration ω(E) [13, Section 2.1].
We say that Hv,α is supercritical and type I if ℓ(E) > 0 and ω(E) = 1 for every E ∈ Σ.

Here [13] is cited in its arXiv version v2. The almost Mathieu operator with λ > 1 is supercritical
and type I: by [2, Theorem 10 and Corollary 11], L(E, y) = max{ℓ(E), log λ+2π|y|} and ℓ(E) = log λ
for E ∈ Σ, so L(E, y) = log λ+ 2π|y| on Σ. The operator with potential 2λ cos(2πsx), s ≥ 2, is not
of type I: its acceleration on the spectrum is s (Remark 5.30).

Lemma 5.2 (A common strip). Let Hv,α be supercritical. It is of type I if and only if there is
h ∈ (0, δ1) such that

L(E, y) = ℓ(E) + 2π|y| for all E ∈ Σ and |y| ≤ h. (10)

Proof. If (10) holds, then ω = 1 on Σ. Conversely, let E′ ∈ Σ. By (A1), L(E′, ·) is affine on [0, y1]
for some y1 > 0, with slope 2πω(E′) ≥ 0. If ω(E′) = 0, evenness makes L(E′, ·) constant near 0.
The cocycle of E′ is then regular with positive Lyapunov exponent, hence uniformly hyperbolic by
(A2), which contradicts E′ ∈ Σ by (A3). So ω(E′) ≥ 1 at every E′ ∈ Σ.

Now assume type I and fix E ∈ Σ. Then L(E, y) = ℓ(E) + 2πy on some [0, y1] with 0 < y1 < δ1.
Put y0 = y1/2. At height y0 the cocycle is regular with Lyapunov exponent at least ℓ(E) > 0, so it
is uniformly hyperbolic by (A2). By (A3) there are e > 0 and 0 < d < y0 such that the cocycles of
all real E′ ∈ [E− e,E + e] at all heights in [y0 − d, y0 + d] are uniformly hyperbolic. Each of them is
regular by (A2), so L(E′, ·) is affine on [y0 − d, y0 + d], with a slope ς(E′) ∈ 2πZ by (A1). The slope
ς(E′) = (L(E′, y0 + d) − L(E′, y0 − d))/(2d) is continuous in E′ by (A3), so it equals ς(E) = 2π. If
moreover E′ ∈ Σ, the convex function L(E′, ·) has slope at least 2π just to the right of 0 and slope
2π at y0. Hence its slope is 2π on (0, y0], and L(E′, y) = ℓ(E′) + 2πy for 0 ≤ y ≤ y0. Finitely many
intervals [E − e,E + e] cover the compact set Σ. Let h be the smallest of the corresponding y0.
Evenness gives (10).

Whenever type I is assumed, h denotes the number of Lemma 5.2.

5.2 Rational discriminants

Let p/q be a convergent of α. For | Imφ| < δv let ∆φ(E) be the trace of the rational product
A

(p/q)
q (E,φ) of Section 2. As noted before Lemma 2.5, ∆φ is invariant under φ 7→ φ + 1/q; the

argument there applies to complex phases as well. So

tq(x,E) = ∆x/q(E)
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is well defined. It is 1-periodic and analytic in x on | Im x| < qδv, a monic polynomial of degree q in
E, and real for real x and E. Write tq(x,E) = ∑

k∈Z cq,k(E)e2πikx. For real E, cq,−k(E) = cq,k(E).
If v is even, then tq(−x,E) = tq(x,E). Indeed, the potentials at the phase −x/q are those at x/q
in reverse cyclic order, and the trace of a product of matrices

(
a −1
1 0

)
is invariant under reversing

the order, since conjugation by diag(1,−1) maps each factor to its transpose. So for even v every
cq,k(E) is real.

For the operator Hθ the local phase at site j is

xj = q(θ + jα) mod 1 = x0 + jδ, x0 = qθ mod 1,

because qα = p+ δ.

Lemma 5.3 (Band centres). For real x the roots of tq(x, ·) are q simple real numbers E1(x) < · · · <
Eq(x). Each Eb is real analytic and 1-periodic, and |E′

b| ≤ ∥v′∥/q. If x is a real zero of tq(·, E) for
a real E, then

|∂Etq(x,E)| ≥ q

∥v′∥
|∂xtq(x,E)|. (11)

Proof. The roots of tq(x, ·) are the eigenvalues, with multiplicity, of the Floquet matrix of the
p/q-periodic operator at phase x/q with Bloch phase π/2, since 2 cos(π/2) = 0. This is a q × q
Hermitian matrix, so the roots are real. A double root would give two independent Bloch solutions
with multiplier i, forcing the real unimodular monodromy matrix to equal iI, which is impossible.
So the roots are simple, and the implicit function theorem gives analytic branches. By the Hellmann–
Feynman formula the phase derivative of a simple eigenvalue is at most the norm of the phase
derivative of the Floquet matrix, which is at most ∥v′∥; since x = qφ, |E′

b(x)| ≤ ∥v′∥/q. Finally,
differentiating tq(x,Eb(x)) = 0 gives ∂xtq = −∂Etq · E′

b, which is (11).

We call Eb(x) the band centres at phase x. Each lies in the spectrum of the p/q-periodic operator
at phase x/q, and each band of that operator contains exactly one of them.

Lemma 5.4 (Location). There is C such that for every convergent p/q:

1. every band centre lies within C(|δ|/q)1/2 of Σ;

2. for every real x, every real E with dist(E,Σ) ≤ 1/q lies within C/q of {E1(x), . . . , Eq(x)}.

Proof. Part 1 of Lemma 2.7, with |α− p/q| = |δ|/q, gives part 1. For part 2, E is within 1/q of Σ,
hence within 1/q + C(|δ|/q)1/2 ≤ C/q of the phase-union rational spectrum, hence within a further
∥v′∥/(2q) of the spectrum at phase x/q by Lemma 2.7(2). Every band of a q-periodic operator with
hopping one has width at most 2π/q (proof of Theorem 4.1), and it contains a band centre.

Lemma 5.5 (Local growth). Let a > 0.

1. There are ρa > 0 and Ca such that

∥Ar(z, x)∥ ≤ Cae
(ℓ(E)+a)r

for every real E with dist(E,Σ) ≤ ρa, every z ∈ C with |z − E| ≤ ρa, every x ∈ T and every
r ≥ 0.

2. If Hv,α is supercritical and type I, the same holds with x replaced by x+ iy, |y| ≤ h, and ℓ(E)
replaced by ℓ(E) + 2π|y|.
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3. For all large q the rational products A(p/q)
r (z, φ), r ≤ q, obey the bounds of parts 1 and 2 with

Ca replaced by C ′
a = Ca exp(Ca∥v′∥h), where ∥v′∥h = max| Imx|≤h |v′(x)| and h = 0 in part 1.

Proof. We prove part 2; part 1 is the case h = 0, which does not use type I. Fix (E0, y0) ∈
Σ × [−h, h]. By (10), L(E0, y0) = ℓ(E0) + 2π|y0|. Since the Lyapunov exponent is the infimum of
the averages r−1 ∫

T log ∥Ar∥ dx, there is r0 with r−1
0
∫
T log ∥Ar0(E0, x+ iy0)∥ dx < ℓ(E0) + 2π|y0| +

a/4. The integrand is jointly continuous in (z, y, x). So the same holds with a/2 for (z, y) in a
compact neighborhood V0 of (E0, y0), with z complex. As in the proof of Lemma 2.4, uniform
convergence of Birkhoff averages over the uniquely ergodic rotation by r0α gives ∥Ar(z, x+ iy)∥ ≤
C0e

(ℓ(E0)+2π|y0|+3a/4)r on V0. Shrinking V0, continuity of ℓ on R gives ℓ(E0) + 2π|y0| ≤ ℓ(E) +
2π|y| + a/4 for real E with (E, y) ∈ V0. Finitely many interiors of such V0 cover the compact set
Σ × [−h, h], so there is ρa > 0 such that every ball of radius 3ρa centred in Σ × [−h, h] lies in one
V0. If dist(E,Σ) ≤ ρa and |z − E| ≤ ρa, choose E′ ∈ Σ with |E − E′| ≤ ρa; then (E, y) and (z, y)
lie in the ball of radius 3ρa about (E′, y), hence in one V0.

For part 3, the rational factor T (z, φ + iy + kp/q) differs from T (z, φ + iy + kα) by at most
d = ∥v′∥h|δ| in norm, for 0 ≤ k < q. Expanding the product as in the proof of Lemma 2.5(1), a term
with k errors has at most k+1 maximal irrational segments. The sum is at most Cae(ℓ(E)+2π|y|+a)r(1+
Cad)r ≤ Cae

(ℓ(E)+2π|y|+a)reCadr, because ℓ(E) + a > 0; and dr ≤ dq ≤ ∥v′∥h.

Corollary 5.6 (Bounds for the discriminant). For every ζ > 0 and all large q the following holds
for every real E with dist(E,Σ) ≤ ρζ/2, every real E′ with |E′ − E| ≤ 1/q, every real x and every
k ≥ 0:

|tq(x, z)| ≤ eq(ℓ(E)+ζ) (|z − E| ≤ 1/q), |∂kE∂jxtq(x,E′)| ≤ k! (2q)keq(ℓ(E)+ζ) (j = 0, 1).

If Hv,α is supercritical and type I, then |∂kEtq(x,E′)| ≤ k! (2q)keq(ℓ(E)+ζ)+2π| Imx| for | Im x| ≤ qh.

Proof. Apply Lemma 5.5 with a = ζ/2. The trace of a 2 × 2 matrix is at most twice its norm.
Differentiating ∆φ in φ inserts the matrix

(−v′ 0
0 0

)
at one of q positions, between two rational segments

whose lengths add up to q − 1; since ∂x = q−1∂φ, this gives |∂xtq(x, z)| ≤ 2∥v′∥C ′2
a e

(ℓ(E)+a)q. For
large q both bounds are at most eq(ℓ(E)+ζ) when |z − E| ≤ 2/q. The derivatives in E follow from
Cauchy’s estimate on the circle of radius 1/(2q) about E′. The last statement is proved in the same
way from Lemma 5.5(2).

Parts 1 and 3 of Lemma 5.5 (with h = 0) and the first statement of Corollary 5.6 use only the
continuity of ℓ on R, the compactness of Σ and unique ergodicity. They hold, with the same proofs,
when Σ is replaced by any compact interval of real energies; Section 7 uses them on such an interval.

5.3 An energy-local q-step identity

Lemma 5.7 (A q-step identity). Fix a > 0, and let ρa and C ′
a be as in Lemma 5.5. For all large q

the following holds. Let E be real with dist(E,Σ) ≤ ρa/2, let |z − E| ≤ 1/q, let j ∈ Z, and let ψ
satisfy ((Hθ − z)ψ)(k) = 0 for j − q + 1 ≤ k ≤ j + q. Then

ψ(j + q) + ψ(j − q) = tq(xj , z)ψ(j) + ej , |ej | ≤ εres(E)
(
|ψ(j)| + |ψ(j + 1)|

)
, (12)

where εres(E) = 2C ′2
a q ∥v′∥ |δ| e(ℓ(E)+a)q. In particular (12) holds for ψ = (Hθ − z)−1δ0 whenever

|j| ≥ q + 1.
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Proof. Write wk = (ψ(k+1), ψ(k))T and Tk = T (z, θ+kα). The equation at site k reads wk = Tkwk−1.
Hence wj+q = A+wj and wj = A0wj−q, with A+ = Tj+q · · ·Tj+1 and A0 = Tj · · ·Tj−q+1. Let Bj be
the q-periodic operator with potential v(θ+ jα+ (k− j)p/q) at site k, and TBk its transfer matrices.
By periodicity both products TBj+q · · ·TBj+1 and TBj · · ·TBj−q+1 equal one matrix M , a period transfer
matrix of the p/q-periodic operator. Its trace is tq(xj , z), because the trace does not depend on
which period one starts from and q(θ + jα) = xj mod 1. Since detM = 1, M +M−1 = (trM)I. So

wj+q + wj−q = tq(xj , z)wj +
[
(A+ −M) + (A−1

0 −M−1)
]
wj ,

and the second component is (12) with |ej | ≤ (∥A+ −M∥ + ∥A−1
0 −M−1∥)(|ψ(j)| + |ψ(j + 1)|).

For |k−j| ≤ q the potentials of Hθ and Bj at site k differ by at most ∥v′∥ |k−j| |α−p/q| ≤ ∥v′∥ |δ|.
Telescoping,

A+ −M =
q∑
i=1

TBj+q · · ·TBj+i+1 (Tj+i − TBj+i)Tj+i−1 · · ·Tj+1.

The term with index i contains a rational segment of length q− i and an irrational segment of length
i− 1. By Lemma 5.5, with each segment bounded according to its own length, it has norm at most
C ′2
a ∥v′∥ |δ| e(ℓ(E)+a)(q−1). The same bound holds for A−1

0 − M−1, telescoped through the inverse
one-step matrices, because a product of inverses is the inverse of a segment and ∥B−1∥ = ∥B∥ in
SL(2,C). Summing over i gives the claim. For ψ = (Hθ − z)−1δ0 the equation is homogeneous at
every site except 0, which lies outside [j − q + 1, j + q] when |j| ≥ q + 1.

The bound on ej uses the length of each segment. Bounding both segments by their maximal
length q would give the exponent 2ℓ(E) in place of ℓ(E), which is too large for what follows.

5.4 The per-denominator estimate

Lemma 5.8. Let Hv,α be supercritical, and put KE = max(4, ∥v∥∞ + 3). There is γv > 0 such that
for all large q, every x ∈ T and every z with | Re z| ≤ KE and 0 ≤ Im z ≤ 1,

max
1≤r≤2q

∥Ar(z, x)∥ ≥ eγvq.

Proof. Positivity. The function ℓ is continuous on R, positive on Σ by assumption and positive off Σ by
(A3). Let γ > 0 be its minimum on [−KE ,KE ]. By the Thouless formula ℓ(z) =

∫
log |z−E′| dk(E′),

valid at every z ∈ C [9], where k is the integrated density of states, we have ℓ(E + iη) ≥ ℓ(E)
for real E and η ≥ 0. So ℓ ≥ γ on the rectangle R = {| Re z| ≤ KE , 0 ≤ Im z ≤ 1}. Since
ℓ(z) = infn n−1 ∫

T log ∥An(z, x)∥ dx, we get
∫
T log ∥An(z, x)∥ dx ≥ nγ for every n ≥ 1 and z ∈ R.

Bounds. Let Γ = log
(
KE + 3 + max| Imx|≤δ1 |v(x)|

)
, so that ∥T (z, x)∥ ≤ eΓ for z ∈ R and

| Im x| ≤ δ1. Fix z ∈ R and n ≥ 1, and let f(x) = ∥An(z, x)∥2
HS for real x. It extends analytically to

| Im x| < δv as ∑i,j aij(x)aij(x̄), where aij are the entries of An(z, ·), and |f | ≤ 4e2nΓ on | Im x| ≤ δ1.
On the real line,

∫
T log f ≥ 2nγ and log f ≤ 2nΓ + log 2.

A threshold. Let t0 = enγ . For every real u, t−1
0
∫ 2t0
t0

log |u − t| dt ≥ log t0 − 1 − log 2, the
minimum over u being attained at u = 3t0/2. By Fubini’s theorem there is t ∈ [t0, 2t0] with∫
T log |f − t| ≥ nγ − 2.

Counting zeros. Put F = f − t; then |F | ≤ eC1n on | Im x| ≤ δ1, with C1 = 2Γ + 2. Let
aJ = min(δ1, 1)/4 and cover T by ⌈1/aJ⌉ closed intervals Ik of length aJ . Since

∫
T log |F | ≥

nγ − 2 ≥ 0 for n ≥ 2/γ and
∫
T\Ik log |F | ≤ C1n, we get

∫
Ik

log |F | ≥ −C1n, so some xk ∈ Ik has
log |F (xk)| ≥ −C1n/aJ . Jensen’s formula on the disk of radius 2aJ about xk, which lies in the
strip | Im x| ≤ δ1, bounds the number of zeros of F in the disk of radius aJ , which contains Ik, by
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(C1n+C1n/aJ)/ log 2. Hence F has at most C2n real zeros in T, with C2 = ⌈1/aJ⌉(1+1/aJ)C1/ log 2.
The centres were chosen where F is not small, so no assumption on the location of zeros is needed.

A long interval. Let G = {x ∈ T : f(x) > t}. Off G, log f ≤ log t ≤ nγ + log 2. Splitting
∫
T log f

gives 2nγ ≤ |G|(2nΓ + log 2) + (1 − |G|)(nγ + log 2), so |G| ≥ (nγ − log 2)/(2nΓ) ≥ γ/(4Γ) for
n ≥ 2 log 2/γ. The boundary points of the open set G are zeros of F , so G has at most C2n + 1
components, and one of them is an arc of length at least c4/n, c4 = γ/(4Γ(C2 + 1)).

Orbit hitting. Take n = ⌊c4q/8⌋, so that this arc has length at least 8/q, and n ≥ c4q/16
for large q. On it ∥An(z, ·)∥ ≥ 2−1/2∥An(z, ·)∥HS > 2−1/2t1/2 ≥ 2−1/2enγ/2. Let p/q be the
convergent. The points x+ jα, 0 ≤ j < q, are within 1/q of a translate of the grid q−1Z, because
|jα− jp/q| < j/q2 < 1/q. Hence they are 3/(2q)-dense, and some j < q has x+ jα in the arc, so
∥An(z, x+ jα)∥ ≥ 2−1/2enγ/2.

Conclusion. Since Aj+n(z, x) = An(z, x+ jα)Aj(z, x) and ∥M−1∥ = ∥M∥ for a 2 × 2 matrix of
determinant one,

2−1/2enγ/2 ≤ ∥Aj+n(z, x)∥ ∥Aj(z, x)∥.

So one of ∥Aj(z, x)∥ (if j ≥ 1) or ∥Aj+n(z, x)∥ is at least 2−1/4enγ/4, with 1 ≤ j + n ≤ 2q. Since
n ≥ c4q/16, the lemma holds with γv = c4γ/128.

Theorem 5.9 ((M1) for analytic potentials). Let v be real analytic and Hv,α supercritical. There
are CD ≥ 1 and C, cD, κ > 0 such that for every phase θ, every sufficiently large n, every T ≥ 1 and
every N ≥ CDqn,

P (N,T ) ≤ Ce−cDN + CT 3e−κqn .

Proof. We use the general transport bound of Damanik and Tcheremchantsev [11, Theorem 7]. For
a Schrödinger operator with bounded potential, choose KE ≥ 4 with σ(H) ⊂ [−KE + 1,KE − 1];
here KE = max(4, ∥v∥∞ +3) works, since ∥Hθ∥ ≤ 2+∥v∥∞. Their theorem bounds the right outside
probability, for the initial state δ1 and the same exponential time average, by

C exp(−cN) + CT 3
∫ KE

−KE

(
max

1≤k≤N

∥∥Φ(k,E + i/T )
∥∥2)−1

dE,

where Φ(k, z) is the transfer matrix from site 1 to site k, and the left outside probability by the
analogous expression for negative k. The constants depend only on KE and ∥v∥∞. For T ≥ 1 and
|E| ≤ KE , the point E + i/T lies in the rectangle of Lemma 5.8. The transfer matrices from site 1
are Ak(z, θ + α), so the integrand of the right half-line is at most e−2γvqn once N ≥ 2qn. The left
half-line is handled by reflection: (Ru)(n) = u(−n) satisfies RHv,α,θR = Hṽ,α,−θ with ṽ(x) = v(−x).
The function ṽ is real analytic. Since Rδ0 = δ0, the two families have the same integrated density of
states, hence by the Thouless formula the same Lyapunov exponent; so Hṽ,α is supercritical, and
Lemma 5.8 applies to it. If Hu = zu, then Ru solves the reflected equation, so the left transfer
matrices of Hv,α,θ are right transfer matrices of Hṽ,α,−θ, up to conjugation by

( 0 1
1 0
)

and one one-step
factor of bounded norm. With κ = 2 min(γv, γṽ) both integrands are at most e−κqn once N ≥ 2qn.
Changing the initial site from δ1 to δ0 shifts the phase by α and the radius by one, which is absorbed
by enlarging CD and C. Finitely many small n are absorbed into C, since P ≤ 1 ≤ T 3.

Corollary 5.10. Let v be real analytic, Hv,α supercritical and β(α) = 0. Then for every phase,
every a > 0 and every m > 0, P (T a, T ) = O(T−m). In particular α+

u (Hθ) = 0 for every θ.

Proof. By Theorem 5.9, (M1) holds for every phase. When β(α) = 0, Theorem 3.3 needs (M1)
alone, and its Case A uses no information about the phase. So α+

u ≤ a for every a > 0 and every
phase.
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The conclusion is known. Damanik and Tcheremchantsev proved it for trigonometric polynomial
potentials whose Lyapunov exponent is bounded below by a positive constant at every complex
energy [11, Theorem 5]. Jitomirskaya and Mavi proved β+(p) = 0 for Diophantine frequencies
and piecewise Hölder potentials whose Lyapunov exponent is continuous and positive on R [18,
Theorem 1.7], and recorded that a simple modification of their proof gives the same for analytic
potentials whenever log qn+1/qn → 0, that is, β(α) = 0 [18, Remark 1.12]. Their hypotheses hold
here, since ℓ is continuous and positive on Σ and, by (A3), off Σ. Their upper exponent is defined
without time averaging, for the average of the packets started at δ0 and δ1, so it bounds ours.
Lemma 5.8 and Theorem 5.9 give a quantitative route to this endpoint.

5.5 The dominant phase coefficient

We import the finite harmonic structure of rational discriminants from Jitomirskaya and Marx. Their
tp/q(θ,E) and aq,k(E) are our tq(qθ, E) and cq,k(E), and their complex phase θ + iε corresponds to
our x+ iqε.

Lemma 5.11 ([17, Lemma 3.5, (3.11)–(3.12)]). There are K0 ∈ N and cJM > 0 such that, along
the convergents of α:

1.
∣∣tq(x,E) −

∑
|k|≤K0 cq,k(E)e2πikx∣∣ ≤ e−cJMq for all E ∈ Σ and | Im x| ≤ qδ1, for large q;

2. L(E, y) = max
{
0,max|k|≤K0

(
q−1 log |cq,k(E)| − 2πky

)}
+ o(1) as q → ∞, uniformly in E ∈ Σ

and |y| ≤ δ1.

Jitomirskaya and Marx prove these statements in their Appendix A for an arbitrary analytic
SL(2,C) cocycle; see (A.13)–(A.17) for part 1 and (A.31) for part 2. Their uniformity over E ∈ Σ
comes from the uniform bound (A.2) on the analytic norms of the cocycles, together with continuity
of the Lyapunov exponent on the compact family. Proposition 3.1 of [17] is a different statement,
about energies with zero Lyapunov exponent, and is not used. We cite [17] in its arXiv version v2.

Proposition 5.12 (Dominant phase coefficient). Let Hv,α be supercritical and type I. Write
aq,k(E) = q−1 log |cq,k(E)|. Uniformly in E ∈ Σ, as q → ∞ along the convergents,

1. aq,±1(E) = ℓ(E) + o(1);

2. aq,k(E) ≤ ℓ(E) − 2π(|k| − 1)h+ o(1) for 2 ≤ |k| ≤ K0, and aq,0(E) ≤ ℓ(E) + o(1).

Let η0 = min(πh, cJM)/4. For large q and every E ∈ Σ:

3. on the real line tq(x,E) = cq,0(E)+cq,1(E)e2πix+cq,−1(E)e−2πix+rq(x,E) with |rq|+ |∂xrq| ≤
|cq,1(E)|e−η0q;

4. for y ∈ {h/4, h/2} and real u, tq(u± iqy, E) = cq,∓1(E) e2πqye∓2πiu(1 + ϵ±(u)
)

with |ϵ±(u)| ≤
e−η0q.

Proof. For real E, |cq,−k| = |cq,k|. So for y ≥ 0 Lemma 5.11(2) reads Fq(y) = ℓ(E) + 2πy + o(1) on
[0, h], uniformly on Σ, where Fq(y) = max{0,max0≤k≤K0(aq,k + 2πky)}. Fix ϵ > 0 with ϵ < πh/8
and ϵ < cJM/2, and let q be so large that the error is at most ϵ. Since Fq(h/2) ≥ ℓ(E) + πh− ϵ > 0,
some line k0 ∈ {0, . . . ,K0} attains Fq(h/2). Lines lie below Fq, so Fq(h/4) ≥ Fq(h/2) − πk0h/2 and
Fq(3h/4) ≥ Fq(h/2) + πk0h/2. With the two-sided bounds on Fq these give k0 ≥ 1 − 4ϵ/(πh) and
k0 ≤ 1 + 4ϵ/(πh), so k0 = 1 and |aq,1 − ℓ(E)| ≤ ϵ. This is part 1. For k ≥ 2, aq,k + 2πkh ≤ Fq(h) ≤
ℓ(E) + 2πh+ ϵ, and aq,0 ≤ Fq(0) ≤ ℓ(E) + ϵ. This is part 2.
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For part 3, the modes 2 ≤ |k| ≤ K0 contribute at most 2K0(1 + 2πK0)eq(ℓ(E)−2πh+ϵ) to
|rq| + |∂xrq|. The tail beyond K0 is at most e−cJMq on | Im x| ≤ qδ1, so its x-derivative on the
real line is at most e−cJMq by Cauchy’s estimate on the unit disk. Divide by |cq,1(E)| ≥ eq(ℓ(E)−ϵ),
which is part 1. The ratio is at most 2K0(1 + 2πK0)eq(−2πh+2ϵ) + 2eq(−cJM−ℓ(E)+ϵ), which is at
most e−η0q for large q, because 2ϵ < πh/4, ϵ < cJM/2 and ℓ(E) > 0. For part 4, on the line
Im x = qy the mode k has modulus |cq,k|e−2πkqy. The mode −1 has size eq(ℓ(E)+2πy+o(1)). By
parts 1–2, the mode 0 and the modes k ≥ 1 are at most eq(ℓ(E)+o(1)), and the modes k ≤ −2 are at
most eq(ℓ(E)+2πy−2π(|k|−1)(h−y)+o(1)). With h/4 ≤ y ≤ h/2 every other mode is smaller by a factor
e−q(πh/2−o(1)), and so is the tail. The line Im x = −qy is symmetric.

For ξ > 0 write
Nq(ξ) = {E ∈ R : dist(E,Σ) ≤ e−ξq}.

Lemma 5.13 (Near the spectrum). Let Hv,α be supercritical and type I, 0 < ξ < η0 and ζ > 0. For
large q and every E ∈ Nq(ξ):

1. eq(ℓ(E)−ζ) ≤ |cq,±1(E)| ≤ eq(ℓ(E)+ζ);

2. tq(x,E) = cq,0(E)+cq,1(E)e2πix+cq,−1(E)e−2πix+rq(x,E) on the real line, with |rq|+ |∂xrq| ≤
|cq,1(E)|e−ξq/2;

3. part 4 of Proposition 5.12 holds at E with |ϵ±| ≤ e−ξq/2.
Proof. Pick E′ ∈ Σ with |E − E′| ≤ e−ξq. By Corollary 5.6 with ζ = ξ/8, every point between
E′ and E satisfies |∂E∂jxtq| ≤ 2qeq(ℓ(E′)+ξ/8)+2π| Imx| for j = 0, 1 on the real line and for j = 0 on
| Im x| ≤ qh. By Proposition 5.12(1), |cq,±1(E′)| ≥ eq(ℓ(E

′)−ξ/8). Hence on the real line

sup
x

|∂jx(tq(x,E) − tq(x,E′))| ≤ 2qe−3ξq/4|cq,1(E′)|, j = 0, 1.

Fourier coefficients move by at most the supremum, so |cq,k(E) − cq,k(E′)| ≤ 2qe−3ξq/4|cq,1(E′)|.
Together with |ℓ(E)−ℓ(E′)| = o(1) this gives part 1. The remainder rq(·, E)−rq(·, E′) is a sum of four
such differences, so it and its x-derivative are at most Cqe−3ξq/4|cq,1(E′)|. With Proposition 5.12(3)
and ξ < η0 this gives part 2. On the lines Im x = ±qy the difference tq(x,E) − tq(x,E′) is at most
2qe−3ξq/4|cq,∓1(E′)|e2πqy, which gives part 3.

5.6 A window estimate under a geometric hypothesis

The dynamical argument uses the potential only through the following property of the discriminant
near the phase x0 = qθ of the initial site. Distances on T are arc lengths.
Definition 5.14. Let ξ, ζ > 0, let q be a convergent denominator, x0 ∈ T and e−ζq/4 ≤ σ ≤ 1. We
say that (W) holds at (q, x0, σ) if for every E ∈ Nq(ξ) the set

ZE =
{
x ∈ T : |x− x0| ≤ σ/16, |tq(x,E)| < σ2eq(ℓ(E)−ζ)}

is empty or lies within σ/16 of the centre of a closed arc JE of length σ/4 on which tq(·, E) is strictly
monotone with |∂xtq(x,E)| ≥ σeq(ℓ(E)−ζ).
Theorem 5.15 (Window estimate). Let Hv,α be supercritical. Fix c > 0, 0 < d < B, ε > 0 and
m > 0, and let

0 < ξ < 1
100 min{ε, c, d, ℓ∗, 1}, 0 < ζ < ξ/100.

There are C and n1 with the following property. Let n ≥ n1 with bn ≥ c, and let θ be a phase such that
(W) holds at (qn, qnθ, σ), with these ξ, ζ, for some σ ∈ [e−ζqn/4, 1]. Let T satisfy edqn ≤ T ≤ eBqn,
and write ψE = (Hθ − E − i/T )−1δ0. Then:
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1. P (Rn(T ), T ) ≤ CT−m, where Rn(T ) = eεqn
[
1 + min

(
Te−ℓ∗qn , e(bn−ℓ∗)+qn

)]
;

2. (per energy) if E is real with dist(E,Σ) ≤ e−ξqn, then ∥1{|j|>N}ψE∥ ≤ 4T−m for every

N ≥ e11ξqn
[
1 + min

(
Te−ℓ(E)qn , e(bn−ℓ(E))+qn

)]
;

3. (far energies) if E is real with g := dist(E,Σ) ≥ e−ξqn , then ∥1{|j|>N}ψE∥2 ≤ 64g−2g′−1e−g′N/4

for every N ≥ 0, where g′ = min(g, 1).

No upper bound on bn is needed. Since q−3 ≥ e−ζq/4 for large q, the range of σ contains [q−3
n , 1]

for large n. Section 7 uses exponentially small σ.

Proof of Theorem 5.15. Notation. Write q = qn, b = bn, δ = δn, D = |δ|−1 = ebq, x0 = qθ mod 1,
xj = x0 + jδ, ηT = 1/T and Nq = Nq(ξ). Put

NΩ = ⌊Dσ/16⌋, Ω = [−NΩ, NΩ] ∩ Z,

so that |xj − x0| ≤ σ/16 for j ∈ Ω. By Lemma 2.1,

P (N,T ) = 1
πT

∫
R

∥∥1{|j|>N}ψE
∥∥2
dE, ψE = (Hθ − E − iηT )−1δ0, (13)

and ∥ψE∥ ≤ T .
Parameters. Use Lemma 5.7 with a = ζ/2 and Corollary 5.6 with ζ. For E ∈ Nq put

εres = εres(E) and

Λ = e3ξq(2 + 2εres), ϖ = σeq(ℓ(E)−ζ), µ0 = qϖ

∥v′∥
, ρE = µ0

32q2eq(ℓ(E)+ζ) , η∗ = 8Λ
µ0
.

Let ℓ+ be the maximum of ℓ on the 1-neighborhood of Σ. For large q, uniformly in E ∈ Nq, in the
phase and in b ≥ c:

(E1) ℓ∗ − ζ ≤ ℓ(E) ≤ ℓ+;

(E2) εres ≤ e(ℓ(E)+ζ−b)q, and ϑ = (2 + εres)/(Λ − εres) ≤ e−3ξq;

(E3) 1000 qΛ ≤ min{µ0, µ0ρE , σ
2eq(ℓ(E)−ζ)}, ρE ≤ 1/(4q) and 4qη∗ ≤ 1.

(E1) holds since Nq shrinks to Σ. For (E2), Λ − εres ≥ e3ξq(2 + εres). For (E3), Λ ≤ 2e3ξq +
2e(3ξ+ℓ(E)+ζ−b)q, while µ0ρE = σ2eq(ℓ(E)−3ζ)/(32∥v′∥2), µ0 ≥ qσ2eq(ℓ(E)−ζ)/∥v′∥ and σ2 ≥ e−ζq/2;
the claim follows from 3ξ + 5ζ < ℓ∗ − ζ and 3ξ + 5ζ < b. Taylor’s formula in η, with |∂kEtq(x,E)| ≤
k!(2q)keq(ℓ(E)+ζ) from Corollary 5.6, gives for 0 < η ≤ η∗ and real x

| Re tq(x,E + iη) − tq(x,E)| ≤ Λ, | Im tq(x,E + iη) − η ∂Etq(x,E)| ≤ ηµ0/4. (14)

Indeed the real part of the remainder is at most 2eq(ℓ(E)+ζ)(2qη)2 ≤ 16Λ2/(µ0ρE) ≤ Λ, and its
imaginary part at most 2eq(ℓ(E)+ζ)(2qη)3 ≤ η · 32qΛ2/(µ0ρE) ≤ ηµ0/4, by (E3).

Far energies. Let E /∈ Nq and g = dist(E,Σ), so g ≥ e−ξq. Put g′ = min(g, 1) and µ′ =
g′/8. The operator e±µ′XHθe

∓µ′X differs from Hθ by at most eµ′ − e−µ′ ≤ 3g/8 in norm, so its
resolvent at z = E + iηT has norm at most 2/g. This is the Combes–Thomas bound |⟨δj , ψE⟩| ≤
(2/g)e−g′|j|/8. Summing, ∥1{|j|>N}ψE∥2 ≤ 64g−2g′−1e−g′N/4. For g ≤ 1 and N ≥ e2ξq this is at most
64e3ξq exp(−eξq/4), and these E form a set of bounded length. For g ≥ 1 it is at most 64g−2e−N/4,
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which is integrable in E. Since Rn(T ) ≥ eεq ≥ e2ξq, the far energies contribute at most Ce−eξq/8

to (13).
From now on E ∈ Nq is fixed, z = E + iηT , ψ = ψE , and dj = tq(xj , z). Since ηT ≤ e−dq ≤ 1/q,

Lemma 5.7 gives

ψ(j + q) + ψ(j − q) = djψ(j) + ej , |ej | ≤ εres(|ψ(j)| + |ψ(j + 1)|), |j| ≥ q + 1. (15)

If ZE = ∅, then |tq(xj , E)| ≥ σ2eq(ℓ(E)−ζ) ≥ 10Λ for every j ∈ Ω by (E3). Otherwise let JE be the
arc of Definition 5.14.

Near-root lemma. Let x ∈ T with |x − x0| ≤ σ/16 and |tq(x,E)| < 10Λ. We claim that
|∂Etq(x,E′)| ≥ µ0/2, with a fixed sign, for |E′ − E| ≤ ρE , and that tq(x, ·) has a root within
20Λ/µ0 ≤ ρE/2 of E. By (E3), x ∈ ZE , so x lies in the middle half of JE , where tq(·, E) is monotone
with |∂xtq| ≥ ϖ. Moving from x in the direction in which |tq| decreases, we meet a zero x∗ of tq(·, E)
with |x−x∗| ≤ 10Λ/ϖ; this distance is less than σ/16 by (E3), so we stay in JE . By (11) at (x∗, E),
|∂Etq(x∗, E)| ≥ qϖ/∥v′∥ = µ0. The mixed derivative is at most 2qeq(ℓ(E)+ζ) by Corollary 5.6, so

|∂Etq(x,E) − ∂Etq(x∗, E)| ≤ 20qΛeq(ℓ(E)+ζ)

ϖ
= µ0

4 · 80∥v′∥Λ
σ2eq(ℓ(E)−3ζ) ≤ µ0

4 ,

by (E3). Hence |∂Etq(x,E)| ≥ 3µ0/4. The second energy derivative is at most 8q2eq(ℓ(E)+ζ), so
∂Etq(x, ·) changes by at most µ0/4 on |E′ −E| ≤ ρE . Since |tq(x,E)| < 10Λ, monotonicity puts a
root within 20Λ/µ0 of E, and 40Λ ≤ µ0ρE by (E3).

Forbidden decay. Let A = {j ∈ Ω : |dj | < Λ}, q′ = q + 1, and

B = A ∪ [−q′, q′] ∪
(
Z \ [−NΩ + q,NΩ − q]

)
.

We claim that |ψ(j)| ≤ ϑkT ≤ e−3kξqT whenever dist(j,B) ≥ kq for an integer k ≥ 0. Let
M(s) = max{|ψ(j)| : dist(j,B) ≥ s}, a maximum over a finite set, with M(s) = 0 if the set is empty;
M(0) ≤ ∥ψ∥ ≤ T . Let s ≥ q and dist(j,B) ≥ s. Then |j| ≥ q + 1 and |dj | ≥ Λ, and the sites j ± q
and j+1 are at distance at least s−q from B. By (15), Λ|ψ(j)| ≤ 2M(s−q)+εres(|ψ(j)|+M(s−q)),
so M(s) ≤ ϑM(s− q). Iterate and use (E2).

Cutting. For an integer c+ ≥ 1, the restriction ψ+ of ψ to (c+,∞) solves (H+ − z)ψ+ =
−ψ(c+)δc++1, where H+ is the restriction of Hθ to ℓ2((c+,∞) ∩ Z). Hence ∥1(c+,∞)ψ∥ ≤ T |ψ(c+)|,
and similarly ∥1(−∞,−c+)ψ∥ ≤ T |ψ(−c+)|. Put M0 = q⌈eξq⌉ and N0 = q + 1 + M0. By the
forbidden decay, a cut at a site at distance at least M0 from B costs at most e−3ξqeξqT 2. Since
NΩ ≥ e(b−ζ/4)q/16 − 1 and b ≥ c > 100ξ, every site of modulus at most e(b−ξ)q is at distance more
than M0 from Z \ [−NΩ + q,NΩ − q].

Regime I: ηT ≥ η∗. We claim |dj | ≥ 4Λ for every j ∈ Ω. The polynomial tq(xj , ·) is monic with
real roots Ek, so |dj | = ∏

k |z−Ek|. If |tq(xj , E)| ≥ 10Λ, then |dj | ≥
∏
k |E−Ek| = |tq(xj , E)| ≥ 10Λ.

Otherwise the near-root lemma gives a root Ei with |E − Ei| ≤ ρE/2 and |∂Etq(xj , ·)| ≥ µ0/2 on
|E′ − Ei| ≤ ρE/2. By the mean value theorem, g(E′) = ∏

k ̸=i(E′ − Ek) = tq(xj , E′)/(E′ − Ei)
satisfies |g(E′)| ≥ µ0/2 there. So |dj | ≥ |z − Ei|

∏
k ̸=i |E − Ek| ≥ ηTµ0/2 ≥ 4Λ. Thus A = ∅. The

sites ±N0 are at distance M0 from [−q′, q′], and the cuts there give ∥1{|j|>N0}ψ∥ ≤ 2e−3ξqeξqT 2.
Regime II: ηT < η∗; confinement. By (14), |dj | < Λ forces |tq(xj , E)| < 2Λ, so A ⊂ I, where

I = {j ∈ Ω : |tq(xj , E)| < 2Λ}, U = {j ∈ Ω : |tq(xj , E)| ≤ 9Λ}.

If ZE = ∅ both are empty. Otherwise the points xj , j ∈ I ∪ U , lie in ZE by (E3), hence in the
middle half of JE , where tq(·, E) is strictly monotone with slope at least ϖ. Since j 7→ xj is affine
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with step δ and NΩ|δ| < 1/2, the sets I and U are intervals of integers, with

#I ≤ 4Λ
ϖ|δ|

+ 1 ≤ e4ξq(1 + e(b−ℓ(E))q), #U ≤ 18Λ
ϖ|δ|

+ 1 ≤ e5ξq(1 + e(b−ℓ(E))q).
For these bounds, ΛD/ϖ ≤ 2e(3ξ+2ζ)q(e(b−ℓ(E))q + eζq) by (E2) and σ ≥ e−ζq/4. If I = ∅ or
dist(0, I) > N0 +M0, put Ns = N0. Otherwise put Ns = max{N0,maxj∈I |j|} +M0. In both cases
±Ns are at distance at least M0 from B, and

Ns ≤ 2N0 + 2M0 + #I ≤ e5ξq(1 + e(b−ℓ(E))+q
)

≤ e(b−ξ)q,

because 6ξ < min(b, ℓ(E)). The cuts at ±Ns give ∥1{|j|>Ns}ψ∥ ≤ 2e−3ξqeξqT 2.
Regime II: velocity. Now assume in addition that b > ℓ(E) + 5ξ, that T ≤ Tb := De−3ζq, and

that I ̸= ∅ with dist(0, I) ≤ N0 +M0.
Geometry. By Corollary 5.6, tq(xj , E) changes by at most |δ|eq(ℓ(E)+ζ) ≤ e−(5ξ−ζ)q per site.

Over 4(N0 +M0) ≤ 16qeξq sites this is less than Λ. So |tq(xj , E)| < 3Λ for |j| ≤ 3(N0 +M0), and
these sites lie in U . A site with |tq| < 3Λ and a site of Ω \U are at least 6Λebqe−q(ℓ(E)+ζ) ≥ e(8ξ−ζ)q

apart. Since U is an interval of length at most e5ξq(1 + e(b−ℓ(E))q) containing 0, every site j′ /∈ U

within distance q + 1 of U lies in Ω, at distance at least M0 from B, and |ψ(j′)| ≤ e−3ξqeξqT by the
forbidden decay.

Sign. The set of real x with |x− x0| ≤ σ/16 and |tq(x,E)| ≤ 9Λ is an interval, because it lies in
the middle half of JE , where tq(·, E) is monotone. By the near-root lemma, ∂Etq(x,E) ̸= 0 on this
interval, so its sign ς is constant there. The interval contains xj for every j ∈ U . By (14),

ς Im dj ≥ ηTµ0/2 − ηTµ0/4 =: µ (j ∈ U).

Weighted estimate. Let ν = min(µ, 1)/(20q), N∗ = ⌈CM log T/ν⌉ with CM chosen below,
w(j) = eνmin(|j|,N∗) and ϕ = 1Uwψ. Define (Qu)(j) = dju(j) − u(j + q) − u(j − q). Since
⟨ϕ, (Sq + S−q)ϕ⟩ is real and ϕ is supported in U ,

µ∥ϕ∥2 ≤ ς Im⟨ϕ,Qϕ⟩ ≤ ∥ϕ∥ ∥1UQϕ∥.

For j ∈ U with |j| ≥ q + 1, by (15),

(Qϕ)(j) = −w(j)ej +
∑

±: j±q∈U

(
w(j) − w(j ± q)

)
ψ(j ± q) +

∑
±: j±q /∈U

w(j)ψ(j ± q).

Since | logw(j) − logw(j′)| ≤ νq ≤ 1/20 for |j − j′| ≤ q, the weight differences contribute at most
2(eνq−1)∥ϕ∥ ≤ 2.1νq∥ϕ∥ ≤ 0.11µ∥ϕ∥. The residual contributes at most (1+eν)εres∥ϕ∥ ≤ 2.1εres∥ϕ∥,
plus a boundary term at the right end of U . Now εres/µ = 4Tεres/µ0 ≤ 4Tbεres/µ0 ≤ Ce−5ζq/4, using
σ ≥ e−ζq/4 and a = ζ/2. So the residual contributes at most 0.1µ∥ϕ∥ for large q. The terms in which
j ± q or j + 1 lies outside U are boundary terms. There are at most 6(q + 1) of them, each at most
e2νTCM · e−3ξqeξqT , and their sum is at most 1 for large q, since T ≤ eBq. For |j| ≤ q we have j ∈ U ,
and the remaining source term w(j)(djψ(j) − ψ(j + q) − ψ(j − q)) is at most eνq(eq(ℓ(E)+ζ) + 2)T .
Since T ≥ edq, the source terms have norm at most TCS with CS = 3 + (ℓ+ + 1)/d. Altogether
µ∥ϕ∥ ≤ 0.21µ∥ϕ∥ + TCS + 1. Since 1/µ = 4T/µ0 ≤ T/2,

∥ϕ∥ ≤ 2TCS+1.

Take CM = CS + m + 3. For j ∈ U with |j| ≥ N∗, |ψ(j)| ≤ ∥ϕ∥e−νN∗ ≤ 2TCS+1−CM . Cut at
c+ = N∗ if N∗ ∈ U , and otherwise at c+ = 1 + maxU ≤ N∗, which is a boundary site; similarly on
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the left. The cutting estimate gives ∥1{|j|>N∗}ψ∥ ≤ 4T−m. Finally, 1/ν = 20qmax(1, 4T/µ0) and
µ0 ≥ eq(ℓ(E)−2ζ)/∥v′∥, so

N∗ ≤ 20CMBq2(1 + 4∥v′∥Te−q(ℓ(E)−2ζ))+ 1 ≤ eξq
(
1 + Te−ℓ(E)q).

The additive polynomial part of this radius is absorbed by the factor eξq and the term 1.
Assembly. In every case there is a radius N(E) with ∥1{|j|>N(E)}ψE∥2 ≤ 16T−2m for large q,

and
N(E) ≤ e11ξq

[
1 + min

(
Te−ℓ(E)q, e(b−ℓ(E))+q

)]
.

In regime I, and in regime II when I is empty or far from the source, N(E) = N0 ≤ e2ξq. In
regime II with b ≤ ℓ(E) + 5ξ, N(E) = Ns ≤ 2e10ξq. If b > ℓ(E) + 5ξ and T ≥ Tb, then
e(b−ℓ(E))q = De−ℓ(E)q ≤ e3ζqTe−ℓ(E)q, so N(E) = Ns ≤ e(5ξ+3ζ)q[1 + min(Te−ℓ(E)q, e(b−ℓ(E))q)]. If
b > ℓ(E) + 5ξ and T < Tb, take N(E) = min(Ns, N∗). By (E1), ℓ(E) ≥ ℓ∗ − ζ, so N(E) ≤
e(11ξ+ζ)q[1 + min(Te−ℓ∗q, e(b−ℓ∗)+q)] ≤ Rn(T ), because 11ξ+ ζ < ε. Inserting this and the far-energy
bound into (13), where Nq has bounded length, gives P (Rn(T ), T ) ≤ CT−m. This is part 1. Since
∥1{|j|>N}ψE∥ is nonincreasing in N , the bound on N(E) is part 2, and the far-energy step is part 3.
All thresholds depend only on v, α, c, d,B, ε,m, ξ, ζ.

5.7 Even potentials

Lemma 5.16. Let v be even and Hv,α supercritical and type I. Let 0 < ξ < η0 and ζ > 0. For large
q and every x0 with s = | sin 2πx0| ≥ q−2, (W) holds at (q, x0, s).

Proof. Let E ∈ Nq(ξ) and JE = {x : |x − x0| ≤ s/8}. Since v is even, cq,−1(E) = cq,1(E) is real,
and Lemma 5.13 (with ζ/2) gives tq(x,E) = cq,0 + 2cq,1 cos 2πx + rq on the real line. On JE ,
| sin 2πx| ≥ s(1 − π/4) ≥ s/5, so sin 2πx has a fixed sign, and |4πcq,1 sin 2πx| ≥ 2.5|cq,1|s. Also
|∂xrq| ≤ |cq,1|e−ξq/2 ≤ |cq,1|s/2. Hence ∂xtq = −4πcq,1 sin 2πx + ∂xrq has a fixed sign on JE and
|∂xtq| ≥ 2|cq,1|s ≥ seq(ℓ(E)−ζ). The set ZE lies within s/16 of x0, the centre of JE .

Theorem 5.17 ((M2) for even type I potentials). Let v be even and Hv,α supercritical and type
I. Fix c > 0, 0 < d < B, ε > 0 and m > 0. There are C and n1 such that for every n ≥ n1 with
bn ≥ c, every phase with | sin(2πqnθ)| ≥ q−2

n and every T with edqn ≤ T ≤ eBqn,

P (Rn(T ), T ) ≤ CT−m.

In particular (M2) holds for every θ ∈ Gα, with n0 = max(n1, nG(θ)).

Proof. Choose ξ < min{ε, c, d, ℓ∗, 1, η0}/100 and ζ < ξ/100. Lemma 5.16 gives (W) at (qn, qnθ, s)
with s ∈ [q−2

n , 1], and Theorem 5.15 applies.

For the almost Mathieu operator v(x) = 2λ cos 2πx, λ > 1, Chambers’ formula [8] gives
tq(x,E) = Pp/q(E) − 2λq cos 2πx for a monic polynomial Pp/q, so the expansion of Lemma 5.13
holds exactly, with cq,±1 = −λq and rq = 0. Theorem 5.17 then gives (M2log λ) on Gα without the
conserved polynomial used in the companion paper [12].

5.8 Potentials that are not even

Without evenness, the leading coefficients cq,±1(E) are complex conjugates with an energy-dependent
argument. The phase at which the discriminant turns therefore depends on the energy, and no
single sine condition controls all energies. The substitute is a factorization of the discriminant in
the complex phase variable.
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Lemma 5.18 (Two zeros in a strip). Let Hv,α be supercritical and type I, 0 < ξ < η0 and ζ > 0.
For large q and every E ∈ Nq(ξ):

1. tq(·, E) has exactly two zeros z1, z2, counted with multiplicity, in each period of the strip
| Im x| < qh/2. Both satisfy | Im zk| < qh/4, and either both are real or z2 = z̄1.

2. tq(x,E) = gE(x) sin π(x− z1) sin π(x− z2), where gE is 1-periodic, analytic and zero-free on
| Im x| ≤ qh/2, and for real x

eq(ℓ(E)−ζ) ≤ |gE(x)| ≤ eq(ℓ(E)+ζ), |g′
E(x)| ≤ ζ|gE(x)|.

Proof. 1. By Lemma 5.13(3), on the line Im x = qy, y ∈ {h/4, h/2}, the function tq(·, E) is a
nonzero multiple of e−2πiu times 1 + ϵ+ with |ϵ+| < 1, so it has no zeros there and winds −1 times
over a period. On Im x = −qy it winds +1 times. The vertical sides of a period rectangle cancel by
periodicity, so the argument principle gives exactly two zeros in | Im x| < qy, for both values of y.
For real E, tq(x̄, E) = tq(x,E), so non-real zeros come in conjugate pairs.

2. The product sin π(x−z1) sin π(x−z2) is 1-periodic, so gE is periodic, analytic and zero-free on
the closed strip | Im x| ≤ qh/2. On the line Im x = qh/2, Im(x− zk) ≥ qh/4, so log | sin π(x− zk)| =
π(qh/2 − Im zk) − log 2 + O(e−πqh/2). Since Im z1 + Im z2 = 0, the logarithm of the product is
πqh−2 log 2+o(1). By Lemma 5.13(1),(3), log |tq| = log |cq,−1(E)|+πqh+o(1) = q(ℓ(E)±ζ/2)+πqh.
So | log |gE | − qℓ(E)| ≤ ζq/2 + O(1) on this line, and likewise on Im x = −qh/2. The function
log |gE | − qℓ(E) is harmonic on the open strip, continuous up to the boundary and periodic, so
by the maximum and minimum principles it is at most ζq in modulus on the whole strip. If u is
harmonic on a closed disk D of radius R and centre xc, each partial derivative ∂iu is harmonic,
so the mean value property and the divergence theorem give ∂iu(xc) = (πR2)−1 ∫

∂D u νi ds, hence
|∂iu(xc)| ≤ (2/R) maxD |u|. Disks of radius R = qh/4 about real points lie in the strip, so
|∇ log |gE || ≤ 8

√
2 ζ/h on the real line, and |g′

E/gE | = |∇ log |gE || by the Cauchy–Riemann equations.
Replacing ζ by ζh/12 at the start gives the claim.

The same count holds on a fixed neighborhood of the spectrum, at every scale. This is needed
to define the phase set at every convergent, including scales where bn is small.

Lemma 5.19 (Two zeros at every scale). Let Hv,α be supercritical and type I. There are a closed
neighborhood U∗ of Σ in R and q∗ such that for every convergent denominator q ≥ q∗ and every
E ∈ U∗, tq(·, E) has exactly two zeros, counted with multiplicity, in each period of the strip
| Im x| < qh/4.

Proof. Uniform hyperbolicity at positive heights. For E ∈ Σ and y ∈ [h/8, 3h/8], the function
L(E, ·) is affine near y by (10), and L(E, y) ≥ ℓ∗ > 0. So the cocycle at height y is regular, hence
uniformly hyperbolic by (A2). By (A3) and compactness there is e0 > 0 such that the cocycles of
all E ∈ U∗ = {E ∈ R : dist(E,Σ) ≤ e0} at all heights y ∈ [h/8, 3h/8] are uniformly hyperbolic.

An affine profile off the spectrum. For E ∈ U∗ each of these cocycles is regular by (A2), so
L(E, ·) is affine on [h/8, 3h/8], with a slope in 2πZ by (A1). The slope is continuous in E by (A3),
hence constant on each component of U∗. Each component meets Σ, where the slope is 2π. So
L(E, y) = a(E) + 2πy on [h/8, 3h/8] for E ∈ U∗, with a continuous and a(E) + πh/4 > 0. We do
not claim a(E) = ℓ(E) off Σ.

The finite harmonic structure on U∗. The proofs of (A.13)–(A.17) and (A.31) in [17, Appendix A]
are written for an arbitrary analytic SL(2,C) cocycle. Applied to the compact family of cocycles of
E ∈ U∗, whose analytic norms are uniformly bounded and whose Lyapunov exponents at the heights
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y ∈ [h/8, 3h/8] depend continuously on E by (A3), they give the two statements of Lemma 5.11
with Σ replaced by U∗ and |y| ≤ δ1 replaced by h/8 ≤ y ≤ 3h/8.

Dominance. Let ϵ ∈ (0, πh/16) and let q be so large that F (y) = max{0,max|k|≤K0 ℓk(y)}, with
ℓk(y) = aq,k − 2πky, is within ϵ of a(E) + 2πy on [h/8, 3h/8]. Each line ℓk lies below F , and has
slope −2πk. Comparing at h/8 and 3h/8,

ℓk(h/4) ≤ a(E) + πh/2 + ϵ− |2π + 2πk|h/8.

For k ̸= −1 this is at most a(E) + πh/2 − πh/4 + ϵ, while F (h/4) ≥ a(E) + πh/2 − ϵ > 0. So the
mode −1 exceeds every other mode |k| ≤ K0 on the line Im x = qh/4 by a factor eq(πh/4−2ϵ), and it
exceeds the exponentially small tail as well. On Im x = −qh/4 the mode +1 dominates in the same
way, since |cq,−k| = |cq,k|. The argument principle concludes as in Lemma 5.18.

Lemma 5.20 (Band-centre curves). Let Hv,α be supercritical and type I. For large q:

1. each band centre Eb has exactly two critical points per period, a maximum and a minimum,
and is strictly monotone on the two arcs between them. Let Turnq be the set of these 2q points;

2. if Eb(x) = Eb(x′) with x ̸= x′, each of the two arcs of T between x and x′ contains a point of
Turnq; in particular |x− x′| ≥ dist(x,Turnq);

3. if x is a real zero of tq(·, E), E real, then the other zero x′ in the strip is real, and either
x′ = x ∈ Turnq, or x′ ̸= x and Eb(x′) = Eb(x) = E for the band b with Eb(x) = E.

Moreover, let c > 0, 0 < ξ < min(c/3, η0) and ζ > 0. For large q with b ≥ c, every band b and every
real x,

4. |∂xtq(x,Eb(x))| ≥ 2πeq(ℓ(Eb(x))−ζ) dist(x,Turnq) and |E′
b(x)| ≥ e−2ζq dist(x,Turnq)/q.

Proof. By Lemma 5.4(1), all band centres lie in U∗ for large q, so Lemma 5.19 applies to their
values. Near a point x with Eb(x) = E, tq(x′, E) = ∏

b′(E − Eb′(x′)) and the factors with b′ ≠ b do
not vanish. So the order of the zero of tq(·, E) at x equals the order of the zero of Eb −E at x, and
the total number of solutions of Eb′(x) = E over all bands, counted with order, is at most two.

1. Eb is not constant, since otherwise tq(·, E) would vanish identically. Let xM and xm be points
of maximum and minimum. Each value strictly between the two extreme values is taken on each of
the two arcs between xM and xm, so it is taken exactly once on each, with order one. Hence Eb is
strictly monotone on both arcs with nonzero derivative, and the extreme values are taken only at
xM and xm.

2. By part 1, x and x′ lie in the interiors of different monotone arcs, so each arc between them
contains xM or xm.

3. If x′ were not real, x̄′ would be a third zero. If x′ = x, the zero is double, so ∂xtq(x,E) = 0
while ∂Etq(x,E) ̸= 0 (Lemma 5.3); hence E′

b(x) = 0 and x ∈ Turnq. If x′ ̸= x and Eb′(x′) = E with
b′ ̸= b, then E is taken by Eb either at a second point or with order two at x; with x′ this gives
three zeros.

4. By Lemma 5.4(1), E = Eb(x) is within C(|δ|/q)1/2 ≤ Ce−cq/2 of Σ, so E ∈ Nq(ξ). If
x′ = x, then x ∈ Turnq and there is nothing to prove. Otherwise Lemma 5.18 gives ∂xtq(x,E) =
πgE(x) sin π(x− x′), and | sin πu| ≥ 2 dist(u,Z), so part 2 gives the first bound. The second follows
from E′

b = −∂xtq/∂Etq and |∂Etq(x,E)| ≤ 2qeq(ℓ(E)+ζ).

Definition 5.21. Let τq = q−3. A point x0 ∈ T is good at scale q if dist(x0,Turnq) ≥ 2τq. Let

Gvα = {θ ∈ T : qnθ mod 1 is good at scale qn for all sufficiently large n},

and for θ ∈ Gvα let nvG(θ) be an index from which on this holds.

28



Lemma 5.22. Let Hv,α be supercritical and type I. Then Gvα has full Lebesgue measure. If v is
even, then Gα ⊂ Gvα.
Proof. The set of points that are not good at scale q is a union of at most 2q arcs of length 4τq,
of measure at most 8q−2. The map θ 7→ qθ preserves Lebesgue measure, and ∑n q

−2
n < ∞, so the

Borel–Cantelli lemma gives full measure. If v is even, tq(−x,E) = tq(x,E), so Eb(−x) = Eb(x)
and, by periodicity, Eb(1

2 + x) = Eb(1
2 − x). Hence 0 and 1

2 are critical points of every Eb,
and by Lemma 5.20(1) Turnq = {0, 1

2}. Since | sin 2πx0| ≤ 2π dist(x0, {0, 1
2}), the condition

| sin 2πqnθ| ≥ q−2
n implies goodness once qn ≥ 4π.

The only place where the phase set must be defined at every convergent is the Borel–Cantelli
argument above. If one prefers not to use Lemma 5.19, one may instead intersect, over k ∈ N, the
sets of phases that are good at all large n with bn ≥ 1/k. At those scales the band centres lie in
Nq(ξ) for ξ < 1/(3k), so Lemmas 5.18 and 5.20 suffice. This also gives a full-measure set on which
Theorem 5.25 below applies at every selected scale, and it contains Gvα.
Lemma 5.23 (Geometry at good phases). Let Hv,α be supercritical and type I, c > 0, 0 < ξ <
min(c/3, η0) and ζ ′ > 0. For large q with b ≥ c, every x0 good at scale q and every E ∈ Nq(ξ), with
τ = τq and S0 = {x : |x− x0| ≤ τ/8}, at least one of the following holds:

(i) |tq(x,E)| ≥ τ2eq(ℓ(E)−ζ′) for every x ∈ S0;

(ii) tq(·, E) has a simple real zero zE with |zE − x0| ≤ 3τ/8. On {|x − zE | ≤ τ/8} it is strictly
monotone with |∂xtq(x,E)| ≥ τeq(ℓ(E)−ζ′/10), and |tq(x,E)| ≥ 2τeq(ℓ(E)−ζ′/10)|x − zE | for
x ∈ S0.

Proof. Apply Lemmas 5.18 and 5.20 with ζ = ζ ′/20; for large q every band centre lies in Nq(ξ)
(Lemma 5.4(1), ξ < c/3). Let z1, z2 be the zeros of Lemma 5.18, with g = gE . Distances from complex
points to S0 are taken in the metric of the cylinder (R/Z)×R; for complex w, | sin πw| ≥ 2 dist(w,Z),
because | sin π(u+ iy)|2 = sin2 πu+ sinh2 πy.

Case A: both zeros are at distance at least τ/4 from S0. Then on S0, |tq| ≥ eq(ℓ(E)−ζ)(τ/2)2,
which gives (i).

Case B: exactly one zero, z1, is within τ/4 of S0, and |z1 − z2| ≥ τ . If z1 were not real, z̄1
would be a zero at the same distance from the real set S0; so z1 is real, and then so is z2. Also
|z1 − x0| ≤ 3τ/8. For real x with |x− z1| ≤ τ/8, write Sk = sin π(x− zk) and Ck = cosπ(x− zk).
Then |S1| ≤ πτ/8, |C1| ≥ 0.99 and |S2| ≥ 7τ/4, so

|∂xtq| = |g′S1S2 + πg(C1S2 + S1C2)| ≥ |g|
(
5.4τ − 1.24τ − 0.01τ

)
≥ 4τ |g|.

This derivative is continuous and nonzero, hence of fixed sign. For x ∈ S0, |x − z1| ≤ τ/2 and
|x− z2| ≥ τ/2, so |tq(x,E)| ≥ |g| · 2|x− z1| · τ . With |g| ≥ eq(ℓ(E)−ζ) this is (ii), with zE = z1.

Case C: some zero is within τ/4 of S0, and |z1 − z2| < τ . Then one zero is within 3τ/8 of x0
and the other within 11τ/8.

C1. Both zeros real. If z1 = z2, then z1 ∈ Turnq by Lemma 5.20(3). Otherwise they are two
preimages of E under one band centre, and the shorter arc between them, which lies within 11τ/8
of x0, contains a point of Turnq by Lemma 5.20(2). Both contradict dist(x0,Turnq) ≥ 2τ .

C2. A conjugate pair z, z̄ with | Im z| ≥ ϵI := e−ζ′q/4τ . For real x, | sin π(x− z)| ≥ 2| Im z|, so
|tq| ≥ 4eq(ℓ(E)−ζ)ϵ2I ≥ τ2eq(ℓ(E)−ζ′) on S0. This is (i).

C3. A conjugate pair with | Im z| < ϵI . We show this is impossible. Let x1 = Re z, so
|x1 − x0| ≤ 3τ/8, and dist(x,Turnq) ≥ τ for |x− x1| ≤ τ/2. Let p(u) = tq(x1, u). Its roots are the
band centres ei = Ei(x1); put ℓi = ℓ(ei). First,

|p(E)| = |g(x1)| sinh2(π| Im z|) ≤ eq(ℓ(E)+ζ)(2πϵI)2 ≤ 4π2eq(ℓ(E)−0.45ζ′)τ2.
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At each root, by (11) and Lemma 5.20(4),

|p′(ei)| ≥ µi := qτ

∥v′∥
eq(ℓi−ζ).

By Corollary 5.6, |p′′| ≤ Ki := 8q2eq(ℓi+ζ) within 1/q of ei. With ρi = µi/(4Ki), |p′| ≥ µi/2 with a
fixed sign on [ei − ρi, ei + ρi], so

|p(ei ± ρi)| ≥ µiρi/2 = τ2eq(ℓi−3ζ)

64∥v′∥2 .

These neighborhoods are pairwise disjoint: overlapping neighborhoods of two consecutive roots
would contain a critical point of p between them, where |p′| ≥ µi/2 fails. Suppose E lies outside all
of them. If E lies between consecutive roots ei < ei+1, then log |p| is concave on [ei + ρi, ei+1 − ρi+1],
since (log |p|)′′ = −

∑
k(u− ek)−2. Interpolate between the two endpoint bounds with their affine

weights. By Lemma 5.4(2) some root is within C/q of E, so one endpoint, say ei, is within C/q
of E, and ℓi = ℓ(E) + o(1). If ei+1 is within q−1/2 of E, then also ℓi+1 = ℓ(E) + o(1). Otherwise
the weight of the far endpoint is O(q−1/2), and since ℓ is bounded near Σ, it costs only O(q1/2) in
log |p(E)|. In both cases

log |p(E)| ≥ q(ℓ(E) − 4ζ) + 2 log τ −O(q1/2).

If E lies beyond the largest or below the smallest root, |p| is monotone there and the nearest root,
within C/q, gives the same bound. With 4ζ = 0.2ζ ′ this contradicts the upper bound on |p(E)| for
large q. Hence E lies in some [ei − ρi, ei + ρi], and

|E − ei| ≤ 2|p(E)|
µi

≤ C
τ

q
e−0.35ζ′q.

On {|x − x1| ≤ τ/2} the band centre Ei is strictly monotone, since this arc contains no turning
point, and |E′

i| ≥ e−2ζqτ/q by Lemma 5.20(4). So Ei takes every value within τ2e−0.1ζ′q/(2q) of ei
on this arc. Since Cτe−0.35ζ′q/q is smaller for large q, E = Ei(x) for some real x, a real zero of
tq(·, E). This contradicts the assumption that its two zeros form a non-real conjugate pair.

The cases are exhaustive. If both zeros are within τ/4 of S0, which has length τ/4, they are less
than τ apart, which is Case C.

Lemma 5.24. Let Hv,α be supercritical and type I, c > 0, 0 < ξ < min(c/3, η0) and ζ > 0. For
large q with b ≥ c and every x0 good at scale q, (W) holds at (q, x0, τq).

Proof. Apply Lemma 5.23 with ζ ′ = ζ and let E ∈ Nq(ξ). The arc {|x− x0| ≤ τ/16} lies in S0. In
case (i), ZE = ∅. In case (ii), let JE = {|x− zE | ≤ τ/8}, on which tq(·, E) is strictly monotone with
|∂xtq| ≥ τeq(ℓ(E)−ζ). A point of ZE lies in S0 and satisfies 2τeq(ℓ(E)−ζ/10)|x− zE | < τ2eq(ℓ(E)−ζ), so
|x− zE | < τ/16.

Theorem 5.25 ((M2) for type I potentials). Let Hv,α be supercritical and type I. Fix c > 0,
0 < d < B, ε > 0 and m > 0. There are C and n1 such that for every n ≥ n1 with bn ≥ c, every
phase θ for which qnθ mod 1 is good at scale qn, and every T with edqn ≤ T ≤ eBqn,

P (Rn(T ), T ) ≤ CT−m.

In particular (M2) holds for every θ ∈ Gvα, with n0 = max(n1, n
v
G(θ)).

Proof. Choose ξ < min{ε, c, d, ℓ∗, 1, η0}/100 and ζ < ξ/100. Lemma 5.24 gives (W) at (qn, qnθ, τqn),
and Theorem 5.15 applies.
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5.9 The transport law for type I potentials

Theorem 5.26. Let v be real analytic, α irrational, and Hv,α supercritical and type I. Let ℓ∗ =
minΣ ℓ.

1. If β(α) < ∞, then for every θ ∈ Gvα,

α+
u (Hv,α,θ) = max

{
0, 1 − ℓ∗

β(α)
}
,

read as 0 when β(α) = 0. Moreover P (T a, T ) = O(T−m) for every a > max{0, 1 − ℓ∗/β(α)}
and m > 0.

2. If β(α) = 0, part 1 holds for every phase. If β(α) = ∞, then α+
u (Hv,α,θ) = 1 for every phase.

3. If 0 < β(α) < ∞, then α+
u (Hv,α,θ) ≥ 1 − ℓ∗/β(α) for every phase.

If v is even, Gvα ⊃ Gα.

Proof. Upper bound. Let θ ∈ Gvα and β = β(α) < ∞. By Theorems 5.9 and 5.25, Hv,α,θ satisfies
(M1) and (M2ℓ∗). Theorem 3.3 gives P (T a, T ) = O(T−m) for every a > max{0, 1 − ℓ∗/β} and every
m > 0, and α+

u ≤ max{0, 1 − ℓ∗/β}.
Lower bound. The potential v is Lipschitz, and ℓ is continuous by [6, Theorem 1], in particular

near a point of Σ where it attains ℓ∗. So Theorem 4.1 applies with ℓ = ℓ∗ and gives part 3, which
with the upper bound gives part 1 when β > ℓ∗. When β ≤ ℓ∗ the claimed value is 0.

Endpoints. The case β = 0 is Corollary 5.10. For β = ∞, the Lyapunov exponent has no zeros,
since it is positive on Σ and, by (A3), off Σ; so the dynamics is quasiballistic, β+(p) = 1 for every
p > 0, for every phase, by [19, Theorem 3(2)] (numbering of arXiv:1510.07086v2; there it is derived
from Theorem 7, which holds for every phase). The moments there are those of (3), and α+

u ≤ 1
always. The last sentence is Lemma 5.22.

Theorem 5.26 is Theorem A. For the almost Mathieu operator, which is even, supercritical and
type I with ℓ∗ = log λ, it gives α+

u = max{0, 1 − log λ/β(α)} on the phase set Gα. The companion
paper [12] proves this case independently, through a conserved polynomial.

5.10 Covariance

A potential may have a fundamental period shorter than one. If v(x) = w(sx) for an integer s ≥ 2,
then Hv,α,θ = Hw,sα,sθ, and the relevant arithmetic is that of sα.

Proposition 5.27 (Chebyshev identity). Let v(x) = w(mx) with w real analytic and m ≥ 1 an
integer. Let p/q be a convergent of α with m | q, and put q′ = q/m. Then p/q′ is a convergent of
mα, with q′(mα) − p = qα− p, and for all x,E

t(v)
q (x,E) = 2Tm

(1
2 t

(w)
q′ (x,E)

)
,

where Tm is the Chebyshev polynomial, t(v)
q is the discriminant of v at p/q, and t

(w)
q′ that of w at

p/q′, both in the variable x of Section 5.2.

Proof. Since gcd(p, q) = 1, also gcd(p, q′) = 1. Moreover |mα− p/q′| = |qα− p|/q′ < 1/(q′qn+1) ≤
1/(2q′2) when m ≥ 2, because qn+1 > q = mq′; by Legendre’s theorem [20, Chapter II], p/q′ is a
convergent of mα. For the identity, v(φ+ kp/q) = w(mφ+ kp/q′), a q′-periodic sequence in k. So
the q-step transfer matrix of v at phase φ is Mm, where M is the q′-step transfer matrix of w at
phase mφ. For M ∈ SL(2,C), trMm = 2Tm(trM/2). Finally q′(mφ) = qφ = x.
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At a zero of t(v)
q (·, E), 1

2 t
(w)
q′ equals one of the numbers cos((2j − 1)π/(2m)), and ∂xt

(v)
q =

T ′
m(1

2 t
(w)
q′ ) ∂xt(w)

q′ with |T ′
m| ≤ m2 on [−1, 1]. By Corollary 5.6 applied to w at frequency mα, whose

Lyapunov exponent is that of v at α, the phase derivative of t(v)
q at its real zeros near Σ is at most

m2eq(ℓ(E)+ζ)/m, not of size eqℓ(E). So at scales divisible by m the geometry of Lemma 5.23 fails for
v. This is how the frequency sα, rather than α, enters in the next theorem. We do not use, and do
not claim, any statement about the individual distances between the clustered zeros.

Lemma 5.28. For every irrational α and integer s ≥ 1, β(α) ≤ β(sα) ≤ sβ(α).

Proof. For irrational y, β(y) = lim supk→∞ k−1 log(1/∥ky∥), where ∥ · ∥ is the distance to Z. Indeed,
if qn ≤ k < qn+1 are the convergent denominators of y, the best approximation property gives
∥ky∥ ≥ ∥qny∥ > 1/(qn+1 + qn) ≥ 1/(2qn+1) [20, Chapter II], so k−1 log(1/∥ky∥) ≤ q−1

n log(2qn+1);
and k = qn gives q−1

n log(1/∥qny∥) > q−1
n log qn+1. Now ∥ksα∥ ≤ s∥kα∥ gives β(sα) ≥ β(α), and

k−1 log(1/∥k(sα)∥) = s · (sk)−1 log(1/∥(sk)α∥) gives β(sα) ≤ sβ(α).

Theorem 5.29 (Covariance). Let v be a nonconstant real-analytic function on T, let s ≥ 1 be
the greatest common divisor of the frequencies k ̸= 0 with v̂(k) ̸= 0, and let w be the real-analytic
function with v(x) = w(sx). Then Hv,α,θ = Hw,sα,sθ for every θ, and the two families have the same
spectrum and the same Lyapunov exponent. Assume that Hw,sα is supercritical and type I, and let
ℓ∗ be the minimum of its Lyapunov exponent on its spectrum. Then:

1. if β(sα) < ∞, then for every θ with sθ ∈ Gwsα, a set of full measure,

α+
u (Hv,α,θ) = max

{
0, 1 − ℓ∗

β(sα)
}
,

read as 0 when β(sα) = 0;

2. if β(sα) = 0 this holds for every θ, and if β(sα) = ∞, then α+
u (Hv,α,θ) = 1 for every θ.

Moreover β(α) ≤ β(sα) ≤ sβ(α); in particular β(sα) is 0 or ∞ exactly when β(α) is.

Proof. The function w(y) = ∑
k v̂(sk)e2πiky is real analytic, and v(θ + nα) = w(sθ + nsα) for

every n. The spectra agree because the operators agree. The transfer matrices satisfy A(v)
r (E, x) =

A
(w,sα)
r (E, sx), and

∫
T f(sx) dx =

∫
T f , so the Lyapunov exponents agree. The map θ 7→ sθ preserves

Lebesgue measure, so the preimage of the full-measure set Gwsα (Lemma 5.22) has full measure.
Apply Theorem 5.26 to (w, sα, sθ), and Lemma 5.28.

Remark 5.30. In the same way Lv(E, y) = Lw(E, sy), where Lw is computed at frequency sα. So
the acceleration of v is s times that of w, and for s ≥ 2 the operator Hv,α is not of type I even
when Hw,sα is. For example v(x) = 2λ cos(2πsx) with λ > 1 has acceleration s on its spectrum;
Theorem 5.29 gives α+

u = max{0, 1 − log λ/β(sα)} for almost every phase, and β(sα) can exceed
β(α). For potentials with s = 1 whose acceleration exceeds one somewhere on the spectrum,
Theorem 5.9 and Corollary 5.10 still apply, but the exact law at finite positive β(α) is not proved
here; Section 7 proves it under a separation hypothesis.

6 Every moment and local dimensions
Theorem A concerns the farthest polynomial tails. The construction of Section 4 moves only a
polynomially small part of the packet, which says nothing about a fixed moment. This section shows
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that a fixed fraction of the packet reaches the critical distance at resonant times, which controls
every moment, and it resolves both the transport and the spectral measure energy by energy. Three
ingredients enter. An arcsine law says that, at resonant scales, the rational discriminant evaluated
along the spectral measure is distributed like the discriminant of a periodic operator. An elliptic-run
estimate says that, at an energy where the local transfer matrices are elliptic with a margin, the
Weyl solution keeps its size over a long run of periods and carries a fixed fraction of its mass beyond
it. A Taylor expansion of energy filters transfers both to packets localized in energy.

6.1 Notation

Let σ be the arcsine law on [−2, 2], with density π−1(4 − x2)−1/2; its moments are mk =
( k
k/2
)

for
even k and mk = 0 for odd k. For 0 < β < ∞ and ℓ ∈ R put Fβ(ℓ) = max{0, 1 − ℓ/β}; put F0 ≡ 0
and F∞ ≡ 1. For a phase θ and a convergent pn/qn let

∆n(E) = ∆θ(E) = trA(pn/qn)
qn (E, θ),

the discriminant of the pn/qn-periodic operator Hv,pn/qn,θ. For a finite Borel measure µ on R and
E ∈ R, the upper local dimension is d+

µ (E) = lim supr↓0 logµ([E − r, E + r])/ log r. The upper and
lower packing dimensions of µ are the µ-essential supremum and infimum of d+

µ , written dim+
P (µ)

and dim−
P (µ). Recall that µθ is the spectral measure of δ0 for Hv,α,θ.

Lemma 6.1 (Periodic magic formula [10]). Let Hper be a q-periodic Schrödinger operator on ℓ2(Z)
with hopping one and discriminant ∆. Then ∆(Hper) = Sq + S−q.

This is the elementary direction of [10, Theorem 3.1], proved there by Floquet decomposition
(equations (3.5)–(3.6)). The hypotheses hold: the operator is bounded, two-sided, periodic and has
positive off-diagonal entries. Since ∆n is the discriminant of Hv,pn/qn,θ, the law of ∆n under the
spectral measure of δ0 for that periodic operator is exactly σ: its moments are ⟨δ0, (Sq +S−q)kδ0⟩ =
mk. The next two lemmas transfer this to the irrational operator.

6.2 The arcsine law

Lemma 6.2 (Arcsine law at strongly resonant scales). Let v be Lipschitz, θ ∈ T, Lmax = maxΣ L,
and let N be an infinite set of indices with bn ≥ c > Lmax for n ∈ N . For every real g ∈ C∞

c (R)
and every integer k ≥ 0, ∫

g∆k
n dµθ → mk

∫
g dµθ (n → ∞, n ∈ N ).

Consequently, if g ≥ 0, then
∫
g ϕ(∆n) dµθ → σ(ϕ)

∫
g dµθ for every bounded continuous ϕ.

Proof. Fix h ∈ (Lmax, c). Let U ⊃ Σ and C be given by Lemma 2.4 with K = Σ, and C ′ by
Lemma 2.5. Write q = qn, p = pn, δ = δn, F = Sq + S−q and Q = ∆n(Hv,α,θ). Since ∆n is a real
polynomial of degree q, Q is a real symmetric operator with ⟨δi, Qδj⟩ = 0 for |i− j| > q.

Rows. Fix j ∈ Z with |j| ≤ (k + 1)q. Let φj = θ + j(α − p/q) and Bj = Hv,p/q,φj , whose
potential at site i is v(θ + jα+ (i− j)p/q). It agrees with the potential of H = Hv,α,θ at i = j and
differs from it by at most Lip(v)|i− j||α − p/q| ≤ Lip(v)|δ| for |i− j| ≤ q. Let Cj be Bj with its
potential on [j − q, j + q] replaced by that of H, so ∥Bj −Cj∥ ≤ Lip(v)|δ|. A path of length at most
q starting at j stays in [j − q, j + q], so the j-th rows of ∆θ(Cj) and Q coincide. The discriminant
of Bj is ∆φj , so by Lemma 6.1 the j-th row of ∆φj (Bj) is that of F . Hence the j-th row of Q− F
is the j-th row of [

∆θ(Cj) − ∆θ(Bj)
]

+
[
∆θ(Bj) − ∆φj (Bj)

]
.
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By Lemma 2.7, σ(Bj) ⊂ Σp/q lies within C|δ/q|1/2 of Σ, and σ(Cj) lies within Lip(v)|δ| of σ(Bj).
Fix an open U ′ with Σ ⊂ U ′ ⊂ U ′ ⊂ U . For large n both spectra lie in U ′, uniformly in j. Since
|φj − θ| = |j||δ|/q, Lemma 2.5(2) bounds the norm of the second bracket by 2C ′2 Lip(v)ehq|j||δ| ≤
2(k + 1)C ′2 Lip(v)qehq|δ|. For the first bracket fix χ ∈ C∞

c (U) with χ = 1 on U ′ and put f = χ∆θ;
then f(Bj) = ∆θ(Bj) and f(Cj) = ∆θ(Cj). For bounded self-adjoint B,C, Fourier inversion and
∥eitB − eitC∥ ≤ |t| ∥B − C∥ give

∥f(B) − f(C)∥ ≤ ∥B − C∥
2π

∫
R

|t| |f̂(t)| dt ≤ c ∥B − C∥ ∥f∥H2(R),

by the Cauchy–Schwarz inequality and
∫
t2(1 + t2)−2 dt < ∞. By Lemma 2.5(2), ∥f∥H2 ≤ Cχq

2ehq.
Altogether each row of Q − F with index |j| ≤ (k + 1)q has ℓ2 norm at most rn := Ckq

2ehq|δ| =
Ckq

2e(h−bn)q, which tends to zero exponentially.
Restricted norm. Let Pk = 1[−kq,kq]. The operator (Q − F )Pk has nonzero rows only in

[−(k + 1)q, (k + 1)q], and every row and column of Q− F has at most 2q + 1 nonzero entries. Since
Q− F is symmetric, the ℓ1 norms of the rows and columns of (Q− F )Pk are at most

√
2q + 1 rn,

and the Schur test gives ∥(Q− F )Pk∥ ≤ εn :=
√

2q + 1 rn → 0.
Moments. For i ≤ k the vectors Qiδ0 and F iδ0 are supported in [−iq, iq]. Let ei = ∥Qiδ0 −F iδ0∥.

For i < k, ∥Qϕ∥ ≤ (2 + εn)∥ϕ∥ for ϕ supported in [−kq, kq], so

ei+1 ≤ ∥Q(Qiδ0 − F iδ0)∥ + ∥(Q− F )F iδ0∥ ≤ (2 + εn)ei + εn2i,

and ek ≤ (2 + εn)k − 2k → 0. Now F kδ0 = ∑
i

( k
(k+i)/2

)
δiq, the sum over |i| ≤ k with i ≡ k mod 2.

Hence∫
g∆k

n dµθ = ⟨g(H)δ0, Q
kδ0⟩ = mk

∫
g dµθ +

∑
i̸=0

(
k

(k + i)/2

)
⟨g(H)δ0, δiq⟩ +O(∥g∥∞ek).

By Lemma 2.8, |⟨δiq, g(H)δ0⟩| ≤ Cg|iq|−1 → 0 for i ̸= 0. This proves the first claim.
For g ≥ 0 with

∫
g dµθ > 0, the probability measures (∆n)∗(gµθ)/

∫
g dµθ have moments

converging to those of σ. The law σ has compact support, so it is determined by its moments, and
convergence of all moments to those of a moment-determinate law implies weak convergence [5,
Theorems 30.1 and 30.2]. If

∫
g dµθ = 0 there is nothing to prove.

The hypothesis bn > Lmax enters only through the global comparison of ∆n(H) with F . For
type I potentials the window estimate of Section 5 makes the comparison local in energy, and the
hypothesis can be weakened to bn > L(E0) near a given energy E0.

Lemma 6.3 (Localized arcsine law). Let v be real analytic with Hv,α supercritical and type I, and
let θ ∈ Gvα. Let E0 ∈ R and γ > 0, and let N be an infinite set of indices with bn ≥ ℓ(E0) + 30γ for
n ∈ N . For every real g ∈ C∞

c (R) supported in {E : |ℓ(E) − ℓ(E0)| < γ} and every ϕ ∈ C1
c (R),∫

g ϕ(∆n) dµθ − σ(ϕ)
∫
g dµθ → 0 (n → ∞, n ∈ N ).

If g ≥ 0, the same holds for every bounded continuous ϕ.

Proof. Write q = qn, p = pn, δ = δn, b = bn, ℓ0 = ℓ(E0), Jg = supp g, H = Hv,α,θ, and let Y =
Hv,p/q,θ, the periodic operator whose discriminant is ∆n. Their potentials satisfy |VH(k) − VY (k)| ≤
Lip(v)|k||δ|/q. Put T = Tn = e(ℓ0+2γ)q, z = E + i/T , GH = (H − z)−1δ0 and GY = (Y − z)−1δ0.
Write µY for the spectral measure of δ0 and Y .
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Step 1: confinement on Jg. Apply Theorem 5.15 with c = ℓ0 + 30γ, d = ℓ0 + γ, B = ℓ0 + 3γ,
ε = γ/2, m = 1, and with ξ < min{γ/2, c, d, ℓ∗, 1, η0}/100 and ζ < ξ/100. Since θ ∈ Gvα,
Lemma 5.24 gives (W) at (qn, qnθ, τqn) for all large n ∈ N . Let R = e4γq. If E ∈ Jg and
dist(E,Σ) ≤ e−ξq, then ℓ(E) > ℓ0 − γ, so e11ξq[1 + Te−ℓ(E)q] ≤ e11ξq(1 + e3γq) ≤ R for large q, and
part 2 of Theorem 5.15 gives ∥1{|k|>R}GH∥ ≤ 4T−1. If E ∈ Jg and dist(E,Σ) ≥ e−ξq, part 3 gives
∥1{|k|>R}GH∥2 ≤ 64e3ξq exp(−e(4γ−ξ)q/4) ≤ 16T−2 for large q. So ∥1{|k|>R}GH∥ ≤ 4T−1 for every
E ∈ Jg and all large n ∈ N .

Step 2: comparison with the periodic operator. The second resolvent identity gives GH −GY =
−(Y − z)−1(VH − VY )GH , and ∥(Y − z)−1∥ ≤ T . Splitting the multiplication by VH − VY into
|k| ≤ R and |k| > R,

∥GH −GY ∥ ≤ T Lip(v)R|δ| ∥GH∥ + 8∥v∥∞ (E ∈ Jg).

Put D2 = (πT )−1 ∫
Jg

∥GH −GY ∥2 dE. Since (πT )−1 ∫
R ∥GH∥2 dE = 1 by Lemma 2.1, Minkowski’s

inequality gives

D ≤ T Lip(v)R|δ| + 8∥v∥∞
(
|Jg|/(πT )

)1/2 ≤ Ce(ℓ0+6γ−b)q + CT−1/2 → 0,

because b ≥ ℓ0 + 30γ. For every bounded Borel f supported in Jg, writing ∥GH∥2 − ∥GY ∥2 =
⟨GH −GY , GH⟩ + ⟨GY , GH −GY ⟩ and using the Cauchy–Schwarz inequality and the normalization
for H and Y , ∣∣∣ 1

πT

∫
f(E)

(
∥GH∥2 − ∥GY ∥2) dE∣∣∣ ≤ 2∥f∥∞D.

Step 3: smoothing. By Lemma 2.1, (πT )−1 ∫ f∥GH∥2dE =
∫

P1/T ∗ f dµθ, and the same holds
for Y and µY . For a Lipschitz function f and ϵ ∈ (0, 1],

|Pϵ ∗ f − f | ≤ Lip(f)
∫

|u|≤1
|u|Pϵ(u) du+ 2∥f∥∞

∫
|u|>1

Pϵ ≤ Lip(f) ϵ log(1 + ϵ−2) + 2∥f∥∞ϵ.

Apply this to fn = g ϕ(∆n), whose derivative is supported in Jg. Since ℓ < ℓ0 +γ on Jg, Lemmas 2.4
and 2.5(2) withK = Jg and h = ℓ0+3γ/2 give supJg |∆′

n| ≤ Cqe(ℓ0+3γ/2)q, so Lip(fn) ≤ Cqe(ℓ0+3γ/2)q

and Lip(fn)T−1 log T → 0. Together with Step 2,∫
fn dµθ −

∫
fn dµY → 0,

∫
g dµθ −

∫
g dµY → 0.

Step 4: the periodic operator. By Lemma 6.1, ∆n(Y ) = Sq + S−q, and σ(Y ) = {|∆n| ≤ 2}. For
a polynomial P ,∫

g P (∆n) dµY = ⟨g(Y )δ0, P (Sq + S−q)δ0⟩ = σ(P )
∫
g dµY + o(1),

because (Sq + S−q)kδ0 is a combination of the vectors δiq, and |⟨δiq, g(Y )δ0⟩| ≤ Cg|iq|−1 for i ≠ 0
by Lemma 2.8, uniformly in the periodic operator. The signed measure (∆n)∗(gµY ) is supported in
[−2, 2] and has total variation at most ∥g∥∞. Approximating ϕ uniformly on [−2, 2] by polynomials
gives

∫
g ϕ(∆n) dµY − σ(ϕ)

∫
g dµY → 0. Combined with Step 3, this proves the first claim.

If g ≥ 0, the measures (∆n)∗(gµθ) have the fixed total mass
∫
g dµθ, and they converge vaguely

to σ
∫
g dµθ because C1

c is dense in C0. With conservation of mass this is weak convergence.
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6.3 The elliptic run

In this subsection v is Lipschitz, θ ∈ T, p/q is a convergent of α with δ = qα− p, and z = E + iε
with E real and ε > 0. Let u ∈ ℓ2(Z≥0) satisfy

u(k + 1) + u(k − 1) + v(θ + kα)u(k) = zu(k) (k ≥ 1).

For m ≥ 0 put xm = θ + (mq + 1)α, Am(w) = Aq(w, xm) and Ψm = (u(mq + 1), u(mq))T, so that
Ψm+1 = Am(z)Ψm and u(mq + 1 + r) = eT

1Ar(z, xm)Ψm for 0 ≤ r < q. The block masses are
Mm = ∑

r<q |u(mq + 1 + r)|2. When Am(E) is elliptic, a frame is a matrix Bm ∈ SL(2,R) with
Bm(i) the fixed point of Am(E) in the upper half-plane, so that B−1

m Am(E)Bm = Rϱm is a rotation
(Lemma 4.2(4)). Given a frame we put

u(m)
r = eT

1Ar(E, xm)Bm, Sm =
∑
r<q

∥u(m)
r ∥2, Gm =

∑
r<q

(u(m)
r )Tu(m)

r , Φm = B−1
m Ψm.

Then Gm is real, symmetric and positive semidefinite with trace Sm, and Sm = SAm(E) in the
notation of Section 4.

Lemma 6.4 (Elliptic run). Let 0 < η ≤ 1 and suppose | trA0(E)| ≤ 2 − η. Let B0 be a frame
for A0(E), put κ = (Lip(v) + 1) max(ε, |δ|) and K = ⌊η3/2/(210κS0)⌋, and assume K ≥ 8. Let
m0 = ⌈K/2⌉. Then

∑
k≥m0q+1

|u(k)|2 ≥ η5/2

222
∥Φ0∥2

κ
,

∑
k≥1

|u(k)|2 ≤
(1
κ

+ 2
ε

)
∥Φ0∥2, |u(0)|2 ≤ ∥B0∥2∥Φ0∥2.

The run has about Kq sites, of order q/(max(ε, |δ|)S0) up to factors depending on η and Lip(v).
The lemma controls the size of the conjugated vectors Φm and the masses of pairs of adjacent blocks;
it says nothing about individual sites, where a standing wave may have nodes.

Proof. Margin. If M ∈ SL(2,R) and | trM | ≤ 2 − η/2, then M is elliptic, conjugate to a rotation
Rϱ with | cos ϱ| ≤ 1 − η/4, and | sin ϱ| ≥ s0 := √

η/2, since sin2 ϱ ≥ η/2 − η2/16 ≥ η/4.
Step 1: from one block to the next. Since xm+1 = xm + δ mod 1, the potentials of block m+ 1

and block m at the same position r are v(xm + δ + rα) and v(xm + rα); they differ by at most
Lip(v)|δ|. Suppose Am(E) has a frame Bm. Lemma 4.2(5) gives, for 0 ≤ r ≤ q,

Ar(E, xm+1)Bm = Ar(E, xm)BmΠr, ∥Πr − I∥ ≤ ym := eLip(v)|δ|Sm − 1,

and in the same way Ar(z, xm)Bm = Ar(E, xm)BmΠr(iε) with ∥Πr(iε)−I∥ ≤ eεSm−1. In particular
B−1
m Am+1(E)Bm = RϱmΠq and | trAm+1(E) − trAm(E)| ≤ 2ym.

Step 2: frame update. Let M ′ = Rϱ(I + Y ) ∈ SL(2,R) with | sin ϱ| ≥ s0 and ∥Y ∥ ≤ y ≤ s0/8.
Conjugation by the unitary Cayley matrix 2−1/2( 1 −i

1 i

)
maps SL(2,R) acting on the upper half-plane

to matrices
(
a b
b̄ ā

)
with |a|2 − |b|2 = 1 acting on the disc, maps i to 0, maps Rϱ to diag(e−iϱ, eiϱ) and

preserves operator norms. So |b| ≤ y and |a−e−iϱ| ≤ y, hence | Im a| ≥ s0 −y ≥ s0/2 > |b|. Then M ′

is elliptic, and its fixed point in the disc has modulus |b|/(| Im a| + ((Im a)2 − |b|2)1/2) ≤ 2y/s0 ≤ 1/4.
Since log 1+r

1−r ≤ 3r for 0 ≤ r ≤ 1/2, the fixed point w′ of M ′ in the upper half-plane satisfies
d(i, w′) ≤ 6y/s0. Apply this to M ′ = B−1

m Am+1(E)Bm = RϱmΠq, with y = ym, whenever
| sin ϱm| ≥ s0 and ym ≤ s0/8. Let Nm ∈ SL(2,R) be the positive symmetric matrix with Nm(i) = w′;
then ∥Nm∥2 = ∥N−1

m ∥2 = ed(i,w′) ≤ edm with dm := 12ym/s0. The matrix Bm+1 := BmNm is a
frame for Am+1(E), because Bm+1(i) = Bm(w′) is the fixed point of Am+1(E) = BmM

′B−1
m .
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Step 3: bootstrap. We show by induction on m ≤ K that frames are defined and

| trAm(E)| ≤ 2 − η/2, Sm ∈ [S0/2, 2S0], ∥Φm∥ ∈ [∥Φ0∥/2, 2∥Φ0∥]. (16)

This holds at m = 0. Assume it for all j < m. Since K ≥ 8, κS0 ≤ η3/2/213 and KκS0 ≤ η3/2/210.
Using Lip(v)|δ| ≤ κ and ex − 1 ≤ 2x for 0 ≤ x ≤ 1, for j < m,

yj ≤ 2 Lip(v)|δ|Sj ≤ 4κS0 ≤ η3/2/211 ≤ s0/8.

By Step 2 the frames Bj+1 are defined. By Step 1, | trAm(E) − trA0(E)| ≤ 2∑j<m yj ≤ 8KκS0 ≤
η/2, which gives the first claim in (16). Next, with Πr the factors of Step 1 for the block j,
u

(j+1)
r = eT

1Ar(E, xj+1)BjNj = u
(j)
r ΠrNj , so

Sj(1 − yj)2e−dj ≤ Sj+1 ≤ Sj(1 + yj)2edj ,

and | log(Sm/S0)| ≤
∑
j<m(3yj + dj) ≤

∑
j<m 27yj/

√
η ≤ 108KκS0/

√
η ≤ 108η/210 < 0.11. Finally

Φj+1 = N−1
j

[
B−1
j Aj(z)Bj

]
Φj , and B−1

j Aj(z)Bj = RϱjΠq(iε) and its inverse have norm at most
eεSj , since a 2 × 2 matrix of determinant one and its inverse have the same norm. Since ε ≤ κ,∣∣log(∥Φm∥/∥Φ0∥)

∣∣ ≤
∑
j<m

(
εSj + dj/2

)
≤ 2KκS0 + 48KκS0/

√
η < 0.05.

This proves (16) for m.
Step 4: pairs of blocks. Let G be a real symmetric positive semidefinite 2 × 2 matrix with trace

S, and R = Rϱ. Write G = (S/2)I +G0 with G0 traceless and ∥G0∥ = g ≤ S/2. Conjugation by R
rotates G0 by the angle 2ϱ in the plane of traceless symmetric matrices, so ∥G0+RTG0R∥ = 2g| cos ϱ|
and

G+RTGR ≥ S(1 − | cos ϱ|) I.

This is an inequality between Hermitian matrices, so Φ∗(G + RTGR)Φ ≥ S(1 − | cos ϱ|)∥Φ∥2 for
every Φ ∈ C2. Now fix m < K. By Step 1,

Mm =
∑
r

∣∣u(m)
r Πr(iε)Φm

∣∣2, Mm+1 =
∑
r

∣∣u(m)
r ΠrΠ′

r(iε)RϱmΠq(iε)Φm

∣∣2,
where Π′

r(iε) is the factor of Lemma 4.2(5) for the complex shift of block m+ 1, computed with the
rows u(m)

r Πr in the frame Bm, whose squared norms sum to at most (1+ym)2Sm ≤ 2Sm. Each of the
factors Πr, Π′

r(iε), Πr(iε), Πq(iε) is within ε2 := e2(ε+Lip(v)|δ|)Sm − 1 ≤ e4κS0 − 1 ≤ 8κS0 ≤ η3/2/210

of the identity. So the vectors acted on by u(m)
r differ from Φm, respectively RϱmΦm, by at most

ε2∥Φm∥, respectively ((1 + ε2)3 − 1)∥Φm∥ ≤ 4ε2∥Φm∥. Since ∑r |u(m)
r w|2 ≤ Sm∥w∥2, the triangle

inequality in ℓ2(r) and (x− y)2 ≥ x2/2 − y2 give

Mm+Mm+1 ≥ 1
2Φ∗

m

(
Gm+RT

ϱmGmRϱm
)
Φm−17ε2

2Sm∥Φm∥2 ≥
(η

8 −17ε2
2

)
Sm∥Φm∥2 ≥ η

16Sm∥Φm∥2.

By (16), Mm +Mm+1 ≥ (η/27)S0∥Φ0∥2. Also Mm ≤ (1 + ε2)2Sm∥Φm∥2 ≤ 9S0∥Φ0∥2 for m < K.
Step 5: the tail beyond the run. Multiply the equation by u(k), sum over k > n ≥ 0 and take

imaginary parts. Since u ∈ ℓ2 and the potential is real, the sum telescopes:

ε
∑
k>n

|u(k)|2 = Im
(
u(n+ 1)u(n)

)
.
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For Ψ = (u(n + 1), u(n))T = BΦ with B real of determinant one, Ψ1Ψ2 − Ψ1Ψ2 = det(Ψ̄,Ψ) =
det(Φ̄,Φ), so | Im(u(n+ 1)u(n))| ≤ |Φ1||Φ2| ≤ ∥Φ∥2/2. At n = Kq, with Ψ = ΨK = BKΦK

and (16), ∑
k≥Kq+1

|u(k)|2 ≤ ∥ΦK∥2

2ε ≤ 2∥Φ0∥2

ε
.

Step 6: conclusion. Let X = η3/2/(210κS0), so K = ⌊X⌋ ≥ 8 and K ≥ X/2. The blocks
m0 ≤ m ≤ K contain at least K/8 disjoint adjacent pairs (m,m+ 1) with m < K, and they consist
of sites k ≥ m0q + 1. By Step 4,

∑
k≥m0q+1

|u(k)|2 ≥ K

8 · η27S0∥Φ0∥2 ≥ XηS0
211 ∥Φ0∥2 = η5/2

221
∥Φ0∥2

κ
.

The sites 1 ≤ k ≤ Kq form the blocks m < K, whose total mass is at most 9KS0∥Φ0∥2 ≤
9XS0∥Φ0∥2 ≤ ∥Φ0∥2/κ. With Step 5 this gives the second bound. Finally u(0) = eT

2 Ψ0 =
eT

2B0Φ0.

No turning-point analysis is needed: Step 5 controls everything beyond the run through the
flux, at the price of a damping ε ≥ |δ|/C when the run is to carry a fixed fraction. No arithmetic
condition on the phase is used.

6.4 A fixed fraction at resonant times

Proposition 6.5. Let v be Lipschitz and θ ∈ T. Let a, γ > 0, 0 < η ≤ 1/4, and let K ⊂ {E ∈ R :
L(E) < a} be a compact interval. Let N be an infinite set of indices with bn ≥ a+ γ for n ∈ N ,
and put

Tn = |δn|−1, Nn =
⌊
e(bn−a−γ)qn⌋, In = {E ∈ K : |∆n(E)| ≤ 2 − 2η},

and f0 = η5/2/(225(Lip(v) + 1)). There is Cη such that for all large n ∈ N and every E ∈ In, with
G(k) = ⟨δk, (Hv,α,θ − E − i/Tn)−1δ0⟩:

1.
∑

|k|>Nn |G(k)|2 ≥ 2f0
∑
k∈Z |G(k)|2;

2. µθ
(
[E − |δn|, E + |δn|]

)
≤ Cηe

(a+γ/2)qn |δn|.

If moreover K ′ ⊂ K is a compact interval in the interior of K, then for all large n ∈ N ,

1
πTn

∫
In

∥∥1{|k|>Nn}(Hv,α,θ − E − i/Tn)−1δ0
∥∥2
dE ≥ f0 µθ

(
{E ∈ K ′ : |∆n(E)| ≤ 2 − 3η}

)
.

In particular P (Nn, Tn) is at least the right-hand side.

Proof. Since L is upper semicontinuous, maxK L < a. Put h0 = a + γ/2, and let U ⊃ K and
C be given by Lemma 2.4 with h = h0, and C ′ by Lemma 2.5. Write q = qn, δ = δn, b = bn,
ε = |δ| = 1/Tn, κ = (Lip(v) + 1)|δ|, and fix E ∈ In.

The right half-line. The sequence u(k) = G(k), k ≥ 0, is square summable and solves the
equation of Section 6.3 with z = E + iε for k ≥ 1. Its first block is A0(E) = Aq(E, θ+α). Since ∆φ

is 1/q-periodic and α ≡ δ/q mod 1/q, Lemma 2.5(2),(3) give

| trAq(E, θ+α)−∆n(E)| ≤ | trAq(E, θ+α)−∆θ+α(E)|+|∆θ+δ/q(E)−∆θ(E)| ≤ 4C ′2 Lip(v)qeh0q|δ|,
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which is at most η for large n because b > h0. So | trA0(E)| ≤ 2 − η. By Lemma 4.2(1),
the product rule and | sin ϱ0| ≥ √

η/2, S0 = |∂E trA0(E)|/| sin ϱ0| ≤ (4/√η)C2qeh0q. Hence
X = η3/2/(210κS0) ≥ cηe

(b−h0)q/q with cη > 0, so the run length ⌊X⌋ of Lemma 6.4 is at least 8,
and its m0 satisfies m0q ≥ (X−1)q/2 ≥ e(b−a−γ)q ≥ Nn for large n, uniformly in E ∈ In. Lemma 6.4
gives, with Φ+

0 and B+
0 its vector and frame,

far+ :=
∑
k>Nn

|G(k)|2 ≥ η5/2

222
∥Φ+

0 ∥2

κ
,

∑
k≥1

|G(k)|2 ≤
(1
κ

+ 2
|δ|

)
∥Φ+

0 ∥2 ≤ 3(Lip(v) + 1)
κ

∥Φ+
0 ∥2.

The left half-line. The sequence ũ(k) = G(−k), k ≥ 0, solves the same equation for k ≥ 1
with v replaced by ṽ(x) = v(−x) and θ by −θ. The function ṽ has the same Lipschitz constant.
Conjugation by diag(1,−1) maps each one-step matrix to its transpose, so a product of one-step
matrices and the product in reversed order have the same norm and the same trace. Hence
∥Aṽr(E, x)∥ = ∥Ar(E,−x − (r − 1)α)∥, the same holds for rational products, and Lemmas 2.4
and 2.5 hold for ṽ with the same U , C and C ′. The rational discriminant of ṽ at the phase −θ is
a trace of the factors of ∆θ in reversed cyclic order, so it equals ∆n. The argument of the right
half-line therefore applies verbatim and gives the same bounds for far− := ∑

k<−Nn |G(k)|2 and∑
k≤−1 |G(k)|2, with a vector Φ−

0 .
Part 1. By Lemma 4.2(4), ∥A0∥2

HS = 2 + 4 sinh2(d) sin2 ϱ0 with d = d(i, B+
0 (i)), so ∥B+

0 ∥2 =
ed ≤ 1 + 2 sinh d ≤ 1 + 2

√
2∥A0∥/√η ≤ Cηe

h0q. So

|G(0)|2 ≤ ∥B+
0 ∥2∥Φ+

0 ∥2 ≤ Cηe
h0qκ

222

η5/2 far+ = o(1) far+,

since κeh0q ≤ Ce(h0−b)q. Adding the two half-lines and the origin,
∑
k

|G(k)|2 ≤
(3(Lip(v) + 1)222

η5/2 + o(1)
)
(far+ + far−) ≤ 1

2f0

∑
|k|>Nn

|G(k)|2.

Part 2. Since ImG(0) = ε
∑
k |G(k)|2 ≥ ε far+ ≥ η5/2∥Φ+

0 ∥2/(222(Lip(v) + 1)) and ImG(0) ≤
|G(0)| ≤ ∥B+

0 ∥∥Φ+
0 ∥, we get ∥Φ+

0 ∥ ≤ C ′
η∥B+

0 ∥ and |G(0)| ≤ C ′
η∥B+

0 ∥2 ≤ Cηe
h0q. Finally ImG(0) =∫

ε ((x− E)2 + ε2)−1dµθ(x) ≥ µθ([E − ε, E + ε])/(2ε).
The integrated bound. By Lemma 2.1 and part 1,

1
πTn

∫
In

∑
|k|>Nn

|G(k)|2 dE ≥ 2f0
πTn

∫
In

∑
k

|G(k)|2 dE = 2f0

∫ ∫
In

Pε(E − x) dE dµθ(x).

Let rn = min{dist(K ′,R\K), η/(2C ′2qeh0q)}. If x ∈ K ′ and |∆n(x)| ≤ 2−3η, then [x−rn, x+rn] ⊂
In by Lemma 2.5(2), and

∫
|u|≤rn Pε(u) du ≥ 1 − 2ε/(πrn). Since ε/rn ≤ Cηqe

(h0−b)q → 0, the right
side is at least f0 µθ({x ∈ K ′ : |∆n(x)| ≤ 2 − 3η}) for large n. Restricting the energy integral of
Lemma 2.1 to In shows that P (Nn, Tn) is at least the left side.

6.5 Strongly Liouville frequencies and Lipschitz potentials

When β(α) exceeds the largest Lyapunov exponent on the spectrum, the global arcsine law applies,
and no type I hypothesis, phase condition or confinement estimate is needed.

Theorem 6.6. Let v be Lipschitz with L continuous on Σ, let Lmax = maxΣ L, and let α be irrational
with β = β(α) > Lmax, possibly β = ∞. For every phase θ put ℓθ = min{L(E) : E ∈ suppµθ}.
Then:
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1. β+(p) ≥ Fβ(ℓθ) for every p > 0;

2. d+
µθ

(E) ≥ Fβ(L(E)) for µθ-almost every E; consequently dim+
P (µθ) ≥ Fβ(ℓθ) and dim−

P (µθ) ≥
Fβ(Lmax).

For every θ, ℓθ = ℓ∗ := minΣ L holds at the phase θ or at the phase θ + α.

Proof. Fix η = 1/4, and fix c ∈ (Lmax, β).
1. We may assume ℓθ < β. Let E0 ∈ suppµθ with L(E0) = ℓθ, and let γ > 0 with ℓθ + 2γ < β.

Put a = ℓθ + γ. Since L is upper semicontinuous, {L < a} is an open set containing E0. Choose
compact intervals K ′ ⊂ intK ⊂ K ⊂ {L < a} with E0 in the interior of K ′, and g ∈ C∞

c with
0 ≤ g ≤ 1, supp g ⊂ K ′ and g > 0 near E0, so that

∫
g dµθ > 0. Choose an infinite set N with

bn → β and bn ≥ max(c, a + γ) for n ∈ N . Since 0 ≤ g ≤ 1K′ , Lemma 6.2 and the portmanteau
theorem applied to the open set Oη = (−2 + 3η, 2 − 3η) give

lim inf
n∈N

µθ
(
{E ∈ K ′ : |∆n(E)| ≤ 2 − 3η}

)
≥ lim inf

n∈N

∫
g 1Oη(∆n) dµθ ≥ σ(Oη)

∫
g dµθ =: 2c1 > 0.

Proposition 6.5 gives P (Nn, Tn) ≥ f0c1 for large n ∈ N , and hence Mp(Tn) ≥ Np
nP (Nn, Tn) ≥

f0c1N
p
n. Since logNn ≥ (bn − a− γ)qn − log 2 and log Tn = bnqn, we get β+(p) ≥ 1 − (ℓθ + 2γ)/β,

or β+(p) ≥ 1 if β = ∞. Let γ → 0.
2. Fix rationals a > 0 and γ > 0 with a+ γ < β, and choose an infinite set N with bn → β and

bn ≥ max(c, a+ γ). The open set {L < a} is a countable union of the interiors of compact intervals
K ′
i with K ′

i ⊂ intKi and Ki ⊂ {L < a}. Fix i, and let g ≥ 0 be smooth, positive exactly on intK ′
i.

For 0 < η ≤ 1/4 let Λη be the set of E ∈ K ′
i with |∆n(E)| ≤ 2 − 2η for infinitely many n ∈ N . For

the finite measure gµθ, Fatou’s lemma for sets and the portmanteau theorem for closed sets give

(gµθ)(K ′
i \ Λη) ≤ lim inf

n∈N
(gµθ)

(
{|∆n| > 2 − 2η}

)
≤ σ

(
{|x| ≥ 2 − 2η}

) ∫
g dµθ,

which tends to zero with η. So gµθ-almost every E ∈ K ′
i lies in some Λ1/j . For such E, Proposi-

tion 6.5(2) holds at infinitely many n ∈ N , so

logµθ([E − |δn|, E + |δn|])
log |δn|

≥ 1 − a+ γ/2
bn

− logCη
bnqn

→ 1 − a+ γ/2
β

along these n, and d+
µθ

(E) ≥ 1 − (a+ γ/2)/β, read as 1 if β = ∞. Since g > 0 on intK ′
i, this holds

for µθ-almost every E ∈ intK ′
i, hence for µθ-almost every E with L(E) < a. Intersecting over the

countably many rational a, γ gives d+
µθ

(E) ≥ Fβ(L(E)) for µθ-almost every E with L(E) < β; for
L(E) ≥ β there is nothing to prove.

The essential infimum of L with respect to µθ is ℓθ, because L is continuous on Σ ⊃ suppµθ,
and L ≤ Lmax on Σ. Since Fβ is nonincreasing, this gives the bounds on dim±

P .
The last statement holds because δ0 and δ1 form a cyclic pair for H, so suppµδ0 ∪ suppµδ1 = Σ,

and the translation (Uu)(n) = u(n + 1) satisfies UHv,α,θU
−1 = Hv,α,θ+α and Uδ1 = δ0, so the

spectral measure of δ1 at the phase θ is µθ+α.

6.6 Type I potentials: every moment, energy by energy

In this subsection v is real analytic, Hv,α is supercritical and of type I, ℓ = L is continuous on R,
and θ ∈ Gvα. For such θ put

ℓθ = min{ℓ(E) : E ∈ suppµθ}, ℓθ = max{ℓ(E) : E ∈ suppµθ}.

Then ℓ∗ ≤ ℓθ ≤ ℓθ, and by continuity these are the µθ-essential infimum and supremum of ℓ.
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Theorem 6.7 (Every moment). Let 0 < β = β(α) < ∞. For every p > 0,

Fβ(ℓθ) ≤ β+(p) ≤ Fβ(ℓ∗).

Moreover, for every γ > 0 there is c > 0 such that

P
(
e(bn−ℓθ−γ)qn , |δn|−1) ≥ c for all large n with bn ≥ ℓθ + 15γ.

Proof. The upper bound follows from β+(p) ≤ α+
u and Theorem 5.26. For the rest let γ > 0, put

γ′ = γ/2, and let E0 ∈ suppµθ with ℓ(E0) = ℓθ. Choose compact intervals K ′ ⊂ intK, with E0 in
the interior of K ′, such that |ℓ− ℓθ| < γ′ on K. Choose g ∈ C∞

c with 0 ≤ g ≤ 1, supp g ⊂ K ′ and
g > 0 near E0, so that

∫
g dµθ > 0. Let N = {n : bn ≥ ℓθ + 30γ′}. If N is finite there is nothing to

prove; otherwise Lemma 6.3 with E0, γ′ and g, and the portmanteau theorem, give

lim inf
n∈N

µθ
(
{E ∈ K ′ : |∆n(E)| ≤ 2 − 3η}

)
≥ σ

(
(−2 + 3η, 2 − 3η)

) ∫
g dµθ =: 2c1 > 0

with η = 1/4. Proposition 6.5 with a = ℓθ + γ′ and γ′ in place of γ applies, because K ⊂ {ℓ < a}
and bn ≥ a + γ′ on N ; its radius is Nn = ⌊e(bn−ℓθ−γ)qn⌋. It gives P (Nn, |δn|−1) ≥ f0c1 for large
n ∈ N , which is the fixed-fraction statement. If ℓθ < β, choose γ with ℓθ + 15γ < β and n ∈ N
with bn → β; as in the proof of Theorem 6.6, β+(p) ≥ 1 − (ℓθ + γ)/β. Let γ → 0.

Corollary 6.11 below shows that the two bounds of Theorem 6.7 coincide.

Remark 6.8. For β(α) = 0 all moment exponents vanish by Theorem 5.26, and for β(α) = ∞ they
all equal one, for every phase [19, Theorem 3(2)].

To resolve the dynamics in energy we filter the initial state. For real g ∈ C∞
c (R) let ψg =

g(Hv,α,θ)δ0. By Lemma 2.8, ψg has finite moments, and its spectral measure is µψg = g2µθ.

Lemma 6.9 (Filtering). Let H be a Schrödinger operator with hopping one and bounded real potential,
let g ∈ C∞

c (R) be real, and let J,M ≥ 1 be integers. For T ≥ 1 and real E put z = E + i/T ,
Gz = (H − z)−1δ0 and

cJ(E, T ) =
∑
j<J

g(j)(E)
j!

( i
T

)j
.

There is C, depending on g, J , M and a bound for ∥H∥, such that for every T ≥ 1 and every integer
N ≥ 2J , ∣∣∣Pψg(N,T )1/2 −

( 1
πT

∫
R

|cJ(E, T )|2
∥∥1{|n|>N}Gz

∥∥2
dE
)1/2∣∣∣ ≤ CN−M + CT−J ,

where ψg = g(H)δ0. Moreover cJ(·, T ) vanishes outside supp g and |cJ(E, T ) − g(E)| ≤ C/T .

Proof. Taylor’s formula at E gives g(x) = ∑
j<J g

(j)(E)(x−E)j/j! + (x−E)JrE(x) with rE(x) =∫ 1
0 (1 − s)J−1g(J)(E + s(x−E)) ds/(J − 1)!, so |rE(x)| ≤ ∥g(J)∥∞/J ! for all E, x. Put a = i/T . The

identity (H − E)Gz = δ0 + aGz and induction on j give

(H − E)jGz =
j−1∑
r=0

ar(H − E)j−1−rδ0 + ajGz.

Applying the functional calculus,

g(H)Gz = cJ(E, T )Gz + wE + aJrE(H)Gz,
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where wE is a sum of the vectors (H − E)kδ0, k < J , with coefficients bounded by C, and of the
vectors arrE(H)(H −E)J−1−rδ0, 0 ≤ r < J . The former are supported in [−J, J ] and vanish under
1{|n|>N}. For the latter, let σ(H) ⊂ [−R0, R0] and fix χ ∈ C∞

c equal to 1 on [−R0 − 1, R0 + 1]; then
rE(H) = (χrE)(H). The functions χrE are bounded in CM+3 for E in a compact set. If E lies
outside supp g and |E| ≥ 2R0 + 4, all derivatives of g vanish at E, so rE(x) = g(x)/(x − E)J on
suppχ and ∥χrE∥CM+3 ≤ C(1+ |E|)−J . Lemma 2.8 with M+1 in place of M and the Schur test give
∥1{|n|>N}(χrE)(H)1[−J,J ]∥ ≤ C(1+|E|)−JN−M for N ≥ 2J , and ∥(H−E)J−1−rδ0∥ ≤ (R0+|E|)J−1.
Hence ∥1{|n|>N}wE∥ ≤ C(1 + |E|)−1N−M . The last term has norm at most CT−J∥Gz∥.

By Lemma 2.1 with ψ = ψg, Pψg(N,T ) = (πT )−1 ∫ ∥1{|n|>N}g(H)Gz∥2 dE, since (H−z)−1ψg =
g(H)Gz. Minkowski’s inequality in L2(R, dE/(πT ); ℓ2(Z)), (πT )−1 ∫ ∥Gz∥2dE = 1 and

∫
(1 +

|E|)−2dE < ∞ give the claim. The last two statements are immediate from the definition of cJ .

Theorem 6.10 (Energy by energy). Let β = β(α) < ∞, E0 ∈ Σ and 0 < γ < ℓ∗/2. Let g ∈ C∞
c (R)

be real, supported in {E : |ℓ(E) − ℓ(E0)| < γ}, with ψg ̸= 0. Then for every p > 0,

Fβ
(
ℓ(E0) + γ

)
≤ β+

ψg
(p) ≤ Fβ

(
ℓ(E0) − γ

)
.

Letting the support of g shrink to an energy E, a packet filtered near E spreads, in every
moment, with exponent Fβ(ℓ(E)). The statement concerns a family of filters of shrinking width; a
fixed filter of positive width need not have a single exponent of this form.

Proof. We normalize ψ = ψg/∥ψg∥; this changes no exponent.
Upper bound. Put ℓ = ℓ(E0) − γ, which is positive. We verify (M1) and (M2ℓ) for H = Hv,α,θ

and ψ, and apply Theorem 3.3. Since e−itHψg = g(H)e−itHδ0, splitting e−itHδ0 at |n| = N/2 gives

Pψg(N,T ) ≤ 2
∥∥1{|n|>N}g(H)1{|n|≤N/2}

∥∥2 + 2∥g∥2
∞P (N/2, T ) ≤ CMN

−M + 2∥g∥2
∞P (N/2, T )

for every M , by Lemma 2.8 and the Schur test. Theorem 5.9 gives (M1). For (M2ℓ) fix
c, d,B, ε,m. Apply Theorem 5.15 with ε/2 in place of ε, with m + 1 in place of m, and with
ξ < min{ε/2, c, d, ℓ∗, 1, η0}/100 and ζ < ξ/100; Lemma 5.24 provides (W) at (qn, qnθ, τqn) for large
n with bn ≥ c. Let

Rg(T ) = e11ξqn
[
1 + min

(
Te−ℓqn , e(bn−ℓ)+qn

)]
≤ Rn(T ).

For E ∈ supp g we have ℓ(E) > ℓ. If moreover dist(E,Σ) ≤ e−ξqn , part 2 of Theorem 5.15 gives
∥1{|n|>Rg(T )}Gz∥ ≤ 4T−m−1, since the radius there is nonincreasing in ℓ(E). If dist(E,Σ) ≥ e−ξqn ,
part 3 gives the same bound for large n, since Rg(T ) ≥ e11ξqn . Lemma 6.9 with an integer
J ≥ max{1, ⌈m⌉} and an integer M ≥ mB/(11ξ), together with |cJ | ≤ C and cJ = 0 off supp g,
gives

Pψg
(
Rg(T ), T

)
≤ 2 C| supp g|

πT
16T−2m−2 + 2

(
CRg(T )−M + CT−J)2 ≤ CT−m

for edqn ≤ T ≤ eBqn , because Rg(T ) ≥ T 11ξ/B. This is (M2ℓ). Theorem 3.3 gives α+
u,ψ ≤ Fβ(ℓ), also

when β = 0, and β+
ψ (p) ≤ α+

u,ψ.
Lower bound. We may assume ℓ(E0) + γ < β. Since

∫
g2dµθ = ∥ψg∥2 > 0, there is E1 ∈ suppµθ

with g(E1) ̸= 0, and ℓ(E1) < ℓ(E0) + γ. Choose γ1 > 0 with ℓ(E1) + 2γ1 ≤ ℓ(E0) + γ and
ℓ(E1) + 30γ1 < β. Choose compact intervals K ′ ⊂ intK, with E1 in the interior of K ′, such that
|ℓ− ℓ(E1)| < γ1 and |g| ≥ g1 := |g(E1)|/2 on K. Choose g̃ ∈ C∞

c with 0 ≤ g̃ ≤ 1, supp g̃ ⊂ K ′ and
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g̃ > 0 near E1. Let N be an infinite set with bn → β and bn ≥ ℓ(E1) + 30γ1. As in the proof of
Theorem 6.7, Lemma 6.3 and Proposition 6.5, with a = ℓ(E1) + γ1, give c1 > 0 with

1
πTn

∫
In

∥∥1{|k|>Nn}Gz
∥∥2
dE ≥ f0c1, Nn =

⌊
e(bn−ℓ(E1)−2γ1)qn⌋, Tn = |δn|−1,

for large n ∈ N , where In ⊂ K. On K, |cJ(E, Tn)| ≥ g1 − C/Tn ≥ g1/2 for large n. Lemma 6.9
with J = M = 1 gives

Pψg(Nn, Tn)1/2 ≥ g1
2 (f0c1)1/2 − CN−1

n − CT−1
n ≥ c2 > 0

for large n ∈ N , because Nn → ∞. Hence Mp,ψg(Tn) ≥ c2
2N

p
n, and as before β+

ψg
(p) ≥ 1 − (ℓ(E1) +

2γ1)/β ≥ 1 − (ℓ(E0) + γ)/β.

A finite partition of unity in energy turns the filtered upper bounds into a bound for the unfiltered
packet, which closes the gap in Theorem 6.7.

Corollary 6.11 (The complete moment law). Let 0 < β = β(α) < ∞ and θ ∈ Gvα. Then

β+(p) = Fβ(ℓθ) = Fβ(ℓ∗) for every p > 0.

In particular, if ℓ∗ < β, then ℓθ = ℓ∗: the Lyapunov exponent attains its minimum over the spectrum
on the support of µθ.

Proof. Let S = suppµθ, a compact subset of Σ, and let 0 < r < ℓ∗/2. Since ℓ is continuous, every
E ∈ S has an open interval around it on which |ℓ− ℓ(E)| < r. Finitely many such intervals, centred
at points E1, . . . , Ek ∈ S, cover S. Take real functions gi ∈ C∞

c (R), each supported in the i-th
interval, with ∑i gi = 1 on S. Then supp gi ⊂ {|ℓ − ℓ(Ei)| < r}, and ∑i gi(H)δ0 = δ0, because
∥(∑i gi − 1)(H)δ0∥2 =

∫
|
∑
i gi − 1|2 dµθ = 0. Put ψi = gi(H)δ0 and discard the indices with ψi = 0.

By Theorem 6.10 and ℓ(Ei) ≥ ℓθ,

β+
ψi

(p) ≤ Fβ
(
ℓ(Ei) − r

)
≤ Fβ(ℓθ − r).

At every time, the Cauchy–Schwarz inequality for the finite sum ⟨δj , e−itHδ0⟩ = ∑
i⟨δj , e−itHψi⟩

gives |⟨δj , e−itHδ0⟩|2 ≤ k
∑
i |⟨δj , e−itHψi⟩|2. Multiplying by |j|p, summing over j and averaging in

time,
Mp(T ) ≤ k

∑
i

Mp,ψi(T ),

where Mp,ψi are the moments of the unnormalized vectors. Since the sum is finite, β+(p) ≤
maxi β+

ψi
(p) ≤ Fβ(ℓθ − r). Letting r → 0 and using the continuity of Fβ gives β+(p) ≤ Fβ(ℓθ), and

Theorem 6.7 gives equality. Hence α+
u = supp β+(p) = Fβ(ℓθ), while α+

u = Fβ(ℓ∗) by Theorem 5.26.
If ℓ∗ < β, then Fβ(ℓ∗) > 0 and Fβ is strictly decreasing on (−∞, β], so Fβ(ℓθ) = Fβ(ℓ∗) forces
ℓθ = ℓ∗. If ℓ∗ ≥ β, both values are zero.

So at every phase of Gvα the fastest-tail exponent, every moment exponent, and the exponent of
the fixed fraction in Theorem 6.7 are all governed by the same number Fβ(ℓ∗).

Theorem 6.12 (Local dimensions). Let 0 < β = β(α) < ∞. Then

d+
µθ

(E) = Fβ
(
ℓ(E)

)
for µθ-almost every E.

Consequently dim+
P (µθ) = Fβ(ℓθ) and dim−

P (µθ) = Fβ(ℓθ). In particular dim−
P (µθ) = dim+

P (µθ) if
and only if Fβ ◦ ℓ is constant µθ-almost everywhere.
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Proof. Lower bound. Fix γ > 0. For a rational E0 with ℓ(E0) + 30γ < β and a rational ρ > 0 such
that |ℓ− ℓ(E0)| < γ on K = [E0 − 2ρ,E0 + 2ρ], put K ′ = [E0 − ρ,E0 + ρ]. By continuity of ℓ, the
interiors of these countably many intervals K ′ cover {E : ℓ(E)+31γ < β}. Fix one of them, let g ≥ 0
be smooth and positive exactly on intK ′, and let N be infinite with bn → β and bn ≥ ℓ(E0) + 30γ.
Lemma 6.3 gives the weak convergence of (∆n)∗(gµθ) to σ

∫
g dµθ. The argument of Theorem 6.6(2),

with Proposition 6.5(2) for a = ℓ(E0) + γ, gives d+
µθ

(E) ≥ 1 − (ℓ(E0) + 3γ/2)/β ≥ 1 − (ℓ(E) + 3γ)/β
for µθ-almost every E ∈ intK ′. Letting γ → 0 along a sequence gives d+

µθ
≥ Fβ ◦ℓ almost everywhere.

Upper bound. We use the theorem of Barbaroux, Germinet and Tcheremchantsev [4, Theorem 1
and Proposition 1(iii)]: for a bounded operator on ℓ2(Z) and a normalized initial vector ψ with
compactly supported spectral measure, the exponents of the Cesàro-averaged moments satisfy
β+
ψ (p) ≥ D+

µψ
(1/(1 + p)) ≥ dim+

P (µψ), where D+ is the upper generalized Rényi dimension. No
finite-support hypothesis on ψ is made. Since (2/T )e−2t/T ≥ (2e−2/T )1[0,T ](t), our Abel-averaged
moments dominate 2e−2 times the Cesàro-averaged ones, so the same inequality holds for our β+

ψ (p).
Fix γ ∈ (0, ℓ∗/2), a countable dense set D ⊂ Σ, and for E0 ∈ D and rational ρ > 0 with

|ℓ − ℓ(E0)| < γ on K = [E0 − 2ρ,E0 + 2ρ] put K ′′ = [E0 − ρ,E0 + ρ]. By continuity of ℓ the
interiors of these intervals cover Σ. Fix one, and let g ∈ C∞

c be real with supp g ⊂ intK and
g = 1 on K ′′. If ψg = 0, then µθ(K ′′) = 0. Otherwise Theorem 6.10 and the inequality above give
dim+

P (g2µθ) ≤ Fβ(ℓ(E0) − γ). For E ∈ intK ′′ the measures g2µθ and µθ agree near E, so they have
the same upper local dimension at E. Hence d+

µθ
(E) ≤ Fβ(ℓ(E0) − γ) ≤ Fβ(ℓ(E) − 2γ) for µθ-almost

every E ∈ intK ′′, and so for µθ-almost every E. Let γ → 0 and use the continuity of Fβ.
The consequences follow from dim+

P = ess sup d+, dim−
P = ess inf d+, the monotonicity of Fβ,

and the identification of ℓθ, ℓθ with the essential extrema of ℓ.

For β(α) = 0 every spectral measure µθ has d+
µθ

= 0 almost everywhere, at every phase, by
Theorem 5.26 and the inequality of [4]. The equality extends to all spectral measures.

Corollary 6.13. Let 0 < β(α) < ∞ and θ ∈ Gvα ∩ (Gvα − α). For every φ ∈ ℓ2(Z) with µφ ̸= 0,
d+
µφ(E) = Fβ(ℓ(E)) for µφ-almost every E. In particular dim+

P (µφ) ≤ Fβ(ℓ∗).

Proof. Let µ0 and µ1 be the spectral measures of δ0 and δ1 at the phase θ; as in the proof of
Theorem 6.6, µ1 = µθ+α. Theorem 6.12 at the phases θ and θ + α gives d+

µi = Fβ ◦ ℓ µi-almost
everywhere, for i = 0, 1. Let ν = µ0 + µ1, and recall the differentiation theorem for Radon
measures [23, Theorem 2.12 and Corollary 2.14]: if µ ≪ ν, then at µ-almost every E the ratio
µ([E − r, E + r])/ν([E − r, E + r]) converges as r → 0 to the density dµ/dν(E) ∈ (0,∞), and at
such E taking logarithms gives d+

µ (E) = d+
ν (E). Applied to µ = µi, this gives d+

ν = d+
µi = Fβ ◦ ℓ

on a set Ai of full µi-measure. The complement of A0 ∪ A1 is null for µ0 and for µ1, hence for ν,
so d+

ν = Fβ ◦ ℓ ν-almost everywhere. The pair δ0, δ1 is cyclic, so µφ ≪ ν, and the differentiation
theorem applied to µ = µφ gives d+

µφ = d+
ν = Fβ ◦ ℓ µφ-almost everywhere. The last claim follows

from ℓ ≥ ℓ∗ on Σ.

For the almost Mathieu operator ℓ = log λ on Σ, so Corollary 6.13 shows that every nonzero
spectral measure is exactly packing-dimensional for θ ∈ Gα ∩ (Gα − α), in agreement with the
companion paper [12]. For a type I potential with ℓθ < ℓθ and ℓθ < β(α), Theorem 6.12 gives
dim−

P (µθ) < dim+
P (µθ): the upper local dimension is a nonconstant explicit function of the energy.

7 Beyond type I: a conditional complete law
For a type I potential the rational discriminant tq(·, E) has exactly two zeros in a strip of width
proportional to q, and near the drifting phase it behaves like a single cosine (Section 5). When
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the acceleration is at least two somewhere on the spectrum, tq(·, E) has more zeros near the real
axis, and they may cluster. The dynamical argument of Theorem 5.15 needs only one geometric
property: near the drifting phase, the zero of tq(·, E) that the phase crosses is not exponentially
close to another zero at the same energy. This section makes that property precise, shows that it
implies the transport law for every real-analytic potential with positive Lyapunov exponent on its
spectrum, and reduces it, for an explicit two-harmonic family, to a large-deviation estimate for one
polynomial.

Throughout this section v is real analytic and Hv,α is supercritical, but no type, evenness,
primitivity or acceleration hypothesis is made. We use the notation of Section 5: tq(x,E) is the
rational discriminant in the variable x = qθ, ℓ = L is the Lyapunov exponent, ℓ∗ = minΣ ℓ, and
Nq(ξ) = {E ∈ R : dist(E,Σ) ≤ e−ξq}. Lemmas 5.3 and 5.7, Corollary 5.6 and Theorem 5.15 do not
use the type I hypothesis. Put

J = [−∥v∥∞ − 3, ∥v∥∞ + 3], Jq = {E ∈ R : dist(E,Σ) < 1/q}.

Then Σ ⊂ J , and Jq ⊂ J and Nq(ξ) ⊂ Jq for large q. The Lyapunov exponent is positive on Σ
by hypothesis and off Σ by (A3), and it is continuous, so γJ := minJ ℓ > 0. By the remark after
Corollary 5.6, for every ζ > 0 and all large q,

|∂kE∂jxtq(x,E)| ≤ k! (2q)keq(ℓ(E)+ζ) (E ∈ J, x ∈ R, k ≥ 0, j = 0, 1). (17)

Distances between points of C/Z are taken in the metric of the cylinder.

7.1 Clusters of zeros and weak separation

Definition 7.1. Let q be a convergent denominator and ε > 0, and put τ = e−εq. For E ∈ R let
Zq(E) be the multiset of zeros of tq(·, E) in {x ∈ C/Z : | Im x| < 1}, counted with multiplicity. Let

Bq(ε) =
{
x0 ∈ T : for some E ∈ Jq, Zq(E) has two entries z, z′ with |z−x0| < τ and |z−z′| < τ

}
.

We say that WXS(v, α) holds if for every ε > 0 and every c > 0, almost every θ ∈ T has an index
n0 such that qnθ mod 1 /∈ Bqn(ε) for all n ≥ n0 with bn ≥ c.

The set Bq(ε) is open, since for fixed witnesses E, z, z′ the condition on x0 is open, and it
decreases as ε increases. Since θ 7→ qnθ preserves Lebesgue measure, the Borel–Cantelli lemma
shows that WXS(v, α) holds if ∑n: bn≥c |Bqn(ε)| < ∞ for all ε, c > 0. If β(α) = 0, only finitely many
n have bn ≥ c, and WXS(v, α) holds trivially.

WXS is a horizontal condition: it concerns the zeros of tq(·, E) as functions of the phase at one
fixed energy, real or complex. It excludes a real double zero (a turning point of a band centre) near
x0, two band centres crossing the energy E at nearby phases, and a pair of complex zeros close
to the real axis. It is different from a vertical separation of band centres Eb(x) at a fixed phase;
Remark 7.4 shows how the two are related.

7.2 Factorization

Lemma 7.2. Let v(x) = ∑
|k|≤d vke

2πikx be a real trigonometric polynomial with vd ̸= 0, and let
p/q be a convergent of α. Then tq(x,E) = ∑

|k|≤d cq,k(E)e2πikx, and

cq,±d(E) = (−v±d)q e±πidp(q−1) for every E ∈ C.

In particular the extreme coefficients do not depend on E, and |cq,±d| = |vd|q.
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The energy independence of the extreme coefficients is due to Shamis [25, Propositions 3.1
and 3.2]; we include the short computation in our normalization.

Proof. Each one-step matrix has entries of degree at most d in e2πiφ, so ∆φ(E) is a trigonometric
polynomial of degree at most qd in φ. It is invariant under φ 7→ φ+ 1/q, so only the harmonics
e2πimqφ = e2πimx with |m| ≤ d survive. In the expansion of the trace as a sum over closed index
paths, degree qd in e2πiφ forces the (1, 1) entry and its top harmonic −vde2πid(φ+jp/q) at every
step j = 0, . . . , q − 1. Their product is (−vd)qe2πidqφe2πidp q(q−1)/(2q) = (−vd)qe2πidxeπidp(q−1). The
coefficient of e−2πidx is computed in the same way.

For a real trigonometric polynomial T (x) = ∑
|k|≤K′ cke

2πikx of exact degree K ′ ≥ 1 (so
c−k = ck and cK′ ̸= 0) write ζ1, . . . , ζ2K′ for its zeros in C/Z, counted with multiplicity, and
m(T ) =

∫ 1
0 log |T (y)| dy. Put

g(u) = | sin πu| e−π| Imu| (u ∈ C/Z), c0 = 2e−π.

Lemma 7.3 (Factorization). Let T be as above.

1.
∑
k Im ζk = 0, and with suitable representatives ζk ∈ C, T (x) = cK′(2i)2K′

eπi
∑

k
ζk
∏
k sin π(x−

ζk).

2. c0 min{dist(u,Z), 1} ≤ g(u) ≤ 1, and m(T ) = log |cK′ | + π
∑
k | Im ζk|.

3. For every x ∈ C, |T (x)| ≥ 4K′
em(T )−2πK′| Imx|∏

k g(x− ζk), with equality for real x.

4. At a simple real zero ζ1, |T ′(ζ1)| = π4K′
em(T )−Φ with Φ = −

∑
k≥2 log g(ζ1 − ζk) ≥ 0.

5. m(T ) ≥ log maxx∈T |T (x)| −K ′ log 4.

Proof. 1. With w = e2πix, wK′
T is a polynomial of degree 2K ′ in w with nonzero constant

coefficient c−K′ , so its roots wk = e2πiζk are nonzero, and ∏k wk = c−K′/cK′ has modulus one.
Hence ∑k log |wk| = 0, which is ∑k Im ζk = 0. The factorization follows from e2πix − e2πiζ =
eπi(x+ζ) 2i sin π(x− ζ).

2. Write u = a + ib. Since | sin πu|2 = sin2 πa + sinh2 πb ≤ cosh2 πb, g ≤ 1. If |b| ≥ 1 then
| sin πu| ≥ sinh π|b| ≥ 0.49eπ|b|, so g(u) ≥ 0.49 ≥ c0. If |b| < 1 then | sin πu|2 ≥ 4 dist(a,Z)2 +π2b2 ≥
4 dist(u,Z)2, so g(u) ≥ 2e−π dist(u,Z). The classical integral

∫ 1
0 log | sin π(y−ζ)| dy = π| Im ζ|− log 2

and part 1, where |eπi
∑

ζk | = 1, give the formula for m(T ).
3. By part 1, |T (x)| = |cK′ |4K′ ∏

k | sin π(x − ζk)|, and | sin π(x − ζ)| = g(x − ζ)eπ| Im(x−ζ)| ≥
g(x− ζ)eπ| Im ζ|−π| Imx|, with equality for real x. Use part 2.

4. Differentiate the product of part 1 at ζ1, and use part 3 for the remaining factors, with
Im ζ1 = 0.

5. Evaluate part 3 at a real point where |T | is maximal and use g ≤ 1.

Remark 7.4 (Band products). Let v be a trigonometric polynomial of degree d, E real, and let x
be a simple real zero of tq(·, E), so that E = Eb(x) for one band centre. Since tq(x, ·) is monic with
the simple roots Eb′(x), ∂Etq(x,E) = ∏

b′ ̸=b(Eb(x) − Eb′(x)), and ∂xtq = −∂Etq E′
b by Lemma 5.3.

Lemma 7.3(4) therefore gives the exact finite-period identity

log |E′
b(x)| +

∑
b′ ̸=b

log |Eb(x) − Eb′(x)| = log(π4d) +m
(
tq(·, E)

)
− Φ(x,E),

where Φ(x,E) is the quantity of Lemma 7.3(4) for tq(·, E). The horizontal loss Φ involves the
distances from x to all other phase zeros at the same energy. Vertical gaps |Eb(x) −Eb′(x)| enter
only through the full product over all other bands, together with the slope E′

b(x).
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7.3 Truncation and a lower bound

Recall that v extends holomorphically to | Im x| < δv and that 0 < δ1 < δv is fixed.

Lemma 7.5 (Truncation). Let Γ = max{log ∥T (E, x)∥ : E ∈ J, | Im x| ≤ δ1} and K = ⌈(Γ +
2)/(2πδ1)⌉. For E ∈ J write tq(x,E) = ∑

k cq,k(E)e2πikx and Tq,E(x) = ∑
|k|≤K cq,k(E)e2πikx. For

all large q, every E ∈ J and every x with | Im x| ≤ 1,

|tq(x,E) − Tq,E(x)| ≤ e−q,

and |∂x(tq − Tq,E)(x)| ≤ 2e−q for | Im x| ≤ 1/2. If v is a trigonometric polynomial of degree d, we
take K = d and Tq,E = tq(·, E).

This is the truncation argument of Avila [2, Section 2, equations (10)–(11)], reproduced by
Shamis [25, Lemma 2.1].

Proof. For | Im x| ≤ qδ1 the q factors of the rational product have phases with imaginary part at
most δ1, so |tq(x,E)| ≤ 2eΓq. Shifting the contour of the Fourier integral to Im x = ∓qδ1 gives
|cq,k(E)| ≤ 2eΓq−2π|k|qδ1 . For | Im x| ≤ 1,∑

|k|>K
|cq,k(E)|e2π|k| ≤ 4

∑
k≥K+1

eΓq−2πk(qδ1−1) ≤ 8e2π(K+1)e(Γ−2π(K+1)δ1)q ≤ 8e2π(K+1)e−2q

for large q, since 2πKδ1 ≥ Γ + 2. This is at most e−q for large q. The derivative bound follows from
Cauchy’s estimate on disks of radius 1/2. For a trigonometric polynomial of degree d, Lemma 7.2
shows that tq(·, E) has no harmonics beyond d.

For real E, Tq,E is a real trigonometric polynomial of some exact degree K ′ ≤ K; Lemma 7.6
shows that it is not identically zero.

Lemma 7.6 (Lower bound for the mean). For every η > 0 there is q0 such that for every convergent
denominator q ≥ q0 and every E ∈ J ,

m(Tq,E) ≥ q
(
ℓ(E) − η

)
.

Proof. For a rational p/q let L(p/q,E) = q−1 ∫
T log ρ

(
A

(p/q)
q (E,φ)

)
dφ, where ρ is the spectral

radius; this is the Lyapunov exponent of the frequency p/q, averaged over the phase. Bourgain and
Jitomirskaya proved that (ω,E) 7→ L(ω,E), with this definition at rational ω, is jointly continuous
at (α,E) for every irrational α and real E [6, Theorem 1]. By compactness of J , L(pn/qn, E) → ℓ(E)
uniformly on J . For M ∈ SL(2,R), ρ(M) ≤ max{1, | trM |}: the spectral radius is one if M
is elliptic or parabolic, and smaller than | trM | if M is hyperbolic. Since ∆φ is 1/q-periodic,
qL(p/q,E) ≤ log max{1,maxx |tq(x,E)|}. It suffices to prove the lemma for η1 = min{η, γJ}, since
its conclusion for η1 implies the one for η. For large q, L(p/q,E) ≥ ℓ(E) − η1/2 ≥ γJ/2 > 0 on J ,
so maxx |tq(x,E)| ≥ eq(ℓ(E)−η1/2) and maxx |Tq,E(x)| ≥ 1

2e
q(ℓ(E)−η1/2) by Lemma 7.5. Lemma 7.3(5)

gives m(Tq,E) ≥ q(ℓ(E) − η1/2) − log 2 −K log 4 ≥ q(ℓ(E) − η1) for large q.

7.4 Geometry at separated phases

Lemma 7.7. Let K be as in Lemma 7.5, and put

a0 = 1 + γJ
8K , ρK = 1

148(2K − 1) , λK = 1
2
(c0ρK

8
)2K

.

Let 0 < ε < a0/2 and 0 < η ≤ γJ/2. For all large q, every x0 ∈ T \Bq(ε) and every E ∈ Jq, with
τ = e−εq and S0 = {x ∈ T : |x− x0| ≤ τ/16}, one of the following holds.
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(i) |tq(x,E)| ≥ λKe
q(ℓ(E)−η)τ2K for every x ∈ S0.

(ii) tq(·, E) has a simple real zero zE with |zE−x0| < τ/2. On IE = {x ∈ R : |x−zE | ≤ ρKτ/4} the
derivative ∂xtq(·, E) has a constant sign and modulus at least SE := π

4 e
q(ℓ(E)−η)(c0τ/2)2K−1,

and |tq(x,E)| ≥ λKe
q(ℓ(E)−η)τ2K for x ∈ S0 \ IE.

Proof. Let q be large, x0 /∈ Bq(ε), E ∈ Jq, and write T = Tq,E , of exact degree K ′ ≤ K. By
Lemma 7.6, m(T ) ≥ q(ℓ(E) − η), and ℓ(E) − η ≥ γJ/2. If K ′ = 0, then T is a constant of modulus
em(T ), tq(·, E) has no zeros in | Im x| ≤ 1/2, and (i) holds. Assume K ′ ≥ 1.

Matching of zeros. Let h = e−a0q and let U be the union of the open disks of radius h about the
zeros of T in C/Z. On the boundary of U , and outside U , every zero of T is at distance at least h,
so by Lemma 7.3(2),(3), for | Im x| ≤ 1/2,

|T (x)| ≥ 4K′
em(T )−πK′(c0h)2K′ ≥ e−πKc2K

0 eq(γJ/2−(1+γJ )/4) > e−q ≥ |tq(x,E) − T (x)|

for large q, since γJ/2 − (1 + γJ)/4 > −1. A component W of U has diameter at most 4Kh. If it
meets {| Im x| ≤ 1/4}, its closure lies in {| Im x| < 1/2}, and Rouché’s theorem shows that tq(·, E)
and T have the same number of zeros in W . Moreover tq(·, E) has no zeros in {| Im x| ≤ 1/4} \ U .
Since ε < a0/2, 8Kh ≤ τ/8 for large q.

Case A: tq(·, E) has no zero z with |z − x0| < τ/2. A zero ζ of T with |ζ − x0| < 3τ/8
would lie in a component meeting {| Im x| ≤ 1/4}, which would contain a zero of tq(·, E) within
3τ/8 + 4Kh < τ/2 of x0. So every zero of T is at distance at least 3τ/8 from x0, hence at least τ/4
from S0. Lemma 7.3(3) gives |T | ≥ eq(ℓ(E)−η)(c0τ/4)2K on S0, and |tq| ≥ |T | − e−q gives (i), since
ℓ(E) − η − 2Kε > −1.

Case B: tq(·, E) has a zero z with |z − x0| < τ/2. Since x0 /∈ Bq(ε), no other entry z′ of Zq(E)
satisfies |z − z′| < τ . In particular z is simple, and z is real: otherwise z̄ would be a second entry
with |z̄ − z| = 2| Im z| < τ . Let W be the component of U containing z. It contains no other zero of
tq(·, E), because its diameter is less than τ , so it contains exactly one zero ζ of T , which is simple,
with |ζ − z| ≤ 4Kh. Since U is symmetric under conjugation and W contains the real point z,
W = W , so ζ̄ = ζ is real. If another zero ζ ′ of T had |ζ ′ − ζ| < τ − 8Kh, its component would differ
from W and contain a zero z′′ ̸= z of tq(·, E) with |z′′ − z| < τ , which is excluded. So every other
zero of T is at distance at least s := τ − 8Kh ≥ 7τ/8 from ζ.

Write T (x) = sin π(x−ζ)G(x). For real x the function G is real, and G′/G = π
∑
k≥2 cotπ(x−ζk).

If dist(u,Z) ≥ s/2, then | cotπu| ≤ 1.01 when | Im u| ≥ 1, and | cotπu| ≤ cosh π/(2 dist(u,Z)) ≤
11.6/s otherwise, by the bound in the proof of Lemma 7.3(2). Hence |G′/G| ≤ 37(2K − 1)/s for
real x with |x − ζ| ≤ s/2. On IT = {x ∈ R : |x − ζ| ≤ ρKs} we get | sin π(x − ζ)| |G′/G| ≤ π/4,
π cosπ(x − ζ) ≥ 0.99π and |G(x)| ≥ e−1/4|G(ζ)|. So T ′ = G (π cosπ(x − ζ) + sin π(x − ζ)G′/G)
has the constant sign of G and |T ′| ≥ 0.74πe−1/4|G(ζ)| ≥ |T ′(ζ)|/2 on IT . By Lemma 7.3(4) and
g(ζ − ζk) ≥ c0s,

|T ′(ζ)| ≥ π4K′
em(T )(c0s)2K′−1 ≥ πeq(ℓ(E)−η)(c0τ/2)2K−1 = 4SE .

Since |∂x(tq − T )| ≤ 2e−q and SE ≫ e−q, ∂xtq(·, E) has the sign of T ′ and modulus at least
|T ′(ζ)|/4 ≥ SE on IT . Put zE = z. Then IE ⊂ IT , because ρKτ/4 + 4Kh ≤ ρKs.

Finally let x ∈ S0 \ IE . Then |x − ζ| ≥ ρKτ/4 − 4Kh ≥ ρKτ/8. Every other zero of T is
at distance at least s − |x − ζ| ≥ 7τ/8 − (τ/16 + τ/2 + 4Kh) ≥ τ/4 from x. So all zeros of T
are at distance at least ρKτ/8 from x, and Lemma 7.3(3) gives |T (x)| ≥ eq(ℓ(E)−η)(c0ρKτ/8)2K =
2λKeq(ℓ(E)−η)τ2K . Subtracting e−q gives the last claim of (ii). In Case A the same bound holds,
since c0τ/4 ≥ c0ρKτ/8.
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Corollary 7.8. Let ξ, ζ > 0 and 0 < ε ≤ min{ζ/(16K), a0/4}. For all large q and every
x0 ∈ T \Bq(ε), (W) holds at (q, x0, e

−2Kεq) with these ξ, ζ.

Proof. Let σ = τ2K = e−2Kεq, so e−ζq/4 ≤ σ ≤ 1. Apply Lemma 7.7 with η = min{ζ, γJ}/2, and let
E ∈ Nq(ξ) ⊂ Jq. A point x with |x− x0| ≤ σ/16 lies in S0. In case (i), and in case (ii) for x /∈ IE ,
|tq(x,E)| ≥ λKe

q(ℓ(E)−η)τ2K ≥ σ2eq(ℓ(E)−ζ) for large q, since η ≤ ζ and τ2K → 0; so such x do not
lie in the set ZE of Definition 5.14. In case (i) therefore ZE = ∅. In case (ii) every x ∈ ZE lies in
IE , where tq(·, E) is monotone with slope at least SE and vanishes at zE , so

|x− zE | ≤ |tq(x,E)|
SE

<
σ2eq(ℓ(E)−ζ)

SE
≤ CKτ

2K+1 ≤ σ

16

for large q. Let JE = {|x− zE | ≤ σ/8}, an arc of length σ/4 centred at zE . It lies in IE for large q,
and on it tq(·, E) is strictly monotone with |∂xtq| ≥ SE ≥ σeq(ℓ(E)−ζ). This is (W).

7.5 The conditional law

Theorem 7.9. Let v be real analytic and Hv,α supercritical. Fix c > 0, 0 < d < B, εout > 0 and
m > 0, let ξ, ζ be as in Theorem 5.15 with εout in place of ε, and let 0 < ε ≤ min{ζ/(16K), a0/4}.
There are C and n1 such that for every n ≥ n1 with bn ≥ c, every phase θ with qnθ mod 1 /∈ Bqn(ε),
and every T with edqn ≤ T ≤ eBqn,

P (Rn(T ), T ) ≤ CT−m, Rn(T ) = eεoutqn
[
1 + min

(
Te−ℓ∗qn , e(bn−ℓ∗)+qn

)]
.

Proof. By Corollary 7.8, (W) holds at (qn, qnθ, e−2Kεqn) for all large n, uniformly in θ, and e−2Kεqn ≥
e−ζqn/4. Theorem 5.15, which does not use the type I hypothesis, applies.

Theorem 7.10. Let v be real analytic, Hv,α supercritical, and assume WXS(v, α). Put β = β(α).

1. If β < ∞, then for almost every θ, P (T a, T ) = O(T−m) for every a > Fβ(ℓ∗) and m > 0, and
α+
u (Hv,α,θ) = Fβ(ℓ∗).

2. If β = 0 or β = ∞, then α+
u (Hv,α,θ) = Fβ(ℓ∗) for every θ.

3. α+
u (Hv,α,θ) ≥ Fβ(ℓ∗) for every θ.

Proof. For k ∈ N let Gk be the full-measure set of phases given by WXS(v, α) with ε = c = 1/k,
and let G = ⋂

kGk. Fix θ ∈ G and β < ∞. Theorem 5.9 gives (M1). For (M2ℓ∗), fix c, d,B, εout,m,
let ε be given by Theorem 7.9, and choose k with 1/k ≤ min{ε, c}. Since θ ∈ Gk, qnθ /∈ Bqn(1/k)
for all large n with bn ≥ 1/k, in particular for all large n with bn ≥ c. Since Bqn(·) decreases,
Bqn(ε) ⊂ Bqn(1/k). So Theorem 7.9 applies at all large n with bn ≥ c, which is (M2ℓ∗). Theorem 3.3
gives the upper bound in part 1. The lower bound in part 1 and part 3 for 0 < β < ∞ are
Theorem 4.1, which applies because ℓ is continuous. For β = 0 use Corollary 5.10, which does not
use the type I hypothesis, and for β = ∞ use [19, Theorem 3(2)] as in the proof of Theorem 5.26.

Theorem 7.11 (The complete law under weak separation). Let v be real analytic with L > 0 on its
spectrum. Let s ≥ 1 be the greatest common divisor of the frequencies k ̸= 0 with v̂(k) ̸= 0, and let
w be the real-analytic function with v(x) = w(sx). If WXS(w, sα) holds, then for almost every θ,

α+
u (Hv,α,θ) = Fβ(sα)(ℓ∗),

where ℓ∗ is the minimum of the Lyapunov exponent on the spectrum. If β(α) ∈ {0,∞}, this holds
for every θ, without any hypothesis.
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Proof. A constant potential has zero Lyapunov exponent on its spectrum, so v is not constant
and s is defined. By Theorem 5.29 and its proof, Hv,α,θ = Hw,sα,sθ, and the two families have
the same spectrum and the same Lyapunov exponent; so Hw,sα is supercritical with the same ℓ∗.
Theorem 7.10 applies to (w, sα) and gives a full-measure set G of phases. The map θ 7→ sθ preserves
Lebesgue measure, so {θ : sθ ∈ G} has full measure. By Lemma 5.28, β(sα) ∈ {0,∞} exactly when
β(α) ∈ {0,∞}, and then Theorem 7.10(2) needs no hypothesis.

If w is of type I at the frequency sα, the conclusion of Theorem 7.11 already follows from
Theorem 5.29, without WXS. At every supercritical spectral energy the acceleration is a positive
integer (proof of Lemma 5.2). So WXS(w, sα) is the missing hypothesis exactly for the primitive
potentials w whose acceleration is at least two at some point of the spectrum.

Remark 7.12 (Why the primitive part). WXS(v, α) itself can fail when v is not primitive. Let
v = w(s·) with s ≥ 2, assume that Hw,sα is supercritical and of type I, and assume that infinitely
many convergent denominators qn of α are divisible by s and satisfy bn ≥ c for a fixed c > 0. At
such a scale, q′ = qn/s is a convergent denominator of sα with the same δn (Proposition 5.27),
and t

(v)
qn = 2Ts(t(w)

q′ /2). Let θ satisfy sθ ∈ Gwsα, a full-measure condition, and let x0 = qnθ = q′(sθ),
which is good for w at scale q′. Let E be a band centre of w at the phase x0; it lies within
Ce−bnqn/2 of Σ by Lemma 5.4(1). By Lemma 5.24 for w, t(w)

q′ (·, E) is monotone near x0 with slope
at least q′−3eq

′(ℓ(E)−ζ), so it takes the s values 2 cos((2j − 1)π/(2s)) at s distinct real points within
4q′3e−q′(ℓ(E)−ζ) of x0. These are zeros of t(v)

qn (·, E). Hence qnθ ∈ Bqn(ε) for every ε < ℓ∗/(2s) at all
large such n, and WXS(v, α) fails. This failure needs the resonant scales: if β(α) = 0, WXS holds
trivially for every potential. It also does not locate a change of the exponent, since WXS(v, α) can
fail while both Fβ(α)(ℓ∗) and Fβ(sα)(ℓ∗) vanish.

7.6 An explicit two-harmonic family

Let
v(x) = 2λ cos 2πx+ 2µ cos 4πx, λ ̸= 0, µ ̸= 0,

and assume that Hv,α is supercritical. This potential is primitive and even. By Lemma 7.2 and the
evenness of tq (Section 5.2),

tq(x,E) = Pq(E) + 2Cq(E) cos 2πx+ 2Bq cos 4πx, Bq = (−µ)q,

with real polynomials Pq of degree q and Cq of degree at most q − 1. With c = cos 2πx, tq =
4Bqc2 + 2Cqc+ (Pq − 2Bq), whose roots in c are c± = c̄q ± 1

2

√
∆̃q, where

c̄q(E) = −Cq(E)
4Bq

, ∆̃q(E) =
(Cq(E)

2Bq

)2
− Pq(E) − 2Bq

Bq
= (c+ − c−)2.

The four phase zeros of tq(·, E) are ±x+ and ±x−, with cos 2πx± = c±. The polynomial ∆̃q, of
degree at most 2q, measures how far tq is from a perfect square in cos 2πx.

Definition 7.13. We say that (E-∆) holds if for every c > 0 and every ε > 0 there is ε′ > 0 such
that for all large n with bn ≥ c,∣∣{E ∈ J : |∆̃qn(E)| ≤ e−εqn , |c̄qn(E)| ≤ 2

}∣∣ ≤ e−ε′qn .

Proposition 7.14. For the family above, (E-∆) implies WXS(v, α). Consequently, under (E-∆),
α+
u (Hv,α,θ) = Fβ(α)(ℓ∗) for almost every θ.
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Proof. Fix c, ε > 0, let q = qn with bn ≥ c be large, τ = e−εq, and let x0 ∈ Bq(ε), with witnesses
E ∈ Jq and entries z, z′ of Zq(E). The entries are two of the four zeros ±x±.

Mirror pairs. If {z, z′} = {x+,−x+} or {x−,−x−}, then dist(2z,Z) = |z− z′| < τ , so z is within
τ/2 of {0, 1

2} and x0 is within 2τ of {0, 1
2}. These phases form a set of measure at most 8τ .

Cross pairs. Otherwise cos 2πz = c+ and cos 2πz′ = c−, or the reverse. Since | Im z| < τ and
| Im z′| < 2τ , the derivative of cos 2π· is at most 2π cosh 4πτ on the segment between them, so
|c+ −c−| ≤ 7τ for large q. Hence |∆̃q(E)| ≤ 49τ2 ≤ e−εq, | cos 2πx0 − c̄q(E)| ≤ | cos 2πx0 −cos 2πz|+
|c+ − c−|/2 ≤ 11τ , and |c̄q(E)| ≤ 2. So E lies in

Ebad = {E ∈ J : |∆̃q(E)| ≤ e−εq, |c̄q(E)| ≤ 2},

and cos 2πx0 lies in the 11τ -neighbourhood S′ of S = c̄q(Ebad).
The set S. Since ∆̃q and c̄q are real polynomials of degrees at most 2q and q− 1, Ebad is a union

of at most 3q + 2 intervals. On Ebad the roots satisfy |c±| ≤ 2 + e−εq/2/2 ≤ 2.5, so the four phase
zeros have | Im x| ≤ arsinh(2.5)/(2π) ≤ 0.3. By Lemma 7.3(2), with |cq,±2| = |µ|q, m(tq(·, E)) ≤
q log |µ|+1.2π ≤ q log |µ|+3.8. Let η, ζ > 0. Lemma 7.6 gives ℓ(E) ≤ log |µ|+η+3.8/q on Ebad, for
large q. Since Cq = (tq(0, ·) − tq(1

2 , ·))/4, (17) gives |c̄′
q(E)| = |C ′

q(E)|/(4|µ|q) ≤ Cqe(η+ζ)q on Ebad.
Integrating over each component, S is a union of at most 3q+ 2 intervals with |S| ≤ Cqe(η+ζ)q|Ebad|,
and |S′| ≤ |S| + 22τ(3q + 2).

Measure of the bad phases. For 0 < r ≤ 1, the set {x ∈ T : | sin 2πx| < r} has measure at most
4r. On its complement, x 7→ cos 2πx is at most two-to-one with derivative of modulus at least 2πr,
so {x : cos 2πx ∈ S′, | sin 2πx| ≥ r} has measure at most |S′|/(πr). Altogether

|Bq(ε)| ≤ 8τ + 4r + 1
πr

[
Cqe(η+ζ)q|Ebad| + 22τ(3q + 2)

]
.

Let ε′ be given by (E-∆) for c and ε; decreasing it, we may assume ε′ < 2ε. Take r = e−ε′q/2 and
η+ζ < ε′/4. Every term is at most Cqe−c′q with c′ = min{ε′/4, ε−ε′/2} > 0. Since∑n qne

−c′qn < ∞,
the Borel–Cantelli lemma gives WXS(v, α). The last statement is Theorem 7.10.

For the non-primitive member λ = 0 and even q, the Chebyshev identity of Proposition 5.27
gives exactly ∆̃q = 2/µq, which is exponentially small when |µ| > 1; this is the structural clustering
of Remark 7.12. Whether (E-∆) holds for λ ̸= 0 is open.

Remark 7.15 (Numerical observations). The following finite computations are not used in any
proof. For the family above with µ = 1.8, λ ∈ {0.6, 0.02} and the frequency 161/242, and with
λ = 0.6 and the frequency 321/482, we computed, at 32, 32 and 16 equally spaced phases respectively
and for each of the two lowest bands, the band centres, their slopes, the four phase zeros and the
loss Φ of Remark 7.4, in arithmetic with 100 decimal digits. All phase zeros were real. The vertical
gaps between the two lowest band centres were as small as 4.0 · 10−12, 1.1 · 10−11 and 3.6 · 10−21,
and the slopes |E′

b| at most 3.1 · 10−10, 7.9 · 10−10 and 9.3 · 10−20. Yet the largest loss Φ was 4.48,
3.69 and 3.54, and the smallest distance between two phase zeros was 0.0085, 0.0098 and 0.0098.
The identity of Remark 7.4 held to a relative error below 10−76. These are observations at finitely
many phases of two rational frequencies, which belong to the sequence (2k + 1)/(3k + 2) converging
to the rational number 2/3, not to the convergents of a fixed irrational frequency. At these samples
the tiny vertical gaps did not produce horizontal clusters. They say nothing about the behaviour
along the convergents of a fixed irrational frequency. Whether exponentially small vertical gaps
recur, at a positive exponential rate, along the convergents of a fixed irrational frequency, and what
they then do to the horizontal separation, is part of the open question of WXS.
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8 Discussion and open problems
The dynamical picture. Theorems A and B identify the upper Abel-averaged transport exponents
of every supercritical type I analytic operator, for every moment, at every phase of the full-measure
set Gvα: all of them equal max{0, 1 − ℓ∗/β(α)} (Corollary 6.11). For the almost Mathieu operator,
Damanik and Tcheremchantsev proved that the lower transport exponents vanish for every λ > 1
and every frequency [11], so the fastest lower and upper exponents differ in the window 1 < λ < eβ .
The proofs suggest a picture of strong intermittency. Near the resonant times T ≈ |qnα− pn|−1 of
strongly Liouville scales, the part of the packet at energy E makes a burst, moving with speed about
e−L(E)qn and reaching distance T 1−L(E)/βn ; a fixed fraction of the packet takes part (Theorem B(1)).
The exponents record the largest of these bursts. We prove nothing about the proportion of times
spent in each regime, and nothing about the lower exponents of potentials other than the almost
Mathieu operator.

The open hypothesis: weak separation beyond type I. Theorem D reduces the law
max{0, 1 − ℓ∗/β(sα)} for every real-analytic potential with positive Lyapunov exponent on its
spectrum to one hypothesis, WXS(w, sα) for its primitive part w, and the hypothesis is needed
only when w has acceleration at least two at some point of the spectrum. The open problem is
therefore exactly this: does WXS hold for primitive real-analytic potentials with acceleration at least
two? WXS is a horizontal condition. It asks that, at each fixed energy near the spectrum, no two
zeros of the rational discriminant in the phase variable, real or complex, cluster at an exponential
rate near the drifting phase qnθ. It is not a condition on vertical gaps between band centres at a
fixed phase: by Remark 7.4, vertical gaps enter the horizontal loss only through a product over all
bands. Whether exponentially small vertical gaps recur, at a positive exponential rate, along the
convergents of a fixed irrational frequency, and whether they then force horizontal clusters, is part
of the open question. For the two-harmonic family 2λ cos 2πx+ 2µ cos 4πx, Proposition 7.14 reduces
WXS to the phase-free estimate (E-∆) on a single polynomial of degree at most 2q, which we also
leave open. A proof of WXS, or a fixed frequency at which the law fails together with the corrected
arithmetic invariant, would complete the picture for real-analytic potentials. The law could also
hold where WXS fails; our methods do not decide this.

Exceptional phases. The upper bounds are proved for θ ∈ Gvα, the phases whose local phase
qnθ stays polynomially far from the turning points of the band centres. At other phases a turning
point near the origin changes the geometry of the discriminant, and the window estimate must be
modified. Whether the exponent can be larger at such phases is open.

Lower local dimensions. Theorem B(3) determines the upper local dimension of µθ. The lower
local dimension and the Hausdorff dimension of spectral measures are not addressed here.

Critical and mixed spectrum. The law concerns potentials whose Lyapunov exponent is positive
on the whole spectrum. When the Lyapunov exponent vanishes somewhere on the spectrum and
β(α) > 0, transport is quasiballistic by the theorem of Jitomirskaya and Zhang [19, Theorem 3]. At
critical energies with β(α) = 0 our methods give nothing: the resonant scales disappear, and the
speed bound e−L(E)q becomes vacuous.

Physical meaning. Laboratory realizations of the Aubry–André model use frequencies such as
the golden mean, for which β = 0; Corollary 5.10 confirms the absence of power-law transport for
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every analytic potential whose Lyapunov exponent is positive on the spectrum. The theorems show
that this absence is arithmetic, not a consequence of positive Lyapunov exponent alone, and that
it does not depend on the details of the potential. The proofs indicate that a frequency with one
exceptionally large partial quotient after a denominator q produces a transient burst over the time
window eL(E)q ≲ T ≲ |qα − p|−1, energy by energy. The exponents themselves are infinite-time
quantities of an infinite system.

How this work was done

The authors developed the results and proofs with assistance from AI models from more than one
developer. They take responsibility for every claim. The authors chose the question, directed the
work and decided which lines to pursue; the models did most of the exploration, derivation and
drafting.

The proof was developed over several long working sessions, each building on the previous ones
and recording its proofs, failed routes and self-checks. Each step was then checked by a separate
session that had not seen the material, with instructions to refute it and to read the primary sources
it relies on. The repairs found in these checks are incorporated here. Priority and literature searches
were AI-assisted. No computation is used in any proof.
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