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Abstract

Which pairs can be the lower and upper entanglement price of perfection for one fixed
game? For finite rational Boolean constraint-system games of quantum value one, the
positive finite logarithmic dimension-exponent pairs are exactly 0 < L ≤ U with L ∈ Σ0

2
and U ∈ Π0

2. Every pair has a matched one-way distillable-entanglement realization on the
original mixed strategy state. The diagonal recovers exactly the positive ∆0

2 coefficients
and gives a proof using no MIP∗ = RE witness. For a counter program with polynomial
pulse delay, positive lower one-density and one-count k, a carry-checker construction
gives log2 DG(2−n) = Λ + (m/2)k(Λ) + O(logn), with the same usable profile, where
m, q ≥ 1 are fixed integers and Λ = ⌊n/(2q)⌋. At the power scale, every admissible
endpoint pair in (0, 1] has matched log-dimension, usable, pure-entropy and formation
realizations; the dimension endpoint conditions are also necessary. The full usable endpoint
ceilings remain open. With linear slope bounds, target profiles computable in logarithmic
space are realized to O(logn), and sublinear-space targets modulo o(n). Every dimension
profile with finite upper exponent is computable within doubly exponential time; some
computable bounded-increment profiles with any admissible distinct endpoints are not
realized by any game even modulo o(n). This separates endpoint classification from
whole-profile realization. The witness-based proof also yields the exact-trace barrier and
the projection-minimum classification. In the companion reset model, local-heat endpoint
pairs double while joint-reset heat stays bounded. Meyerovitch’s entropy dimensions,
Hochman-Meyerovitch’s local-rule spectra and Sapir-Birget-Rips’s time conditions are
precedents in form; the invariants here are fixed-game precision costs.

The authors developed this work with current frontier AI models from more than one developer
and take responsibility for every claim. How the work was done and checked, including
refutation-first proof audits and finite computations, is described before the appendices.

Concept DOI: 10.5281/zenodo.23701733.
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1 The price of perfection
Which numbers can be the entanglement price of perfection for one fixed finite game? The
positive dimension exponents of finite rational Boolean constraint-system (BCS) games of
quantum value one are exactly the positive ∆0

2 reals. Every number in that class also occurs as
the logarithmic coefficient of one-way distillable entanglement on the original mixed strategy
state. The exponent measures how rapidly the least local dimension grows when one fixed
device must play closer to perfection. It is the entanglement budget that precision forces on a
device whose rules are fixed, so the class of possible exponents decides whether that budget
can be read off from the finite rulebook. In general it cannot: a computable finite rulebook
can have a noncomputable limiting resource rate. At the power scale, the positive exponents
in (0, 1] of log dimension, pure entropy and formation are also exactly the ∆0

2 reals, with
every such exponent realized for the original mixed-state usable demand. The full usable
spectra remain open. The profile part classifies the positive finite lower/upper logarithmic
dimension pairs and the power pairs in (0, 1], with matched original-state usable realizations.
It also separates endpoint classification from realization of a whole precision profile.

A real is left-computably-enumerable, or left-c.e., if it is the limit of a computable non-
decreasing sequence of rationals. Increasing approximations below are understood in this
non-strict sense. All logarithms without a displayed base are base two, and entanglement is
measured in ebits. For a finite game G of quantum value one, let DG(ε) be the least local
dimension of a strategy with loss at most ε, padding the two local spaces equally. Define

d→G (ε) = inf
finite-dimensional strategies of loss ≤ε

EA→BD (ρAB). (1.1)

The state may be mixed. Its one-way distillable entanglement is the asymptotic Bell-pair rate
using local operations and classical communication from Alice to Bob. A real is right-c.e.
if its negative is left-c.e.; it is ∆0

2 if it is the limit of a computable sequence of rationals,
equivalently, by Shoenfield’s limit lemma [64], if it is computable relative to the halting set.
Let BBCS be the set of positive limits limε↓0 log2DG(ε)/ log2(1/ε) for finite BCS games with
rational question probabilities and quantum value one.

Theorem 1.1 (Complete dimension classification and matched realization). The positive
dimension spectrum is

BBCS = {α > 0 : α is ∆0
2}.

For every positive ∆0
2 real α there is a fixed finite two-player Boolean constraint-system game

Gα, with rational question probabilities, quantum value one and no finite-dimensional perfect
strategy, such that, as ε ↓ 0,

log2DGα(ε) = α log2(1/ε) + o(log(1/ε)), (1.2)
d→Gα

(ε) = α log2(1/ε) + o(log(1/ε)). (1.3)

Conversely, every finite dimension exponent of a rational finite game is ∆0
2 whenever its

defining limit exists. The usable-entanglement assertion is an inclusion, not a classification
of its full spectrum.

Proof routes. Our main proof is Corollary Q4.4: a carry checker and programmed pulse
counts establish the classification with no MIP∗ = RE witness. Section 16 gives a second,
witness-based proof and additionally supplies the projection-minimum and exact-trace results.

Corollary Q4.4 proves the realization, with a second proof in Section 16; Lemma 2.4,
with the limit argument in the proof of Corollary 16.7, gives the converse (compare [26,
Proposition 11.13]). Corollary 13.1 extends the order contrast to every positive ∆0

2 coefficient:
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local-reset heat has coefficient 2α, while joint-reset heat stays bounded. This identifies limiting
coefficients, without asserting computability or noncomputability of the finite-precision heat
function.

1.1 The halting game

Fix a standard effective enumeration of programs, with halting set K ⊆ N = {0, 1, . . .}.

Theorem 1.2 (The halting game). There is a fixed finite two-player Boolean constraint-system
game GK , with rational question probabilities, such that ωq(GK) = 1, no finite-dimensional
strategy wins perfectly, and

DGK
(ε) = ε−(3+θK)/4+o(1), θK =

∑
e∈K

4−(e+1). (1.4)

The exponent is Turing-equivalent to K. The sequence logDGK
(2−n)/n has no computable

certified rate of convergence.

The existence of increasing computable rational sequences with uncomputable limits
is classical, beginning with Specker [69]; this construction places such a limit inside the
resource law of one fixed game. Sections 2–10 prove its clock, compiler, finite-model and
arbitrary-state estimates. Sections 11–13 give the left-c.e. reader, operational extraction,
heat and recovery laws. Section 14 proves the exact-trace obstruction and classifies matrix-
approximable projection minima. Section 15 gives a complementary non-left-c.e. example,
and Section 16 proves the full logarithmic classification.

Theorem 1.3 (Power-scale classification). For every ∆0
2 real β ∈ (0, 1], one fixed finite

rational BCS game of value one, without a finite-dimensional perfect strategy, has matching
power exponents

d→G (ε) = ε−β+o(1), logDG(ε) = ε−β+o(1).

In (0, 1], the existing power exponents of log dimension, pure original-state entropy and
single-copy entanglement of formation are exactly the ∆0

2 reals. The usable ceiling remains
open; an exponent outside that class would force the polynomial formation/distillation gap of
Proposition P6.2.

Proof. This is Theorem P1.1, proved in the power-scale part after Section 16. Its new
ingredients are the finite-moment source models, polynomial same-state clock localization,
scaled counters and stopped normalized products. Its finite program computes a rational
approximation while an older rational continues to emit multiplier pulses; no convergence
modulus or witness Hilbert space is needed. Section 17 records the remaining usable ceiling
and the question of exponents above one.

1.2 Dependency map

The finite presentations, stop-or-continue proof, simultaneous upper models and matched
resource estimates are proved here. The Boolean correspondence is used as stated from [26,
Theorem 4.9], and the actual-state interface from [26, Proposition 6.1]; Section 12 records how
they feed an explicit extraction on the original mixed state. The main proof of Theorem 1.1
uses the carry-checker interface of Theorem Q1.2 and the pulse construction of Lemma Q2.1.
The second proof additionally uses the finite perfect-completeness reduction of MIP∗ = RE [39,
Theorem 12.6]. Both routes use Holevo’s bound [37] in the measurement count, and Devetak–
Winter hashing [23]. Classical results used without proof are counter-machine universality [63],
real quantifier elimination and Shoenfield’s limit lemma [64]. The bounded tracial moment
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method [12, 42] enters only the exact-trace barrier of Section 14 and its uses in Proposition 15.9
and Section 16.6. The normal form [27, Theorem 5.1] enters only Theorem 14.5. The real
simulation [47] and [26, Lemma 11.12] enter only the remark on real strategies and question
weights. The heat paper [24] is needed only for Section 13 and the heat consequences. These
dependencies are substantive: this is not a self-contained proof of the imported correspondences
or complexity theorem.

Theorem (Exponent pairs and whole profiles). The positive finite logarithmic dimension
pairs are exactly 0 < L ≤ U < ∞ with L ∈ Σ0

2 and U ∈ Π0
2. One fixed rational BCS game

realizes each pair with the same original-state usable pair. At the power scale every such pair
in (0, 1] is realized, and these conditions classify dimension pairs there. A polynomial-delay
pulse word with positive lower one-density and one-count k gives

log2DG(2−n) = Λ + m
2 k(Λ) +O(logn), Λ = ⌊n/(2q)⌋,

with the same usable profile, for fixed integers m, q ≥ 1. Under linear slope bounds, space-o(n)
target profiles are realized modulo o(n), but some computable bounded-increment profiles with
any admissible distinct endpoints are not realized by any game modulo o(n).

These assertions are proved in Theorems Q3.1, Q4.2, Q6.1 and Q7.2 and Corollary Q5.1.
Proposition Q7.1 supplies the necessary doubly exponential time bound. The arbitrary-game
usable endpoint ceiling and the intervening profile frontier remain open.

The local lamp class has an additional sharp ceiling: logDG(ε) = O(ε−1 log(1/ε)), and its
positive existing power spectra for log dimension, pure entropy and formation are exactly
∆0

2 ∩(0, 1]. General rational BCS games have no such upper-exponent ceiling: some fixed games
have infinite upper power exponent for all three resources. Existing finite limits above one
remain open. The usable-spectrum problem is reduced conditionally to weak pure rounding of
original mixed strategies. For groups we prove effective upper classes and a trace obstruction
for these counter presentations; neither supplies group realizations or excludes all analytic
decoders. Turing-machine encodings into group rings and irrational analytic kernel projections
are established precedents [33, 3, 61]. See Theorems P6.7 and P6.11 and Sections Q8 and Q9.

1.3 Related work and credit

Mousavi, Nezhadi and Yuen prove that deciding whether the quantum value is exactly one
is Π0

2-complete [53, 54]. Their theorem rules out uniform computable dimension bounds.
Theorem P6.11 extracts a stronger consequence for individual games: given any computable
two-parameter envelope, one fixed value-one game exceeds each of its parameter slices
infinitely often. The BCS version uses Paddock’s SynchBCS construction [59, Section 4.3 and
Proposition 4.22] and the weighted sequential-POVM proof in Lemma P6.12. This hierarchy
argument establishes unbounded upper exponents, without establishing an existing limit
above one. Theorems 1.1 and 1.2 identify convergent coefficients for individual fixed games.
The theorem MIP∗ = RE puts halting information in a game’s value [39]; it does not by itself
identify a resource exponent of a fixed value-one game.

The algebraic connection between constraint games and operator assignments goes back
to Cleve and Mittal [18] and, for linear systems, Cleve, Liu and Slofstra [17]. Slofstra
established an embedding theorem for solution groups [67] and the non-closure of quantum
correlations [66]. Slofstra and Vidick introduced the hyperlinear profile as a quantitative bridge
from approximate representations to dimension requirements [68]. Slofstra later obtained
a finitely presented group with at least subexponential hyperlinear profile [65]. Mančinska
and Vidick give a two-player game with two questions per player, but answers of unbounded
length, whose optimal value one is reached only in the limit: some local-dimension-d strategies
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succeed with probability 1 −O(d−c), and none exceeds 1 − Ω(d−2) [46]. Ji, Leung and Vidick
construct a fixed finite three-player game of value one for which near-perfect play requires at
least Ω(ε−c) qubits for a fixed c > 0 [38]. Coladangelo constructs a fixed finite two-player
score game for which every ε-optimal strategy has local dimension 2Ω(ε−1/8) [19]. These results
supply the framework and important growth examples; they do not identify the matched
finite exponent in (1.4).

Mehta, Slofstra and Zhao construct halting-dependent Pauli systems and embed them in
finite presentations with polynomial bounds on relation decompositions [48, Proposition 4.8].
Those bounds transfer lower estimates; they do not assert small simultaneous finite-model
extensions. The construction here supplies its own upper models. The conjugacy gadgets used
in our compiler are those of Fanizza, Kroell, Mehta, Paddock, Rochette, Slofstra and Zhao [28,
Lemma 5.8 and Theorem 5.5]. Their credit is essential: the passage from nested conjugacy
to ordinary Boolean contexts is not a new gadget of this paper. We give its matrices and
converse calculation because quantitative completeness is needed here.

The state-preserving Boolean correspondence was established in The price of precision [26,
Theorem 4.9]; its linear-system predecessor and further dimension examples appear in the
companion paper [50]. We use that correspondence as an existing theorem. Section 10 records
the elementary square-root estimate needed for the present local-dimension application
and checks the constants’ effect on the exponent. Theorem 1.1 proves and strengthens the
computable-coefficient inclusion conjectured in the discussion of [26, Problem 18.3(i)], for
its original usable-entanglement demand as well as dimension. The ∆0

2 upper bound for
dimension exponents is [26, Proposition 11.13]; Lemma 2.4 records the rational case.

Uncomputable asymptotic data in finite systems have other precedents. Hochman and
Meyerovitch characterize the entropies of multidimensional shifts of finite type as exactly
the nonnegative right-c.e. reals [36]; their construction passes through a shift whose maximal
symbol frequency is a prescribed right-c.e. real. Their theorem is a template for identifying the
possible values of a physical quantity of a fixed finite system with a computability class. The
exact precedent in form is Meyerovitch’s entropy-dimension classification [49, Theorem 5.1(3),
arXiv version], for every d ≥ 2:

The class of entropy dimensions of Zd SFT’s is [0, d] ∩ ∆2.

The same theorem gives upper entropy dimensions Π3 and lower entropy dimensions Σ2.
Our classification concerns nonlocal-game dimension exponents and matched entanglement
coefficients. It is not the first ∆0

2 classification of an exponent. Sapir, Birget and Rips relate
group isoperimetry and computation [62]; a Dehn exponent is not a dimension exponent,
and no identification between them is used here. Cubitt, Perez-Garcia and Wolf prove
undecidability of the spectral gap over families of local Hamiltonians [21]. Bausch, Cubitt
and Watson obtain uncomputable phase diagrams for a continuous one-parameter family [6].
These are precedents for asymptotic noncomputability, rather than proofs of (1.4).

The binary adding machine used below is the classical odometer on a Cantor set; its
interpretation through operator algebras is standard [34]. The new point needed here is a
finite polynomial presentation and a carry estimate that remain quantitative in a non-flat
state. The final information bound uses Holevo’s theorem [37] and the random-access-code
principle exemplified by Nayak [57]. Its branching estimate is proved explicitly.

Jockusch and Schupp prove that the densities of computable sets are exactly the ∆0
2

reals in [0, 1] [40, Theorem 2.21], and Downey, Jockusch and Schupp classify the densities,
lower densities and upper densities of computable and c.e. sets [27, Section 5]. The flag
densities forced in Section 16 realize the same arithmetic class; what is new here is forcing
such a density on every near-perfect strategy of one fixed game. The moving-window estimate
in Section 11 uses the binary radical-inverse ordering of van der Corput [70], not a new
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discrepancy principle. Vidick’s Almost synchronous quantum correlations [72] supplies the
closely related spectral-compression mechanism; Section 14 gives the word-moment form
needed here. Tracial moment optimization [12, 42] supplies the exact-trace lower hierarchy.
Its distinction from general commuting-model NPA [56] is the distinction used to escape the
barrier in Section 15.

Devetak–Winter hashing [23] is the operational last step in Section 12. The new ingredient
is the inactive-outcome extension of the triangular extraction in [26, Theorem 6.2] and its
cyclic finite-alphabet form [26, Lemma 6.3], with random targets and an original-mixed-state
bridge. The heat conclusion invokes the existing reset sandwich of [24, Theorem 2.1 and
Corollary 2.2]. Kolchinsky and Wolpert [43] study noncomputable heat functions for universal
Turing machines. Corollary 13.1 and Theorem 15.7 identify uncomputable logarithmic precision
coefficients for fixed finite nonlocal games and compare their local and joint reset schedules.
Section 15 additionally uses the finite perfect-completeness form of Ji–Natarajan–Vidick–
Wright–Yuen, states its exact theorem numbers, and credits the Connes embedding and
commuting-complexity context, including Lin [45].

Fixed-size quantum-correlation undecidability also has important precedents in Fu–Miller–
Slofstra [30], and quantitative spectral-gap and representation-stability methods for Pauli-
testing game families in de la Salle [22]. Their statements concern the specified correlation
inputs or varying game families. They do not alone supply a matched fixed-game original-state
usable spectrum. Finite-field independence and small-bias methods are credited to Naor–Naor
and Alon–Goldreich–Håstad–Peralta [55, 1] at the source construction.

The power-scale comparison with group isoperimetry is precise. Brady–Bridson [10]
realize the dense constant-scaling Dehn exponents 2 log2(2p/q). Brady–Bridson–Forester–
Shankar [11, Theorem A] obtain 2 logλ r from an irreducible nonnegative integer matrix with
Perron eigenvalue λ > 1 and rational r above every row sum. Sapir–Birget–Rips [62] program
Dehn exponents under explicit digit-computation time hypotheses (double-exponential digit
computation suffices for their stated α ≥ 4 Dehn laws, and a triple-exponential necessary
bound is proved); this is not an unrestricted theorem for all computable exponents. Here the
invariant is an original-state game resource, with no Dehn-to-precision reduction. Arbitrarily
slow rational computation is interleaved with continued pulse generation, and scaled-counter
errors remain polynomial in physical depth. Meyerovitch’s limit-computable entropy-dimension
theorem remains the direct precedent in form. Classical counter universality is credited to
Shepherdson–Sturgis and Minsky [63, 51]; rotation coding and logarithmic independence
to Morse–Hedlund and Baker [52, 4]. Clifford overlapping qubits [14, Theorem 3.1], the
collective Houghton clock [26, Proposition 13.9], the source certificate [50, Definition 7.1]
and the original-state extraction [26, Theorems 6.4 and 12.4] are the essential geometric and
operational inputs. Their role is explicit in the power-scale proofs.

1.4 Proof outline

The main route starts with two compulsory carry-checker clocks. A polynomial-delay counter
program emits a pulse word of positive lower one-density, and stopped calibrators force the
source-clock depth at a precision-dependent scale. If k(J) is the one-count, Theorem Q3.1
gives the whole profile

log2DG(2−n) = Λ + m

2 k(Λ) +O(logn), Λ = ⌊n/(2q)⌋,

with the same original-state usable law. Computable pulse densities realize the admissible
lower and upper endpoint pairs by Theorem Q4.2; taking equal endpoints gives Theorem 1.1
through Corollary Q4.4. No fixed observable is assigned the limiting coefficient. The next
paragraphs describe the second proof and its additional exact-trace information.
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At source precision 4−N , three compulsory clocks cost 3N − o(N) bits of logarithmic
dimension. They hold an address, fuel and time. For GK , a finite counter program recognizes
halting inputs on separated base-four cylinders. Reset forces initialized computations at every
finite fuel scale. Exact tracial models must flag every halting cylinder; compactness extends
this to all weighted approximate models, without an effective modulus.

A conditional clock contributes θKN − o(N) further bits. Explicit finite histories are
diagonal labels on the existing registers. A moving register of optional bits realizes the
conditional clock in dimension 2θNN+O(logN), with computable θN ↑ θK . Source precision
4−N becomes game loss of order 16−N , giving the denominator four.

For an arbitrary left-c.e. θ ∈ [0, 1], an address reader accepts exactly the binary values
below θ. Radical-inverse window counts match its finite flag density. Extra compulsory clocks
add to the numerator, and replacing polynomial residuals by fixed powers divides the exponent.
These two operations cover every positive left-c.e. α. Finally a coherent extraction with an
inactive outcome converts the expected active count into distillable Bell pairs on the original
mixed state. The cited heat sandwich then matches both reset laws.

The complementary construction reverses the flag rule: an unflagged decoded cylinder
must carry a finite perfect witness for its halting game. A fixed counter transducer with two
operator registers tests every relation of that witness’s projection presentation, packed into
three data generators. Nonhalting unflagged corners have zero weight in matrix-approximable
traces, and moment compression transfers that bound to the actual strategy state. Finite
perfect witnesses can be admitted so slowly that their combined logarithmic dimension is
at most

√
N , while the unflagged density tends to θK . The flag density is therefore 1 − θK ,

giving exponent (4 − θK)/4. The same extraction and heat sandwich apply. The exact-trace
minimum is strictly smaller, as the barrier forces it to be.

The stop-or-continue construction replaces monotone admission by a stopping parameter
R∗. Each continuation has one loaded finite perfect witness; each stop runs a scalar verifier
against the entire remaining approximation. A bad address can neither stop safely nor
continue forever. For the upper bound, any fixed threshold below the limit needs only finitely
many witnesses. Letting the threshold advance sufficiently slowly makes their logarithmic
overhead sublinear. This handles every computable convergent approximation, without a
variation bound. Within this mechanism, even though both quantum and commuting values
equal one, the exact-versus-matrix-approximable trace gap associated with the failure of
Connes’ embedding conjecture changes the attainable exponent class beyond the exact-trace
left-c.e. barrier. The carry-checker proof of Corollary Q4.4 reaches the same class with no
exact-versus-approximable gap, so this gap belongs to the flag mechanism and is not necessary
for the classification.

8



The witness-based construction at a glance

The following witness-based pipeline separates the finite rulebook from the two asymptotic
estimates. The imported Boolean correspondence is the final conversion, not a new complexity
reduction.

Stage Finite construction Role in the estimates

Counter program A program computes as → θ. At
each depth it stops and verifies the
tail, or loads one witness and
continues.

Bad prefixes force flag mass at least
1 − θ in matrix-approximable traces.

Polynomial
presentation

Three compulsory clocks, one
conditional clock, R∗, commutative
workspace, per-gate data and two
contraction registers.

Positive initialized corners test one
tuple; fixed thresholds give exact
new relations with a fixed finite
witness factor.

Parameters Add r clocks and take the qth power
of every defining residual.

The resource coefficient is
(4 + r − θ)/(4q); every positive ∆0

2
real has this form.

Compiler Rational bounded relations pass
through conjugacy gadgets to
finitely many Boolean contexts.

Upper residual O(4−qN ) gives loss
O(16−qN ); loss ε gives unpowered
precision (C

√
ε)1/q.

BCS game A fixed finite rational question
distribution tests those contexts.

Explicit flat models have
log d = (4 + r − θ)N + o(N); no
game changes as precision improves.

Upper flow Threshold b < θ → finitely many
witnesses → initialized histories →
slowly advancing b ↑ θ.

Witness logarithmic cost is o(N);
window counts fix the
optional-register cost.

Lower flow Near-perfect strategy → actual-state
interface → weighted flag bound →
raw clock measurements.

Counting bounds dimension;
coherent extraction and hashing
bound one-way entanglement on the
original mixed state.

Heat consequence Apply the existing reset sandwich
only after both bounds match.

Local reset costs
2α log2(1/ε) + o(log(1/ε)); joint
reset stays bounded.
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The carry-checker route in Section Q1 uses two compulsory checker clocks and calibrated
source clocks instead of witness admission. Its scale-dependent pulse count is not the exact-
trace minimum of one fixed observable. The profile and time-bound comparisons with
Meyerovitch, Hochman–Meyerovitch, Zheng–Weihrauch and Sapir–Birget–Rips are detailed
in Section Q7.

The sharp lamp models use the hash-register mechanism of the companion construc-
tion [50, Proposition 9.4], building on Chao–Reichardt–Sutherland–Vidick’s overlapping-qubit
methods [14, 15]. The uniform canonical-trace rationality input is Zalesskii’s theorem, with
Kaplansky’s positivity distinguished from rationality; Burger–Valette give a proof and histor-
ical account [13]. Hayden–Leung–Winter’s high-entanglement subspaces [35] furnish the one
effect-only obstruction to universal purification used here. None of these inputs identifies the
general usable or group realization spectrum.

2 Weighted models and elementary estimates
Definition 2.1. A bounded polynomial presentation consists of finitely many variables, each
declared to be a positive contraction, a projection, a self-adjoint unitary, or a unitary, and
finitely many rational real-coefficient noncommutative ∗-polynomial equations r = 0. Its
weighted precision-δ model on Cd is an assignment in the declared domains and a density
matrix ρ such that, with ξ = √

ρ,

∥rξ∥2 ≤ δ, ∥[s, ξ]∥2 ≤ δ (2.1)

for each defining relation r and each variable s. The norm is the unnormalized Hilbert–Schmidt
norm. A flat model has ρ = I/d and ∥r∥f = d−1/2∥r∥2. Write W (δ) and H(δ) for the least
weighted and flat model dimensions, with value ∞ if no model exists.

We write |D|ρ = ∥Dξ∥2. Constants for a fixed presentation may depend on its finite
polynomials, but never on d, ρ, δ or a growing digit depth.

Lemma 2.2 (Right multiplication). For bounded A,B,

|AB|ρ ≤ ∥A∥|B|ρ, |BA|ρ ≤ ∥A∥|B|ρ + ∥B∥∥[A, ξ]∥2.

A word w of length l in contraction variables and unitary adjoints satisfies ∥[w, ξ]∥2 ≤ lδ. A
fixed finite algebraic derivation from the defining relations has error at most Cδ on the same
state.

Proof. Use BAξ = BξA+B[A, ξ]. Expand the commutator of a product one factor at a time.
Adjoint unitaries have the same state-commutator norm as the unitary. For adjoint relations,

|r∗|ρ = ∥ξr∥2 ≤ |r|ρ + ∥[r, ξ]∥2.

All variables are bounded, so a fixed polynomial has a fixed operator-norm bound and a
commutator bound Cδ. Expand a finite ideal identity as a finite sum ajrjbj and apply the
first two inequalities. This proves the last assertion.

Lemma 2.3 (Hilbert–Schmidt functional calculus). Let A,B be self-adjoint, Z an arbitrary
rectangular Hilbert–Schmidt matrix, and g an L-Lipschitz function on their spectra. Then

∥g(A)Z − Zg(B)∥2 ≤ L∥AZ − ZB∥2, (2.2)
|g(A) − g(B)|ρ ≤ L

(
|A−B|ρ + 2∥[B, ξ]∥2

)
, (2.3)

|[Y, g(A)]|ρ ≤ L
(
|[Y,A]|ρ + 2∥[A, ξ]∥2

)
(2.4)

in the last line for a contraction Y . Also ∥[g(A), ξ]∥2 ≤ L∥[A, ξ]∥2.
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Proof. Diagonalize A on the left and B on the right. Corresponding entries in the first
inequality are (g(a) − g(b))Zab and (a − b)Zab. Square the scalar Lipschitz inequality and
sum. The state-commutator estimate is its case A = B,Z = ξ. Insert and subtract ξg(B) to
obtain (2.3). For (2.4), apply (2.2) with A = B,Z = Y ξ; then insert and subtract Y ξg(A). The
two resulting state-commutator terms are each bounded by L∥[A, ξ]∥2. These are Schatten-two
estimates, not operator-norm Lipschitz statements.

Lemma 2.4 (Finite-precision computability). For a rational-data game promised to have
quantum value one, DG(ε) is computable at every positive rational ε. If an = logDG(2−n)/n
converges to β and |an−β| ≤ r(n) eventually for a computable r(n) → 0, then β is computable.

Proof. In a fixed local dimension d, introduce real variables for the real and imaginary matrix
entries of the state and both families of POVMs. Positivity is a finite list of principal-minor
inequalities. Normalization and winning probability at least 1 − ε are polynomial conditions
with rational coefficients. Real quantifier elimination decides feasibility. Test d = 1, 2, . . .;
the value-one promise ensures termination. For the second assertion, hardcode a threshold
beyond which the error bound holds. Given k, search above it for n with r(n) < 2−k−1 and
compute an within 2−k−1. This gives a 2−k approximation to β.

3 From bounded polynomials to Boolean constraints
A BCS specifies finitely many Boolean variables and finitely many contexts. A context
lists variables and its allowed sign assignments. In an operator model the context variables
are commuting reflections and their joint spectrum is restricted to those assignments. Its
game asks Alice for a valid context assignment and Bob for one sign, testing consistency
on an incidence. We use the uniform distribution on the finite incidence set, hence rational
probabilities. The algebraic interpretation is standard [18, 17].

Theorem 3.1 (Polynomial compiler). For each finite bounded polynomial presentation P,
there are a finite ordinary BCS B and constants c, C > 0 with the following properties.

(a) Every weighted precision-η model of B reconstructs a precision-Cη model of P on the
same space and with the same state.

(b) Every flat precision-δ model of P on Cd gives a strategy for its context-variable game in
local dimension at most cd, with loss at most Cδ2.

All constants depend only on the presentation. In particular, guarded equations such as
(V −W )(I −A) = 0 are compiled with their guard intact.

3.1 Domains and selectors

Every positive contraction is

r = 2I + u+ u∗

4 , u = 2r − I + 2i
√
r(I − r). (3.1)

The real and imaginary parts in this expression commute and their squared sum is I, so u
is unitary. Conversely the first formula is a positive contraction for any unitary. For upper
models realify the whole assignment by

R(M) =
(

ℜM −ℑM
ℑM ℜM

)
.
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This doubles dimension, preserves real-coefficient equations and flat norms, and takes unitaries
to real orthogonal matrices. A real orthogonal matrix is a product of two symmetric orthogonal
involutions: on a rotation plane use(

cos t − sin t
sin t cos t

)
=
(

1 0
0 −1

)(
cos t − sin t

− sin t − cos t

)
,

and use scalar blocks on the remaining eigenspaces. Orthogonal conjugation and direct
sums finish the factorization. Replace each unitary by a product of two reflections. Lower
reconstructions are automatically unitary, and (3.1) is automatically positive. Their state
commutators cost a fixed factor. No commutation between the two factors is imposed. The
upper models are flat, so no state estimate for the square root in (3.1) is needed.

A source equation is now p = ∑
j ajWj = 0, with rational aj and reflection words Wj .

Clear denominators with an integer c, duplicate signed terms, and add cancelling pairs until

L∑
j=1

W̃j = 2cp, L = 2q.

Introduce q Pauli pairs Xi, Zi, commuting across pairs and with every source reflection. Let
ej be the joint Z spectral projections and E the joint +1 projection of the Xi. Then

EejE = L−1E,
∑

v∈{0,1}q

ZvEZv = I. (3.2)

For the first identity, expand ej in Z monomials. Every nonconstant monomial anticommutes
with some Xi and hence has zero compression by E. The second identity sums the joint X
spectral projections.

The controlled reflection (I − ej) + ejs is a Boolean truth table in commuting variables.
Products of these controls and controlled signs form a reflection word whose value is the
unitary

S =
∑
j

ejW̃j .

The projection E receives its own Boolean variable xE . Its defining context is {X1, . . . , Xq, xE},
whose allowed assignments are those with xE = +1 exactly when X1 = · · · = Xq = +1. In an
operator model this truth table says (I + xE)/2 = ∏

i(I +Xi)/2 = E. Introduce xF = SxES
∗

by successive reflection conjugacies and put F = (I + xF )/2 = SES∗. Orthogonality is
imposed on this pair alone: the context {xE , xF } forbids exactly the assignment (+1,+1),
which in an operator model is the condition EF = 0. The exact identities are

EFS = ESE = 2c
L
pE, p = L

2c
∑
v

ZvEFSZv. (3.3)

They show why a low-weight selector corner cannot conceal an equation. All of its translates
are used.

3.2 The conjugacy gadgets

We use the gadgets of [28, Lemma 5.8]. Their formulas are included to establish the precise
finite-dimensional extension needed here. For a general relation x1x2x1 = x3, introduce
commuting parity contexts

xiyizi = I, xifwi = I, gy2z3 = I,
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and the conjugacies fyif = zi and w1y2w1 = z3. The targets of these remaining conjugacies
commute by the parity contexts. If the original reflections are Xi, an exact doubled extension
is

xi = diag(Xi, Xi), yi = diag(Xi, I), zi = diag(I,Xi),

f =
(

0 I
I 0

)
, wi =

(
0 Xi

Xi 0

)
, g = diag(X2, X3).

Conversely w1 = x1f , [f, x1] = 0, and fy2f = z2 give x1z2x1 = z3. Conjugation by f gives
x1y2x1 = y3. Multiplying gives the required conjugacy.

For aba = c with commuting targets b, c, use six commuting parity contexts:

ad1d2 = bd2d3 = d3d4d5 = ad5d6 = cd6d7 = d1d4d7 = I. (3.4)

They imply
aba = d1d2d2d3d5d6 = d1d4d6 = d7d6 = c.

Writing M(a) = ( 0 a
a 0 ), an exact extension, with old variables repeated diagonally, is

d1 = M(a), d2 = M(I), d3 = M(b), d4 =
(

0 ba
ab 0

)
,

d5 = diag(bab, a), d6 = diag(bc, I), d7 = diag(b, c).

For clarity, d∗4 = d4 and d2
4 = I. The equality aba = c implies that a commutes with

bc, while bc is a reflection. These facts verify the fourth context; the other five follow by
direct multiplication. Each listed triple consists of commuting reflections with product I.
Sequentially applying the two gadgets has constant dimension cost for a fixed presentation.
Pauli anticommutation is XZX = −Z, with a Boolean variable for the negation of Z.

3.3 Weighted soundness and flat completeness

Proof of Theorem 3.1. All identities above are finite algebraic calculations in the defining
relations. A Boolean truth table gives finite algebraic relations: expand in its assignment
projections, and any polynomial vanishing on allowed assignments is the finite sum of its values
on forbidden assignments times their projections. Thus the controlled-variable definitions,
both gadget converses and (3.3) are finite ideal derivations. In an approximate model put
Epol = ∏

i(I +Xi)/2, E0 = (I + xE)/2 and F0 = (I + xF )/2. The defining AND context of
xE and the conjugacy gadgets give |Epol − E0|ρ = O(η) and |SEpolS

∗ − F0|ρ = O(η), while
the orthogonality context gives |E0F0|ρ = O(η). Interpret (3.3) as a polynomial identity
modulo the Pauli and controlled-variable relations. Substitution of these estimates, using
Lemma 2.2, gives |p|ρ = O(η). Only E0 and F0 are automatically projections here; the selector
polynomial need not be a projection in an approximate model. Lemma 2.2 proves linear
weighted soundness. This statement is stronger than mere exact implication; the explicit
finite derivations are what justify the linear error.

For upper models choose the selectors on an exact tensor factor and define every controlled
variable and successive conjugate projection canonically. Put xE = 2E − I with E =∏
i(I + Xi)/2. It commutes with every Xi, and the joint spectrum of (X1, . . . , Xq, xE) lies

in the allowed assignments, so the defining context of xE is exact. The conjugacies defining
xF are exact even when p is nonzero. All gadget contexts extend exactly. The only inexact
constraint is the final orthogonality, where

∥EF∥f = ∥ESE∥f = 2c
L

√
L

∥p∥f . (3.5)
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Let F ′ be the projection onto (I − E) ranF . Then

EF ′ = 0, ∥F − F ′∥2
f ≤ 2∥EF∥2

f . (3.6)

To prove this, diagonalize FEF on ranF with eigenvalues λi and orthonormal eigenvectors
vi. For λi < 1, the vectors (I −E)vi/

√
1 − λi are orthonormal and span the new range. Those

with λi = 1 disappear. Hence

∥F − F ′∥2
2 = #{i : λi = 1} + 2

∑
λi<1

λi ≤ 2
∑
i

λi = 2∥EF∥2
2.

On the orthogonality context {xE , xF }, Alice answers with the PVM

E 7→ (+1,−1), F ′ 7→ (−1,+1), I − E − F ′ 7→ (−1,−1).

These are orthogonal projections summing to I, because F ′ ≤ I −E, and every outcome is an
allowed assignment. Her operator for xE is therefore 2E−I and her operator for xF is 2F ′−I.
Bob uses 2E − I and 2F − I. On a maximally entangled state there is no disagreement for
xE , and the disagreement probability for xF is ∥F − F ′∥2

f . This is why E carries its own
variable: if the context listed X1, . . . , Xq together with xF , the PVM above would not be a
legal answer, since F ′ commutes with E but in general not with each Xi, and so does not
fix their values. All other contexts, including the defining context of xE , are exact. With
incidence probability π, summing over the finitely many source equations and using (3.6)
and (3.5) bounds the loss by

2π
∑

∥EF∥2
f = 8π

∑ c2

L3 ∥p∥2
f ≤ Cδ2.

Here c and L are the integers of each source equation. The new variable adds no tensor
factor. Realification, selectors and gadget extensions multiply the dimension by the fixed
factor 21+qtot+g, where qtot is the total number of selector qubits and g the number of gadget
doublings; this is the dimension constant in (b). This proves both assertions.

4 A finite Cantor clock
The clock has a positive contraction A, a projection P , a unitary T and a self-adjoint unitary
X, with relations

[A,P ] = 0, TAT ∗ = 4A− 3P, XPX = I − P, [X,TAT ∗] = 0. (4.1)

For j ∈ N put Pj = T jPT−j and Xj = T jXT−j . The Cantor set used here is

K =

∑
j≥0

3bj4−j−1 : bj ∈ {0, 1}

 .
Let p be its first-digit function, extended to [0, 1] by

p(a) =


0 a ≤ 1/4,
2a− 1/2 1/4 ≤ a ≤ 3/4,
1 a ≥ 3/4,

s(a) = 4a− 3p(a).

These functions are respectively 2- and 4-Lipschitz and map [0, 1] into itself.

14



Lemma 4.1 (Exact digits). In an exact model, A has spectrum in K, all Pj are commuting
spectral functions of A, and

A =
∑
j<M

3 · 4−j−1Pj + 4−MTMAT−M . (4.2)

The flip Xj exchanges Pj and I − Pj and preserves all Pl with l > j. In every tracial state,

τ

 ∏
j<M

P
bj

j (I − Pj)1−bj

 = 2−M . (4.3)

The spectral projection of A at 1 is zero in the faithful tracial representation.

Proof. Since A,P commute and 0 ≤ 4A − 3P ≤ I, the I − P block of A has spectrum in
[0, 1/4] and the P block in [3/4, 1]. Hence P = p(A) and TAT ∗ = s(A). Conjugating this
statement repeatedly proves Pj = p(sj(A)) and (4.2). Its remainder has norm at most 4−M ,
which places the spectrum in K. The tail coordinate TAT ∗ determines every later digit. Its
commutation with X, and XPX = I − P , give the flip assertions, then their translates. A
trace assigns equal mass to a cylinder and its earliest-bit flip. Add the two and repeat on
the remaining suffix to obtain (4.3). The spectral projection at 1 lies under every all-ones
cylinder and has trace at most 2−M for every M . Faithfulness makes it zero.

Lemma 4.2 (Linear spectral repair). There is an absolute constant C such that any weighted
precision-δ clock has a self-adjoint Â with spectrum in K satisfying

|Â−A|ρ + ∥[Â, ξ]∥2 ≤ Cδ, (4.4)
|Pj − p(sj(Â))|ρ ≤ C4jδ. (4.5)

The first M raw digit projections and triangular flips satisfy digit–digit commutations, own-bit
flips, later-digit preservation and state commutations with error at most C(M + 1)34Mδ. The
spectral digit projections p(sj(Â)) commute exactly and differ from the raw ones by (4.5).

Proof. Set B0 = TAT ∗, D0 = PB0P + (I − P )B0(I − P ) and C0 = (D0 + 3P )/4. The affine
relation and [A,P ] give |[B0, P ]|ρ = O(δ) by Lemma 2.2. Since B0 −D0 = (2P − I)[P,B0], it
follows that |D0 −B0|ρ = O(δ) and |C0 −A|ρ = O(δ). Their state commutators are O(δ) from
their fixed polynomial definitions. All are positive contractions, and D0 commutes with P .

Let dK be distance to K, a 1-Lipschitz function. Cantor self-similarity on the two P blocks
gives dK(C0) = dK(D0)/4. Lemma 2.3 and unitary transport give

|dK(A)|ρ ≤ 1
4 |dK(A)|ρ +O(δ).

Thus |dK(A)|ρ = O(δ). Round each spectral value of A to a nearest point of K. The resulting
Â has |Â−A|ρ = O(δ). For any self-adjoint E, ∥[E, ξ]∥2 ≤ 2|E|ρ; apply this to E = Â−A to
prove (4.4). No continuity of the nearest-point map is needed.

Since p(C0) = P , functional calculus gives |P −p(Â)|ρ = O(δ), and then the affine relation
gives |TÂT ∗ − s(Â)|ρ = O(δ). For g = p ◦ sr, the one-step error

|Tg(Â)T ∗ − g(s(Â))|ρ ≤ C4rδ

follows from (2.3). Telescope these identities to depth j. The sum is O(4jδ). Every digit
function has norm at most one, so transporting the errors through the outer powers of T
adds only O(j2δ), absorbed by O(4jδ). This proves (4.5).

For the flips, translate XPX = I−P and replace each Pj using (4.5). For l > j, use the tail
coordinate T j+1AT−(j+1). The translated last relation of (4.1) makes its commutator with Xj
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at most C(j + 1)δ in weighted norm. Its digit at position l− j− 1 is a function with Lipschitz
constant at most 2 · 4l−j−1. Apply (2.4), replace the digit back, and use Lemma 2.2. The error
is at most C(M + 1)34Mδ. Raw digit commutators follow by replacing both with commuting
functions of Â; the two replacement costs add. Finally ∥[Pj , ξ]∥2, ∥[Xj , ξ]∥2 ≤ (2j + 1)δ. This
proves all assertions.

Remark 4.3. The spectral repair and digit estimate use only positivity, the affine equation,
[A,P ] = 0, and state commutators. They apply without a flip. This will be used for the
conditional coordinates.

Theorem 4.4 (Clock profile). For the presentation (4.1),

logW (2−n) = n

2 +O(log(n+ 2)), logH(2−n) = n

2 +O(log(n+ 2)).

There are flat models on N qubits of precision 3 · 4−N .

Proof. On N qubits let Pj read bit j, let T rotate contents from slot j to slot j + 1 cyclically,
and let X flip bit zero. Put

AN =
N−1∑
j=0

3 · 4−j−1Pj . (4.6)

Then [AN , P0] = 0, XP0X = I − P0, and

TANT
∗ − 4AN + 3P0 = 3 · 4−NP0, [X,TANT ∗] = 3 · 4−N [X,P0].

All state commutators vanish in the flat state, proving the upper bound. For the lower bound,
use M digits and flips from Lemma 4.2 in the binary case of the counting lemma, Theorem 8.1,
proved below. Choose M = ⌊log4(1/δ) − 20 log4(2 + log4(1/δ))⌋. Its error terms tend to zero,
so log d ≥ M − o(1). At δ = 2−n this is n/2 −O(log(n+ 2)). Since W ≤ H, both conclusions
follow. This forward reference uses no property of the program constructed later.

4.1 Guarded increment

Add a unitary V and the relation(
V −X[(I − P ) + (TV T ∗)P ]

)
(I −A) = 0. (4.7)

Proposition 4.5. The finite clocks have increment models of dimension 2N whose guarded
defect has operator norm

√
2 4−N and flat norm

√
2 4−N2−N/2. In an exact faithful tracial

model, V increments every finite binary digit prefix.

Proof. Let VN add one modulo 2N , with bit zero least significant. If that bit is zero, the
right-hand side before the guard is the correct first-bit flip. If it is one and some later bit is
zero, TVNT ∗ carries through slots 1, 2, . . . to the first zero and X then clears slot zero. Only
the all-ones input fails:

RN := VN −X[(I − P0) + (TVNT ∗)P0] = (|0N ⟩ − |10N−1⟩)⟨1N |.

The guard equals 4−N there. The two norm statements follow from the rank-one formula. For
exact tracial models, Lemma 4.1 makes I −A have dense range, so its bounded left factor
in (4.7) vanishes. Put C = TV T ∗ and D = (I − P ) + CP . Since V = XD, D is unitary. It
fixes kerP pointwise, so unitarity forces ranP onto itself; there D is C. Hence [C,P ] = 0.
The recursion now reads binary increment on the first bit followed by increment on the tail
on its carry branch. Induction on prefix length proves the assertion.
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Proposition 4.6 (Mass near the vanishing guard). There is an absolute constant C such
that every weighted precision-δ clock and every integer M ≥ 1 satisfy

Tr
(
ρ 1[1−4−M ,1](A)

)
≤ 2−M + C(M + 1)54Mδ. (4.8)

If ∥R∥ ≤ L and |R(I −A)|ρ ≤ δ, then

|R|ρ ≤ 4M (1 + L)δ + L
√

2−M + C(M + 1)54Mδ. (4.9)

In particular |R|ρ = O((1 + log(1/δ))5/2δ1/6) for fixed L.

Proof. Here it is useful to avoid rounding A first. From the proof of Lemma 4.2, |P −p(A)|ρ =
O(δ) and |TAT ∗ − s(A)|ρ = O(δ). The same telescoping gives |Pj − p(sj(A))|ρ ≤ C4jδ.
Threshold p(sj(A)) at 1/2 to commuting projections Rj . Against an exact projection the
cross-spectrum Lipschitz bound for this threshold is two: for b ∈ {0, 1} and a ∈ [0, 1],
|1[1/2,1](a)−b| ≤ 2|a−b|. The eigenbasis proof of Lemma 2.3, followed by its state-commutator
insertion, therefore gives |Rj−Pj |ρ ≤ C(j+1)4jδ. Their commutators with ξ and the triangular
flip defects are at most η = C(M + 1)34Mδ.

For completeness, an approximately invariant suffix law differs from its earliest-bit swap
by at most CM2η. Pinch ξ in the commuting Rj to ζ; each pinching costs at most η, so
∥ξ − ζ∥2 ≤ Mη. Intertwining a flip with one recorded digit has error O((M + 1)η) on ζ.
Inserting previous joint spectral projections does not enlarge the sum of squared branch
errors, since they commute with ζ. Telescoping at most M digits and returning to ξ costs
CM2η. The initial state changes by trace norm at most 2η under its flip. Purification distance
now bounds the claimed total variation.

Let qi be the probability that Ri, . . . , RM−1 are all one, with qM = 1. The swap bound gives
|2qi−qi+1| ≤ CM2η, hence q0 ≤ 2−M+CM2η. If a ≥ 1−4−M , then sj(a) = 1−4j(1−a) ≥ 3/4
for j < M . Thus all Rj are one on that spectral interval. This proves (4.8).

Put G = I − A and E = 1[0,4−M ](G). Since RξG = RGξ + R[ξ,G], its norm is at most
(1 + L)δ. On I −E the inverse of G has norm at most 4M , while ∥RξE∥2 ≤ L

√
Tr(ρE). Add

the two column bounds and use (4.8). Finally choose M = ⌊1
3 log2(1/δ)⌋. Both 2−M and 4Mδ

are of order δ1/3, proving the last assertion. The relaxed polynomial factor here is harmless;
only exact guard cancellation is needed in the flag proof.

5 The finite programmed presentation
Fix a finite deterministic counter program recognizing K. Counters take nonnegative integer
values and instructions increment, decrement on a nonzero branch, or test zero. Such a recog-
nizer follows from the classical universality of counter machines [63]. One direct construction
stores the two halves of a Turing tape as integer-coded stacks. Pushing multiplies a stack
code by a fixed base and adds a digit; popping computes quotient and remainder by that
base. Increment, decrement and zero-test loops perform these operations using finitely many
scratch counters. A unary input loop writes the integer input on the simulated tape. This
gives one fixed finite instruction table. Add absorbing idle and halt controls.

The variables introduced below have the domains stated explicitly. Projection inclusions
Q ≤ F mean the polynomial equation (I − F )Q = 0. A precision model satisfies every listed
commutator and every displayed defining equation to precision δ in Definition 2.1.

5.1 Three compulsory clocks and a carry coordinate

Use three copies of (4.1), with indices a, f, t for address, fuel and time. Complete variable
sets of different clocks commute. Add an address increment V and a time increment U ,

17



satisfying (4.7) for their own clocks. The address and fuel sets commute with U , and the time
and fuel sets commute with V . Add a positive contraction H with

H = (I − Pa) + 1
4PaTaHT

∗
a , (5.1)

[Pa, TaHT ∗a ] = [H,Aa] = 0, V ∗AaV = Aa − I + 7
4H. (5.2)

Include H in the address set, commuting with all fuel and time variables. The last equality
will control many address translations without an exponential precision cost.

5.2 Address decoding and reset

Put Pa,1 = TaPaT
∗
a , E00 = (I −Pa)(I −Pa,1) and E1 = Pa(I −Pa,1). Add a projection L and

a positive contraction R with

L = E1 + E00T
2
aLT

−2
a , (5.3)

R = (I − E00) + 1
2E00T

2
aRT

−2
a . (5.4)

The products are polynomials even before the approximate digits commute. In exact models
the cylinder

Be =

∏
j<e

T 2j
a E00T

−2j
a

T 2e
a E1T

−2e
a (5.5)

selects first nonzero base-four address digit one in position e. Here each base-four address
digit groups two successive binary clock bits, with the first bit least significant.

Add a reset projection Z, set S = TfTt, and impose

Z = (I − Pf ) + Pf (I − Pt)SZS∗. (5.6)

In exact models write Qfj = T jfPfT
−j
f , Pt,j = T jt PtT

−j
t and

Ck =

∏
j<k

Qfj

 (I −Qfk), Dk =
∏
j<k

(I − Pt,j). (5.7)

The product defining Ck means (∏j<kQ
f
j )(I −Qfk), with empty product I.

5.3 Counters and transitions

Encode counter value n by r = 2−n. For each counter add a positive contraction ri, a zero-test
projection zi and a positive contraction si with

ri = zi + 1
2(I − zi)si. (5.8)

All instantaneous workspace variables commute. For each control state σ, add a projection
qσ, with qσqτ = 0 for σ ̸= τ and ∑σ qσ = I. Each program branch selector is qσ, qσzi or
qσ(I − zi); these selectors partition I. The next control is the sum of selectors entering that
state. The next counter is the sum, over selectors, of that selector times ri/2, ri or 2ri as
its instruction dictates. The factor two is used only on a nonzero decrement branch. These
prescriptions define a fixed rational polynomial map Step on counters and controls.

Initialization is

Init(qstart) = L, Init(qidle) = I − L, Init(r1) = R, Init(ri) = I (i > 1),
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with other controls zero. For each counter or control W , impose

ZW = Z Init(W ), (5.9)
U∗WU = Z+ Init(W ) + (I − Z+) Step(W ), Z+ = U∗ZU. (5.10)

The witnesses and zero-tests satisfy (5.8) at every time; separate update equations for them
are unnecessary. Add a flag projection F and require

qhalt ≤ F. (5.11)

5.4 Commutations and the conditional clock

The following is the complete additional commutation list.

• L,R, F commute with each other, with Aa, and with every fuel and time clock variable,
including U .

• Z and all instantaneous workspace variables commute with one another and with
Aa, Af , At, L,R, F .

• The address set, including V,H, commutes with the complete fuel and time sets.

Workspace is not required to commute with U or the address shifts and flips.
For the conditional clock add positive contractions B,C, a projection Q and a self-adjoint

unitary Y . Impose

Q ≤ F, [B,Q] = [B,F ] = [C,Q] = [C,F ] = [B,C] = 0, (5.12)
V BV ∗ = 4B − 3Q, V CV ∗ = 4C − 3F, (5.13)
Y FY = F, Y QY = F −Q, (5.14)

[Y, V BV ∗] = 0, [Y,C] = 0. (5.15)

Each of B,C,Q, Y commutes with Aa and every fuel and time clock variable, including U .
Define

Fi = V iFV −i, Qi = V iQV −i, Yi = V iY V −i. (5.16)

The intended ternary measurement is (I − Fi, Fi −Qi, Qi). Its inactive outcome contributes
no required bit; its two active outcomes are exchanged by Yi. The coordinate C records the
flags. It is needed to control commutation of their translates, which commutation with Aa
alone would not imply.

This finishes the finite presentation, denoted PK . Every branch and every variable used
above occurs in a finite list; e, k, i in later arguments index consequences, not additional
defining relations.

6 Every tracial limit pays for halting
Lemma 6.1 (Forced finite initialization). In an exact model of PK ,

BeL = Be, BeR = 2−eBe, CkZ = CkDk. (6.1)

The zero-test equation forces ziv = v when riv = v, and ziv = 0 when riv = 2−nv for an
integer n > 0.
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Proof. By Lemma 4.1, every digit is a spectral function of its clock coordinate. The required
commutations imply that L,R,Z commute with the relevant digits. Expand (5.3) and (5.4)
along the e successive E00 factors of Be. The nonrecursive terms vanish there. At the first E1
factor, the nonrecursive term is I. The coefficient accumulated in the second expansion is
2−e. These finite expansions prove the first two identities.

In (5.6), on Ck the first k fuel bits force the recursive branch. Each supplies the next
factor I − Pt,j . At the next fuel bit the constant branch is forced. Thus CkZ = CkDk. In
particular the k = 0 identity forces reset on I − Pf , so Z = 0 cannot be a tracial solution.

For the zero-test, zi commutes with si. On its range ri = I; on its kernel 0 ≤ ri ≤ I/2.
If riv = v, the latter component of v must vanish; if riv = 2−nv with n > 0, the former
component must vanish. The argument applies to every vector in a given subspace, including
after unitary conjugation. Although ri = 0 is permitted, no finite sequence of the prescribed
updates starting at an ordinary encoded integer reaches it.

Theorem 6.2 (Flag density). Every exact tracial model of PK satisfies τ(F ) ≥ θK . There is
a function ω(δ) → 0 such that every weighted precision-δ model satisfies

Tr(ρF ) ≥ θK − ω(δ). (6.2)

No effective modulus is asserted.

Proof. Work first in the faithful tracial representation. The clock variables satisfy Lemma 4.1.
By Proposition 4.5, U increments each finite time prefix; it commutes with fuel and address
variables. Fix e ∈ K with halting time h and choose k with 2k > h. The operator

Q0 = BeCkDk(I − F )

is a projection. Lemma 6.1 and (5.9) set all counters and controls on its range to the initialized
values. Input counter one has value r1 = 2−e, while other counters encode zero.

Write Wl = U−lWU l and Zl = U−lZU l. On Q0, the first k time bits are initially zero.
Increment does not return them to zero before step 2k, so

Z0Q0 = Q0, ZlQ0 = 0 (1 ≤ l ≤ h). (6.3)

We prove by induction that every counter and control at time l ≤ h has its classical scalar
right action on Q0. The assertion holds at zero by initialization. Given these right actions,
the zero-test part of Lemma 6.1, applied to the conjugated workspace, forces the correct
zero-test right actions as well. Every branch selector and every update polynomial therefore
has its prescribed scalar right action. If AQ0 = aQ0 and BQ0 = bQ0, then ABQ0 = abQ0;
no inter-time commutation is needed.

Conjugate (5.10) by U−l and multiply by Q0 on the right. The initialized polynomials
are functions of L,R and constants, so retain their scalar actions. By (6.3) the reset term
vanishes and the step term yields exactly the next configuration. This proves the induction.
At time h,

U−hqhaltU
hQ0 = Q0.

Since qhalt ≤ F and [F,U ] = 0, the left side is killed by I − F . Thus Q0 = 0.
It remains to remove the auxiliary conditions, which must not be assumed to have uniform

conditional mass. The operator Be(I − F ) commutes with all fuel and time flips. Conjugate
Be(I − F )CkDk = 0 by the flip of the earliest specified fuel digit. It preserves every later
specified digit. Adding the two equations removes that digit. Repeat in increasing order to
remove all fuel conditions, then do the same for time. The result is Be(I − F ) = 0. The
address cylinders Be are orthogonal and have trace 4−(e+1) by (4.3). Taking finite sums over
halting inputs and then their supremum proves τ(F ) ≥ θK .
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For the uniform approximate statement, suppose instead that a sequence of models has
δj → 0 but Tr(ρjF ) ≤ θK − γ for some γ > 0. Form their states on the universal C∗-algebra
of the finitely many bounded-domain variables before imposing equations. A weak-* limit of
moment states exists. It is tracial, since

∥[ρj , s]∥1 ≤ 2∥[√ρj , s]∥2 −→ 0

for each generator and hence each fixed word. Here ∥ · ∥1 denotes trace norm; the inequality
follows by expanding [ξ2, s] and applying Hilbert–Schmidt Cauchy–Schwarz. For every relation
r, the limit has τ(r∗r) = 0. Traciality gives, for bounded a,

τ(a∗r∗ra) = τ(r∗raa∗) ≤ ∥a∥2τ(r∗r) = 0.

Thus all relations are zero operators in the tracial GNS representation. This exact model has
τ(F ) ≤ θK − γ, contradicting the first part. Taking the supremum of the positive shortfall
over precision-δ models defines a function ω(δ) → 0 and proves (6.2).

The proof treats only finite computations before taking compactness. It never tries to
quantify how far a given finite precision sees into the halting set. This compactness argument
supplies no effective modulus for the uniform flag-density estimate.

7 Simultaneous finite models
Theorem 7.1. Let h(e) be the recognizer’s halting time, or ∞ if it does not halt. For every
even integer N ≥ 2, define

KN = {e < N/2 : h(e) < 2N}, θN =
∑
e∈KN

4−(e+1).

There is a flat model of PK on dimension

dN = 23N+kN , kN = θNN +O(log(N + 2)), (7.1)

with every defining defect at most 3 · 4−N in operator norm. The coefficients θN increase to
θK .

Proof. Take N -bit address, fuel and time registers, with the finite coordinate (4.6). Their bit
zero is least significant. Let the address integer be x ∈ Z/2NZ and put

fN (x) =
∑
e∈KN

1{x≡4e (mod 4e+1)}. (7.2)

The residue classes are disjoint and their periods divide 2N , so this is a Boolean function of
mean θN .

Every interval of N consecutive addresses has

N∑
j=1

fN (x− j) = NθN +O(log(N + 2)) (7.3)

uniformly in x, including cyclic intervals. To prove it, put m = ⌊log4N⌋. For each e ≤ m, one
residue class has a count differing from its mean by at most one. Every flagged address from
e > m is a multiple of 4m+1, so the whole remaining family contributes at most one address
to such an interval. Its expected count is at most N/(3 · 4m+1). Summing proves (7.3).
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Set

kN = 1 + max
x

N∑
j=1

fN (x− j) (7.4)

and add kN optional qubits. Let R0 rotate their contents from slot i to slot i+ 1 cyclically.
Define

V |x, y⟩ = |x+ 1, RfN (x)
0 y⟩, F = fN (x), Q = FPslot 0, Y = (I − F ) + FXslot 0. (7.5)

Define the translates Fj , Qj by (5.16) and set

B =
∑
j≥0

3 · 4−j−1Qj , C =
∑
j≥0

3 · 4−j−1Fj . (7.6)

These are explicit finite diagonal matrices. Indeed V is a permutation of a finite basis, so the
series are periodic geometric sums. They are positive contractions. Their terms commute,
so (5.12) is exact. Shifting the sums proves (5.13) exactly; the controlled flip gives (5.14)
exactly.

At an active Qj and a fixed current address x, its occupied slot is

x−1∑
r=x−j

fN (r) (mod kN ).

If 1 ≤ j ≤ N , this sum is positive because fN (x − j) = 1, and is at most kN − 1 by (7.4).
Thus Y preserves Qj for those j. It always commutes with C, and the uncontrolled remainder
satisfies

∥[Y, V BV ∗]∥ ≤ 2
∑
j>N

3 · 4−j = 2 · 4−N . (7.7)

This verifies (5.15).
To couple V to the address clock, let T0, X0 be its ordinary cyclic rotation and first-bit

flip and put

hN (x) =
∑

0≤r<x
fN (r), D =

⊕
x

R
hN (x)
0 , Ta = D(T0 ⊗ I)D∗, Xa = D(X0 ⊗ I)D∗. (7.8)

The coordinate Aa and digit Pa commute with D, so all address clock defect bounds from
Theorem 4.4 are unchanged. In the D∗ gauge, V is ordinary increment except at the all-ones
address, where it carries a fixed optional-register permutation. The recursive increment agrees
away from that address. At all ones its two output addresses are distinct, with the same
optional permutation. The guard is 4−N there. Hence its operator defect is

√
2 4−N and its

flat defect is
√

2 4−N2−N/2.
For H(x) use 4−k when the address has k < N initial ones and then a zero, and use zero

at all ones. Rotation removes one initial one, so (5.1) is exact, including its all-ones case. All
commutations in (5.2) are exact, and off all ones

Aa(x+ 1) −Aa(x) = −1 + 7
4 4−k.

At all ones the defect of the last equation is 4−N . Its flat norm is 4−N2−N/2. Let U be ordinary
cyclic time increment and use ordinary clocks on fuel and time. Their defects have the same
bounds as before.

It remains to verify the whole program on these same registers. For a nonzero address let
e be the position of its first nonzero base-four digit. Set R(x) = 2−e and L(x) = 1 precisely
when that digit is one. At the all-zero address set R = L = 0. Since N is even, rotation by
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two bits removes one whole base-four digit. Thus (5.3)–(5.4) hold exactly, including at the
all-zero address.

For fuel with k initial ones then a zero, put

Z(q, t) = 1{t≡0 (mod 2k)}.

On all-ones fuel use k = N . When the first fuel bit is zero, Z = 1. Otherwise the factor I −Pt
in (5.6) requires the first time bit to be zero and the rotated equation tests the remaining
k − 1 bits. On all-ones fuel, the recursive test is true precisely at the all-zero time word. This
proves (5.6) in every case.

At a basis point (x, q, t) assign every workspace counter and control the deterministic
configuration

Stept mod 2k(Init(x)
)
. (7.9)

These are diagonal entries on existing registers; they add no quantum tensor factor. For
ordinary counter entries set zi = 1, si = 0 when ri = 1 and zi = 0, si = 2ri otherwise; the
idle ri = 0 case uses zi = si = 0. These are contractions and give (5.8) exactly. The next
time point is initialized if its residue modulo 2k is zero, and is otherwise one step of the
old configuration. This is exactly (5.9)–(5.10), also at the cyclic time boundary. A displayed
halt occurs in fewer than 2N steps on an input e < N/2, so its address is flagged in (7.2).
Hence (5.11) is exact.

All workspace and reset variables are diagonal in (x, q, t), and the optional register carries
no workspace labels. Every specified remaining commutation therefore holds. The only nonzero
defining defects are the clock affine and tail-flip defects, the guarded increments, the carry
step and (7.7). Their operator norms are bounded by the theorem’s constant. The three
compulsory registers and the optional register have dimension 23N+kN , and (7.3) gives (7.1).
Finally each halting input eventually meets both cutoffs in KN , while the address weights
have a summable geometric tail. This proves θN ↑ θK .

8 Counting measurements on the actual state
The count must tolerate measurements that commute only approximately and a density
matrix that is not flat. Its proof keeps the measurement branches together. Its last step is
the usual random-access-code argument [57], using Holevo’s information bound [37].

Theorem 8.1 (Triangular measurement count). Let m PVMs on Cd have two or three
outcomes. Let ρ be a density matrix and ξ = √

ρ. Assume each outcome has state commutator
at most η, and outcomes of different measurements have weighted commutator at most η.
For each measurement i, assume a unitary Ui has state commutator at most η, exchanges its
own two binary outcomes, or its two active ternary outcomes while fixing the inactive one,
and preserves every later measurement. Each of these intertwining equations is required in
weighted norm with error at most η.

If b measurements are binary and Fi is the active projection of a ternary measurement,
then for an absolute constant C, with e = Cm4η2 ≤ 1/2,

log d ≥ b+
∑

i ternary
Tr(ρFi) − Cm3η −m

[
h2(e) + e

]
. (8.1)

Here h2 is binary entropy, with h2(0) = 0.

Proof. For a PVM (Pa) define left and right Hilbert–Schmidt isometries

LP (Z) = (PaZ)a, RP (Z) = (ZPa)a.
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They differ on ξ by at most
√

3η. Every left multiplication commutes with every right
multiplication. Moving a product of s left recording maps through ξ to right maps in reverse
order therefore changes the recording vector by at most s

√
3η, by telescoping isometries.

Suppose a column of left operators D = (Dc)c has column operator norm at most L and
∥Dξ∥2 ≤ α. It commutes with all right recording maps. After any prefix of s measurements,
the preceding comparison gives(∑

a,c
∥DcPs,as · · ·P1,a1ξ∥2

2

)1/2

≤ α+ Ls
√

3η. (8.2)

This estimates all branches together. In particular, no inverse of a small branch probability
appears.

Measure in reverse index order. For the suffix starting at i, move Ui through its recorded
measurements. It exchanges its own two labels and preserves later ones. A single intertwining
column is a difference of two isometries, has column operator norm at most two and weighted
norm O(η) on ξ. Equation (8.2) bounds it after any preceding measurements by O(mη). At
most m intertwiners, followed by the initial state-invariance error, give total vector error
O(m2η). Distances of purifications bound total variation of the classical records. Thus the
suffix distribution differs from its own i-th outcome swap by at most Cm2η.

For a binary outcome with conditional law (p, 1 − p), concavity gives h2(p) ≥ 1 − |2p− 1|.
The suffix swap variation is exactly the average of |2p− 1| over the later record. Hence its
conditional entropy is at least one minus that variation. For ternary probabilities,

H(p0, p1, p2) ≥ (p1 + p2) − |p1 − p2|.

Indeed split off the active event and apply the binary inequality within it. The ternary swap
variation is the corresponding average of |p1 − p2|. The chain rule now bounds the full record
entropy below by b plus recorded active probabilities minus Cm3η.

Those recorded active probabilities can be replaced by their values on ρ. For one PVM,
(Paξ)a and (ξPa)a purify, respectively, its nonselectively measured state and ρ on the original
system. Their distance is at most

√
3η, so those states differ by trace norm at most Cη. If Φj

are the nonselective measurement channels, expand

Φs · · · Φ1(ρ) − ρ =
s∑
j=1

Φs · · · Φj+1
(
Φj(ρ) − ρ

)
.

Trace-norm contractivity gives an O(mη) bound for every prefix. Thus all active expectations
change by at most Cm2η in total, already covered by the preceding error term.

We next bound record entropy above by dimension. Fix one recorded variable. Move its
measurement to the end of the actual sequence by adjacent swaps. An elementary swap column
has components [Pa, Qb], weighted norm O(η) and column operator norm at most two: it is
the difference of the two recording isometries, with record factors reordered. Equation (8.2)
bounds its norm after a prefix by O(mη). After at most m swaps the total recording vectors
differ by O(m2η).

In the reordered process this PVM is last. Remeasuring it on the final system recovers
its recorded value with zero error, since equal projective measurements are adjacent. In the
original process, apply the same failure projection to the difference of recording vectors. Its
squared norm bounds the decoding error by e = Cm4η2.

Let Z be the classical record and Qfin the final system, of dimension d. The decoder
just described acts only on this system, not on the purification reference. Holevo’s bound,
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conditional entropy subadditivity and the error-indicator bound for at most three outcomes
give

H(Z) = I(Z : Qfin) +H(Z | Qfin)
≤ log d+

∑
i

H(Zi | Qfin)

≤ log d+m[h2(e) + e].

For the last line, measuring the proposed decoder can only increase conditional entropy; the
classical conditional entropy is at most h2(e) + e log(3 − 1). Combining the upper and lower
record bounds proves (8.1).

9 The matched lower bound
Theorem 9.1. Every weighted precision-δ model of PK on Cd satisfies

log d ≥ (3 + θK) log4(1/δ) − o(log(1/δ)). (9.1)

The error is uniform over all states and dimensions.

9.1 The carry estimate

Identify K with binary sequences viewed as 2-adic integers, and let gi add the nonnegative
integer i. If two sequences first differ at digit j, their Cantor coordinates differ by between
1
24−j and 4−j . Addition preserves that first differing digit. Consequently every gi is 2-Lipschitz
on K, uniformly in i.

Let h(a) = 4−k if the sequence starts with exactly k ones followed by a zero, and put
h(1) = 0. It is also 2-Lipschitz: equal first-zero positions give equal values; otherwise the
smaller first-zero position j is the first differing digit, and the value difference is at most 4−j .
Its identities are

h = 1 − p+ 1
4p(h ◦ s), g1(a) = a− 1 + 7

4h(a). (9.2)

The latter follows by summing the coordinate change when k initial ones become zero and
the next zero becomes one. The all-ones case follows by the limit k → ∞. Lipschitz functions
on K can be extended linearly across its gaps with the same constant.

Lemma 9.2 (Translations with polynomial cost). For an absolute constant C, every model
of the address relations satisfies

|H − h(Âa)|ρ ≤ Cδ, (9.3)
|V −iÂaV i − gi(Âa)|ρ ≤ C(i+ 1)δ, (9.4)

|[V iJV −i, Pa,j ]|ρ ≤ C(i+ 1)4jδ (J ∈ {F,Q, Y }). (9.5)

Proof. Let p = p(Âa) and E = H − h(Âa). Subtract the first identity of (9.2) from (5.1),
retaining its error r. The exact subtraction is

E = − (Pa − p) + 1
4PaTaET

∗
a

+ 1
4Pa

(
Tah(Âa)T ∗a − h(s(Âa))

)
+ 1

4(Pa − p)h(s(Âa)) + r.

The first, third, fourth and last terms have weighted size O(δ) by Lemmas 2.3 and 4.2. In the
fourth term, moving the bounded right factor past ξ costs O(δ), since h ◦ s is Lipschitz with
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fixed constant. The second term is bounded by 1
4 |E|ρ + O(δ) using ∥E∥ ≤ 1. Absorb it to

prove (9.3). The last equation of (5.2), together with spectral repair and unitary transport,
gives

|V ∗ÂaV − g1(Âa)|ρ ≤ C1δ.

Put ei = |V −iÂaV i − gi(Âa)|ρ, so e0 = 0. Since gi = gi−1 ◦ g1 on K and functional calculus
commutes with unitary conjugation, for i ≥ 1

V −iÂaV
i − gi(Âa) = V ∗

(
V −(i−1)ÂaV

i−1 − gi−1(Âa)
)
V

+
(
gi−1(V ∗ÂaV ) − gi−1(g1(Âa))

)
.

The bracket in the first term is a difference of positive contractions, so it has norm at most
one, and Lemma 2.2 bounds the first term by ei−1 + ∥[V, ξ]∥2 ≤ ei−1 + δ. Both V ∗ÂaV and
g1(Âa) have spectrum in K, where gi−1 is 2-Lipschitz. Hence (2.3), the bound ∥[g1(Âa), ξ]∥2 ≤
2∥[Âa, ξ]∥2 and (4.4) bound the second term by 2(C1 + 4C)δ. Thus ei ≤ ei−1 + C2δ with
C2 independent of i, and induction gives ei ≤ C2iδ. This proves (9.4). Each step pays one
transport of the accumulated error and one functional-calculus loss with the uniform constant
2; no iterated factor four occurs.

Put fj = p ◦ sj . Replace Pa,j by fj(Âa), at cost C4jδ by (4.5), and conjugate by V −i,
at transport cost iδ. Then apply (2.3) to (9.4), with the Lipschitz constant 2 · 4j of fj . The
result is

|V −iPa,jV i − fj(gi(Âa))|ρ ≤ C(i+ 1)4jδ.
The composition fj ◦ gi has Lipschitz constant at most 4 · 4j on K. Each J ∈ {F,Q, Y }
commutes with Aa to precision δ, and hence with Âa to precision Cδ. Equation (2.4) bounds
its commutator with this composition by C4jδ. Replace back at cost C(i + 1)4jδ: for the
self-adjoint difference ∆ just estimated, |[J,∆]|ρ ≤ 2|∆|ρ + ∥∆∥∥[J, ξ]∥2. Conjugate by V i, at
transport cost 2iδ. This gives (9.5).

9.2 Joint digits and conditional measurements

Lemma 9.3. Fix M ≥ 1. The 3M compulsory binary measurements are the raw digit PVMs
(Pc,j , I−Pc,j), where Pc,j = T jc PcT

−j
c for c ∈ {a, f, t} and j < M , with flips Xc,j = T jcXcT

−j
c .

The M conditional ternary measurements are (I − Fi, Fi − Q′i, Q
′
i) for i < M , with flips

Yi, where Q′i is the repaired data projection constructed in the proof. Index the conditional
measurements first, then the address, fuel and time digits, each family in increasing digit order.
All commutations between outcomes of different measurements, all flip equations required in
this order, and all state commutations have error at most

η = C(M + 1)64Mδ. (9.6)

Each Q′i differs from Qi by weighted size at most Cη, and the conditional measurements are
exact PVMs on the same state.

Proof. Two elementary rules are used throughout. First, if D is self-adjoint and Y is a
contraction, then DY ξ = DξY +D[Y, ξ] gives

|[D,Y ]|ρ ≤ 2|D|ρ + ∥D∥ ∥[Y, ξ]∥2. (9.7)

Hence, if X = X0 +DX and Y = Y0 +DY with self-adjoint corrections, the identity

[X,Y ] = [DX , Y ] + [X0, DY ] + [X0, Y0]

shows that replacing both sides of a commutator by nearby operators adds the two replacement
errors; it never multiplies them. Second, suppose every letter of a word w commutes to precision
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δ with every letter of a word w′, adjoint letters included. Moving letters one at a time and
applying Lemma 2.2 to each interchange gives |[w,w′]|ρ ≤ C|w| |w′|(|w| + |w′| + 1)δ. We call
this the word-interchange bound.

The required estimates are the following.

(i) One compulsory clock. Lemma 4.2 gives the digit commutations, own-bit flips, later-digit
preservation and state commutators within each clock, with error C(M + 1)34Mδ. Its
raw digit commutators already replace both digits by commuting spectral digits, at
additive cost.

(ii) Different compulsory clocks. For c ≠ c′, Pc,j and Pc′,k are words of lengths 2j + 1 and
2k+ 1 in two complete clock sets, which commute by hypothesis. The word-interchange
bound gives |[Pc,j , Pc′,k]|ρ ≤ C(M + 1)3δ. The same bound shows that Xc,j preserves
every Pc′,k. These estimates must go through the raw conjugated digits. Comparing
the spectral digits p(sj(Âc)) and p(sk(Âc′)) by two applications of (2.4) would multiply
their Lipschitz constants. That costs order 4j+kδ, which for j, k near M exceeds (9.6)
by a factor of order 4M/(M + 1)6 and would defeat the choice (9.8) below. If spectral
digits were measured instead, put Dc,j = p(sj(Âc)) − Pc,j . It is self-adjoint, with norm
at most one and |Dc,j |ρ ≤ C4jδ by (4.5). Then

[p(sj(Âc)), p(sk(Âc′))] = [Dc,j , p(sk(Âc′))] + [Pc,j , Dc′,k] + [Pc,j , Pc′,k].

By (9.7), with ∥[p(sk(Âc′)), ξ]∥2 ≤ C4kδ from Lemma 2.3 and ∥[Pc,j , ξ]∥2 ≤ (2j + 1)δ,
its weighted norm is at most C4Mδ + C(M + 1)3δ. Thus either choice satisfies (9.6);
we fix the raw digits.

(iii) Conditional against conditional. Use the affine-only part of the spectral repair on
(B,Q, V ) and (C,F, V ). If i ≤ j,

[Qi, Fj ] = V i[Q,Fj−i]V −i.

Recover Fj−i from the rounded flag coordinate and apply (2.4) with [Q,C] = 0. The
error is O(4j−iδ) plus polynomial transport. If i > j, use [F,B] = 0 instead. The same
argument with [Q,B] = 0 controls [Qi, Qj ], and with [F,C] = 0 controls [Fi, Fj ]. Only
one side is replaced by a coordinate function here, so there is a single depth loss.

(iv) Conditional against address digits. By (9.5) with J ∈ {F,Q}, the commutators of Fi
and Qi with Pa,j are at most C(M + 1)4Mδ. With J = Y , the same bound shows that
Yi preserves every address digit.

(v) Conditional against fuel and time digits. The operators Fi, Qi and Yi are words of
length 2i+ 1 in V , V ∗ and one of F,Q, Y . Each of these letters commutes with every
fuel and time clock variable by hypothesis. The digits Pf,k and Pt,k are words of length
2k + 1 in the fuel and time sets. The word-interchange bound gives commutators at
most C(M + 1)3δ, and shows that Yi preserves every fuel and time digit. These bounds
are again taken through the raw conjugated words. Writing Fi or Qi as a digit of a
conditional coordinate, and a fuel or time digit as a spectral digit, would stack two
depth losses.

(vi) Flips. The own conditional flip is the V i-translate of (5.14). For later flags, [Y,C] = 0
and digit recovery imply preservation by Yi. For later data, use [Y, V BV ∗] = 0 and
digit recovery on the tail coordinate, with depth j − i− 1 when j > i. This again costs
at most one factor 4j−i. Conditional flips preserve all compulsory digits by (iv) and (v).
A compulsory flip Xc,j exchanges Pc,j and preserves later digits of its own clock by (i),
and every digit of a later clock family by (ii).
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(vii) State commutators. State commutators of translated raw variables are at most C(M +
1)δ.

All the estimates just listed fit (9.6): cubic word-interchange costs and linear address costs
are dominated by its sixth power. No factor 4i+j is used.

We finally repair inclusion. For projections F,Q with |(I − F )Q|ρ ≤ η and state commu-
tators at most η, put

A0 = FQF, L0 = (I − F )QF, Q′ = 1[1/2,1](A0) ≤ F.

The weighted error rule and adjoints give |Q−A0|ρ ≤ 4η and |L0|ρ ≤ 2η. Since A0−A2
0 = L∗0L0

and
|1[1/2,1](t) − t|2 ≤ t(1 − t) (0 ≤ t ≤ 1),

we get |Q′ − A0|ρ ≤ 2η and thus |Q′ −Q|ρ ≤ 6η. This difference is self-adjoint, so its state
commutator is at most twice its weighted norm. Replacing Q by Q′ in a commutator or a
flip equation therefore costs only Cη, by Lemma 2.2. Apply this independently to the raw
pairs Fi, Qi, after absorbing their polynomial transport constants into (9.6). The outcomes
(I−Fi, Fi−Q′i, Q′i) are now exact PVMs. All previous estimates survive with a fixed factor.

Proof of Theorem 9.1. Index the optional measurements first, then the three compulsory clock
families, in increasing digit order within each family. Optional flips preserve all compulsory
measurements. A compulsory flip needs to preserve only later compulsory measurements, not
the earlier optional family. Thus this ordering meets the hypotheses of Theorem 8.1, with
m = 4M and b = 3M .

Put t = log4(1/δ) and, for sufficiently small δ, choose
M = ⌊t− 30 log4(2 + t)⌋ . (9.8)

Then 4Mδ ≤ (2 + t)−30, so (9.6) gives η ≤ C(1 + t)−24. The error terms of (8.1) are o(1).
Consequently

log d ≥ 3M +
∑
i<M

Tr(ρFi) − o(1).

Unitary state transport gives
| Tr(ρFi) − Tr(ρF )| ≤ ∥V −iρV i − ρ∥1 ≤ 2iδ.

Apply Theorem 6.2 to the same ρ. The result is
log d ≥ (3 + θK − ω(δ))M − o(M).

Since M = t−O(log(t+ 2)) and ω(δ) → 0, this is (9.1). Every estimate used the actual model
state.

Remark 9.4 (Where the guards are used). Two structural facts about the proof follow from
tracing where each relation enters.
(a) The guarded relations (4.7) are used only in the exact tracial limit. In the proof of

Theorem 1.2 they enter only through Proposition 4.5, in the exact part of Theorem 6.2,
and the approximate part of that theorem reaches the exact case by compactness, not
by a quantitative estimate. The quantitative lower bound of this section uses instead the
unguarded carry equation, the last relation of (5.2), whose defect in the finite models is
4−N (Theorem 7.1). Consequently Proposition 4.6 is not used in the proof of Theorem 1.2,
and its guard-removal loss, of order δ1/6 up to logarithms, is never paid.

(b) The guarded increment (4.7) for the address increment V is used by no proof. Section 6
applies Proposition 4.5 only to U , and V acts on the address digits only through the
carry relations (5.1)–(5.2), in Lemma 9.2. That relation is therefore redundant. It is
harmless: the finite models satisfy it with operator defect

√
2 4−N (Theorem 7.1).
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10 The game and its exponent
Corollary 10.1 (Matched source profiles). The presentation PK satisfies

logW (4−N ) = (3 + θK)N + o(N) = logH(4−N ). (10.1)

One computable comparison sequence is AN = 3N + ⌊NθN⌋, and both logarithmic profiles
equal AN + o(N).

Proof. Theorem 9.1 is the lower bound for W , and W ≤ H. Theorem 7.1 is the matching
upper bound for H at a fixed multiple of the requested precision. Replacing N by an even
integer at a fixed greater distance absorbs that multiple. Such a change costs O(1) depth, and
the upper and lower limiting slopes are both 3+θK since θN → θK . Monotonicity interpolates
intermediate depths. Finally NθN = NθK + o(N), giving the comparison sequence.

The Boolean correspondence theorem [26, Theorem 4.9] supplies both game directions
with the actual marginal state kept. We do not reprove that general correspondence or its
return theorem. To make the precision accounting for this construction transparent, we give
the elementary matrix estimate responsible for its square-root extraction and explain how it
applies here.

Lemma 10.2 (Consistency and the square root of the state). Let A,B be reflections and Ξ
a rectangular amplitude matrix with ρB = ΞΞ∗. If ∥BΞ − ΞA∥2 ≤ η, then

∥[B,√ρB]∥2 ≤
√

2 η. (10.2)

Proof. Set Y = (Ξ + BΞA)/2. Then BY = Y A, so B commutes with Y Y ∗ and its square
root. Also ∥Ξ − Y ∥2 ≤ η/2. For any rectangular matrices M,N ,

∥
√
MM∗ −

√
NN∗∥2 ≤

√
2 ∥M −N∥2. (10.3)

Indeed apply the eigenbasis proof of (2.2) to f(t) = |t| and the self-adjoint block matrices( 0 M
M∗ 0

)
and its N analogue, with Z = I. Their absolute values are block diagonal with

square-root blocks. The right-hand squared norm is 2∥M −N∥2
2. Discard the second left-hand

block to obtain (10.3). Since B commutes with
√
Y Y ∗, its commutator with √

ρB is bounded
by twice their difference, proving (10.2).

Proposition 10.3 (The two transfers needed here). Let G be the fixed context-variable game
supplied by Theorem 3.1 for PK . There are constants c, C > 0 such that a loss-ε strategy with
local dimensions at most d gives a weighted source model of precision C

√
ε in dimension at

most cd. A flat source model of precision δ in dimension d gives a strategy of dimension at
most cd and loss at most Cδ2.

Proof. The upper direction is precisely the explicit flat strategy in Theorem 3.1. For the lower
direction apply the established Boolean correspondence, followed by that theorem’s weighted
soundness. The correspondence is applicable because every compiled context is an ordinary
Boolean predicate with a nonempty set of valid answers and every tested incidence has fixed
positive probability.

Here is also a direct check of the precision ingredients in its extraction, without invoking its
more general return theorem. A mixed strategy may first be replaced by a pure component of
at least the same winning probability. Compressing to Schmidt supports gives local dimension
at most d. Alice’s context POVMs have simultaneous fixed-size ancilla dilations, and Bob’s
binary contractions have reflection dilations on a common extra qubit. The dimensions grow
by a fixed factor; the initial ancilla state is included in the marginal. Invalid Alice answers
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can be reassigned to a fixed valid answer, since an invalid answer was already a certain loss.
After these reductions, consistency at a tested incidence gives

∥(A⊗ I − I ⊗B)ψ∥ ≤ 2
√
ε/πmin.

Pull a fixed Bob context word across to Alice in reverse order. Every replacement costs this
bound, and Alice’s context observables commute and satisfy their truth table exactly. Thus
each Bob context commutator and forbidden assignment polynomial has error C

√
ε on the

marginal. Lemma 10.2 gives the same order for its state commutators, with no additional
square root. These are exactly the Boolean-model conditions used by the compiler. Hence the
composed source precision is C

√
ε on that state.

Proof of Theorem 1.2. Apply Proposition 10.3 and Corollary 10.1. For ε = 2−n, precision
C

√
ε has

log4
(
1/(C

√
ε)
)

= n/4 +O(1).

The weighted lower profile therefore gives

logDG(2−n) ≥ 3+θK
4 n− o(n).

The flat models at precision 4−N give loss at most C16−N and logarithmic dimension
(3 + θK)N + o(N). Choosing an even N = n/4 + O(1) at or above the required precision
gives the matching upper bound. Fixed dimension multipliers add only O(1) to the logarithm.
Monotonicity also gives (1.4) for arbitrary ε ↓ 0. These strategies have losses tending to zero,
so ωq(G) = 1. A finite-dimensional perfect strategy would extract a source model at every
positive precision in one fixed dimension, contradicting Theorem 9.1.

An oracle for K computes θK by finite summation and a geometric tail bound. Conversely,
suppose membership below e is known and subtract those contributions. With we = 4−(e+1),
the residual is at most we/3 when e /∈ K, and at least we when e ∈ K. An approximation of
error less than we/6, compared with threshold 2we/3, distinguishes these cases. Induction
computes K from a real oracle for θK . Thus θK ≡T K, and the same holds for β = (3+θK)/4.
Lemma 2.4 now excludes a computable certified convergence rate.

11 Every positive left-c.e. exponent
The halting game uses separated address cylinders so that its coefficient has an explicit Turing
degree. This realization step treats arbitrary left-c.e. reals by reading the whole address.
The clocks, reset, carry and conditional measurement estimates stay the same. Section 16
will replace monotone acceptance by stop-or-continue verification to reach all positive ∆0

2
exponents.

The finite reader, its forcing lemma and its simultaneous finite models are given in
Appendix C. We apply Lemmas 11.1 and 11.2 below.

11.1 Adding clocks and powering equations

Proposition 11.3. For every r ∈ N, integer q ≥ 1 and left-c.e. θ ∈ [0, 1], there is a fixed
finite rational BCS game Gθ,r,q of quantum value one, with no finite-dimensional perfect
strategy, and

logDGθ,r,q
(ε) = 3 + r + θ

4q log(1/ε) + o(log(1/ε)). (11.8)
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Proof. Append r copies of the compulsory clock, requiring each complete new generator set
to commute with all generators outside that clock. Tensoring the upper models adds rN to
logarithmic dimension. For the lower bound, append the new compulsory digit families to
the order in Lemma 9.3. Its word-interchange argument bounds all new cross terms by a
polynomial in M times δ. The same error form Cr(M + 1)64Mδ holds, with m = (4 + r)M
and b = (3 + r)M . Neither the carry argument nor any other quantitative step uses the
removed decoder. Applying Theorem 8.1 and Lemma 11.1, at depth (9.8), gives

logW (δ) ≥ (3 + r + θ) log4(1/δ) − o(log(1/δ)). (11.9)

Indeed the intermediate count is (3+ r)M +∑i<M Tr(ρFi)−o(1), and state transport bounds
the sum below by M(θ − ωθ(δ)) −O(M2δ).

Replace every defining polynomial equation p = 0, including specified cross-commutators,
by hq(p) = 0, where

hq(p) =
{

(p∗p)q/2, q even,
p(p∗p)(q−1)/2, q odd.

(11.10)

Keep the exact variable domains and the weighted state-commutator conditions. Since
hq(p)∗hq(p) = (p∗p)q, scalar Jensen applied to the probability measure B 7→ Tr(ρ1B(p∗p))
gives

∥p√ρ∥2 ≤ ∥hq(p)
√
ρ∥1/q

2 . (11.11)

No commutation between ρ and p∗p is needed. A powered precision-η model is consequently
an original precision-η1/q model, also for its state commutators when η ≤ 1. Conversely the
operator-norm bounds of Lemma 11.2 give

∥hq(p)∥ = ∥p∥q ≤ 3q4−qN ,

and the flat state commutators vanish. All powered equations are fixed rational ∗-polynomials.
Theorem 3.1 and the game transfer give original precision (C

√
ε)1/q for the lower bound, and

upper loss C16−qN . Taking an even N = log(1/ε)/(4q) +O(1) above the required precision
proves (11.8). All compiler dimension multipliers are constant for each fixed presentation. The
upper losses tend to zero; the lower bound diverges, excluding a finite-dimensional perfect
strategy.

The left-c.e. dimension case of Theorem 1.1. Given a positive left-c.e. α, choose integers
q ≥ 1 and m ≥ 3 with m ≤ 4qα < m+ 1. Put r = m− 3 and θ = 4qα−m ∈ [0, 1). This is
left-c.e.; an increasing rational name is max(0, 4qαs −m). Proposition 11.3 gives exponent
α. The integers q,m are chosen once for the given α. The usable-entanglement assertion is
proved in Section 12.

Corollary 11.4. Uncomputable dimension exponents of fixed finite BCS games accumulate
at zero. In fact powering the original halting presentation gives exponents (3 + θK)/(4q), each
Turing-equivalent to K.

Proof. Apply (11.11) and the operator upper estimate of Theorem 7.1 to PK . The invertible
rational affine map preserves Turing degree, and these positive exponents tend to zero.

12 Usable entanglement of the original state
Dimension alone does not give a distillation protocol. The separable state d−1∑

x |xx⟩⟨xx|
has marginal I/d and no distillable entanglement. The measurement count of Section 8
must therefore be supplemented by agreement between the players’ actual operators. This
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section extends the binary triangular extraction of [26, Theorem 6.2] to measurements with
an inactive outcome. Keeping the random targets preserves the mean number of active Bell
pairs.

12.1 Triangular extraction with an inactive outcome

For operators Dℓ and a vector ψ, write

Rψ((Dℓ)ℓ) =
(∑

ℓ

∥Dℓψ∥2
)1/2

.

Opposite-party tensor factors are suppressed below.

Lemma 12.1 (Extraction on a mixed state). Let ψABE purify a finite-dimensional state
ρAB. For 1 ≤ j ≤ m, each party D = A,B has an exact three-outcome PVM (PDj,⊥, PDj,0, PDj,1).
Bob has a reflection UBj and Alice a unitary UAj . Put FDj = PDj,0 + PDj,1. Suppose each of the
following quantities is at most η:

(i) For every j, Rψ((PAj,a − PBj,a)a) and ∥(UAj − UBj )ψ∥.

(ii) For each s < j, with a, b ∈ {⊥, 0, 1}, the two separate quantities Rψ(([PBj,a, PBs,b])a,b)
and Rψ(([UBj , PBs,b])b).

(iii) For every j, with b ∈ {0, 1}, Rψ((UBj PBj,bUBj − PBj,1−b)b).

Set κ = 7m3η and g(t) = (1 + t)h2(t/(1 + t)). If κ ≤ 1/2, then

EA→BD (ρAB) ≥
m∑
j=1

Tr(ρBFBj ) − 1
2m(m− 1)η − 6mκ− 2g(κ). (12.1)

A compulsory binary stage is included by PDj,⊥ = 0. Different controls need not commute.

Proof. One stage. Alice samples a uniform bit a and sends it to Bob. Each party applies the
local isometry

W a
D = |0, 0⟩PD⊥ +

∑
b=0,1

|1, b⟩(UD)a⊕bPDb . (12.2)

The first recorded bit is activity and the second is a coherent output qubit. Orthogonality of
the three labels gives (W a

D)∗W a
D = I. A purification of the actual random operation is

Aζ = 2−1/2∑
a

|a, a, a⟩(W a
A ⊗W a

B)ζ.

The third target copy records classical randomness in a new environment. It does not act on
E. Compare this with the isometry

Iζ =
∑
a

|a, a, a⟩
[
2−1/2|00⟩flags|00⟩qubitsP

B
⊥ ζ + |11⟩flags|Φ2⟩PBa ζ

]
. (12.3)

Its squared branch norms sum to ∥ζ∥2.
For an arbitrary input ζ, let p, u, c be its projection-mirror aggregate, control-mirror norm

and active-swap aggregate. Then

∥(A − I)ζ∥ ≤ p+ (u+ c)/
√

2. (12.4)
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To check this, put Va,⊥ = I, Va,b = Ua⊕b and use the exact identity

V A
a,rP

A
r = PBr V

B
a,r + V A

a,r(PAr − PBr ) + PBr (V A
a,r − V B

a,r).

Multiplication by Bob’s V B
a,oP

B
o kills the first term unless o = r. Equal inactive outcomes

give PB⊥ ; equal active outcomes give PBa , apart from one swap defect when r = 1 − a.
Summing squares over all records bounds the three error families by p, u/

√
2, and c/

√
2. For

example ∑o ∥V B
a,oP

B
o z∥2 = ∥z∥2, and the control error survives only at r = 1 − a. Minkowski

proves (12.4). No swap condition on Alice is used.
All histories. The ideal residual Kraus operators on either party are

Rj,a,0 = Pj,⊥/
√

2, Rj,a,1 = Pj,a.

They are self-adjoint and ∑a,f R
2
j,a,f = I. For a history of j stages let KB

h be the chronological
product on Bob and QAh the reversed product on Alice. Summing the innermost outcome
repeatedly, without interchanging measurements, gives∑

h

KB∗
h KB

h =
∑
h

KB
h K

B∗
h = I, (12.5)

and both analogous identities for QAh . The recursion

RBKB
h −QAhR

A = RB(KB
h −QAh ) +QAh (RB −RA)

therefore implies
∆j := Rψ((KB

h −QAh )|h|=j) ≤ jη.

For any family of Bob operators Dℓ, opposite-party commutation and completeness give the
useful estimate ∑

h,ℓ

∥DℓK
B
h ψ∥2

1/2

≤ Rψ((Dℓ)ℓ) +
(∑

ℓ

∥Dℓ∥2
)1/2

∆j . (12.6)

Indeed write DℓK
B
h ψ = QAhDℓψ +Dℓ(KB

h −QAh )ψ and sum squares.
Expand a current operator’s commutator with a history one factor at a time. Later

outcomes disappear by completeness. At a prefix of length s, equation (12.6) bounds each
commutator column by (1 + Ls)η. For the three current projections one can take L = 3/2,
since commutators of two projections have norm at most 1/2. For the current control take
L =

√
3, since a unitary’s commutator with a projection has norm at most one. The two

scaled inactive copies count as one in the squared sum. Thus, at a stage preceded by j stages
(0 ≤ j < m), their history commutator aggregates are at most

(j + 3
4j(j − 1))η ≤ 3j2η, (j +

√
3

2 j(j − 1))η ≤ 2j2η.

For a mirror use (GA−GB)KB
h = KB

h (GA−GB)− [GB,KB
h ], rather than inserting a bipartite

defect into (12.6). Its two aggregates obey

pj ≤ (3j2 + 1)η, uj ≤ (2j2 + 1)η.

The two Bob swap defects have operator root norm at most 2
√

2, so (12.6) gives cj ≤
(1 + 2

√
2j)η.

The ideal prefix is an orthogonal sum of histories, with normalized Bell or inactive output
factors. Apply (12.4) to these histories together. The error of the stage preceded by j stages
is at most

[(3 +
√

2)j2 + 2j + 1 +
√

2]η ≤ 7(j + 1)2η.
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Telescoping the compositions, with actual isometries on the left and ideal prefixes on the
right, bounds the final vector difference by ∑m−1

j=0 7(j + 1)2η ≤ 7m3η = κ. Completeness,
rather than the number of histories, controls every sum.

Mean activation. Discarding the ideal stage’s records gives Bob the channel Λj(X) =∑
r P

B
j,rXP

B
j,r. The two recording vectors (PBj,rψ)r and (PAj,rψ)r are unit vectors at distance at

most η. Their Bob marginals are Λj(ρB) and ρB, respectively. Hence ∥Λj(ρB) − ρB∥1 ≤ 2η.
Contractivity and telescoping bound a prefix disturbance by 2(j − 1)η. For a traceless self-
adjoint X and 0 ≤ F ≤ I, | Tr(FX)| ≤ ∥X∥1/2. The ideal number Nact of active outputs
therefore has

ENact ≥
∑
j

Tr(ρBFBj ) − 1
2m(m− 1)η. (12.7)

The targets remain random throughout this argument. Selecting one fixed target could select
a different activation density.

Hashing the actual output. Discard the original systems and targets and locally dephase
the activity flags. Keep the output qubits coherent. The ideal output is

σ =
∑
f

pf |f, f⟩⟨f, f | ⊗
m⊗
j=1

{
Φ2, fj = 1,
|00⟩⟨00|, fj = 0.

Its coherent information is I(A⟩B)σ = ENact: S(B) = H(p) + ENact and S(AB) = H(p).
The actual output ω has half trace distance at most κ from σ. Each local output space has
dimension 4m.

For states on dimension D at half trace distance t,

|S(α) − S(β)| ≤ t logD + g(t). (12.8)

For a direct proof write α−β = ∆+ −∆− with Tr ∆± = t and compare the two binary-mixture
decompositions of (α+ ∆−)/(1 + t) = (β + ∆+)/(1 + t). Concavity and the binary-mixture
upper bound give (12.8) in both directions. Also g is increasing. Apply the bound to B and
AB, of dimensions 4m and 16m. Then

I(A⟩B)ω ≥ ENact − 6mκ− 2g(κ).

The hashing inequality [23, Theorem 10] makes this an achievable Alice-to-Bob rate. All
preprocessing was one-way LOCC on ρAB, so composing it with hashing lower-bounds
EA→BD (ρAB). Together with (12.7) this proves the lemma.

12.2 The bridge from an actual mixed strategy

Proposition 12.2. For a loss-ε strategy of the compiled game of any presentation containing
the clock, carry and conditional-clock relations of Section 5 and r extra compulsory clocks,
powered by q (in particular GK , the games of Proposition 11.3 and those of Theorem 15.7),
the hypotheses of Lemma 12.1 hold on its original mixed state, after adjoining pure local
ancillas, with m = (4 + r)M and

η = CP,r,q(M + 1)64Mδ, δ = (CP,r,q
√
ε)1/q. (12.9)

The active expectations are (3 + r)M +∑i<M Tr(ρBFi) for the reconstructed source model on
the actual Bob marginal.

Proof. The actual-state interface is [26, Proposition 6.1]; the relevant precision ingredients
are also visible in the compiler and Lemma 10.2. Here they must be applied before any
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pure-component selection. Relabel illegal Alice answers to a valid answer and dilate the
finitely many POVMs with pure local ancillas. On a purification ψABE of the original state,
fix for each variable one incident Alice context. Its reflection Av and Bob’s reflection Bv
satisfy

∥(Av −Bv)ψ∥ ≤ 2
√
ε/πmin =: µ.

This statement is valid with the inaccessible E retained. Moving a Bob word to Alice reverses
its order and costs at most its length times µ. For a fixed polynomial certificate, transfer
its right factors, then its context relation, which vanishes exactly on Alice. This gives all
Boolean residuals O(µ). Lemma 10.2, with the rectangular amplitude matrix for AE against
B, gives the square-root-state commutators at the same scale. Theorem 3.1(a) reconstructs
the powered source on this actual marginal. Equation (11.11) gives the unpowered precision
δ in (12.9). Pure local ancillas do not change distillable entanglement.

The raw measurements and controls in Lemma 9.3 are word polynomials of length O(M)
in Bob’s reflections. Alice uses their opposite word polynomials. These are exact projections
and reflections for the raw translated observables: for example, the opposite of T jBPBT

−j
B is

T−jA PAT
j
A, with TA the opposite word for TB. Their mirrors cost O(Mµ) ≤ O(Mδ). Applying

Lemma 10.2 with parties exchanged gives their Alice square-root-state commutators as well.
Repair each raw pair Fi, Qi locally on both sides by Q′i = 1[1/2,1](FiQiFi). Bob’s error is

O(η) by Lemma 9.3. On Alice, transferring (I −Fi)Qi reverses its order, giving the adjoint of
her inclusion defect. For any operator R,

∥R∗√ρ∥2 ≤ ∥R√
ρ∥2 + ∥[R,√ρ]∥2.

The raw mirrors and state commutators therefore give Alice’s inclusion defect O(η). The
repair proof in Lemma 9.3, using FQF − (FQF )2 = ((I − F )QF )∗((I − F )QF ), gives
∥(Q′i −Qi)

√
ρ∥2 = O(η) on each party. The triangle inequality now yields ∥(Q′Ai −Q′Bi )ψ∥ =

O(η). Thus the ternary PVMs have actual mirrors at the same scale.
Use the reverse of the count order: the last compulsory family first, each digit family

reversed, then the optional indices reversed. A flip’s preservation of later count measurements
is exactly preservation of earlier extraction measurements. Bob’s reflection converts the
conjugation-form estimates into commutators at cost O(η) by right multiplication and its
state commutator. Lemma 9.3, with the extra clocks as in Proposition 11.3, supplies every
swap and triangular relation. A fixed enlargement of CP,r,q changes individual errors into the
finite root aggregates. Only Qi was repaired, so the activation flags are the original Fi. This
proves every assertion.

Theorem 12.3. The games Gθ,r,q satisfy

d→Gθ,r,q
(ε) = 3 + r + θ

4q log(1/ε) + o(log(1/ε)). (12.10)

The original halting game satisfies the same formula with coefficient cK = (3 + θK)/4.

Proof. Put t = log4(1/δ) and choose M by (9.8). Then η = O(t−24), κ = O(t−21), mκ =
O(t−20), and every extraction error in (12.1) tends to zero. On every original strategy state,

EA→BD (ρAB) ≥ (3 + r)M +
∑
i<M

Tr(ρBFi) − o(1).

Lemma 11.1 and | Tr(ρBFi) − Tr(ρBF )| ≤ 2iδ bound this below by (3 + r + θ − ωθ(δ))M −
O(M2δ) − o(1). Since

M = 1
4q log(1/ε) −O(log log(1/ε)),

35



taking the infimum proves the lower bound. For the upper bound, EA→BD (ρ) ≤ log dB for
any state on Bob dimension dB, so d→G (ε) ≤ logDG(ε). Proposition 11.3 matches the lower
coefficient. The explicit upper strategies are in fact maximally entangled, with only constant
compiler overhead. For GK , use Theorems 6.2 and 7.1 in the same argument; its retained raw
measurements are identical. This also proves the left-c.e. usable-entanglement assertion of
Theorem 1.1.

These are equalities for the infimum demand. A particular successful strategy may carry
arbitrary unused extra entanglement. The non-effective remainder comes from flag-density
convergence; the extraction error above tends to zero absolutely.

Corollary 12.4. Every positive left-c.e. real belongs to both coefficient sets Alog and Adim
of [26, Section 11.6].

Proof. In that notation Alog consists of the finite limits d→G (ε)/ log2(1/ε) for finite value-one
games, and Adim uses log2DG(ε) instead. Theorem 1.1 uses these exact conventions. The
present section proves the left-c.e. usable case; Section 16 strengthens the inclusion to every
positive ∆0

2 real, including the positive-computable-real inclusion conjectured in the discussion
of [26, Problem 18.3(i)]. It is consistent with that paper’s Theorem 11.14, which bounds Alog
by the reals left-c.e. relative to 0′′.

13 Heat depends on the order of reset and communication
Use the thermodynamic model of The heat price of precision [24]: degenerate energy endpoints,
asymptotic reversible preparation and erasure, and all working systems included in the reset.
Work and bath heat coincide in its dimensionless units, with one unit equal to kBT ln 2. Write
Kans = |A||B| for the product of the two answer-alphabet sizes; it is unrelated to the halting
set K.

The local schedule allows no communication until both working devices are blank. The
joint schedule permits quantum reunion after answer release and before reset. Theorem 2.1
of [24] gives, for every attainable loss,

2d→G (ε) ≤ CG(ε) ≤ wlocal,G(ε) ≤ CG(ε) + 2 logKans ≤ 2 logDG(ε) + 2 logKans, (13.1)

where CG is the infimum mutual information of a successful state. The same theorem gives
0 ≤ wjoint,G(ε) ≤ 2 logKans. These are cited results, not new erasure claims. The matching-
sandwich argument of its Corollary 2.2 applies here with o(log(1/ε)) remainders rather than
its sharper hypothesis for the earlier coefficient family.

Corollary 13.1 (Order of operations). For every positive ∆0
2 real α, the same game Gα of

Theorem 1.1 satisfies, with L = log2(1/ε),

wlocal,Gα(ε) = 2αL+ o(L), 0 ≤ wjoint,Gα(ε) ≤ 2 log2Kans. (13.2)

For the original halting game the local coefficient is (3 + θK)/2, Turing-equivalent to K, while
joint-reset heat stays bounded.

Proof. Substitute d→Gα
(ε) = αL + o(L) and logDGα(ε) = αL + o(L) into (13.1). The fixed

answer term is O(1). The joint bound is the cited theorem. The halting coefficient is 2cK , an
invertible rational affine image of θK .

Thus one fixed device realizes any prescribed positive ∆0
2 local-heat coefficient (replace α

by half that coefficient), while its joint-reset cost stays bounded. The order of communication
and reset alone selects between these regimes. These are limiting coefficients; whether the
finite-precision heat function is computable is not decided here.
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13.1 Recovery before the blank deadline

Use exactly the block model of [24, Section 4, Theorem 4.1 and Lemma 4.2]. Fix a finite
strategy and loss first, then process independent copies after answer release, allowing coherent
local compression. Per play, recovery transfers at most q qubits and c physically moved fully
dephased bits, up to sublinear block corrections, with an Alice-to-Bob route available. The
blank deadline follows recovery. Degenerate endpoints, independent local baths, thermal answer
ports and reversible preparation/erasure are retained; private workspace, communication
hardware, copied messages and failed branches all enter reset. There is no uncharged catalyst.
Here q is a communication budget, unrelated to a residual power.

Let EG(ε) be the infimum of entanglement entropy of successful pure strategies, not
entanglement cost, and set BG = log2(|X ||Y|Kans). Write x+ = max{x, 0} and

F(e; q, c) = (e− q)+ + (e− q − c)+.

The cited theorem gives the general bound

F(d→G (ε); q, c) ≤ wq,c,G(ε) ≤ F(EG(ε); q, c) + 4BG. (13.3)

Its proof supplies an arbitrary-original-state lower bound; no new recovery inequality is
assumed here.

Corollary 13.2 (Programmable quantum-recovery threshold). For each matched game of
Theorem 1.1, in the stated block model,

wq,c,Gα(ε) = F(αL; q, c) + o(L), L = log2(1/ε), (13.4)

uniformly over q, c ≥ 0. In particular, for q/L → κ and c/L → χ with κ, χ ≥ 0, the heat
coefficient is

(α− κ)+ + (α− κ− χ)+. (13.5)

The critical quantum-recovery rate that removes the leading heat term is α, even with unlimited
classical recovery. It can be any positive ∆0

2 real.

Proof. For fixed measurements the score is affine in the state, so a successful mixed strategy
has a successful pure component in the same local spaces. Pure-state distillable entanglement
equals its marginal entropy. Consequently

d→G (ε) ≤ EG(ε) ≤ log2DG(ε).

Theorem 1.1 squeezes both endpoints to αL+ o(L). The function F is nondecreasing and 2-
Lipschitz in its first argument, with constant independent of q, c. Apply (13.3) to obtain (13.4);
homogeneity and continuity give (13.5). Since F(e; q, c) ≥ (e − q)+, a rate κ < α cannot
remove the leading cost for any classical budget, whereas κ ≥ α does so even with c = 0.

The imported inequality applies to these games; with the present o(L) demand laws it
gives o(L) heat at the critical rate, which need not be bounded.

Proposition 13.3 (Undecidable critical rates under a two-value promise). There is a
computably generated family of finite rational matched games whose critical recovery rates lie
in {15/16, 1}, on which no uniform estimator has a guaranteed fixed error less than 1/32. On
this promised family neither strict side of 31/32 has a uniform semidecision procedure.
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Proof. Given a machine index e, the left-c.e. reader of Section 11, with no extra clock or
residual power, uniformly realizes

θe = 3
4 + 1

41{e∈K}, αe = 3 + θe
4 = 15

16 + 1
161{e∈K}.

Its increasing rational approximation simply simulates machine e for longer finite times. An
estimate within any fixed error less than 1/32, compared with 31/32, decides halting.

Include also a tagged complementary family from Section 15: let Ae = {0} if e ∈ K and
Ae = ∅ otherwise. Its uniform c.e. program enumerates zero exactly on halting. Theorem 15.7
gives the matched rate

α′e = 4 − θAe

4 = 1 − 1
161{e∈K}.

Corollary 13.2’s proof uses only matched demands, so these are the respective critical rates.
A semidecision for the low side on the union, restricted to the reader family, would enumerate
nonhalting indices. A semidecision for the high side, restricted to the complementary family,
would do the same. Both are impossible. Each individual rate is a rational; the obstruction is
choosing it uniformly from a finite game description.

13.2 An arithmetic upper bound for heat coefficients

Proposition 13.4. For finite rational games of quantum value one, CG(ε) is uniformly
right-c.e. at positive rational ε. Every existing finite local-reset heat coefficient in the stated
thermodynamic model is left-c.e. relative to 0′.

Proof. At a fixed local dimension d, density matrices and POVMs with loss at most ε form
a rational semialgebraic feasible set, after splitting complex entries into real and imaginary
parts as in Lemma 2.4. Its algebraic points are dense even when it has empty interior. Indeed,
intersect it with any rational open ball meeting it. This is a nonempty rational semialgebraic
set, so real-closed-field transfer gives a point with real algebraic coordinates. Quantifier
elimination decides nonemptiness and can supply such a point. Enumerating dimensions and
rational balls therefore enumerates a dense algebraic feasible family in each dimension.

Spectra of algebraic density matrices, and hence their entropies and mutual informations,
are computable. Continuity at fixed dimension, including −t log2 t = 0 at zero, shows that
the infimum over this family is exactly CG(ε). Running minima of certified rational upper
approximations to the enumerated mutual informations decrease to that infimum. A first
feasible algebraic strategy can be found by dimension search under the value-one promise.
Thus the approximation is uniform and total on that promise; no bound on the required
dimension is assumed.

Choose total computable rationals cn,s ↓ CG(2−n) for n ≥ 1. If the finite local-heat
coefficient is h, the sandwich CG ≤ wlocal,G ≤ CG + 2 logKans implies CG(2−n)/n → h. For
rational a,

a < h ⇐⇒ ∃r ∈ Q ∃N r > a and ∀n ≥ N ∀s cn,s ≥ rn. (13.6)

If a < h, choose a < r < h and use convergence. Conversely the right side gives CG(2−n) ≥ rn
on that tail, hence h ≥ r > a. The rational comparisons are decidable, so the lower cut is Σ0

2,
equivalently c.e. in 0′.

If H+
local denotes the positive finite local-heat coefficients of rational value-one games in

this model, then

{α > 0 : α ∈ ∆0
2} ⊆ H+

local ⊆ {h > 0 : h is left-c.e. in 0′}. (13.7)

38



For the first inclusion choose the matched dimension coefficient to be half the desired heat
coefficient and use Corollary 13.1. The second is Proposition 13.4. Equality for the full heat
spectrum remains open. The right-c.e. assertion concerns finite-precision mutual information,
not distillable entanglement.

14 The exact-trace barrier and matrix approximation
Let T (P) be the exact tracial states of a finite bounded rational presentation, and let Tmat(P)
be those obtained as moment limits of flat finite-dimensional models with defects tending to
zero. Both spaces are viewed in the compact space of bounded word moments. A diagonal
choice of approximants shows that Tmat is closed. In this section the relevant space is assumed
nonempty and F is a fixed rational self-adjoint polynomial. These results explain why the
construction of Sections 11–12 reaches only left-c.e. targets; they do not classify all games.

14.1 The exact-trace barrier

Proposition 14.1. Suppose every exact trace has τ(F ) ≥ θ, and some sequence of flat
approximate models with defects tending to zero has F expectations tending to θ. Then

θ = min
τ∈T (P)

τ(F ) (14.1)

is left-c.e. The matched fixed-observable mechanism used here realizes exactly the left-c.e.
targets in [0, 1].

Proof. A moment limit of the flat models is tracial and has τ(p∗p) = 0 for every defining
relation p. The GNS argument in Theorem 6.2 makes it an exact model. Its F expectation is
θ, proving (14.1).

Here is an effective lower hierarchy for that minimum. At degree 2j use complex word
moments, impose normalization, adjoints, cyclic invariance, a positive moment matrix, the
domain localizing constraints, and every relation insertion visible at that degree. Add |yw| ≤ 1
for contraction words. These bounded constraints express all declared domains. Alternatively
use (3.1) for positive contractions and P = (I+x)/2, x = x∗ = x−1, for projections. The exact
encodings are finite and rational and preserve tracial models and the substituted observable’s
trace. The finite feasible sets are compact rational semialgebraic sets in real and imaginary
coordinates. Their lower minima ℓj increase. A diagonal limit of minimizers is a positive
tracial functional with all relations and bounded domains, so its GNS tuple is an exact model.
Consequently ℓj ↑ θ.

Real quantifier elimination decides whether ℓj > r for a rational r. Enumerate these
certified lower rationals and take running maxima, starting with a rational norm lower bound
for F . They converge to θ. This proves left semicomputability without an assumption about
numerical SDP duality. This is the bounded tracial moment method [12, 42]; it optimizes
over all exact traces. It does not identify matrix-approximable traces, just as general NPA
convergence concerns commuting models [56].

Lemma 11.1 and Lemma 11.2 give the converse realization for every left-c.e. θ ∈ [0, 1].
Fixed positive rational affine changes, extra clocks and residual powering preserve this
class.

Complementing F changes a minimum to one minus a maximum. It therefore does not
reverse this one-sided forcing argument. If all exact traces gave one common value, the lower
hierarchy for F and for −F would make that value computable. Similarly, an irreversible
acceptance program presented with a nonmonotone approximation keeps earlier accepted
cylinders: their union is effectively open and its measure remains left-c.e.
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14.2 Weighted limits are matrix-approximable

The next compression uses Connes’ spectral-cut inequality [20], in the form Vidick uses for
almost synchronous correlations [72]. Its role here is to identify possible limiting traces. Its
dimension cost is never charged to the actual-state measurement bound.

Lemma 14.2 (Moment compression). Let contraction generators Xi ∈ Md(C) lie in the
declared domains of Definition 2.1, and suppose maxi∥[Xi,

√
ρ]∥2 ≤ η. For each integer l ≥ 1

and ζ > 0 there is a finite-dimensional tuple Y in the same domains such that every ∗-word
w of length at most l satisfies

|trD(w(Y )) − Tr(ρw(X))| ≤ 2l
√

2η + ζ. (14.2)

No bound on D is asserted.

Proof. Put Pt = 1(t,∞)(ρ), 0 ≤ t ≤ 1. Spectral integration gives ρ =
∫ 1

0 Pt dt and∫ 1
0 rankPt dt = 1. In an eigenbasis of ρ,∫ 1

0
∥[Xi, Pt]∥2

2 dt =
∑
a,b

|(Xi)ab|2|λa − λb|

≤ ∥[Xi,
√
ρ]∥2 (2 Tr(ρXiX

∗
i ) + 2 Tr(ρX∗iXi))1/2 ≤ 2η.

The middle inequality factors |λa − λb| into the difference and sum of their square roots and
applies Cauchy–Schwarz.

On ranPt compress to Bi = PtXiPt. Insert Pt between consecutive letters of a word
of length k. Each of the k − 1 trace errors is at most

√
rankPt∥[Xi, Pt]∥2. Integrating and

applying Cauchy–Schwarz bounds the total by (k − 1)
√

2η.
Restore the domains inside each compressed space. Positive contractions need no repair.

Round a projection at 1/2, a reflection by spectral sign, and a unitary by polar decomposition,
completing the partial isometry on its kernel. Each resulting Zi satisfies

∥Zi −Bi∥2
2 ≤ ∥[Xi, Pt]∥2

2.

For projections use min(s2, (1 − s)2) ≤ s(1 − s) and Tr(Bi − B2
i ) = ∥(I − Pt)XiPt∥2

2. For
unitaries use (1 − s)2 ≤ 1 − s2 and Tr(I − B∗iBi) = ∥(I − Pt)XiPt∥2

2; spectral sign is the
self-adjoint case. Telescoping the k repaired letters adds at most k

√
2η after integration.

There are finitely many spectral cuts. The integrated repaired moments form a convex
combination of normalized traces of the compressed tuples, with weights ah = (rankPh) ∆th
summing to one. If their dimensions are rh, choose integer multiplicities nh with nhrh/

∑
i niri

approximating ah in ℓ1 within ζ. The direct sum realizes those weights and changes every
contraction-word moment by at most ζ. Combining both errors proves (14.2).

Corollary 14.3. Moment limits of weighted approximate models are exactly Tmat(P). In
particular, if λ = minTmat τ(F ), then uniformly over weighted precision-δ models,

Tr(ρF ) ≥ λ− ω(δ), ω(δ) → 0. (14.3)

Proof. In a convergent weighted sequence pass to a subsequence with commutator errors
ηj ≤ j−4. Apply Lemma 14.2 to length j with ζj → 0. The resulting flat tuples have the same
limiting moments. Each defining p∗p moment tends to zero, so their flat relation defects tend
to zero. The reverse inclusion takes ρ = I/d. Compactness and the closedness of Tmat give
attainment of λ. A sequence violating (14.3) would have a weighted moment limit below λ, a
contradiction.
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14.3 Arithmetic and the necessary trace gap

Proposition 14.4. Set

mn = inf{trd F (X) : d ≥ 1, X a flat precision-2−n model}.

Then λ = supnmn is left-c.e. relative to 0′. If a = minT τ(F ) and λ is not left-c.e., then
a < λ.

Proof. The feasible sets shrink, so mn increases. Approximants to any trace in Tmat show
mn ≤ λ. Conversely choose models with costs at most mn + 1/n. A moment subsequence
gives a trace in Tmat of cost limnmn, proving equality.

For fixed n, d, all domains, squared flat residuals and the cost are rational semialgebraic
data; real quantifier elimination decides whether there is a feasible tuple of cost below a
rational r. Enumerating d makes mn uniformly right-c.e. More explicitly,

s < λ ⇐⇒ ∃n ∃r ∈ Q s < r and
every dimension lacks a precision-2−n model of cost < r.

(14.4)

The last finite-dimensional predicate is decidable. The displayed lower cut is therefore Σ0
2, or

c.e. in 0′. Proposition 14.1’s hierarchy proves that a is left-c.e., and a ≤ λ. A non-left-c.e. λ
must consequently satisfy a < λ.

For any rational r between them there is an exact trace of cost below r, but some fixed
positive precision admits no flat finite-dimensional model of cost at most r. Otherwise a
sequence of such models would limit to an approximable trace below λ. This is the necessary
trace gap.

If all approximable traces have one common value, apply the same arithmetic argument
to −F . Both cuts are then c.e. in 0′, so the value is ∆0

2. An arbitrary minimum above is only
asserted to be left-c.e. in 0′; that statement alone does not make it ∆0

2.

14.4 Sharpness of the approximable-minimum range

Theorem 14.5 (All approximable projection minima). The values minτ∈Tmat(P) τ(F ), over
finite bounded rational presentations with nonempty Tmat(P) and a declared projection F ,
are exactly the reals in [0, 1] left-c.e. relative to 0′. More precisely, for every total computable
sequence as ∈ Q ∩ [0, 1] there is such a presentation Q[a] with

min
Tmat(Q[a])

τ(F ) = 1 − lim sup
s

as. (14.5)

Proof. Use the dynamic presentation of Section 16.1, but remove R∗, the stop counter with its
zero test and witness, the stop branch with its scalar verifier, the REJECT control and their
equations. Section 16.1 and Lemma 16.2 do not use Theorem 14.5 or Corollary 14.6, so this
forward reference is not circular. At every depth the program continues: compute the packed
list for C(j, w) in (16.3), execute exactly one LOAD, test the entire list, READ the next bit
and increment j. Keep every other scalar, clock, register and data relation, deleting R∗ only
from the commutation lists. No decoded-region restriction is imposed. The list computation
terminates without searching for a perfect witness. This is one finite rational instruction
table.

Put u = lim sups as. If v(x) > u, it has a prefix w of some length J such that ℓ(w) > u
and as < ℓ(w) for all s ≥ J . The gate C(J,w) is false. Its complete formal execution has a
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finite runtime independent of its data. If τ(Bw(I − F )) > 0, choose 2k above that runtime.
The retained fuel/time fairness gives

τ(BwCkDk(I − F )) = 2−(2k+1)τ(Bw(I − F )) > 0.

Lemma 16.2 applies: its proof uses the finite initialized interval and one LOAD, not convergence
or a stop counter. Every shifted variable reduces this corner; the same tuple is tested
throughout; its positive packed projection corner would give flat approximants of the false
gate. This is impossible. Fuel/time flips establish only the displayed scalar mass identity,
not transport of dynamic data. Every such bad cylinder has zero unflagged mass. Cover the
compact set {v ≥ u+ ζ} by finitely many bad cylinders and refine to a common depth. Fair
address digits then bound the remaining unflagged mass by u+ ζ plus a vanishing dyadic
endpoint error. Letting the error and ζ decrease proves τ(F ) ≥ 1 − u.

For the upper bound fix a dyadic 0 < b < u and an even N beyond its denominator depth.
Set I−F = 1{vN<b}. Every prefix of each unflagged finite address has ℓ(w) ≤ vN < b, including
after all N bits have been read and the reader supplies zeros. Arbitrarily late as exceed b,
so every continuation gate on that address is true. In the finitely many address/fuel/time
histories at this fixed N , only finitely many gates reach LOAD. Choose an exact witness for
each whole packed list, even if reset truncates its test, and tensor these finitely many factors.
There is no bound on this data dimension.

Assign the actual initialized scalar and register histories blockwise at time t mod 2k, with
k = N for all-ones fuel. Load the assigned tuple on each outgoing LOAD edge, keep it
until the next LOAD or reset, use (0, I, I) from a reset until the first LOAD after it, and
use constant default data (0, I, I) on flagged addresses. The contraction registers have their
blockwise two-unitary representations without a new factor. Thus all new equations and
declared coordinate/workspace commutations are exact: ordinary steps hold data, LOAD
permits replacement, reset removes the holding guard, and cyclic wrap is a reset because 2k
divides 2N . Every completed unflagged CHECK uses a true witness. The address dressing
commutes with the new assignments, so the old residuals remain at most 3 · 4−N . The flag
mean is exactly 1 − b.

Let N → ∞ at fixed b and take a moment subsequence. It gives a trace in Tmat with cost
1 − b. Let b ↑ u and use compactness and closedness to attain 1 − u. For u = 0, fully flagged
histories with constant default data give cost one directly; the argument with b < 1 includes
u = 1. This proves (14.5) and nonemptiness.

Downey–Jockusch–Schupp [27, Theorem 5.1(ii)–(iii)] characterize reals in [0, 1] with Σ0
2

lower cuts as the liminf of computable rational sequences. These are precisely the reals left-c.e.
in 0′. Clipping the sequence to [0, 1] preserves its liminf. For λ = lim infs cs, apply (14.5) to
as = 1 − cs. Proposition 14.4 supplies the reverse inclusion.

Corollary 14.6 (An unavoidable witness-budget obstruction). Let P be a finite bounded
rational presentation containing the relations used in Lemma 9.3, with flag F and λ =
minTmat(P) τ(F ), for example P = Q[a]. If λ is not ∆0

2, there are no flat models at every
sufficiently large even N with operator residuals O(4−N ) and

log2 dN = (3 + λ)N + o(N). (14.6)

Proof. Corollary 14.3 gives Tr(ρF ) ≥ λ− ω(δ) on the actual precision-δ state, with ω(δ) → 0.
Set t = log4(1/δ) and M = ⌊t−30 log4(2+ t)⌋. Lemma 9.3 bounds the retained measurements’
joint error by C(M + 1)64Mδ = O(t−24). The raw clock count of Theorem 8.1 and flag
transport give

log2 d ≥ 3M +
∑
i<M

Tr(ρFi) − o(M) ≥ (3 + λ− ω(δ))M −O(M2δ) − o(M).
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The new data do not enter these measurements. The compiler gives δ = C
√
ε, hence lower

game exponent (3 + λ)/4. Hypothetical models (14.6) compile to loss O(16−N ) with constant
dimension overhead. Neighboring even depths have bounded logarithmic-precision gaps, so
they give the matching upper exponent at every small loss. The rational finite game has value
one. Lemma 2.4 and the limit argument of Corollary 16.7 would make (3 + λ)/4, hence λ,
∆0

2, a contradiction.

For example, λ = ∑
e∈K0′ 4−(e+1) is left-c.e. in 0′ and has degree 0′′: the tail after each digit

is at most one third of its weight, so successive accurate approximations recover membership
in K0′ , and that set computes the sum. It is not ∆0

2. The theorem realizes this minimum, but
the corollary forbids its matched budget. This obstruction concerns all sufficiently large even
depths; it asserts neither a fixed positive overhead gap nor a bound on isolated subsequences.

Projection charges in [0, 1] Exact arithmetic range
Exact-trace minima Left-c.e.
Matrix-approximable minima Left-c.e. relative to 0′

Charges with a matched three-clock budget ∆0
2

The first row is Proposition 14.1 and the reader realization; the second is Theorem 14.5. In
the third, “matched” means the retained clock lower count and the all-scale bound (14.6).
Corollary 14.6 gives necessity, and Theorem 16.1, with θ = 1 − λ, realizes every ∆0

2 charge.
Feasibility and feasibility within that budget are distinct.

Context: why a uniform lower hierarchy is different. Use the finite-dimensional
synchronous value in Mousavi–Nezhadi–Yuen’s hardness reduction [54, Lemma 6.7], which
directly makes synchronous value one Π0

2-hard. Place the game projection relations under
a central projection p and set F = I − p. The scalar branch p = 0 always exists. The syn-
chronous/tracial correspondence [60, 41] shows that synchronous value one gives approximable
traces with p = I, hence minimum zero. Otherwise a positive-trace p corner would give finite
synchronous strategies approaching one: compress to the representing projections, normalize
by their positive limiting trace, and repair each finite PVM. For that last step, successively
compress and round its first outcomes into the complement of earlier repaired projections,
then use the remaining complement as the last outcome. All errors tend to zero for a fixed
finite family. Thus a uniform ordinary lower hierarchy would enumerate the Σ0

2-complete
complement of synchronous value one. This contextual reduction produces only the individual
minima zero and one. It uses the synchronous-value hardness itself, without a conversion from
unrestricted strategies that would require extra assumptions on diagonal question weights.

Towards the next construction. The exact-trace barrier leaves open a different matched
mechanism: a non-left-c.e. minimum over matrix-approximable traces, together with precision-
4−N flat models of dimension 2(3+λ)N+o(N). The trace gap alone supplies no such upper
models. Section 15 constructs them using finite perfect witnesses and an elementary slow-
admission schedule. It thereby proves that the dimension spectrum strictly extends beyond
the left-c.e. reals. Section 16 completes the positive classification; the remaining questions are
in Section 17.
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15 Escaping the barrier: a complementary halting flag
The barrier in Section 14 concerns the minimum over all exact traces. We now construct a
presentation whose minimum over matrix-approximable traces is

λA = 1 − θA, θA =
∑
e∈A

4−(e+1),

for any c.e. set A. For A = K this minimum is not left-c.e. The clocks retain their matched
dimension budget. Every statement in this section is proved here, except the MIP∗ = RE
input of Section 15.1 and, in Theorem 15.7, the cited Boolean correspondence, actual-state
interface and heat sandwich.

15.1 Finite perfect witnesses as an external input

We use Ji–Natarajan–Vidick–Wright–Yuen’s MIP∗ = RE theorem (arXiv version 4, accepted to
Annals of Mathematics) in its finite perfect-completeness form [39, Theorem 12.6, pp. 193–194].
The theorem gives a computable map from machines to finite rational games: a halting machine
yields a finite-dimensional perfect PCC strategy, and a nonhalting machine yields quantum
value at most 1/2. Its proof starts with the trivial perfect PCC strategy of Lemma 12.3 and
applies Claim 12.7 in finitely many downward steps, using the compression completeness of
Theorem 12.1(1), p. 184. Only the finite-dimensional perfect PCC strategy of Theorem 12.6(1)
is used: a state ψ on H ⊗ H and projective measurements, each player’s measurements
consistent on ψ in the sense of [39, Definition 5.10]. PCC means projective, consistent and
commuting in that paper’s sense; no symmetry between the players is assumed. The informal
synchronous wording of Section 1.2 of [39] is not needed; mere quantum value one would not
suffice.

Apply the map to the machine which halts precisely when e ∈ A, and denote the resulting
game by HA,e, with question sets XA, XB. Introduce projections pxa (x ∈ XA) and qyb
(y ∈ XB), impose the PVM equations of both families, and impose pxaqyb = 0 for each
tested losing pair. Untested pairs impose no zero-product condition. Call this finite rational
projection presentation AA,e.

Lemma 15.1. If e ∈ A, then AA,e has an exact unital matrix model. If e /∈ A, it has no
sequence of flat matrix models whose defining defects tend to zero. Exact matrix certificates,
without repeated indices, can be enumerated effectively, and their indices are exactly A.

Proof. Let (A,B,ψ) be a finite-dimensional perfect PCC strategy and write ψ = vec(S).
Consistency of each player’s measurements reads AxaS = S(Axa)T and S(By

b )T = By
bS; taking

adjoints shows that every Axa and By
b commutes with Alice’s reduced state ρ = SS∗. Write

ρ = ∑
c cPc. Its eigenspaces reduce both projection families. For a tested losing pair, consistency

of Bob’s measurement and perfect play give

0 = ⟨ψ,Axa ⊗By
b ψ⟩ = Tr(ρAxaB

y
b ) =

∑
c>0

c ∥(PcBy
bPc)(PcA

x
aPc)∥2

2.

Every summand is nonnegative. On each nonzero positive-eigenvalue eigenspace the two
compressed families are PVMs and every tested losing product vanishes, including its adjoint.
Restrict to any such eigenspace to obtain the unital matrix model. The commuting clause of
PCC is not needed for this argument.

Conversely, approximate projection partitions can be repaired to PVMs in the same
dimension. For projections P1, . . . , Pk with S0 = ∑

i Pi and ∥S0 − I∥2,d → 0, where ∥X∥2
2,d =

trd(X∗X), ∑
i̸=j

trd(PiPj) = trd(S2
0) − trd(S0) −→ 0.
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Each term is nonnegative and equals ∥PiPj∥2
2,d. Keep P1, successively compress Pi to the

complement R of the previously repaired outcomes and round at 1/2, and use the last
complement as the final outcome. If α = ∥(I −R)Pi∥2,d, then

∥Pi −RPiR∥2,d ≤ 2α, ∥1[1/2,1](RPiR) −RPiR∥2
2,d ≤ trd(RPiR− (RPiR)2) ≤ α2.

Finite induction and the approximate sum equation give corrections tending to zero. Bounded-
product telescoping preserves every tested losing-product defect. Using the repaired PVMs
on a maximally entangled state, with Alice using the transposed pT

xa and Bob qyb, gives
losing probabilities trd(pxaqyb) = ∥qybpxa∥2

2,d → 0. This contradicts the soundness bound
when e /∈ A.

For fixed e, d, real quantifier elimination decides the rational semialgebraic matrix equa-
tions, after splitting complex entries into real and imaginary parts. A nonempty set has an
effectively obtainable algebraic point. Dovetail over e, d and suppress repeated indices. The
first two assertions make its output exactly A. No dimension bound computable from e is
asserted.

15.2 Packing and a fixed polynomial-testing program

For a projection presentation A with m ≥ 1 generators, use two projections D,E and a
unitary W . Set Gj = W−jDW j , 0 ≤ j < m, and impose∑

j<m

W jEW−j = I, [E,Gj ] = 0. (15.1)

Substitute EGjE for its generators in every equation of A, replacing the constant identity by
E. Clear denominators, and call the finite integer-coefficient list consisting of (15.1) and the
substituted equations R(A). In P̂A these are not defining relations; the program tests them.

Lemma 15.2 (Three data generators). A d-dimensional model of A extends to an md-
dimensional model of R(A). Conversely the E corner of every tracial model of the latter
carries A, and τ(E) = 1/m.

Proof. List the projection generators as g0, . . . , gm−1, including both players’ families for
AA,e. Take D = diag(g0, . . . , gm−1), E = |0⟩⟨0| ⊗ Id, and let W cyclically shift the m blocks
forward. Then W−jDW j restricts to gj on block zero, proving the extension, also when
m = 1. Conversely EGjE is a projection in the unital E corner and satisfies every substituted
relation. Tracing (15.1) gives mτ(E) = 1. Arbitrary models need not satisfy Wm = I.

Write me = #{pxa} + #{qyb} for the total number of projections in both families of
AA,e, adding an unused projection if needed, and Re = R(AA,e). The map e 7→ Re is
total computable. Retain the decoder L,R, reset Z, clocks, carry and conditional-clock
relations of Section 5. Replace the halting recognizer by the following fixed counter transducer,
delete (5.11), and add

(I − L)(I − F ) = 0. (15.2)

Thus an unflagged address must be in the decoded region. Keep the scalar counter domains,
zero tests, controls, initialization and transition rules; their start and input are still determined
by L,R.

Add the data generators D,E,W . Require them to commute with Aa, L,R, F, Z, every
fuel and time generator including U , and every instantaneous scalar workspace variable. Do
not require them to commute with the address shift or flip, or with one another.
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The transducer has two operator registers, a monomial M and an accumulator Σ. Represent
each S ∈ {M,Σ} by two unitary generators:

S = (uS + vS)/2. (15.3)

Every such S is a contraction, and every finite square contraction has this form. Indeed extend
its polar partial isometry to a unitary V0, put J = |S| + i(I − |S|2)1/2, and take uS = V0J ,
vS = V0J

∗. This model assignment does not add irrational coefficients to (15.3).
On input e, compute the finite list Re. For each polynomial r, express its integer coefficients

as repeated signed monomials, and compute an integer b ≥ 0 with 2b at least their total
number. Clear Σ, set M = I for each monomial, build it by successive right multiplications,
and add its signed value times 2−b to Σ. Enter CHECK, then process the next polynomial
and finally idle. The extra instruction alphabet is

Σ := 0, M := I, M := Md (d ∈ {D,E,W,W ∗}), Σ := Σ ± rbM,

and holding a register fixed. The ordinary counter encoding supplies rb = 2−b. The final idle
branch clears the registers to their initialized values. Every partial monomial and accumulator
is a contraction, including on flagged addresses with arbitrary data.

Counter-machine universality compiles this algorithm into one fixed finite instruction table.
Its finite branch selectors qα and updates define rational polynomials ΦS . The polynomial
lists and word lengths are program outputs, rather than additional defining equations. Put
Init(M) = I, Init(Σ) = 0, and impose

ZS = Z Init(S), U∗SU = Z+ Init(S) + (I − Z+)ΦS , Z+ = U∗ZU, (15.4)
qCHECKΣ(I − F ) = 0. (15.5)

For each of the four representing unitaries in (15.3), impose commutation with the instanta-
neous scalar workspace and with Aa, Af , At, L,R, F, Z. Impose no commutation with other
operator registers, data, time shifts, or fuel/time flips. Scalar workspace here excludes M,Σ.
This completes a finite bounded rational presentation, denoted P̂A.

Lemma 15.3 (Programmed testing). Every faithful exact tracial model satisfies, for every e
and r ∈ Re,

Be(I − F )r(D,E,W ) = 0. (15.6)

Proof. Fix the finite CHECK time h for this relation and choose 2k > h. PutQ0 = BeCkDk(I−
F ), using (5.7). The scalar initialization lemma gives ZQ0 = Q0, with no reset before h, and
forces the scalar controls and counters throughout this finite history. Non-self-adjoint registers
require an extra justification: [S,Z] = 0 gives

SQ0 = SZQ0 = ZSQ0 = Z Init(S)Q0.

Consequently MQ0 = Q0 and ΣQ0 = 0 initially.
Every data word commutes with Q0; the address digits are spectral functions of Aa in an

exact clock. The data also commute with U . If Sl = U−lSU l has right action SlQ0 = wQ0,
then SldQ0 = wdQ0 for a data letter d. A conjugated scalar selector commutes with every
data word, since the data commute with that selector and with U . Its forced scalar right
action therefore holds on wQ0 as well. Induction in (15.4) proves the initialized operator
history. Products do not require commuting computed registers: if AQ0 = aQ0, BQ0 = bQ0,
and [b,Q0] = 0, then ABQ0 = AQ0bQ0 = abQ0. Before h the next-reset factor vanishes on
Q0, whose range also contains every computed right action. At CHECK,

ΣhQ0 = 2−br(D,E,W )Q0, (qCHECK)hQ0 = Q0.
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Conjugate (15.5) by U−h and apply it to Q0. The flag is time invariant, and the conjugated
selector commutes with data words, so r(D,E,W )Q0 = 0.

The operator r(D,E,W )Be(I − F ) commutes with all fuel/time flips. Conjugate its zero
product with CkDk by the earliest specified fuel flip and add: that flip exchanges the two
outcomes of its digit and preserves later digits. Repeat through the final zero of Ck, then
through Dk. This removes both cylinders and proves (15.6). No conditional trace independence
is needed. Since Re includes the packed relations for both families, the E corner of every
nonzero unflagged cylinder therefore carries both the pxa and qyb PVMs and all tested losing
products.

The approximable flag minimum and all complementary finite-model and resource esti-
mates are proved in Appendix D: Proposition 15.4, Lemmas 15.5 and 15.6, Theorem 15.7,
Corollary 15.8 and Proposition 15.9.

15.3 From a c.e. gate to a convergent approximation

The predicate certified by a finite perfect witness is c.e.: finite exact matrix feasibility
can be searched by real quantifier elimination. This limits the predicate at one gate, not
the exponent of a whole construction. Section 16 keeps these c.e. continuation gates and
adds a different scalar tail test after stopping. A compactly encoded stopping parameter
is safe only because a bad address is ruled out both at every finite stop and on an infinite
continuation. Thus the right-c.e., d.c.e. and general ∆0

2 logarithmic realization questions
are all answered by one construction. No subtraction of games or disjunction of all witness
candidates is needed. Appendix B and the ancillary README describe the finite checks of
the complementary-construction algebra and of the complete construction.
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16 Every positive limit-computable exponent
The reader of Section 11 keeps every accepted address. That monotone rule realizes left-c.e.
flag densities. We now allow a model to choose when to stop reading, while checking every
later rational approximation. Finite quantum witnesses certify each decision to continue. A
scalar computation verifies the tail after a finite stop. Together these two tests handle an
arbitrary computable convergent approximation, including one of unbounded total variation.

Theorem 16.1 (A flag for a computable limit). Let (as)s≥0 be a total computable sequence of
rationals in [0, 1], with limit θ. There is a finite bounded rational presentation P [a], retaining
the three compulsory clocks and the conditional clock, such that

min
τ∈Tmat(P[a])

τ(F ) = 1 − θ. (16.1)

For every sufficiently large even N it has flat models whose defining operator-norm residuals
are at most 3 · 4−N and whose dimensions satisfy

log2 dN = (4 − θ)N + o(N). (16.2)

Every new defining equation is exact in these models.

The presentation is specified by the finite program computing (as); its real limit is not a
coefficient of any relation. We give the presentation and both sides of (16.1) before deriving
the game laws.

16.1 A finite program with two different tests

For a binary word w of length j, with integer binary value p(w) in reader order, put

ℓ(w) = 2−jp(w), u(w) = 2−j(p(w) + 1).

The radical-inverse value of every extending address lies between these endpoints. At the
empty word they are zero and one. The continuation predicate is the c.e. statement

C(j, w) ⇐⇒ ∃s ≥ j as > ℓ(w). (16.3)

Apply Lemma 15.1 to the search machine for this predicate. Its projection presentation Aj,w

has separate Alice and Bob families. A true predicate has an exact finite matrix witness; a
false one admits no sequence of flat matrix models with defects tending to zero. Lemma 15.2
packs its complete relation list into D,E,W . Computing that list always terminates: it applies
the finite game reduction to a machine description, rather than waiting for the search machine
to halt.

A stop at (j, w) instead starts an ordinary counter computation of aj , aj+1, . . .. It enters
an absorbing REJECT control when it finds

as ≤ u(w), s ≥ j. (16.4)

Impose qREJECT ≤ F . Absence of rejection is an infinite tail condition, not a finite quantum
certificate.

Start with Section 11’s reader presentation: delete the old recognition program and its
halt-flag equation, retain the reader domains and READ updates, and retain all clock, carry,
reset, flag and conditional-clock relations. Thus the decoder L,R of Section 5 is absent, and
no decoded-region restriction (15.2) is imposed.
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For clarity, the inherited scalar workspace consists of all counter coordinates, their zero-test
projections and positive-contraction witnesses, the mutually orthogonal control projections
summing to I, and Ar, Cr, Pr. They commute pairwise and with Z,Aa, Af , At, F . Retain their
domains, zero tests (5.8) and reader equation (11.2). For every ordinary counter, control
and the reader impose the initialization and transition forms (5.9)–(5.10), using the new
finite instruction table; in particular ZAr = ZAa. Zero-test and reader witnesses satisfy their
domain equations at every time and need no separate updates. The flag still commutes with
Aa and the complete fuel/time sets, including U . Add two projection data generators D,E
and a unitary W , and represent M,Σ by the four unitaries of (15.3). LOAD maps M to I
and Σ to zero without reading data on its outgoing edge; other scalar instructions hold them
unless an operator instruction updates them.

Add a positive contraction R∗ and a counter c initialized by

Zc = ZR∗, U∗cU = Z+R∗ + (I − Z+) Step(c), Z+ = U∗ZU. (16.5)

All ordinary counters are initialized at I, the start control at I, the other controls at zero,
and the reader at Aa. Counters retain the zero-test relation (5.8). Counter value zero has
encoding c = 1; a nonzero decrement doubles c. The choice R∗ = 2−m therefore means stop
at depth m, while R∗ = 0 continues at every finite depth.

At depth j the program first zero-tests c. Its zero branch starts the scalar verifier (16.4).
Its nonzero branch computes the packed list for (16.3), executes one LOAD, tests that entire
list, reads the next address bit, increments j and decrements c. A CHECK never branches
on a matrix value. Every gate has exactly one LOAD, before any data-using instruction;
there is no LOAD between its monomials or relations. After LOAD, initialize the monomial
and accumulator registers, then use the signed right-multiplication program of Section 15.
All classical arithmetic is ordinary counter computation. This algorithm has a fixed finite
instruction table, although its computed relation lists and runtimes are unbounded.

The precise new commutations. Require R∗ to commute with Aa, F, Z, every fuel and
time clock generator including U , every instantaneous variable of the commutative workspace,
the data D,E,W , and the four register-representing unitaries. Each data generator commutes
with

Aa, Af , At, F, Z,R∗ and every instantaneous workspace variable.
The four unitaries representing M,Σ by (15.3) have that same coordinate/workspace com-
mutation list. They need not commute with the data or with one another. These are the
complete additional lists: in particular, the new data do not inherit Section 15’s commutations
with U , fuel/time rotations or fuel/time flips. No address-shift or address-flip commutation
is imposed on the new data or registers. Their required square-root-state commutators in
approximate models are those of Definition 2.1, as for every declared generator.

Instead of time invariance, for X ∈ {D,E,W} impose

(U∗XU −X)(I − Z+)(I − qLOAD) = 0. (16.6)

The tuple at the next time can change only after a current LOAD or at a next-time reset.
Use the register domains, initialization and transition formulas (15.3) and (15.4), with the
new finite branch selectors, and impose

qCHECKΣ(I − F ) = 0, qREJECT ≤ F. (16.7)

The normalization of signed monomials bounds every partial accumulator by one, even on
flagged addresses. All displayed abbreviations have finite rational polynomial definitions.
These equations and commutations complete P[a].
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16.2 Why every completed gate tests one tuple

Write Yh = U−hY Uh. For a finite address word w, choose k and the initialized unflagged
projection

Q0 = BwCkDk(I − F ). (16.8)

The reader follows the specified address bits while it has read at most |w| of them. We
consider a prescribed finite computation shorter than 2k; Lemma 6.1 gives reset at time zero,
and Proposition 4.5 gives no later reset during this interval, as in (6.3).

Lemma 16.2 (A fixed tuple between loads). Suppose the scalar control flow on Q0 reaches
one continuation gate. From immediately after that gate’s LOAD through all its CHECKs,
every data generator has the same restriction to Q0. Every CHECK for a packed polynomial
π forces π(dload)Q0 = 0. If τ ∈ Tmat(P[a]) and τ(Q0) > 0, the corresponding continuation
predicate is true.

Proof. Shifted variables reduce the initialized corner. Let Y be any data generator, register
unitary or instantaneous workspace variable. It commutes with Aa, Af , At, F . The time
increment commutes with the address and fuel sets and with F . Proposition 4.5 says that
UhDkU

−h is a sum of finite time-prefix cylinders, hence a spectral function of At. The other
factors of UhQ0U

−h are unchanged. Consequently

[Yh, Q0] = 0. (16.9)

This proves reduction for every shifted variable needed below without assuming [Y, U ] = 0.
Conjugate (16.6). Off a programmed LOAD and before the next reset, its right guard

acts as I on Q0, giving
Xh+1Q0 = XhQ0. (16.10)

If LOAD occurs at hL, put dload = (DhL+1, EhL+1,WhL+1). Its restrictions stay fixed through-
out the gate. They have their exact domains on the reducing Q0 corner. In particular the
restricted unitary has the same fixed adjoint.

Register induction. Each register is cleared after LOAD. Suppose ShQ0 = P (dload)Q0.
Every polynomial in shifted data commutes with Q0 by (16.9). For a current data letter dh
and a shifted scalar selector qσ,h with scalar action σQ0, the required identities are

ShdhQ0 = ShQ0dload = P (dload)dloadQ0,

qσ,hP
′Q0 = qσ,hQ0P

′ = σP ′Q0,

Zh+1P
′Q0 = Zh+1Q0P

′ = 0, [P ′, Q0] = 0.

They handle multiplication, branch selection and the absent reset term in the register
transition. The scalar dyadic coefficient acts by its programmed value on the same corner.
We have not commuted a selector through a data word at a different time. Non-self-adjoint
initialization is justified by [S,Z] = 0: SQ0 = SZQ0 = ZSQ0 = Z Init(S)Q0. Induction
therefore gives at each CHECK

ΣhQ0 = 2−bπ(dload)Q0. (16.11)

The CHECK selector equals I there, and F is time invariant. Equation (16.7) forces this
polynomial to vanish.

Positive corners. If the packed presentation has m projection generators, the packing
relation and traciality give

τ(Q0EhL+1) = τ(Q0)/m.
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The projection Q0EhL+1 is a fixed polynomial in the full generators, including the finite time
and fuel cylinders. If its trace is positive, it carries the recovered Alice and Bob projections of
Aj,w.

It also inherits matrix approximation. In flat approximants, self-adjointize its polynomial
and round at 1/2. The pointwise inequality |1[1/2,∞)(t) − t| ≤ 2|t2 − t| makes the normalized
Hilbert–Schmidt correction vanish; its rank fraction tends to the positive trace above. Compress
and round the recovered projection generators, not the packed unitary itself, into that corner.
Bounded-product telescoping preserves all their fixed relations. Renormalizing trace costs a
factor tending to the inverse square root of that positive trace. This yields flat approximate
models of Aj,w. Lemma 15.1 excludes them when the predicate is false. We keep CkDk in
this corner; no commutation of the new data with fuel/time flips is used.

16.3 The stopping parameter cannot escape to infinity

Lemma 16.3 (Commutative right actions and stop sectors). On a fixed finite address
itinerary in Q0, the counter and control actions used by the program are Borel functions of
R∗ times Q0. If Q0 1{2−i}(R∗) = 0 for every i < j, so that all of Q0 has continued through
the depths below j, then the depth-j zero test at time hj satisfies

chj
Q0 = 2jR∗Q0, Q0zc,hj

= Q0 1{2−j}(R∗). (16.12)

The right-hand projection is the polynomial projection on the left. Every shifted program or
data variable reduces it.

Proof. The reader action is si(Aa)Q0 after i reads, as in (11.5); its next-bit action is scalar
on the specified itinerary. Ordinary counter initialization and updates are unchanged. The
exception is c: using [c, Z] = 0, ZQ0 = Q0 and [R∗, Q0] = 0, its initialization gives cQ0 =
R∗Q0.

The scalar induction must now take place in the commutative algebra of functions of R∗
on Q0. If AQ0 = f(R∗)Q0 and BQ0 = g(R∗)Q0, then

ABQ0 = AQ0g(R∗) = f(R∗)g(R∗)Q0. (16.13)

Thus the polynomial transition maps preserve these right actions. For a counter with such a
self-adjoint right action, taking adjoints shows that Q0 reduces it. The zero-test relation forces
z = 1{1}(c), since c = 1 on z and 0 ≤ c ≤ 1/2 on I − z. Functional calculus on Q0 supplies
the next zero-test projection as a Borel function of R∗. Only (I − z)s of the auxiliary witness
is used; the unconstrained block zs is never read by the program. All right actions entering
the induction are therefore functions of R∗. Control projections may be such functions while
different stop choices coexist; they are not assumed scalar at that point.

Conjugating the transition of c in (16.5) kills its reset term on the no-reset interval. On a
surviving nonzero branch, c is held fixed until its decrement and then doubled. After j such
decrements it acts as 2jR∗. The spectral zero-test formula gives (16.12).

Every shifted variable reduces Q0 by (16.9). It commutes with R∗ because its instantaneous
variable does and [U,R∗] = 0. It therefore reduces each stop sector. On the depth-j sector the
stop counter has value one, and the subsequent verifier is the ordinary scalar computation
prescribed by that prefix.

No discrete spectrum was assumed for R∗. On a continuing sector the zero-test domain
itself forces R∗ into [0, 2−(j+1)] after the depth-j atom has been removed. The value zero
always continues. These conclusions follow at every finite depth and cover any continuous
spectral part as well.
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Proposition 16.4 (The approximable lower bound). Every τ ∈ Tmat(P[a]) satisfies τ(F ) ≥
1 − θ.

Proof. Call a word w of length J bad when

ℓ(w) > θ, as < ℓ(w) (s ≥ J). (16.14)

Every address with v(x) > θ has a bad prefix: choose a gap between its value and the limit,
then take J large enough both for the prefix lower endpoint to lie inside that gap and for the
sequence’s entire remaining tail to lie below it.

Fix a bad word. Each possible stop at an ancestor of depth j ≤ J has u(w|j) ≥ ℓ(w) > θ,
so its verifier eventually finds a rejection. There are finitely many such stop depths. Their first
rejecting runtimes, including preceding continuation work, are finite. Computing each gate
list and its instruction stream through depth J also has a fixed finite runtime independent of
the data and of R∗. Choose one k with 2k above all these runtimes.

If τ(Bw(I − F )) > 0, the retained fair fuel/time cylinders give

τ(Q0) = 2−(2k+1)τ(Bw(I − F )) > 0. (16.15)

Only Bw(I − F ), not the new data, must commute with the fuel/time flips for this equality.
Eliminate the stop sectors in increasing order j = 0, . . . , J . Once the sectors of smaller

depth are known to vanish, Lemma 16.3 identifies the next one as Qj = Q0zc,hj
. On that

reducing projection the scalar verifier reaches REJECT before reset. Since qREJECT ≤ F and
Qj ≤ I−F , it follows that Qj = 0. The continue branch is then forced on the entire remaining
Q0. At the next depth the same argument applies. Intermediate continuation CHECKs do
not branch, so their finite control schedule is fixed. After all these stop sectors vanish, the
computation must execute the gate for C(J,w).

Condition (16.14) makes that predicate false. Lemma 16.2 contradicts (16.15). Thus
τ(Bw(I − F )) = 0 for every bad word, including on a never-stopping sector R∗ = 0.

For a finite measure argument, fix ζ > 0. The compact set {v ≥ θ + ζ} is covered by
finitely many bad cylinders. Refine them to a common address depth. Their orthogonal sum
has zero unflagged trace, and fairness bounds the trace of the remaining cylinders by θ + ζ
plus an arbitrarily small dyadic endpoint error. Let that error and then ζ decrease to zero.
We obtain τ(I − F ) ≤ θ. The possibly enormous runtime chosen above is used only for exact
tracial forcing, not in the quantitative measurement depth.

16.4 Matched finite models with a fixed witness budget

Lemma 16.5 (Finite threshold models). For each dyadic 0 < b < θ there are integers m and
ℓb ≥ 1, independent of N , such that for every even N ≥ m the presentation has flat models
with all new equations exact, old residuals at most 3 · 4−N in operator norm, and

Tr(F )/dN,b = 1 − b, dN,b = 23N+kN ℓb, kN = (1 − b)N +O(log(N + 2)). (16.16)

Proof. Choose m with 2mb integral and as > b for every s ≥ m. Convergence guarantees this
fixed choice. On the N -bit address cycle set

I − F = 1{vN (x)<b}, R∗ = 2−mI.

Every unflagged address stops after m reads. Its final prefix has u(wm) ≤ b < as for all s ≥ m,
so its scalar verifier never rejects. At every preceding depth j < m, ℓ(wj) ≤ vN (x) < b < θ,
so the continuation predicate is true.
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Only finitely many prefix nodes occur on these paths. Choose an exact matrix witness at
each, pack both players’ families, and tensor their spaces. The resulting common data factor
has some finite dimension ℓb depending on b,m, not on N . Use the three compulsory N -qubit
registers and the optional-slot construction of Theorem 7.1 for this Boolean mask.

For fuel with k initial ones use the actual initialized history at time t mod 2k; all-ones fuel
uses k = N . On each address/fuel/time block assign the commutative workspace its scalar
history. On unflagged blocks, after a gate’s single LOAD assign that gate’s packed tuple on its
tensor factor and identities on the others, holding it fixed until the next LOAD or reset. From
a reset until the first LOAD after it, use the default tuple (0, I, I). On flagged addresses take
one default tuple (D,E,W ) = (0, I, I) constant in time, even at LOAD. CHECK is vacuous
there and scalar rejection is permitted.

Assign M,Σ their actual bounded operator histories. Within each block choose their
average-of-two-unitary representations as in Section 15; this adds no tensor factor. All declared
coordinate/workspace commutations hold because these assignments are block diagonal in
the existing address, fuel and time registers. The scalar R∗ has every required commutation.
We impose no new commutation with a fuel/time rotation or flip.

At an ordinary non-LOAD transition the data are unchanged, so (16.6) is exact. At LOAD
its final guard vanishes. At the next-time reset its reset guard vanishes. Since every fuel period
divides 2N , the cyclic boundary is also a reset. Register transitions follow the assigned history,
including resets that cut a gate before completion. Each completed unflagged CHECK uses
its one exact witness tuple; every unflagged tail comparison passes. Hence all new equations
hold exactly at every block and boundary. Address dressing acts only on address and optional
slots and commutes with these added assignments. The old residual bounds are therefore
unchanged.

In an aligned block of 2h consecutive address integers, the radical-inverse grid count below
b differs from 2hb by at most one. Decompose a length-N interval into at most two aligned
blocks of each relevant size. Uniformly over starts, including cyclic intervals,

N∑
i=1

F (x− i) = (1 − b)N +O(log(N + 2)).

Taking one more optional slot than the largest such count gives (16.16). The finite grid has
exactly a fraction b of unflagged addresses because N ≥ m.

Proof of Theorem 16.1. Choose dyadics bi ↑ θ and associated mi, ℓi from Lemma 16.5. Choose
strictly increasing even thresholds Ni with

Ni ≥ mi, Ni ≥ i2 max{1, log2 ℓi}.

For Ni ≤ N < Ni+1 use the bi model. Its witness overhead divided by N is at most i−2; the
uniform discrepancy bound and bi → θ give (16.2). Its flag trace tends to 1 − θ. A moment
limit attains that value in Tmat, and Proposition 16.4 gives the reverse inequality. When
θ = 0, use F = I, R∗ = I and constant default data directly. The case θ = 1 uses the same
thresholds below one. The diagonal choices are existential: the finite presentation is still
specified by the program for (as), and no effective convergence modulus or uniform witness
bound is claimed.

16.5 The game laws and the positive classification

Theorem 16.6 (Matching dimension and usable entanglement). For every total computable
rational sequence as → θ ∈ [0, 1], integers r ≥ 0 and q ≥ 1, there is a fixed finite rational
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BCS game Gstop
a,r,q of quantum value one, without a finite-dimensional perfect strategy, such

that, with Lε = log2(1/ε) and β = (4 + r − θ)/(4q),

log2DGstop
a,r,q

(ε) = βLε + o(Lε),

d→
Gstop

a,r,q
(ε) = βLε + o(Lε).

(16.17)

Proof. By Corollary 14.3 and Theorem 16.1, uniformly on every original weighted precision-δ
model,

Tr(ρF ) ≥ 1 − θ − ω(δ), ω(δ) −→ 0. (16.18)
Otherwise a moment limit with a fixed positive shortfall would contradict (16.1). Append
r compulsory clocks and power every defining residual, including all new equations and
cross-commutators, as in Proposition 11.3. Retain the exact domains and square-root-state
requirements. Jensen gives unpowered precision δ = (CP,r,q

√
ε)1/q from a loss-ε strategy.

Set t = log4(1/δ) and M = ⌊t − 30 log4(2 + t)⌋. The retained raw clock measurements
have error

η = CP,r,q(M + 1)64Mδ = O(t−24).
The new data, the stopping parameter R∗, the stop counter and the registers occur in none
of those measurements or controls. The same count as in Theorem 8.1, with the extra clocks,
gives

log2 d ≥ (3 + r)M +
∑
i<M

Tr(ρFi) − o(M)

≥ (4 + r − θ − ω(δ))M −O(M2δ) − o(M).

The second line uses (16.18) on this same marginal and | Tr(ρFi) − Tr(ρF )| ≤ 2iδ. Since
M = Lε/(4q) −O(logLε), this proves the dimension lower coefficient.

For the other direction, the flat models of Theorem 16.1 gain exactly rN logarithmic
dimension from the extra clocks. Every powered operator residual is at most 3q4−qN . The
compiler gives loss at most C ′16−qN and constant dimension overhead. Neighboring even
depths change logarithmic precision by a bounded amount. Their dimension law is (4 + r −
θ)N + o(N), proving the matching upper coefficient at every sufficiently small loss. The upper
losses tend to zero and the positive lower bound diverges, so the game has value one and no
finite perfect strategy.

For usable entanglement, Proposition 12.2 applies on the original mixed strategy state
and its original purifying environment. Its Boolean reconstruction is generic in the finite
presentation; time invariance of the additional data is not a hypothesis. Opposite words,
independent local inclusion repairs and reverse count order supply Lemma 12.1 with m =
(4 + r)M and the same η. Only Qi is repaired, leaving the actual activation flags. The vector,
mean and entropy-continuity errors vanish at this depth. The one-way protocol and hashing
yield on every original state

EA→BD (ρAB) ≥ (3 + r)M +
∑
i<M

Tr(ρBFi) − o(1) ≥ (4 + r − θ)M − o(M).

Take the infimum, and use d→G (ε) ≤ log2DG(ε) for the upper bound. Compression in (16.18)
identifies limiting traces; it is not a replacement of the strategy used for extraction.

Corollary 16.7 (Complete positive dimension spectrum).

BBCS = {α > 0 : α is ∆0
2}. (16.19)

Every real on the right is also the original-state usable-entanglement coefficient of a game in
this class. In particular all positive right-c.e. and all positive d.c.e. reals occur.
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Proof. For α > 0 computable in 0′, choose a fixed q with 4qα ≥ 4 and put

m = ⌈4qα⌉, r = m− 4, θ = m− 4qα ∈ [0, 1).

Shoenfield’s limit lemma [64] supplies a total computable rational sequence converging to θ;
clipping it to [0, 1] preserves convergence. Theorem 16.6 realizes (4 + r − θ)/(4q) = α, for
both resources. These fixed integer choices need not be uniform in a limit name for α.

Conversely, Lemma 2.4 makes DG(2−n) computable for a rational finite value-one game.
Approximate log2DG(2−n)/n by computable rationals with error tending to zero. If its finite
exponent exists, that sequence converges. A 0′ oracle can find a term with no later deviation
larger than a given rational tolerance; convergence guarantees one. Its distance from the limit
has that bound. Thus the limit is ∆0

2. This proves Theorem 1.1.

Real strategies and question weights. The distributed real simulation of McKague–
Mosca–Gisin [47, Section II.C] adds one rebit per party and preserves all measurement
probabilities. Real strategies are also complex strategies, so

DC,G(ε) ≤ DR,G(ε) ≤ 2DC,G(ε).

The two logarithms differ by at most one. Their exponents therefore coincide whenever either
exists, and the dimension classification holds verbatim for real quantum strategies. By the
reweighting lemma [26, Lemma 11.12, Section 11.6], exponents and logarithmic resource
coefficients are unchanged by any strictly positive reweighting on the same finite support; the
dimension classification thus also covers real, even noncomputable, positive question weights.

16.6 Why this passes the earlier barriers

Each continuation gate still tests a c.e. predicate. What changes is the choice of a finite
stopping depth followed by a universal scalar tail condition:

∃j ∀s ≥ j as > u(wj).

The arbitrary-length finite histories verify that condition without a finite quantum certificate
of the whole tail. An infinite continuation cannot evade a false gate above the limit, by
Proposition 16.4. This is the additional mechanism missing from the fixed finite-witness rule
of Section 15.

The exact-trace barrier remains intact. If 1 − θ is not left-c.e., Propositions 14.1 and 14.4
give

min
T (P[a])

τ(F ) < min
Tmat(P[a])

τ(F ) = 1 − θ.

Exact traces can contain tracial models of false continuation gates; matrix approximation
excludes precisely those positive corners. Thus even when the quantum and commuting
values of the compiled game both equal one, the failure of Connes’ embedding conjecture
changes the attainable computability class in this construction: its non-left-c.e. coefficients
require different exact and matrix-approximable flag minima. The carry-checker proof of
Corollary Q4.4 reaches the same class with no exact-versus-approximable gap, so this gap
belongs to the flag mechanism and is not necessary for the classification.

Convergence is the matching hypothesis. For a bounded nonconvergent sequence, the
same bad-prefix argument gives a flag lower bound 1 − lim sups as, whereas safe finite-stop
models approach 1 − lim infs as. These bounds need not agree, and no equality or exponent
realization for an arbitrary oscillating sequence follows from this argument. The unequal-limit
problem is stated separately below. Appendix B and the ancillary README describe finite
checks of the new matrix algebra and histories on known-answer toy games.
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Power-scale exponents
P1 Power spectra and the realization theorem
The logarithmic laws above concern logDG(ε) and d→G (ε) of order log(1/ε). We now classify
a second scale. Write

pG(ε) = inf
pure original strategies

loss≤ε

S(ρB), fG(ε) = inf
loss≤ε

EF (ρAB).

Here EF is the single-copy convex roof. A resource rG has power exponent β when rG(ε) =
ε−β+o(1), equivalently log(1 + rG(ε))/ log(1/ε) → β > 0. For the dimension resource take
rG = logDG, rather than DG. All strategies have finite local spaces; the lower bounds concern
their original states.

Theorem P1.1 (Power-scale realization and classification). Given a program for a total
computable rational sequence as → β ∈ (0, 1], one can effectively construct one fixed finite
rational BCS game G of quantum value one, with no finite-dimensional perfect strategy, such
that

d→G (ε) = ε−β+o(1), logDG(ε) = ε−β+o(1).

The game uses neither β as a coefficient nor a modulus of convergence. For each of the
resources logDG, pG and fG, the set of existing power exponents in (0, 1] is exactly

∆0
2 ∩ (0, 1].

The usable-entanglement spectrum contains this class. Its reverse inclusion remains open. If a
fixed game has a finite positive usable exponent outside ∆0

2, its efficient original states have a
polynomial formation/distillation gap along a sequence, as quantified in Proposition P6.2.

The proof occupies Sections P2 to P6. First, a finite-moment source has logarithmic
dimension 3N +O(

√
N) and every fixed residual moment of order N−ν . Second, a polynomial-

cost clock localizes a growing interval of physical instructions on the same state. Third,
bounded scaled counters run a fixed program while an old rational continues to generate
pulses. The density of one pulses tends to β with polynomial delay in pulse count. A stopped
normalized product converts that density into a residual calibration exponent. Moment models
give simultaneous flat upper assignments, and the original-state lamp extraction gives the
lower bound. No witness Hilbert space is added by the computation.

We use the original-state and flat-completeness clauses of Theorem 3.1. For source
extraction we use the written source-level proof of [26, Theorem 12.4], based on its signed
regular extraction theorem [26, Theorem 6.4]. At source error e, including actual mirrors,
inverse mirrors, state commutators and fixed marker visibility, it gives

EA→BD (ρAB) ≥ e−2+o(1). (P1.1)

Indeed, with M = 2q lamps and Λq ≤ 2(log q+23)2 , its budget is MΛ4
qe

2 ≤ c. Taking q =
2 log(1/e)−O((log log(1/e))2) gives a rate at least c′2q. The constant-probability Alice filter is
a physical one-way operation and its probability is charged to that rate. Thus (P1.1) concerns
the original mixed state, not its entropy or a selected pure component.
Remark P1.2 (The exact-trace barrier has a different hypothesis). Proposition 14.1 concerns
the matched minimum expectation of one fixed rational self-adjoint polynomial in exact traces.
The exponent here is limJ k(J)/J , where k(J) counts one pulses among the first J outputs
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of a program. The initialized cylinder, history columns and normalized products change with
J , and J grows with precision. No fixed polynomial is asserted to have minimum trace β; in
every exact trace the pulse projection has the computable value cone of Lemma Q8.2 (the
unguarded clock has the same exact digit action), which is unrelated to β. Consequently the
fixed-observable barrier does not apply. Early rational blocks have finite lengths and disappear
in the limiting density. Slow or oscillating convergence changes an ineffective threshold in the
estimates, not the finite coefficients of the game.

P2 Finite-moment models for the lamp source
We use the six source unitaries p, q, t, d, x, z and the 27 words of [50, Definition 7.1]. Set s =
[p, q], B = psp−1, ti = pi−1tp1−i, J = (xz)2, and normalize the residuals by Rw = (w − I)/2,
together with RJ = (J + I)/2. Every residual has norm at most one on unitary assignments.

Theorem P2.1 (All fixed finite moments). For every fixed real ν > 0 and every sufficiently
large integer N there are flat unitary assignments of this same source with x2 = z2 = I,
J = −I,

max
w

τDN
(|Rw|2ν) ≤ CνN

−ν , logDN = 3N +Oν(
√
N), RJ = 0.

The presentation does not depend on ν. No uniform estimate as ν → ∞ is claimed.

P2.1 Character moments and Clifford lamps

Fix ν ≥ 1, k = ⌈ν⌉, m = ⌈logN⌉ and F = F2m . Choose distinct α1, . . . , αN ∈ F and a binary
basis, and put

ζj = (1, αj , . . . , α2k−1
j ) ∈ F2 ⊕ F 2k−1 ∼= Fn0

2 , n0 = 1 + (2k − 1)m.

Pad into W = Fn2 for any n ≥ n0. Define

vu = N−1/2((−1)⟨ζj ,u⟩)N
j=1, c(u) = N−1

N∑
j=1

(−1)⟨ζj ,u⟩.

Then ⟨vu, vw⟩ = c(u+ w) and, with bk = (2k − 1)!!,

1
2n − 1

∑
u̸=0

|c(u)|2ν ≤ b
ν/k
k N−ν . (P2.1)

To prove this, any binary dependence of at most 2k distinct columns has even length, by its
first coordinate. For the dependent column set S, its field power sums of orders 0, . . . , |S| − 1,
with |S| ≤ 2k, then vanish. The Vandermonde matrix on the distinct αj would annihilate
the all-ones vector, a contradiction. Thus the signs are 2k-wise independent and unbiased for
uniform u. In their 2k-th moment only even multiplicities survive; pairing positions bounds
their number by bkNk. Divide by N2k. Removing u = 0 decreases the average since c(0) = 1
and |c| ≤ 1, and concavity of the power ν/k proves (P2.1).

Use full exterior Fock space H0 = Λ(C3N ), of dimension 23N , with Majoranas satisfying
{γ(f), γ(g)} = 2⟨f, g⟩I on real vectors. In three orthogonal copies set

Au = γ(vu ⊗ e1), Bu = γ(vu ⊗ e2), Cu = γ(vu ⊗ e3), Xu = iAuBu, Zu = iAuCu.

These are reflections, XuZu = BuCu = −ZuXu and (XuZu)2 = −I. The Clifford construction
of overlapping qubits is due to Chao, Reichardt, Sutherland and Vidick [14, Theorem 3.1]. We
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use its three-family Clifford construction; the fixed finite moments and simultaneous affine
covariance needed here are established below. For c = c(u+ w), CAR expansion gives

XuZw − ZwXu = 2cBuCw, XuXw −XwXu = −2c(AwAu +BwBu − 2cI).

Since BuCw is unitary, the absolute normalized mixed group residual is exactly |c|I. For
the Majorana reflections Au, Aw (and likewise Bu, Bw), the identity UV + V U = 2cI gives
(UV − cI)∗(UV − cI) = (1 − c2)I. Put P = AuAw and Q = BuBw. They commute, XuXw =
PQ, and the same-type group commutator is (PQ)2. Since P + P ∗ = Q+Q∗ = 2cI, write
P = cI + i

√
1 − c2R and Q = cI + i

√
1 − c2S for commuting reflections when |c| < 1. The

scalar joint-spectrum values give ∥(PQ)2 − I∥/2 ≤ 2|c|
√

1 − c2 ≤ 2|c|. The endpoint cases
follow directly, and the identical calculation applies to Z.

Let Du = diag((−1)⟨ζj ,u⟩) and Uu = Λ(Du ⊗ I3). Full second quantization is a genuine
representation, so UuUw = Uu+w and UuXwU

∗
u = Xu+w, likewise for Z; there is no projective

sign ambiguity. On ℓ2(G) ⊗ H0, G = GL(n, 2), put

Lh(δg ⊗ ψ) = δhg ⊗ ψ, Tu(δg ⊗ ψ) = δg ⊗ Ug−1uψ, X̃w|g = Xg−1w, Z̃w|g = Zg−1w.

Direct substitution proves LhTuL∗h = Thu, TuTw = Tu+w and LhX̃wL
∗
h = X̃hw, TuX̃wT

∗
u =

X̃u+w, with the same identities for Z. Thus this is an exact affine representation. Every linear
action commutes with the zero lamps. Its logarithmic dimension is at most n2 + 3N .

Finite-field independence and small-bias spaces have established precedents in Naor–
Naor [55] and Alon–Goldreich–Håstad–Peralta [1]. The Vandermonde argument and even-
moment pairing are standard tools; the additional requirements here are simultaneous affine
covariance, the literal source certificate and the collective clock. The finite exhaustive search
in the small-bias side bound below is not claimed to be a new efficient derandomization.

P2.2 The collective clock in the affine representation

Here we give the geometric lift explicitly. Its permutation regions and spreading method are
those of [25, Propositions 6.1 and 6.5, Lemma 6.4] and [26, Proposition 13.9]. Take M ≥ 48,
n = 4M + 4, ℓ = 2M + 2 and right-coordinate cycles cr = (1 r r − 1 · · · 2). At 0 ≤ i, j < M
use

Ai,j = cℓ−i−j , Bi,j = c2ℓ−j (j < M − 1), Bi,M−1 = Di,

D0 = c2ℓ−M+1, Di+1 = c−1
ℓ−i−(M−1)(1 2)Dicℓ−i.

Make the preliminary exact moves (1 M + 4) at the a-link (M − 1,M − 1) and (5 M + 5) at
the b-link (0,M − 2), multiplying on the right-action left. The only exceptional plaquettes
have labels

PB(qB) =
M+3∏
r=5

(r r +M), PT (qT ) = (5 M + 5), qB = (M − 1,M − 1), qT = (0,M − 2).

The bulk region contains qB, the column (M − 1, j) for 1 ≤ j ≤ M − 2, and 0 ≤ i ≤ M − 3,
0 ≤ j ≤ M − 2, i+ j ≤ M − 3. The top region contains qT and i, j ≥ 0, i+ j ≤ M − 3. Their
areas are

AB = M(M − 1)/2, AT = 1 + (M − 1)(M − 2)/2.
The rth transported bulk transposition at a vertex (i, j) has endpoints

{r+M−1−i−j, r+2M−1−j} (i ≤ M−2), {r+M−1−j, r+2M−1−j} (i = M−1).

Take their product for PB(i, j); the top label is {M + 3 − i − j, 2M + 3 − j}. The cited
covariance identities restrict to this bulk region: labels are disjoint, base labels avoid 1, 2,
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and initial labels of active interior edges avoid 2, 3, 4. Only those edges carry potentials; the
source is attached by its bottom edge. These are finite permutation identities, so they can be
checked directly from the displayed cycles and labels.

Use the inverse coordinate map to pass from right coordinates to left linear actions, and
represent through L above, denoting the representation by Π. Set QR(v) = (I − Π(PR(v)))/2.
Then QR is a projection, eiπQR = Π(PR), covariance survives and commuting labels give
commuting projections. A label fixing 2, 3, 4 commutes with translations on those coordinates
and the transvection E3←2; its represented projection and all its exponentials do too. Every
linear action fixes configuration zero, so all these corrections also commute with both zero
lamps. This verifies the protected-affine operations rather than assuming that an arbitrary
representation acts on named qubit factors.

Solve curlφR = π/AR − π1qR with zero boundary potentials. The required curls sum
to zero; eliminating leaves of the connected dual spanning tree assigns each parent edge
to meet its leaf curl, and leaves the root equation automatically. Use the corrected links
Fa(v) = ∏

R e
iφR(a-edge)QR(v)Π(Av) and similarly Fb. Define

p|c, ψ⟩ = |c− e1, Fa(c− e1)ψ⟩, q|c, ψ⟩ = |c− e2, Fb(c− e2)ψ⟩.

Covariance brings each correction in a plaquette to its base. Commuting projections add their
angles; at a source eiπQR cancels the original defect. The remaining holonomy is

ei1BπQB/ABei1T πQT /AT , ∥[p, q] − s0∥ ≤ hM := π/AB + π/AT ≤ 8π/M2,

where s0 = Π((1 2)). Put t = Te1 , d = LE2←1 , x = X̃0, z = Z̃0. The protected identities give

ptp∗ = qtq∗ = Te2 , pTe2p
∗ = Te3 , pdp∗ = qdq∗ = LE3←2 .

Also ps0p
∗ = qs0q

∗ = B0 = Π((2 3)) and p2s0p
−2 = Π((3 4)), so the independent-s0 Houghton

words are exact. The point swaps give B0s0(pdp∗)s0B0 = d, and similarly with q, while s0p, s0q
commute with t. The genuine affine identities give t2 = I, commuting coordinate translations,
dTe1d

−1 = Te1Te2 and [d, Te2 ] = [d, Te3 ] = I. Every base/correction and d commute with x, z;
their onsite relations and J = −I are exact.

For completeness, the entire 27-word certificate has the following normalized bounds, with
h = hM , K = maxu̸=0 |c(u)|. Rows containing s use its actual value [p, q].

row word bound row word bound
1 s2 h 2 (spsp−1)3 3h
3 [s, p2sp−2] 2h 4 psp−1qs−1q−1 h
5 t2 0 6 [t, sp] h
7 [t, sq] h 8 [d,Bsp] 2h
9 [d,Bsq] 2h 10 [t1, t2] 0

11 dt1d
−1(t1t2)−1 0 12 [d, t2] 0

13 [d, t3] 0 14–19 [p, x], [p, z], [q, x], [q, z], [d, x], [d, z] 0
20–22 x2, z2, (xz)4 0 23 [x, txt−1] ≤ min(1, 2K)

24 [x, tzt−1] K 25 [z, txt−1] K
26 [z, tzt−1] ≤ min(1, 2K) 27 [J, t] 0

The first four words have 2, 6, 4, 2 occurrences of s±1; rows 6, 7, 8, 9 have 2, 2, 4, 4, after
expanding B. Replace each by s±1

0 and telescope, then divide by two. This proves every host
bound. The zero rows follow from the displayed exact affine and onsite identities. For the
four lamp rows, t sends zero to e1 and the g-block labels are 0, g−1e1. Uniform g makes the
latter uniform on W \ {0}, with equal stabilizer multiplicities. Thus rows 24, 25 have exactly
the moment in (P2.1); rows 23, 26 have at most 4ν times it. Their clock factor is an identical
multiplicity, as these words contain only t, x, z.
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Proof of Theorem P2.1. Choose

M = max{48, ⌈N1/4⌉, ⌈(n0 − 4)/4⌉}, n = 4M + 4.

The complete space has dimension DN = M2| GL(n, 2)|23N , hence logDN = 3N +Oν(
√
N),

since n0 = Oν(logN) and log | GL(n, 2)| ≤ n2. Every nonzero host residual is at most
3hM ≤ 24πM−2, whose 2ν-moment is Oν(N−ν). The character calculation gives the same
order for all lamp rows; the marker residual is zero. This proves the theorem for ν ≥ 1. For
0 < ν < 1, use the ν = 1 assignments and scalar concavity: τ((|R|2)ν) ≤ τ(|R|2)ν .

Corollary P2.2 (Explicit rational powers). For integers 1 ≤ a ≤ b, one fixed rational BCS
game has

cε−a/b2−C(log log(1/ε))2 ≤ d→G (ε) ≤ logDG(ε) ≤ C ′ε−a/b.

Proof. For each normalized source residual replace its zero equation by R = V Sa, Sb = 0,
with V unitary and S a positive contraction. At weighted precision δ, the spectral measure
Tr(ρ1B(S)) gives |Sa|ρ ≤ |Sb|a/bρ , without requiring [S, ρ] = 0. Thus |R|ρ ≤ 2δa/b. The
compiler’s original decoded words have actual mirrors, inverse mirrors and state commutators
O(

√
ε), within e = O(εa/(2b)). The marker gives fixed visibility, so the explicit budget behind

(P1.1) proves the lower bound on every original mixed state. For the upper bound take moment
order ν = b/a, extend each square-matrix polar partial isometry to a unitary R = V |R|, and
set S = |R|1/a. The first equation is exact and ∥Sb∥2

2,DN
≤ CN−b/a. Flat commutators vanish.

Compiler completeness gives loss O(N−b/a) with only a constant dimension multiplier and
a maximally entangled original state. An integer N ≍ ε−a/b covers all small losses. Upper
losses tend to zero, and the divergent lower bound excludes finite perfection.

These are finite-moment models, not an operator-norm endpoint theorem: for u∗ =
(1, 0, . . . , 0) all character signs are −1, so Xu∗ = X0, Zu∗ = Z0 and the mixed residual has
norm one on an exceptional affine block. In contrast its higher finite moments decay. Choosing
a uniformly small-bias list gives a separate operator-norm upper estimate logDη = O(η−5/2):
independent characters obey Pr(|c(u)| > κ) ≤ 2e−Nκ2/2 by cosh t ≤ et

2/2. A union bound
gives a list for N ≥ 2κ−2 ln(4(2n − 1)), selectable by finite exact search. Take M ≍ η−1/2,
n = 4M + 4, κ = η/2 in the table. This neither proves nor refutes a quadratic operator-norm
cost.

The distinction between fixed-word moments and operator-norm control matters in the
surrounding approximation literature. Ozawa–Rørdam–Sato [58] prove qualitative quasidiag-
onality for elementary amenable groups, without the dimension rate needed here. Gowers–
Hatami [32] study normalized Schatten approximation, and uniform pair-defect stability, while
Fournier-Facio–Rangarajan [29] establish uniform Ulam stability for lamplighters and related
groups. Becker–Lubotzky [7] and Arzhantseva–Păunescu [2] address stability in their specified
Hilbert–Schmidt or Hamming metrics. None of these hypotheses turns a small exceptional
fixed-relator block into a small operator norm. No quadratic general filling estimate is assumed
from the Houghton literature [44]; the proof uses the explicit clock regions and their checked
affine lift.

P3 Polynomial localization and stopped products
Throughout the power part ξ = √

ρ, |R|ρ = ∥Rξ∥2. A weighted precision-δ model has exact
bounded generator domains, defining residuals at most δ, and ∥[Y, ξ]∥2 ≤ δ for every generator.
Constants depend on the fixed finite presentation, not dimension, state or horizon. For a
contraction word v of length l, Lemma 2.2 gives

|Rv|ρ ≤ |R|ρ + ∥R∥∥[v, ξ]∥2, ∥[v, ξ]∥2 ≤ lδ. (P3.1)
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Adjoint and translated fixed-polynomial residuals obey the same rule with fixed constants.

P3.1 The complete clock interface

Use two commuting complete Cantor-clock copies, fuel and time, each with positive contraction
A, projection P , unitary T and reflection X satisfying

[A,P ] = 0, TAT ∗ = 4A− 3P, XPX = I − P, [X,TAT ∗] = 0.

Require U unitary, commuting with the entire fuel copy, with the unguarded increment

U = Xt
[
(I − Pt) + (TtUT ∗t )Pt

]
.

The reset projection Z commutes with Af , At and, for W = TfTt, obeys

Z = (I − Pf ) + Pf (I − Pt)WZW ∗. (P3.2)

This is the reset relation (5.6); the increment used here is the unguarded one of Proposition 4.5,
not cancellation of a small guard. Write Yh = U−hY Uh and Y+ = U∗Y U . Every instantaneous
working contraction commutes with Af , At. Static inputs T0, S0 also commute with the full
clock copies and U ; they need not commute with ρ.

Proposition P3.1 (Polynomial clock localization). For H ≥ 2, choose H < 2k ≤ 2(H + 1),
put Pf,i = T ifPfT

−i
f and similarly for time, and take the ordered contraction

Q =

∏
i<k

Pf,i

 (I − Pf,k)

∏
i<k

(I − Pt,i)

 .
There are fixed C, a such that, for r = C(H + 1)aδ,

|(I − Z)Q|ρ ≤ r, |ZhQ|ρ ≤ r (1 ≤ h ≤ H),
|[Yh, Q]|ρ ≤ r (0 ≤ h ≤ H), |T0|ρ ≤ 2k+1/2∥T0Qξ∥2 + r,

∥S0Qξ∥2 ≤ |S0|ρ + r.

Here Y ranges over any fixed finite list of instantaneous working contractions. No inter-time
commutation is imposed, and Q need not be a projection.

Proof. Linear spectral repair in Lemma 4.2, with (4.4)–(4.5), gives raw digit, digit commutator
and triangular flip errors to depth k at most C(k+1)34k+1δ. Replacing a raw digit by p(si(Â)),
using the Hilbert–Schmidt Lipschitz estimate of Lemma 2.3 with constant at most 2 · 4i, and
replacing it back gives the same bound for [Y, Pi]. Indeed [Y, Â] and [Â, ξ] are O(δ) by linear
repair and (P3.1). No commutation of Y with a clock shift or flip is used.

Set V = TtUT
∗
t , B = (I − Pt) + V Pt, W0 = XtU . The increment says that B −W0 and

its adjoint have weighted norm O(δ); W0 is unitary and ∥B∥ ≤ 2. The literal identities

BB∗ = I − Pt + V PtV
∗, BB∗ − I = (B −W0)B∗ +W0(B∗ −W ∗0 )

and right transport give |V PtV ∗ − Pt|ρ = O(δ) and then |[V, Pt]|ρ = O(δ). This is a linear
vector estimate, not a square root of an expectation. Expanding B∗PjB and using triangular
flips yields, to the preceding weighted error,

U∗P0U = I − P0, U∗PjU = (I − P0)Pj + P0Tt(U∗Pj−1U)T ∗t (j ≥ 1).
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The canonical output bit is Fj = Pj + (I − 2Pj)
∏
i<j Pi. Substituting the preceding canonical

expression and reducing digit squares and commutators gives Ej ≤ cEj−1 + c(j + 1)b4jδ,
hence Ej ≤ Cj0(j + 1)b+1δ for a fixed C0 > max(c, 4). Each Fj has bounded coefficient mass,
and a prefix or complementary prefix has mass at most 5k and word length polynomial in k.
Reduction in the commuting Boolean algebra gives a single translated raw binary prefix with
error Ck∗ poly(k)δ.

At the next physical translation use this raw prefix again. Induction through h ≤ H
adds hCk∗ poly(k)δ + poly(h, k)δ by (P3.1); it does not multiply Ck∗ at every time. Since
2k ≤ 2(H + 1), every cost is a fixed polynomial in H. Unwind (P3.2) through the first k fuel
ones and the next fuel zero. On Q, the terms before depth k vanish, the depth-k term equals
Q, and its remainder is killed by that zero. On a translated time residue 1 ≤ h ≤ H < 2k,
one of the first k time bits is one, so the reset term vanishes. The expansion has depth k + 1
and coefficient mass only exponential in k. This proves the first two estimates. The conjugate
UhQU−h is the unchanged fuel prefix times a translated time prefix, up to this polynomial
error. It commutes with instantaneous Y by the digit estimate. Conjugate back and pay
O(Hδ) to obtain [Yh, Q]. Moving ξ across Q proves the S0 estimate.

For the input charge, read the 2k + 1 specified raw bits in order as successive projective
measurements, with outcome columns Qb. Eliminating the leftmost projection gives exactly∑
bQ
∗
bQb = I, irrespective of digit commutation. Thus ∑b ∥QbT0ξ∥2

2 = |T0|2ρ. A triangular flip
exchanges its own bit and preserves later specified bits to the digit error. For a fixed later suffix,
move this flip from left to right; its commutators with that suffix and T0, its own-bit error and
its commutator with ξ bound the difference of the two outcome amplitudes by e = poly(H)δ.
For |u− v| ≤ e,

√
u2 + v2 ≤

√
2u+ e. Eliminate bits successively, using digit commutators

when reordering. The main factor is 2(2k+1)/2; a crude error factor 22k+1 ≤ 8(H + 1)2 remains
polynomial. Finally commute static T0 through the selected column. This proves the input
charge and every assertion.

For ϕ = Qξ, any fixed local residual translated to a time at most H and inserted in an
ordered history has bound

ηH = C(H + 1)aδ. (P3.3)

Increase a once to cover the finite list. A shifted history has expanded word length O(H2);
use (P3.1). Reset terms are removed by commuting Q across the current polynomial and
history, applying ZhQ, and paying for the right suffix. We never normalize a retained branch
or sum over an exponential tree of machine histories.

P3.2 The norm estimate behind stopping

Lemma P3.2 (Stopped products). Suppose exact columns Lh,KH , Bj satisfy
∑
h L
∗
hLh +

K∗HKH +∑
j B
∗
jBj = I, with ∥ϕ∥ ≤ 1. Let Ch be contractions and positive numbers Mh, Nh

satisfy
∥LhT0ϕ−M−1

h ChLhϕ∥ ≤ r, ∥LhS0ϕ− (2Nh)−1Lhϕ∥ ≤ r,

∥KHT0ϕ−M−1
H CHKHϕ∥ ≤ r,

∑
j

∥BjT0ϕ∥2

1/2

≤ r.

If Mh ≥ 1, then with RH = maxh<H 2Nh/Mh,

∥T0ϕ∥ ≤ M−1
H +RH(∥S0ϕ∥ +

√
Hr) + C

√
H + 1 r.

Proof. Put ah = ∥Lhϕ∥, bh = ∥LhS0ϕ∥. The stop estimate gives ah ≤ 2Nh(bh + r), and the
other gives ∥LhT0ϕ∥ ≤ M−1

h ah + r. Euclidean summation and ∑h b
2
h ≤ ∥S0ϕ∥2 bound all
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stopped columns by RH(∥S0ϕ∥ +
√
Hr) +

√
Hr. The terminal column is at most M−1

H + r,
and the bad columns have aggregate at most r. Apply exact completeness to T0ϕ and the
Euclidean triangle inequality.

For constant products Mh = mh, Nh = nh, the same proof with stop coefficient n−h−1

gives ∥T0ϕ∥ ≤ Cm,n[m−H + (n/m)H(∥S0ϕ∥ +
√
Hr) +

√
Hr] when m ≤ n. Dividing each

update by its actual product makes errors additive. With H = logn(1/δ) −O(log log(1/δ)),
the resulting calibrated exponent is logm/ logn, including m = n. This is the constant-
multiplier specialization of the stopped estimate; the variable products below use the same
complete-column argument.

P4 Scaled counters and a stream with polynomial delay

P4.1 A finite rational presentation for a counter program

Take a finite deterministic register program with nonnegative counters n1, . . . , nr, initially zero,
and finite controls Σ, initially σ0. Instructions are INC(i, τ), DECJZ(i, τ0, τ1) and NOP(τ).
A zero test decrements only on its nonzero branch. Two designated output NOP controls
emit zero and one; all other instructions emit no pulse. Each instruction changes at most one
counter by one, so ni(h) ≤ h at physical time h.

Introduce positive contractions A, Yi,Wi and projections Ei, Qσ, F . They represent re-
ciprocal age, scaled counters, nonzero witnesses, zero tests, controls and pulse occurrence.
Abbreviate G = Qone. Impose

QσQτ = 0 (σ ̸= τ),
∑
σ

Qσ = I, F = Qzero +Qone,

YiEi = 0, (Yi −A)(I − Ei) = Wi(I − Ei).
(P4.1)

The instantaneous list is exactly

Z,A, Yi,Wi, Ei, Qσ, F, T0, S0, C,D,Hrun, Pstop.

Impose pairwise commutation in this list and commutation of every listed variable with
Af , At. Only static T0, S0 additionally commute with the full fuel/time copies and U . The
unitary polar variable and the six original source unitaries are excluded; there are no other
inter-time or cross-checker commutations.

For each instruction use its selector Qσ, or QσEi, Qσ(I − Ei) for a test. Let Bτ (Q,E)
be the sum of selectors entering τ , and ∆i(Q,E) the sum incrementing i minus the sum
decrementing it. These are fixed rational polynomials. Impose

Z(A− I) = 0, ZYi = 0, Z(Qσ − 1σ=σ0I) = 0,
A+(I +A) = A+ Z+,

(Yi)+(I +A) = (I − Z+)(Yi +A∆i),
(Qσ)+ = Z+1σ=σ0I + (I − Z+)Bσ.

(P4.2)

All coefficients are rational and all domains are accepted by Theorem 3.1. The order “next
variable times (I+A)” is part of the relation. Zero tests, witnesses and F need no independent
updates.

Proposition P4.1 (Exact scalar counter histories). These relations have the prescribed
histories on every finite fuel/time block, including a reset interrupting a computation, with
no additional tensor factor for counter size or running time.
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Proof. At age h since reset assign

Ah = 1
h+ 1 , Yi,h = ni(h)

h+ 1 , Ei,h = 1ni(h)=0, Wi,h = max(ni(h) − 1, 0)
h+ 1 ,

and Qσ,h = 1σ(h)=σ, with Fh, Gh their indicated outputs. All domains hold because 0 ≤
ni(h) ≤ h. Both zero-test relations are exact. Off reset, multiplying ni(h + 1)/(h + 2) by
1 + 1/(h + 1) gives (ni(h) + ∆i)/(h + 1); the age equation is the same identity. At a next
reset the values are A+ = 1, Y+ = 0 and initial control, exactly as (P4.2) requires even for
large current counters. On an Nc-bit clock block use age modulo its fuel-dependent period:
2k for k initial fuel ones followed by zero, and 2Nc for all-ones fuel, reset only at all-zero time.
These periods divide the full time cycle. The reset recursion (P3.2) holds by stripping the first
fuel/time bits until a fuel zero or a time one is met. Every transition remains exact across the
cyclic boundary. All workspaces are diagonal scalar functions on the existing clock/source
blocks, so their commutations are exact and they add no matrix factor.

P4.2 Noncommuting same-state stability

Proposition P4.2 (Polynomial counter stability). Fix a weighted precision-δ model and
horizon H. Put ϕ = Qξ as in Proposition P3.1 and ηH = C(H + 1)aδ as in (P3.3). Let
σ(h), ni(h) be the unique classical run. The prescribed good history has reciprocal-age error
O((h+ 1)ηH) and scaled-counter error O((h+ 1)2ηH). Wrong control and zero-test columns
have total amplitude on T0ϕ bounded by a fixed polynomial in H times δ, even with an arbitrary
current-time stopping projection. No inter-time commutation or positive lower bound on a
retained branch’s norm is required.

Proof. Write qh = (Qσ(h))h, start K0 = I, and split successively

Bc
h = (I − qh)Kh, Vh = qhKh, Bz

h = (I − eh)Vh, V ′h = ehVh,

where eh = (Ei)h for a truly zero test and I − (Ei)h for a truly nonzero test. Without a test
take V ′h = Vh, Bz

h = 0. Finally set

Lh = (Pstop)hV ′h, Kh+1 = (I − (Pstop)h)V ′h. (P4.3)

Every factor is an exact projection. The two-outcome identity (pK)∗pK+((I−p)K)∗(I−p)K =
K∗K telescopes to ∑

h<H

(
(Bc

h)∗Bc
h + (Bz

h)∗Bz
h + L∗hLh

)
+K∗HKH = I. (P4.4)

There is one retained path and at most three discarded columns per time, irrespective of
commutation.

Put ah = 1/(h+ 1), bi,h = ni(h)/(h+ 1). We prove

∥(Ah − ahI)Khϕ∥ ≤ C(h+ 1)ηH ,
∥((Yi)h − bi,hI)Khϕ∥ ≤ C(h+ 1)2ηH ,

∥(I − qh)Khϕ∥ ≤ CηH .

Initialization follows from (P4.2), the current [Z, Y ] relations and localization. The reason er-
rors do not amplify is the pair of literal ordered identities, for positive contractions A,A′, Y, Y ′,
scalars a, b, s ∈ {−1, 0, 1} and a′ = a/(1 + a), b′ = (b+ sa)/(1 + a):

(1 + a)(A′ − a′I) = [A′(I +A) −A] + (I −A′)(A− aI), (P4.5)
(1 + a)(Y ′ − b′I) = [Y ′(I +A) − Y − sA] + (Y − bI) + (sI − Y ′)(A− aI). (P4.6)
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Expansion in the displayed order verifies them; no operators at different times have been
interchanged. Their multiplier norms are at most one and two respectively, and 1 + a ≥ 1.

Restrict the current invariants to Kh+1ϕ by the current qh, eh, Pstop commutations, paying
O(ηH). Selection fixes the current control, kills the other controls by orthogonality, and fixes
the selected zero test. Thus ∆i acts as its classical increment si(h) to O(ηH). Eliminate resets
by (P3.3); the age and counter update brackets in (P4.5)–(P4.6) are then O(ηH) on that
vector. If eh, dh are their errors, these identities give

eh+1 ≤ eh + CηH , dh+1 ≤ dh + 2eh + CηH .

Hence eh = O((h + 1)ηH), dh = O((h + 1)2ηH). The factor two multiplies the separately
additive age error, not the old counter error. Selection has already fixed the current control,
so the successor polynomial gives the next prescribed control with O(ηH) error, independently
of the preceding control bound. This closes the induction.

The bad control column has norm O(ηH). For a bad zero-test vector v = Bz
hϕ, restrict the

current invariants again using only current commutators. If ni(h) > 0, the wrong branch has
(Ei)hv = v and its zero relation gives ∥(Yi)hv∥ ≤ CηH . Since bi,h ≥ 1/(h + 1), the counter
invariant yields ∥v∥ ≤ C(h+ 1)3ηH . If ni(h) = 0, the wrong branch has (I −Ei)hv = v; its
nonzero-witness relation gives

∥((Wi)h + ahI)v∥ ≤ C(h+ 1)2ηH .

Exact positivity of Wi makes the left side at least ah∥v∥, giving the same bound. This is linear
vector coercivity. Its inverse gap is charged only to the discarded branch and never inserted
into a later good recurrence. Static T0 commutes with U and the instantaneous control, test
and stop projections. Expand its commutator through the bad-column word, whose shifted
letters have total expanded length O(H2), and use (P3.1). The same polynomial bound holds
for Bc

hT0ϕ,B
z
hT0ϕ. Euclidean summation over O(H) columns gives the asserted aggregate.

The vectors have never been renormalized. Every constant is uniform in dimension and ρ.

P4.3 A pulse stream for any computable limit

Lemma P4.3 (Polynomial physical delay). From a total computable rational sequence
as → β ∈ [0, 1] one can effectively construct a finite counter program as above emitting
infinitely many bits w1, w2, . . . with

k(j) :=
∑
l≤j

wl = βj + o(j), tj ≤ C(j + 1)2,

where tj is physical time just after the jth pulse. Neither a convergence modulus nor a
computation-time bound for as is needed.

Proof. Clamp each rational to [0, 1]. Use foreground and background coroutines with disjoint
finite counter sets. The active rational starts at 1/2. For active p/q, q ≥ 1, the foreground
emits repeated periods of p ones followed by q − p zeros. Stored p, q are preserved by scratch-
counter copy/countdown loops. Copying or restoring unary counters of size at most q uses
O(q + 1) elementary INC/DECJZ instructions, so each gap between adjacent pulses costs
that order, apart from a stage switch.

After every pulse give the background exactly one elementary instruction, with fixed
dispatch overhead. It computes the next as = ps/qs, then performs padding with at least
q2
s elementary instructions before signalling READY. Nested loops building and clearing q2

s

in scratch suffice. Only at a completed foreground period boundary is a READY rational
installed. Clearing/copying the old and new foreground registers costs O(qold + qnew + 1); all
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arbitrary background scratch cleanup occurs through pulse-triggered background instructions.
The next stage begins only after installation.

This is one finite program: take the product of the coroutine control sets and fixed
mode flags. If there are several emitting locations, a bounded return-address counter routes
them through the two designated output NOP controls and back with fixed overhead. It
changes by elementary instructions and has a fixed maximum. Each step of a long background
computation is an actual INC/DECJZ/NOP, not a unit-cost unbounded call. For completeness,
finite counters compute any total computable rational name: encode the two tape halves
as integer stacks in a fixed base. Push multiplies by the base and adds a digit; pop takes
quotient and remainder. Elementary increment and zero-test/decrement loops with finitely
many scratch counters implement both; machine state and current symbol are finite control.
Empty stacks supply blanks. Integer input and rational numerator/denominator output use
the same loops. This is the classical register-machine universality of Shepherdson–Sturgis and
Minsky [63, 51]; no time efficiency is assumed.

If a stage were never installed, the current finite q would generate infinitely many pulses,
so the background would receive infinitely many instructions. Its total computation and finite
padding would finish, and a period boundary would follow. Thus every stage is eventually
installed. Before installing denominator q, at least q2 pulse-triggered instructions have occurred;
at least q2 pulses have already been emitted. Hence the current denominator at pulse count j
is at most max(2,

√
j). There is at most one installation between consecutive pulses: after

an installation another READY requires a new pulse-triggered background step. Each gap
therefore costs O(

√
j + 1 + 1) actual instructions, including copying, clearing and dispatch,

and tj = O((j + 1)3/2), in particular the claimed quadratic bound.
Every complete period has exactly its prescribed rational average; switches occur only

between completed periods. At pulse prefix j the unfinished-period discrepancy is at most
the current q = O(

√
j + 1). Given ζ > 0, all sufficiently late installed rationals lie within ζ of

β; earlier stages contribute finitely many pulses. Therefore

|k(j) − βj| ≤ Cζ + ζj +O(
√
j + 1).

Divide by j and let ζ ↓ 0. This uses convergence alone, with no variation or monotonicity
hypothesis.

P5 Programmed calibration and matched game laws
Take the program of Lemma P4.3 for β ∈ (0, 1]. For each normalized source residual R use a
fresh fuel/time clock pair and program workspace from Section P4. Add positive contractions
T0, S0, C,D, projections Hrun, Pstop, and a unitary V . Use exactly the instantaneous and
static commutation lists stated there, and impose

R = V T0, (I −Hrun)Pstop = 0,
Z(C − T0) = 0, Z(D − S0) = 0, Z(Hrun − I) = 0,

(Hrun)+ = Z+ + (I − Z+)(Hrun − Pstop),
C+ = Z+T0 + (I − Z+)C[I +G(Hrun − Pstop)],
D+ = Z+S0 + (I − Z+)D[I + F (Hrun − Pstop)],

(D − I/2)Pstop = 0, S0 = 0.

(P5.1)

This list, the two complete clock lists, (P3.2), (P4.1)–(P4.2), exact domains and the declared
commutations are the complete finite rational presentation. The old equations R = 0 are
replaced, not also tested. Different residual checkers have no additional mutual workspace
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or input commutations. The program does not depend on running or stopping and keeps
computing after calibration stops. For an inhomogeneous estimate omit only the last test
S0 = 0.

Proposition P5.1 (Programmed retained-state calibration). Put η = δ + |S0|ρ. In every
weighted precision-δ model of the inhomogeneous presentation,

|T0|ρ ≤ ηβ−o(1).

Precisely, for each 0 < γ < β there are constants Cγ , ηγ > 0, depending only on the fixed
program, such that |T0|ρ ≤ Cγη

β−γ for η < ηγ. No effective modulus for these thresholds is
asserted.

Proof. Let fh, gh be the classical pulse and one indicators, gh ≤ fh, and set

j(h) =
∑
u<h

fu, k(h) =
∑
u<h

gu, Nh = 2j(h), Mh = 2k(h).

Use the columns (P4.3)–(P4.4). Selection of the prescribed control makes Fh = fh and
Gh = gh on current selected histories to O(ηH). The program invariants and bad columns are
bounded by Proposition P4.2. Initialization and the running transition give (Hrun)hKhϕ =
Khϕ+O(poly(H)δ). To restrict it use current commutations and PhKh+1 = 0 exactly. The
multiplier Hh − Ph is a difference of projections and has norm at most one even before
repairing approximate order. Thus running errors add.

The normalized counter inductions give, uniformly through H,

KhT0ϕ = M−1
h ChKhϕ+O(rH), KhS0ϕ = N−1

h DhKhϕ+O(rH), rH = C(H + 1)bδ.
(P5.2)

For the C step, left-restrict the old identity by the next current control, test and continuation
projections. Commute only current Ch past these current projections. On this retained
continuation, Gh = gh and Hh − Ph = 1 to the polynomial error. The update therefore says
Ch+1 = 2ghCh there. Divide by Mh+1 = 2ghMh. Every new residual has coefficient at most
M−1
h ≤ 1; the old error is merely left-restricted by a contraction. The D proof is identical with

fh, Nh. Idle instructions have factor one and add only a local error. The running, program,
static-input and history-transport costs are fixed polynomials and there are H steps; enlarging
b covers all of them. In particular no factor 2H or product of zero-test denominators appears.

Multiply these identities by the current stop projection. Its current commutations and
(Dh − I/2)Ph = 0 give

∥LhT0ϕ−M−1
h ChLhϕ∥ ≤ rH , ∥LhS0ϕ− 2−j(h)−1Lhϕ∥ ≤ rH .

The terminal estimate follows from (P5.2); enlarge rH to bound the bad-column aggregate as
well. Lemma P3.2 now gives

∥T0ϕ∥ ≤ M−1
H +RH(∥S0ϕ∥ +

√
HrH) + C

√
H + 1rH , RH = max

h<H
2j(h)+1−k(h). (P5.3)

This invocation is just Euclidean summation of exact measurement columns, so it introduces no
inter-time or inter-column commutation. The integer j(h)−k(h) is nondecreasing: a zero pulse
increases it, a one pulse and idle work leave it unchanged. Consequently RH ≤ 2j(H)−k(H)+1

even for arbitrarily oscillating rational approximations.
For J pulses choose H = tJ . Then H ≤ C(J+1)2, j(H) = J and k(H) = βJ+o(J). Every

error and initialized-branch factor is therefore a fixed polynomial in J . With L = 1 + log(1/η)
take

J = ⌊log(1/η) −K logL⌋ ,
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where fixed K exceeds all required polynomial degrees by at least five. Localization gives
∥S0ϕ∥ ≤ |S0|ρ+poly(H)δ and the input charge |T0|ρ ≤ C(H+1)∥T0ϕ∥+poly(H)δ. In (P5.3),
2Jη times every required polynomial is bounded. The result is at most a polynomial in J
times 2−k(H), plus η poly(J). Since J = log(1/η)−O(logL) and β ≤ 1, both have the asserted
power bound. The density limit yields its precise fixed-margin formulation, uniformly over
every original state. Its convergence threshold need not be computable.

Proposition P5.2 (Exact upper histories and their envelope). There is one fixed scalar
function s : [0, 1] → [0, 1/2], with s(0) = 0, such that on each T0 = t eigenspace the non-
penalty calibrator and program relations have simultaneous exact histories on every finite
clock block, and

s(t) = t1/β+o(1) (t ↓ 0), s(t) ≤ Cvt
v for every fixed 0 < v < 1/β.

No continuity or endpoint bound with v = 1/β is required.

Proof. For t > 0 set ℓ(t) = ⌊log(1/t)⌋. Since β > 0, there are infinitely many ones and their
cumulative count assumes every nonnegative integer. Choose the first physical age h(t) with
k(h(t)) = ℓ(t), let J(t) = j(h(t)) and put s(t) = 2−J(t)−1. For ℓ(t) = 0 use age zero. At age h
since reset assign the program as in Proposition P4.1, and

Ch = 2k(min(h,h(t)))t, Dh = 2j(min(h,h(t)))s(t), Hh = 1h≤h(t), Ph = 1h=h(t).

Before and at the stop, Ch ≤ 2ℓ(t)t ≤ 1, Dh ≤ 1/2. A continuing one pulse doubles both
counters, a zero pulse only D, and an idle instruction neither. At the stop D = 1/2 exactly;
afterward counters freeze and running turns off, while the program continues. At each reset
they initialize. For t = 0, take C = D = 0, H = 1, P = 0 forever. On every finite block use age
modulo its reset period. If that period ends before h(t), no stop is asserted; all transitions still
hold through the reinitialization. This covers arbitrarily delayed stops, interrupted runs, zero,
one and exact dyadic boundaries. For large ℓ, ℓ = βJ(t) + o(J(t)) and ℓ = log(1/t) +O(1),
proving the asymptotic envelope. It gives the v-bound below some threshold; on the rest
of [0, 1], enlarge Cv using s ≤ 1/2. Thresholds may be ineffective, but no such constant
is a game coefficient. For a matrix residual take a square-matrix unitary polar extension
R = V |R|, T0 = |R| and S0 = s(T0). Use these scalar histories on each spectral/clock block.
All current-time and static commutations hold, with no cross-residual commutations. The
program workspace depends only on age; calibrator variables depend on age and this one T0.
They are operators on existing source/clock spaces, not additional tensor registers for values
or time. Spectral calculus on a finite spectrum requires no continuity of s.

Realization clause of Theorem P1.1. Combine the full checker for each of the 28 normalized
source residuals, replacing their old zero tests, and apply Theorem 3.1. This is a single finite
rational presentation and game, determined by the finite program for the promised rational
name. Fix 0 < v < 1/β and take the source assignments of Theorem P2.1 at this fixed order.
On each residual use Proposition P5.2. The only nonzero new errors are the penalties S0 = 0
and inherited clock baselines, since

∥S0∥2
2,DN

≤ C2
vτ(|R|2v) ≤ C ′vN

−v.

On an Nc-bit clock the Cantor defects are O(4−Nc) and the deliberately unguarded increment
has rank-one defect

(|0Nc⟩ − |10Nc−1⟩)⟨1Nc |,
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of flat norm
√

2 2−Nc/2. Choose Nc = ⌈v logN⌉ +Ov(1). There are only finitely many clock
pairs, adding Ov(logN) to logarithmic dimension. All assignments are flat, hence all state
commutators vanish. Thus

flat precision ≤ CvN
−v/2, logDtotal ≤ 3N +Ov(

√
N) +Ov(logN).

Compiler completeness gives a maximally entangled original strategy, a fixed dimension
multiplier and loss at most CvN−v. The models exist for every sufficiently large integer N , so
choosing an integer N at least a suitable constant times ε−1/v covers every small loss. Hence
the limsup exponent of logDG, and of each entanglement resource, is at most 1/v. The game
is unchanged as v increases to 1/β; take that limit only after the small-loss limsup to obtain
at most β. The v < 1 concavity clause of Theorem P2.1 covers β = 1.

Conversely, start from any original finite mixed strategy of loss ε. Same-state soundness
gives exact domains and precision δ = C

√
ε on its original marginal. The tested penalties

and Proposition P5.1 give
|R|ρ ≤ δ + |T0|ρ ≤ εβ/2−o(1).

The original six source unitaries are fixed decoded words, with actual opposite-party mirrors,
inverse mirrors and square-root marginal commutators O(

√
ε). Since β ≤ 1, these fit in

the source error e = εβ/2−o(1). The marker residual gives fixed visibility for small loss. The
explicitly probability-charged extraction (P1.1) therefore yields

EA→BD (ρoriginal) ≥ e−2+o(1) = ε−β+o(1).

This holds for every original state, without pure-component selection. Take infima; ED ≤ logD
also gives the dimension lower bound. The maximally entangled upper models match it. Their
losses tend to zero, so the value is one; a finite-dimensional perfect strategy would contradict
the divergent all-state lower bound. Every positive ∆0

2 real has a total computable rational
name, completing realization.

P6 Ceilings, explicit exponents and the remaining gap

P6.1 The three exact spectra

Proposition P6.1 (Effective ceilings). Every existing finite power exponent of logDG, pure
original-state demand pG, or formation demand fG is ∆0

2, for a fixed finite rational game of
quantum value one. At every feasible error,

fG(ε) ≤ pG(ε) ≤ fG(ε) + 1.

The ceiling also holds for arbitrary positive question probabilities on a fixed finite support, by
constant reweighting.

Proof. Fixed-dimensional strategy feasibility at rational loss is compact rational semialgebraic
and decidable by real quantifier elimination, as in Lemma 2.4. Under the value-one promise,
dimension search terminates, so DG(2−n) is computable. Computable rational approximations
to log(1 + logDG(2−n))/n converge to an existing power exponent; Shoenfield’s limit lemma
gives the asserted class.

For pure demand set en = 2−n and compute DG(en/4). Let Un be its integer bit length plus
two. A pure purification on Alice of any strategy at that dimension has Bob entropy at most its
logarithm, so pG(en/2) + 1 ≤ Un. Set tn = (en/8)2 and Rn = 2⌈Un/tn⌉. For decreasing Schmidt
probabilities, λi ≤ 1/i. If entropy S ≤ Un, its mass beyond rank Rn is at most S/ logRn ≤ tn.
Truncation and normalization change half trace distance by at most

√
tn and give entropy at
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most S/(1 − tn): discard the positive tail entropy in the normalization formula. Compressing
measurements to the Schmidt supports preserves valid POVMs and increases game loss by at
most

√
tn. Let qn be the minimum entropy over pure rank-at-most-Rn strategies of loss at

most en. It is computable on a compact rational semialgebraic domain: quantifier elimination
decides box intersection and entropy is computable uniformly continuously in this fixed
dimension (equivalently approximate −x log x by rational polynomials to dimension-adjusted
error). The logarithm itself is not assumed semialgebraic. The feasible set is nonempty by the
truncation argument, and near-minimizers at loss en/2 give

pG(en) ≤ qn ≤ pG(en/2)/(1 − tn).

Thus computable rational approximations to log(1 + qn)/n converge to an existing pure power
exponent. There is no assumption about an effectively bounded rank before truncation or an
effective convergence modulus.

For formation, take a finite pure decomposition of any low-loss mixed strategy and record
each component’s loss and pure entropy. Minimize its average entropy over the finite simplex
with mean loss at most ε. An optimal extreme point has at most two components, because
there are only total-weight and mean-loss constraints. Coherently superpose those two states
with common local orthogonal labels, and use block-diagonal original measurements. This is
a pure strategy of the same mean loss and entropy h2(w) + wS1 + (1 − w)S2, at most one
plus the selected average. Taking infima over decompositions and original strategies proves
fG ≤ pG ≤ fG + 1, hence the same positive power exponents. This uses the single-copy convex
roof [9], not regularized entanglement cost; the pure-state rate is its entropy [8].

Finally replace any positive finite question law by uniform weights on its support. The two
losses bound each other at fixed positive multiplicative constants. Their resource demands
bracket at constant rescalings of ε, which preserve an existing exponent. This proves the
extension.

Classification clause of Theorem P1.1. The ceilings above supply necessity for each of the
three resources. For each game constructed in Section P5, the all-original-state directional-rate
lower bound also lower-bounds formation and pure entropy, while the maximally entangled
upper strategies match it. Thus every ∆0

2 exponent in (0, 1] occurs for all three resources.
For d→G this proves only inclusion. Neither existence of limits for all games nor exclusion of
exponents above one is asserted.

Proposition P6.2 (A non-limit-computable usable exponent forces irreversibility). If a fixed
game has d→G (ε) = ε−β+o(1), 0 < β < ∞, with β /∈ ∆0

2, there are γ > 0 and εi ↓ 0 such that
every efficient original strategy sequence, meaning EA→BD (ρi) ≤ ε

−β+o(1)
i at losses at most εi,

satisfies

EF (ρi) ≥ ε
−β−γ+o(1)
i ,

EF (ρi)
EA→BD (ρi)

≥ ε
−γ+o(1)
i ,

S(ρi) ≥ ε
−β−γ+o(1)
i , rank ρi ≥ 2ε

−β−γ+o(1)
i .

The justified general arithmetic ceiling for β is left-c.e. relative to 0′′; this is weaker than ∆0
2.

Proof. Suppose for every fixed a < 1 the limsup of

log(1 + pG(εa)) − log(1 + d→G (ε))
log(1/ε)

were nonpositive. Rescaling δ = εa gives pure limsup at most β/a, and d→G ≤ pG gives
pure liminf at least β. Let a ↑ 1. Its exponent would exist and equal β, contradicting
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Proposition P6.1. Therefore some fixed slack has a positive gap; choose γ below that gap
and a subsequence with 1 + pG(εai ) ≥ (1 + d→G (εi))ε−γi . For every low-loss mixed state,
EF ≥ fG(εi) ≥ pG(εi) − 1 ≥ pG(εai ) − 1. This proves the formation lower bound and its
ratio for efficient states. Entropy concavity gives EF ≤ S(ρB); hashing [23] gives EA→BD ≥
S(ρB) − S(ρAB). Hence S(ρAB) ≥ EF − ED, of the same larger polynomial order, and
S(ρ) ≤ log rank ρ proves the last bound.

For the general ceiling use the regularized-instrument formula and compact finite-
dimensional optimization [26, Theorem 11.14]: d→G (2−n) is uniformly right-c.e. relative to 0′.
The increasing computable transformation xn = log(1 + d→G (2−n))/n has the same property.
If xn → β, then β = supm infn≥m xn. Each inner infimum is right-c.e. in 0′. For rational r,
the assertion r < β is equivalent to existence of m and rational r′ > r with infn≥m xn ≥ r′, a
Σ0

3 condition. Its lower cut is therefore c.e. in 0′′, as claimed. This does not compute the
mixed-state infimum or rule out the gap.

P6.2 Explicit examples, closures and strict extension

Corollary P6.3 (Computable families). Every algebraic β ∈ (0, 1], every logm/ logn ∈ (0, 1]
for integers m,n ≥ 2, and every admissible finite algebraic mixing

β =
∑
i αi logmi

logn ∈ (0, 1], αi ∈ [0, 1] real algebraic, mi, n ≥ 2,

has matching usable and log-dimension exponents. Finite products of such exponents are also
realized.

Proof. Root isolation, logarithms of positive integers and the indicated finite arithmetic are
uniformly computable. Each expression has a total computable convergent rational name, so
Theorem P1.1 applies. Only the averaged displayed admissibility condition is required; neither∏
imi ≤ n nor ∑i αi ≤ 1 is assumed. For example use rational root-isolating approximations

to the root
√

2/2 of 2x2 − 1 in (7/10, 3/4). These approximations, not an irrational coefficient,
are computed by its finite program.

The rotation description of the algebraic examples uses bh = ⌊(h+ 1)β⌋ − ⌊hβ⌋, whose
prefix sum is ⌊jβ⌋; this is the classical irrational-rotation coding of Morse–Hedlund [52]. For
an algebraic irrational, the elementary estimate dist(rβ,Z) ≥ cr1−d follows from a degree-d
integer polynomial: its nonzero value at p/r is at least r−d, and a bounded derivative gives
the separation. A rational isolated-root register has |B − βI|ρ ≤ C|f(B)|ρ by the bounded
inverse of f(x)/(x− β). Such a rotation can select the multipliers with polynomially charged
discarded carries. The general program proof above replaces the need for this particular root
and gap interface; it handles computable rotations with gaps too small for that estimate as
well.

For instance set n1 = 2, nk+1 = 22nk and β∗ = ∑
k≥1 2−nk . Its effective tail makes it

computable; with qk = 2nk , 0 < dist(qkβ∗,Z) ≤ 2nk+1−q2
k . It is irrational, since its difference

from a dyadic partial sum would otherwise be at least 1/(qqk) for a fixed rational denominator
q. Thus a uniform subexponential inverse-gap estimate fails at J = qk, while Theorem P1.1
still realizes β∗. This limits that carry estimate, not realizability.

The scalar interfaces themselves admit composition, more specifically than the existence
corollary. If checker i has inhomogeneous exponent βi, remove the first penalty test and
identify S1 = T2. Then |S1|ρ ≤ |T2|ρ + δ ≤ δβ2−o(1), and applying the first inhomogeneous
estimate at η = δ + |S1|ρ gives exponent β1β2. The upper assignment uses the composed
spectral penalty s2(s1(T1)). For fixed vi < 1/βi it is at most CT v1v2

1 . The moment theorem
applies at that order; size both clock pairs at the final precision, Nc ≥ v1v2 logN + O(1).

71



The extra logarithmic dimension remains O(logN). Taking vi to their endpoints proves the
product law for these specified checker interfaces, not an unrestricted assertion about products
of arbitrary games.

No algebraic irrational equals logm/ logn: otherwise nβ = m contradicts Gelfond–
Schneider [31]. The qualification “irrational” is essential. Baker’s algebraic-coefficient linear
independence for rationally independent logarithms [4] also makes (

√
2/2) log 2/ log 3 tran-

scendental. It does not show that this particular number is outside every log-ratio class:
cross-multiplication would introduce products of logarithms, beyond that linear theorem. The
following strict extension needs no such unproved independence.

Proposition P6.4 (Strictly beyond finite explicit expression families). The realized exponents
include a noncomputable real and a computable real outside all finite algebraic mixing and
product expressions just described.

Proof. For a fixed noncomputable c.e. halting set K, take its finite stage approximations Ks

and
as = 1

4 + 1
4
∑
e∈Ks
e≤s

4−e−1, βK = lim
s
as ∈ [1/4, 1/3].

This is a total computable rational name. If βK were computable, so would be x = 4βK − 1,
whose base-four digits are zero or one according to K. The first-digit cases lie in the separated
intervals [0, 1/12] and [1/4, 1/3], since the later tail is at most one third of the current place.
A sufficiently accurate approximation decides the digit; replace x by 4x minus that digit and
repeat. This would decide K. All the finite algebraic/logarithmic expressions are computable,
so this already strictly extends their class. Replacing the plus sign by a minus sign and
starting at 1/2 gives a noncomputable right-c.e., hence non-left-c.e., example too, consistently
with Remark P1.2.

There is also a computable strict extension. Enumerate all candidate finite expressions from
effectively isolated algebraic numbers, logarithms of integers at least two, finite sums/products
and division only by known nonzero rational constants or such logarithms. This is a uniformly
computable sequence x0, x1, . . . containing the indicated families and closures. No test of
nonzeroness for arbitrary expressions or membership in (0, 1] is needed. Start at I0 = [1/4, 1/2].
If Ie has length l and midpoint m, approximate xe by a rational v to error below l/16. For
v ≤ m choose the rightmost closed quarter, otherwise the leftmost. The chosen child excludes
xe by at least 3l/16. The intervals are nested and have lengths |I0|4−e, so their unique
common point βd is computable, differs from every xe, and has the rational midpoints
as a total computable name. Apply Theorem P1.1 to both names. No halting oracle or
noncomputable coefficient enters either game.

P6.3 What the architecture does not imply

Binary pulses force 0 ≤ k(J) ≤ J , so this construction has β ≤ 1. A dimension-uniform
weighted calibration |T0|ρ ≤ C|S0|αρ with α > 1 cannot hold for this interface. Put rational
weight w on the binary history T0 = 1, S0 = 1/2 stopped at age zero, and the remaining
weight on T0 = S0 = 0, never stopped. The two norms are

√
w and

√
w/2, so their ratio is

2αw(1−α)/2, which diverges as w decreases to zero. Choose the finite clock large enough that
its boundary error is smaller than the penalty. This restricts the calibration mechanism, not
all games.

Fixed positive mixing of finitely many resource laws ε−βi+o(1) has exponent maxi βi: a
maximal term bounds the sum below, and finitely many upper bounds at any fixed exponent
margin bound it above. Thus fixed density mixing does not select a new power exponent.
Likewise a qualitative error e(δ) ≤ Cδβ + ω(δ), ω → 0, does not imply the power estimate:
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ω(δ) = 1/ log(e/δ) has exponent zero. These observations explain the need for the polynomial
same-state bounds above rather than a qualitative compactness modulus. The full usable
arithmetic ceiling and existing finite exponents beyond one remain open. The quantitative
local ceiling and the contrasting unbounded upper exponents are proved below.

P6.4 A ceiling for quantitatively local lamp extensions

The upper endpoint one has a model-theoretic explanation for the lamp constructions, stronger
than the binary-pulse restriction. It is a statement about a specified extension class. A finite
list of equations containing the lamp letters need not belong to that class.

Definition P6.5 (Block-sharp models and locality). Let Σ be the six source letters of
Section P2, J its marker, and W a finite set of source-trivial words. A (W, ν)-block-sharp
model is a unitary assignment on H = ⊕

b∈BHb, with equal-dimensional blocks, whose
generators permute the blocks, whose marker is −I, and for which every w ∈ W fixes every
block outside one common set Bbad pointwise, with |Bbad| ≤ ν|B|. Write Π for its bad-block
projection.

Let WL comprise the source-trivial words of length at most a fixed L. A finite bounded
rational extension P is L-local if there are fixed K, c ≥ 1 such that every (WL, ν) model
extends on H ⊗Haux, retaining the source letters and exact variable domains, with

log2 dimHaux ≤ c(1 + log2(1/ν)), Qj = Qj(Π ⊗ I) + Ej , ∥Qj∥ ≤ K, ∥Ej∥2,τ ≤ K
√
ν

for every defining residual Qj , including commutators. Here τ is the flat state. The constants
and L are fixed before precision tends to zero. This is a quantitative extension hypothesis.

Lemma P6.6 (Simultaneous sharp source models). For each finite W there are (W, ν)-block-
sharp models with

log2 dimH ≤ CW ν
−1 log2(2/ν).

No connectivity or irreducibility is required.

Proof. Use the block construction in [50, Proposition 9.4], whose hash-register mechanism
builds on the overlapping-qubit construction [14]. Let ℓ be the largest word length, increased
to one if necessary. At an interior clock position take the union of the lit sites of all words in
W ; its size is at most ℓ|W |. Set

M = ⌈4ℓ/ν⌉, k =
⌈

log2
4ℓ2 max(1, |W |)2

ν

⌉
.

The clock-boundary fraction is at most 2ℓ/M ≤ ν/2, and pairwise independence bounds
collision on that common lit set by (ℓ|W |)22−k−1 ≤ ν/8. Outside their union each word fixes
the entire block, simultaneously. The source’s displayed dimension formula gives

log2 dimH = 1 + 2 log2(2M + 1) + k(6M + 10) + 2k = OW (ν−1 log(2/ν)).

Generators permute equal-sized blocks and J = −I. Their action may preserve distinct rank
sectors of the hash label; the proof uses only pointwise identity on good blocks.

Theorem P6.7 (Local lamp ceiling). For the rational BCS game compiled from an L-local
extension,

log2DG(ε) ≤ CPε
−1 log(1/ε)

at all sufficiently small losses. The same upper bound holds for d→G , pG, fG. The game has
quantum value one, and all of these upper power exponents are at most one.
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Proof. In the flat state, τ(Π ⊗ I) ≤ ν, so every residual in Definition P6.5 has norm at most
2K

√
ν. Square-root-state commutators vanish. The compiler Theorem 3.1 gives loss at most

C0ν and local dimension at most a fixed multiple of dimH dimHaux. Take ν = ε/C0 and
apply Lemma P6.6. The upper state is maximally entangled, so its pure entropy, formation
and directional distillable rate are the same logarithm. Its losses tend to zero.

Lemma P6.8 (Membership of the displayed calibrators). The stopped and programmed lamp
calibrators used in this part, their admitted static phase variants, and their finite mixing
and chaining satisfy Definition P6.5. This includes the oscillating power-pair construction of
Theorem Q6.1.

Proof. For every normalized source residual Ri = (φ(ri) − I)/2, its relator unitary fixes the
good space pointwise and hence preserves its orthogonal complement. Thus Ri = ΠRiΠ and
Ti = |Ri| ≤ Π; choose a unitary polar extension. Use separate finite fuel/time clocks, and
assign the controller, reciprocal age, counters, zero tests and positive witnesses their exact
scalar histories through cyclic resets, as in Proposition P4.1.

In each calibrator set C = D = S = 0, Hrun = I and Pstop = 0. Running, stopping,
multiplier updates and domains are then exact; only the initialization of C and the reset term
of its update can fail. Those failures are −ZTi and −Z+Ti, up to sign and order, and are
supported on Π. The controller need not reach a nonzero-input stopping time. The declared
current commutations hold: the source polar factor and original source letters are absent
from that list, and different residual workspaces are not required to commute.

For a finite chain set every intermediate input and penalty to zero. Only its first link to
the original modulus has a bad-supported failure. Mixing changes bounded scalar coefficients
or controller histories. Static algebraic phase parameters act as scalar roots in the admitted
phase interface. The unguarded increment defect is

√
2 2−Nc/2 and the Cantor defects are

O(4−Nc); Nc = ⌈log2(1/ν)⌉ +O(1) makes them O(
√
ν). Finitely many clock factors have the

required logarithmic auxiliary cost. Powering a bounded residual preserves this estimate,
since ∥hq(Q)∥2,τ ≤ ∥Q∥q−1∥Q∥2,τ .

The hold stream changes none of these assignments. The separate logarithmic profile
construction has Cantor sources and a carry increment, rather than this lamp source; its O(n)
log dimension at loss 2−n already has power exponent zero. It is not being identified with the
unguarded lamp construction.

Lemma P6.9 (A local invariance majorant). Adjoining positive contractions K,Y with
K − T − Y = 0, tests [K, s] = 0 for source generators, and penalty K = 0, to an L-local
extension remains max(L, 34)-local for a source-relator modulus T .

Proof. Let A be the blocks on which an actual source-certificate relator fails, and Nj(A) their
radius-j neighborhood in the undirected generator graph. Set K = ΠN1(A) and Y = K − T .
Since 0 ≤ T ≤ ΠA ≤ K, their domains and K − T − Y = 0 hold exactly. The commutator
[K,φ(s)] is supported on N2(A). For a block there, a path p of length at most two reaches an
actual failure of some relator r of length at most thirty. Consequently p−1rp fails on that
block and has length at most thirty-four. Thus N2(A) lies in the common declared bad set
for Wmax(L,34), as does the support of K. All residuals are bounded and bad-supported, with
no auxiliary factor. A padded declared bad set cannot replace the actual failure set in this
argument.

Corollary P6.10 (Saturation and the class spectrum). For the stopped lamp checker with
fixed multipliers a > b ≥ 2, all four resource power exponents equal one. Among games
compiled from the local class of Definition P6.5, the positive existing spectra for logDG, pG, fG
are exactly ∆0

2 ∩ (0, 1]. The directional usable spectrum contains this set and has upper
exponents at most one; its general arithmetic ceiling is not established here.
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Proof. The complete stopping columns Lj and terminal column KJ of the stopped-product
proof remain valid when a ≥ b. With ϕ the initialized column and r its error allowance, they
give

∥LjTϕ∥ ≤ b(b/a)j(∥LjSϕ∥ + r) + r ≤ b∥LjSϕ∥ + (b+ 1)r, ∥KJTϕ∥ ≤ a−J + r.

Exact column completeness and the Euclidean triangle inequality imply

∥Tϕ∥ ≤ a−J + b∥Sϕ∥ + ((b+ 1)
√
J + 1)r.

Choose J = ⌊logb(1/δ)−B logb(1+log(1/δ))⌋ with fixed large B. Since a−J ≤ b−J , localization,
the tested penalty and charge back give |T |ρ ≤ Cδ(1 + log(1/δ))c. At loss ε, the original-state
lamp extraction used in Theorem P1.1 therefore has scale e = O(

√
ε polylog(1/ε)), including

mirrors and state commutators, and yields EA→BD ≥ e−2+o(1) = ε−1+o(1). The local upper
bound matches it. This lower bound also bounds pure entropy, formation and log dimension.
The nominal smooth-model exponent log a/ log b > 1 is not a minimum over strategies.

For the class spectrum use the effective ceilings of Proposition P6.1, the local upper bound
and the realizations of Theorem P1.1, whose membership was proved above. This proves
equality for the three stated existing spectra, and only realization inclusion for the usable
one.

P6.5 Unbounded upper exponents for fixed games

The ceiling in Theorem P6.7 is specific to its quantitative locality hypothesis. The arithmetic
hierarchy gives a different conclusion for general games, and even for Boolean constraint-system
games.

Theorem P6.11 (No computable eventual envelope). For each total computable F : N2 → N
there is a finite rational two-player value-one game G such that, for every integer C,

DG(2−n) > F (C, n) for infinitely many n.

The game can be chosen to be a BCS game. In particular, one such fixed game has infinite
upper power exponent for logDG, pG, fG.

Proof. For fixed local dimension d, the assertion R(G, d, n) that a strategy wins with proba-
bility at least 1 − 2−n is a decidable real semialgebraic feasibility problem, uniformly in the
rational game, d, n. Mixed states and POVMs are included; compactness makes the weak
threshold exact. Suppose the first assertion fails for F . Every value-one game would then
have C, n0 such that R(G,F (C, n), n) holds for all n ≥ n0. Conversely, this condition implies
value one. Thus the set of value-one games would have the definition

∃C ∃n0 ∀n ≥ n0 R(G,F (C, n), n),

placing it in Σ0
2. Mousavi–Nezhadi–Yuen prove that this set is Π0

2-complete [54, Theorem 1.1].
Closure under computable preimages would collapse these two levels, contrary to the strict
arithmetic hierarchy. The Boolean version follows from Lemma P6.12 below, which proves
the same hardness within that class.

Take F (C, n) = 22Cn . The conclusion for every C says exactly that the upper power
exponent of logDG is infinite. To transfer it to pure entropy, let a loss-ε pure strategy have
entropy S. Its Schmidt tail past rank R is at most S/ log2R: each ordered Schmidt probability
beyond R is at most 1/R. Set R = 2⌈(S+1)/ε2⌉. Normalized Schmidt truncation changes the
state by half trace distance at most ε, so compression to its Schmidt supports gives

log2DG(2ε) ≤ (pG(ε) + 1)ε−2 + 1.
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Infima are handled by arbitrarily near minimizing strategies. A finite upper power exponent
for pG would give a finite one for logDG, a contradiction. The two-support equal-loss ensemble
and coherent-flag argument used in Proposition P6.1 gives fG ≤ pG ≤ fG + 1, proving the
formation assertion too.

Lemma P6.12 (Synchronous value one and Boolean value one). There is an effective map
from finite rational synchronous games G whose question distribution gives every diagonal
pair (x, x) positive probability to finite rational BCS games HG such that ωq(G) = 1 if and
only if ωq(HG) = 1. Completeness has loss OG(ζ) and soundness loss OG(√η), where ζ, η are
the respective input losses.

Proof. This is the constraint-variable (SynchBCS) construction of Paddock [59, Section 4.3
and Proposition 4.22], whose BCS algebra is ∗-isomorphic to the synchronous algebra. We
record the value-one transfer with the explicit loss exponents used here. For each question
x and answer a, introduce a projection Px,a. Impose the sum-to-one equations, pairwise
orthogonality within a question, and Px,aPy,b = 0 for each losing pair on a supported question
pair. This is a bounded rational presentation of the allowed kind in Theorem 3.1; compile it
to HG.

For games with positive weight on every diagonal question pair, Mousavi–Nezhadi–Yuen
show that value one admits finite-dimensional synchronous strategies approaching one [54,
Theorem 1.6]. Such strategies are tracial PVM strategies. Split the finite tracial algebra into
matrix blocks and choose a block whose loss is at most the average. For losing projections
P,Q in that block, ∥PQ∥2

2,τ = τ(PQ). The minimum positive question probability is fixed. A
loss-ζ strategy therefore supplies a flat model of precision OG(

√
ζ), with the PVM equations

exact. Flat completeness of the compiler gives loss OG(ζ) for HG.
Conversely, a loss-η strategy for HG gives exact projection variables in a weighted model

with ξ = √
ρ, defining errors at most δ = OG(√η) and ∥[Px,a, ξ]∥2 ≤ δ. We construct

valid POVMs directly. For one question suppress x, order its k answers, put V0 = I, Vj =
(I − Pj)Vj−1, and set

Ea = V ∗a−1PaVa−1 (a < k), Ek = V ∗k−1Vk−1.

These effects are positive, and their sum is exactly I by telescoping V ∗j−1Vj−1 − V ∗j Vj .
Here are weighted estimates requiring no inverse and no tracial approximation. Telescoping

gives Vj − I = −
∑
l≤j PlVl−1. For a > l, the residual PaPl has weighted norm at most δ.

Moving ξ past the following contraction word costs at most kδ, by its factor commutators.
Hence ∥Pa(Va−1 − I)ξ∥2 = Ok(δ). For any fixed polynomial A,

∥A∗ξ∥2 ≤ ∥Aξ∥2 + ∥[A∗, ξ]∥2,

since ∥ξA∗∥2 = ∥Aξ∥2. Applying this to the preceding polynomial gives the adjoint bound.
Expand V ∗a−1PaVa−1 − Pa into its two differences and transport the remaining factors; the
result is

∥(Ea − Pa)ξ∥2 = Ok(δ), ∥[Ea, ξ]∥2 = Ok(δ).

The sum equation gives the first bound for the last answer as well, and the second follows
from the product commutator rule.

Share the canonical purification vec ξ and measure ET
x,a on Alice and Ey,b on Bob, with

the matching vectorization convention. Their correlation is Tr(ξEx,aξEy,b). Cauchy–Schwarz
and the two estimates replace this by Tr(ρPx,aPy,b) with error OG(δ). On a losing pair its
absolute value is at most ∥Px,aPy,bξ∥2 ≤ δ. The actual correlations are nonnegative and there
are finitely many pairs, so total loss is OG(δ). This is a strategy in the same local dimension.
Value one is therefore preserved in both directions. The Π0

2-hard synchronous instances in
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the proof of [54, Lemma 6.7] use the uniform distribution on all question pairs. They satisfy
the diagonal-support hypothesis, so the lemma transfers that hardness to BCS games and
proves the Boolean clause of Theorem P6.11.

Why diagonal support is needed. Take questions and answers {0, 1}, uniform weight
on (0, 1), (1, 0) and zero weight on the diagonal. On (0, 1) require a = b = 0; on (1, 0)
require a = b = 1, with the synchronous rule on the unasked diagonal. Alice’s answers
f(0) = 0, f(1) = 1 and Bob’s answers g(0) = 1, g(1) = 0 win perfectly. But the losing-pair
relations force P0,1 = 0 and hence P0,0 = I; they then force both P1,0 = P1,1 = 0, contradicting
their sum equation. The same finite sum/product identities rule out a sequence of vanishing-
defect normalized models, so compiler soundness makes the Boolean game’s value strictly
below one.

The game in Theorem P6.11 depends on F . For each fixed value-one game its finite-
precision dimension is computable by the same feasibility search; no one game defeats every
computable function. Nor does this theorem assert an infinite usable exponent or any existing
power limit above one. It establishes an infinite upper exponent.

P6.6 What a global pairwise certificate can establish

The following obstruction concerns a certificate using only global pair errors, mirrors and
square-root-state commutators. It places no upper bound on the actual resource demand of a
game with additional relations.

Proposition P6.13 (Pairwise hash models). For N labelled qubits and 0 < κ ≤ 1, there
are reflections with exact squares, exact on-site anticommutation, exact mirrors and zero
square-root-state commutators, whose distinct-site signed pair errors are at most κ, with a
pure flat model satisfying

log2D ≤ 8κ−2 + 2 log2 max(N, 8κ−2) + 2.

For N ≥ 2 another such model satisfies

log2D ≤ 12κ−2 + 3 log2(Cκ−2 log2N)

for an absolute constant C. There are mixed models with the first model’s pair errors and both
directional distillable entanglements and formation exactly K = ⌊8κ−2⌋, independently of N .

Proof. Let K ≥ 1 and take a prime p ≥ max(N,K). Label items by distinct elements of Fp,
and average uniformly over ha,b(u) = ((au + b) mod p) mod K, a ≠ 0. On the block for h,
use Pauli X,Z on qubit h(u) in a K-qubit register. Squares and on-site anticommutation are
exact; equal-type Paulis always commute. For distinct items a cross commutator is zero off
collisions and has norm two on a collision.

Write p = qK + r, 0 ≤ r < K. A distinct ordered pair of field elements is uniform under
(a, b), and the residue classes have sizes q or q + 1. Thus

Pr[h(u) = h(v)] = Kq(q − 1) + 2rq
p(p− 1) ≤ 1

K
.

Indeed, after multiplying by K, the difference between the denominator and numerator is
Kq(K − 1) + r(r − 1) ≥ 0. The squared cross error is four times this probability. Take
K = ⌊8κ−2⌋ ≥ 4κ−2 and, by Bertrand’s theorem, p < 2 max(N,K); the endpoint two is
harmless. The direct-sum Hilbert space has dimension 2Kp(p− 1), proving the first bound.
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Its maximally entangled state supplies exact transposed mirrors and a scalar square-root
marginal.

For the refinement put d = ⌈log2N⌉, K = ⌊12κ−2⌋, and take a prime dK ≤ q < 2dK.
There are at least N polynomials over Fq of degree at most d; assign distinct ones Pu. Choose
a uniform evaluation point z and an independent affine hash of Fq into K residues. Distinct
polynomials agree at z with probability at most d/q ≤ 1/K, and, conditional on distinct
values, the preceding exact count bounds their hash collision by 1/K. Thus collision is at
most 2/K and squared pair error at most 8/K ≤ κ2. The family has fewer than q3 members,
giving the second dimension bound. For one item one qubit suffices.

Finally replace the coherent flat hash register by shared classical flags:

ρ = 1
|H|

∑
h

|h, h⟩⟨h, h| ⊗ Φ2K .

The controlled reflections have the same weighted errors, flat local marginals and exact
mirrors. Discarding the flags distils K ebits in either direction, while the displayed ensemble
has formation at most K. Since distillation is bounded by formation, all three equal K.

Proposition P6.14 (Junk sectors and the restricted barrier). Suppose a lower-bound
certificate applies a universal pairwise lamp theorem to global weighted errors valid for
every loss-ε strategy, with word decoders respecting direct sums and giving scalar reflections
on a deterministic classical sector. Its common pair tolerance must allow κ = Ω(

√
ε). Such a

certificate can conclude at most O(ε−1) for original-state distillation or formation, and at
most O(ε−1 + log(L+ 1)) for a pure or dimension bound when all lamp words have length at
most L over a fixed finite alphabet.

Proof. Take a strategy S of loss at most ε/2 and a deterministic classical strategy S0. The
flagged direct sum (1 − w)S ⊕ wS0, with w = ε/2, has loss at most ε, dimension dimS + 1,
and

|q|2ρ = (1 − w)|q|2S + w|q|2S0

for every decoded polynomial residual. In the scalar sector the on-site anticommutator of two
reflected lamps has modulus two. Its weighted error is therefore at least 2

√
w. This forces the

common tolerance. Squares, mirrors and cross commutators can be exactly zero there; the
lower floor is not a statement about every residual.

A universal bound using only the pairwise data must also hold for Proposition P6.13.
Its mixed flags bound the distillation and formation conclusion by ⌊8κ−2⌋. Its polynomial
hash model bounds a pure or dimension conclusion by O(κ−2 + log(κ−1 log(N + 1))). Word
counting gives log log(N+1) ≤ log(L+1)+O(1), not equality. Substitute the forced tolerance.
Selecting sectors, using additional higher-order relations or exploiting more of the game is
outside this certificate hypothesis.

P6.7 A conditional route above one

Definition P6.15 (A stronger source interface). A finite marked source has strength γ > 0
if the following hold. Its lower interface, with fixed marker visibility, bounds the directional
distillable entanglement of the original mixed strategy state by e−2γ+o(1) whenever its decoded
residuals, mirrors, inverse mirrors and square-root-state commutators are at most e. The
marker residual is among the tested residuals. Its upper interface supplies flat models with
marker −I,

log2DN ≤ Nγ+o(1), τ(|Ri|2v) ≤ CvN
−v (v ≥ 1)
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for every fixed v and every large N , simultaneously for its finitely many normalized residuals.
The finite upper models must admit the same clock and calibrator extensions used in
Theorem P1.1, at logarithmic auxiliary cost.

Theorem P6.16 (Transfer from a stronger source). If Definition P6.15 holds with positive
γ ∈ ∆0

2, every β ∈ ∆0
2 ∩ (0, γ] has one fixed rational value-one BCS game with matched

existing power exponent β for logDG, d
→
G , pG, fG.

Proof. Use the stream and calibrator of Theorem P1.1 with pulse density β′ = β/γ ∈ ∆0
2∩(0, 1].

Limit-computable reals form a field. Include a calibrator and residual test for the marker,
retaining its fixed lower-interface visibility.

The same-state calibration gives source error e = εβ
′/2−o(1) at loss ε. Mirror and state

commutator errors are O(
√
ε), hence no larger asymptotically because β′ ≤ 1. The lower

interface gives EA→BD ≥ ε−β+o(1) on the original state.
For upper models fix 0 < v < 1/β′. If v < 1, concavity gives τ(|Ri|2v) ≤ τ(|Ri|2)v ≤

Cv1N
−v; otherwise use the stated moment bound. The scalar calibrator envelope, its spectral

integration and the finite residual sum give penalty at most Cv|R|vN−v. Its fixed constants
do not depend on N . The complete model has loss Ov(N−v) and log dimension Nγ+o(1) +
Ov(logN) = Nγ+o(1). Thus the upper power exponent is at most γ/v. Let v increase to
1/β′. The upper states are maximally entangled, so the same upper bound holds for all four
resources, matching the lower bound.

Proposition P6.17 (Necessary costs of such a source). Under Definition P6.15, sharp
models admitting the required auxiliary extension of negligible logarithmic cost must have
log2 dimH ≥ ν−γ+o(1) at bad fraction ν. A universal lower interface derived only from the
pairwise data of Proposition P6.13 cannot have γ > 1.

Proof. A sharp model has normalized residual errors at most O(
√
ν), exact marker, and

exact mirrors in its flat purification. Compile its admissible extension. The lower interface
gives original-state distillation at least ν−γ+o(1), bounded by its log dimension. Removing a
negligible auxiliary logarithm proves the first claim. For the second, the mixed hash models
have all the stipulated errors at most e with distillation and formation O(e−2), irrespective of
the number of labels. A universal conclusion e−2γ+o(1) would contradict them when γ > 1.

The lamp source has γ = 1. No stronger source is supplied here. These necessary conditions
concern the stated interface and universal pairwise conclusions; they do not exclude sector
selection or richer relations. Existing finite power limits above one remain open, alongside
the infinite upper exponents of Theorem P6.11.
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Precision profiles and exponent pairs
Q1 A carry checker for logarithmic profiles
The finite presentation in this part converts a programmed pulse count into a precision profile.
It uses the compiler, clocks, weighted transport, triangular count and original-state extraction
of Sections 3, 4, 8 and 12, and the counter and stopped-product arguments of Sections P4
and P5. Its controller has no game-witness register. Throughout, ξ = √

ρ and |R|ρ = ∥Rξ∥2;
logarithms are base two. All constants depend only on a fixed finite presentation. The precision
convention is that of Section P3, including square-root-state commutators.

Q1.1 The cost of a checker increment

Remark Q1.1 (Standard-model overflow). On the standard Nc-bit cyclic time register, the
unguarded increment in Section P3 has residual

(|0Nc⟩ − |10Nc−1⟩)⟨1Nc |, ∥R∥f =
√

2 2−Nc/2.

At unpowered precision δ = 2−n/2 it therefore needs Nc ≥ n + 1, whereas the clock count
resolves log4(1/δ) = n/4 digits per checker. Two such registers leave a linear difference between
these upper-model costs and that count. The carry model below has overflow amplitude 4−Nc ,
so Nc = n/4 +O(1) suffices. This comparison concerns the displayed models and makes no
lower-bound claim about all models of the unguarded relation.

The rank-one residual follows by evaluating the increment on the all-ones input; all other
input columns agree. Its two output basis vectors are orthogonal, giving the stated flat norm.
The carry recursion of Sections 5 and 7 instead assigns H(x) = 4−r(x) when r(x) < Nc initial
bits are one, and zero on the all-ones point. Its recursion is exact and its increment residual is
4−Nc on that point. The clock’s affine and tail-flip residuals are 3 · 4−Nc times a projection or
commutator, and set the common precision scale. This is the vanishing-amplitude alternative
to the fixed-rejection-gap obstruction of Appendix A.

Q1.2 The complete presentation

Fix a finite deterministic INC/DECJZ/NOP program π, initially in its zero-counter start
configuration, with two output NOP controls. Let w ∈ {0, 1}N be its pulse word, k(J) its
one-count among the first J pulses, and tJ the physical time just after pulse J . Set k(0) = 0,
t0 = 0 and κ(l) = min{J : k(J) = l}, with κ(0) = 0. Take fixed integers m, q ≥ 1.

The checker has two Cantor-clock copies, fuel and time, satisfying (4.1). Add a positive
time carry Ht and a unitary time increment U with

Ht = (I − Pt) + 1
4PtTtHtT

∗
t , [Pt, TtHtT

∗
t ] = [Ht, At] = 0,

U∗AtU = At − I + 7
4Ht.

(Q1.1)

The complete fuel set commutes with the complete time set, including Ht, and with U . The
reset projection Z commutes with Af , At and satisfies (P3.2) for W = TfTt. The controller uses
exactly the domains and rational equations (P4.1)–(P4.2), with Y+ = U∗Y U . In particular
F = Qzero +Qone and G = Qone.

For each i ≤ m introduce a source clock Si = (Ai, Pi, Ti, Xi). Its relations [Ai, Pi] = 0 and
XiPiXi = I − Pi are retained. The two other clock relations are replaced by

TiAiT
∗
i − 4Ai + 3Pi = Vi1Θi1, [Xi, TiAiT

∗
i ] = Vi2Θi2, (Q1.2)
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where the Viν are unitaries and the Θiν positive contractions. Complete source-clock sets
commute with one another and with both complete checker-clock sets. There are no other
source commutations.

For every (i, ν) use a calibrator (P5.1), with input T0 = Θiν , its own S,C,D,Hrun, Pstop,
and the shared controller and reset. Thus its equations are

(I −Hrun)Pstop = 0, Z(C − Θ) = Z(D − S) = Z(Hrun − I) = 0,
(Hrun)+ = Z+ + (I − Z+)(Hrun − Pstop),

C+ = Z+Θ + (I − Z+)C[I +G(Hrun − Pstop)],
D+ = Z+S + (I − Z+)D[I + F (Hrun − Pstop)],

(D − I/2)Pstop = 0, S = 0.

(Q1.3)

For a calibrator its instantaneous list consists of Z, all controller variables and Θ, S, C,D,
together with Hrun, Pstop. Require pairwise commutation in that list and commutation
with Af , At. Static Θ, S commute with every checker generator and U . Distinct calibrator
workspaces need not commute; no additional commutation is imposed on Viν . The domains
are those in the counter and calibrator constructions. This is a finite rational bounded
∗-polynomial presentation. Power every defining residual, commutators included, by the
polynomial construction (11.10), retaining domains and state-commutator tests, and apply
Theorem 3.1. Denote the resulting rational BCS game by G[π,m, q].

Q1.3 Polynomial localization with the carry coordinate

Theorem Q1.2 (Carry-checker interface). For every weighted precision-δ model of this
presentation and horizon H ≥ 2, choose H < 2k ≤ 2(H + 1) and put

Γk =

∏
j<k

Pf,j

 (I − Pf,k), Dk =
∏
j<k

(I − Pt,j), Q = ΓkDk,

with raw digits Pc,j = T jc PcT
−j
c and products in the displayed order. For Y an instantaneous

self-adjoint contraction and Θ a static input there are fixed C, a such that, writing Yh =
U−hY Uh and r = C(H + 1)aδ,

|(I − Z)Q|ρ ≤ r, |ZhQ|ρ ≤ r (1 ≤ h ≤ H),
|[Yh, Q]|ρ ≤ r (0 ≤ h ≤ H), |Θ|ρ ≤ C(H + 1)∥ΘQξ∥2 + r,

∥ΘQξ∥2 ≤ |Θ|ρ + r.

Proof. Use Lemmas 2.2, 2.3, 4.2 and 9.2 and the word-interchange argument in Lemma 9.3.
For self-adjoint B and a contraction Y , moving the right factor across ξ gives

|[B, Y ]|ρ ≤ 2|B|ρ + ∥B∥∥[Y, ξ]∥2.

The clock repair Âc has spectrum in the Cantor set K, differs from Ac by O(δ) in weighted
norm, and has square-root-state commutator O(δ). Its raw digits differ from fj(Âc) by C4jδ.
Own-bit flips and preservation of later digits have errors at most C(M + 1)34Mδ through
depth M .

Identify K with Z2 by x = ∑
j≥0 3bj4−j−1 and let gh be addition by h. Addition preserves

the first differing binary digit, so every gh is 2-Lipschitz on K. The functions fj have Lipschitz
constant 2 · 4j , while fj ◦ g−h has constant at most 4j+1 on K. Such functions extend linearly
across Cantor gaps without increasing their constants. The carry translation estimate gives

|U−hÂtUh − gh(Ât)|ρ ≤ C(h+ 1)δ.
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Conjugating by Uh costs O(hδ) by right transport. Apply the 2-Lipschitz map g−h, using
functional calculus on operators with Cantor spectrum, to obtain also

|UhÂtU−h − g−h(Ât)|ρ ≤ C(h+ 1)δ. (Q1.4)

The needed state-commutator term is O(δ). Thus neither direction incurs an iterated Lipschitz
factor.
Time cylinders. Let Bc ⊂ K be the residue class c mod 2k and Ec = 1Bc(Ât). Its indicator is
2 · 4k-Lipschitz on K. Replace the raw factors of Dk from the right. Each replacement costs
its digit error plus the state commutator of the remaining spectral product, at most C4kδ.
Consequently

|Dk − E0|ρ ≤ Ck4kδ, |UhDkU
−h − Eh|ρ ≤ C(h+ 1)k4kδ. (Q1.5)

The second bound uses (Q1.4) and 1B0 ◦ g−h = 1Bh
. Also E0Eh = 0 for 1 ≤ h < 2k.

Fuel and reset. The weighted commutators of Z,Θ, Ec with Γk are bounded by C(k+ 2)44kδ.
For Z, pass from its commutator with Af to Âf , then to its spectral digits, and back to raw
digits using the preceding commutator inequality. For Ec use commutation of fuel generators
with At and functional calculus. For static Θ use its generator commutations. Expand product
commutators with their right-factor state terms. Word interchange similarly gives

|UhΓkU−h − Γk|ρ ≤ C(h+ 1)2(k + 2)6δ.

Translate the reset equation by W j . Interchanging fuel/time words has polynomial cost in j,
giving

Z(j) = (I − Pf,j) + Pf,j(I − Pt,j)Z(j+1) + ej , |ej |ρ ≤ C(j + 1)3δ, ∥ej∥ ≤ 8.

For Gj = ∏
i<j Pf,i(I − Pt,i), ordered substitution through k yields

Z =
∑
j≤k

Gj(I − Pf,j) +Gk+1Z
(k+1) +

∑
j≤k

Gjej .

On left multiplication by Γk, the j < k terms vanish up to digit/interchange errors by
Pf,j(I−Pf,j) = 0. In the j = k term, move Pf,k against I−Pf,k and drop the repeated earlier
fuel digits. The remainder is ΓkDk. The final term has the same contradictory Pf,k factor;
transport of its remaining right factor costs O(k)δ. Hence

|ΓkZ − ΓkDk|ρ ≤ C(k + 2)64kδ. (Q1.6)

Move Z past Γk and use D2
k ≈ E2

0 = E0 ≈ Dk to get ZQ ≈ Q. For h ≥ 1, right transport
and (Q1.5) give ZUhQU−h ≈ ZΓkEh ≈ ΓkDkEh ≈ ΓkE0Eh = 0. This proves the first two
interface bounds, including all right-factor state commutators.
Transported workspaces. Conjugate [Y, Ât] and replace the translated clock by gh(Ât). The
commutator inequality gives |[Yh, gh(Ât)]|ρ ≤ C(h+ 1)δ. Apply functional calculus to fj ◦ g−h,
then return to raw digits, obtaining |[Yh, Pt,j ]|ρ ≤ C4j(h+ 1)δ. Here ∥[Yh, ξ]∥2 ≤ (2h+ 1)δ.
Fuel digits use commutation of U with the fuel generators and the same spectral argument
for Y . Product expansion over the 2k + 1 factors proves the third interface bound.
Amplitude charge. Take the ordered measurement columns of these 2k+ 1 projection factors.
Exact completeness holds even when different factors fail to commute. Static Θ moves
through their words with the displayed polynomial error. The flip at a factor exchanges
its two outcomes and preserves the suffix: use later-digit preservation within a clock and
generator commutation between clocks. It also approximately commutes with Θ and ξ. Put
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ϵk = C(k + 2)44kδ. Moving Θ to the right, applying exact two-column completeness, and
moving it back gives |

√
a2

0 + a2
1 −a| ≤ Cϵk for the two outcome amplitudes and their preceding

amplitude. The flip gives |a0 − a1| ≤ Cϵk. These are amplitude estimates, so no square root
of an error is taken. Writing αi for the successive chosen-branch amplitudes, they imply

αi ≥ 2−1/2αi+1 − Cϵk.

Iterate over all 2k + 1 bits. The additive errors form a geometric sum, so ∥ΘQξ∥2 ≥
2−(2k+1)/2|Θ|ρ − Cϵk. Since 2(2k+1)/2 = O(H + 1), this proves the amplitude charge. Finally
ΘQξ = QΘξ + [Θ, Q]ξ gives the last estimate. Every remaining error is a fixed polynomial in
H times δ, because k = O(logH).

Q2 Hold streams and profile calibration
Lemma Q2.1 (A stream with prescribed density endpoints). Let (as) be a total computable
sequence of rationals in [c0, 1], where c0 > 0 is rational. A finite counter program can emit an
infinite binary word whose pulse times and one-count satisfy

tJ ≤ C(J + 1)2, lim inf
J

k(J)
J

= lim inf
s

as, lim sup
J

k(J)
J

= lim sup
s

as.

Every window of length ℓ in the first j pulses contains at least

c0ℓ− C(
√
j + 2) log2(j + 4)

ones.

Proof. Use the generator/background coroutine in Lemma P4.3: the current rational p/q
emits periods of p ones and q − p zeros, one elementary background instruction is executed
per pulse, the next denominator is padded by q2

new background instructions before READY,
and switching occurs only at a period boundary. Start with rational 1. Add a pulse counter
P , stage counter σ and hold countdown D. Each pulse increments P and decrements positive
D. Install a READY rational only at a period boundary with D = 0; increment σ and set
D = (σ + 2)P by σ + 2 non-destructive copies using a scratch counter. These operations have
finite INC/DECJZ implementations. Copying the active generator uses O(qold + qnew + 1)
instructions; arbitrary background scratch remains in the background.

Let js be the installation position of stage s, carrying bs = as−1 for s ≥ 1. The hold implies
js+1 ≥ (s+3)js, and there are O(log J) installations before pulse J . The added work per pulse
is bounded. Completed installation costs are bounded by C∑s<s∗(s+3)js ≤ C

∑
js+1 = O(J);

an installation occurring between adjacent pulses costs at most O(J log(J+2)). The generator’s
denominator padding gives its existing O(J3/2) instruction bound. Together these give
tJ ≤ C(J + 1)2.

Every background stage finishes by totality, every finite hold expires, and the continuing
generator reaches another period boundary. Thus every stage is installed. Complete periods
have exact density bs, with at most one incomplete period. Padding gives q ≤

√
j +O(1), so

for js ≤ j ≤ js+1,
k(j)
j

= js
j

k(js)
js

+
(

1 − js
j

)
bs +O(j−1/2). (Q2.1)

At stage end the first coefficient is at most 1/(s+ 3), and |k(js+1)/js+1 − bs| ≤ 1/(s+ 3) +
O(j−1/2

s+1 ). These subsequences attain both endpoint limits. Every intermediate ratio lies within
vanishing error of the segment between the starting ratio and bs, proving the reverse bounds.
A window meets at most log2 j + 4 stages and loses at most one partial period of length√
j + 2 per stage. Since all active rationals are at least c0, the window estimate follows.
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Lemma Q2.2 (Calibration at a prescribed pulse depth). For the presentation of Section Q1
there are fixed C, a1 such that, in every weighted precision-δ model,

2J(tJ + 2)a1δ ≤ 1 =⇒ |Θiν |ρ ≤ C(tJ + 2)a12−k(J). (Q2.2)

This assertion does not require convergence of the pulse density.

Proof. Fix one calibrator and put H = tJ , ϕ = Qξ. The five conclusions of Theorem Q1.2
supply initialization, absence of resets through H, current-workspace localization and the two
static-input estimates. The proof of Proposition P4.2, the normalized identities (P5.2) and
the complete-column stopped-product argument therefore apply with precisely this interface.
With rH = C(H + 1)bδ they give

∥Θϕ∥2 ≤ 2−k(J) + 2J−k(J)+1(∥Sϕ∥2 +
√
H rH

)
+ C

√
H + 1 rH .

The integer pulse count minus one-count is nondecreasing, so the maximum stopped multiplier
is 2J−k(J)+1 even for oscillating streams. The test S = 0 and the last interface estimate bound
∥Sϕ∥2 by a fixed polynomial in H times δ. Charge back by |Θ|ρ ≤ C(H+1)∥Θϕ∥2+C(H+1)aδ.
Choose a1 ≥ a+ b+ 3, enlarging it to absorb all fixed degrees. Under the displayed condition
every term is bounded by C(H + 2)a12−k(J), since δ ≤ 2−J ≤ 2−k(J).

Each application uses only that calibrator’s equations and the common controller. No
step reorders different calibrator workspaces. In upper models the controller is scalar on each
checker-age block and each calibrator is a spectral function of its own input and age. Thus
the shared checker introduces no additional tensor factor or commutation assumption.

Q3 The matched logarithmic profile
Theorem Q3.1 (Precision profile on the original state). Let π emit an infinite pulse word with
positive lower one-density. Suppose tJ ≤ T (J), where T is nondecreasing and log T (J) = o(J).
For every fixed m, q ≥ 1, G = G[π,m, q] has quantum value one and no finite-dimensional
perfect strategy. Set Λ = ⌊n/(2q)⌋. Then

log2DG(2−n) = Λ + m
2 k(Λ) +O

(
log T (Λ) + logn

)
, (Q3.1)

d→G (2−n) = Λ + m
2 k(Λ) +O

(
log T (Λ) + logn

)
. (Q3.2)

The common upper bound has additive error O(1). For polynomial delay the two-sided error
is O(logn), and the lower bound holds on every original mixed strategy state of the indicated
loss.

Proof. Simultaneous upper histories. Use two checker registers of Nc bits and m source
registers of Ns bits. Each carries the finite clock of Theorem 4.4. Set U to cyclic addition on
the time register, use the carry Ht of Remark Q1.1, and let Z(f, t) = 1t≡0 (mod 2r(f)), with
r(f) = Nc on all-ones fuel. The carry recursion and reset hold exactly; clock and increment
defects are bounded by 3 · 4−Nc .

For a source register put τ = 3 · 4−Ns . Its affine and tail-flip residuals are respectively
τPi,0 and τ(I − 2Pi,0)Xi. The latter polar factor is unitary. Thus set Θi1 = τPi,0, Vi1 = I,
Θi2 = τI and Vi2 = (I − 2Pi,0)Xi; (Q1.2) is exact.

On a static input eigenvalue t > 0 put l = ⌊log2(1/t)⌋ and stop at the first pulse with
one-count l, using age zero when l = 0. Set

s(t) = 2−κ(l)−1, s(0) = 0. (Q3.3)
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At physical age h after reset, use the exact scalar counter history of Proposition P4.1. If h∗ is
the stop age, set

Ch = 2k(j(min(h,h∗)))t, Dh = 2j(min(h,h∗))s(t), Hh = 1h≤h∗ , Ph = 1h=h∗ ,

where j(h) counts pulses before physical age h. These histories are bounded, initialize correctly,
and satisfy every non-penalty equation exactly, including reset before a programmed stop
and the cyclic boundary. This is the direct substitution used in Proposition P5.2; it uses the
finite count k, not a limiting density. All workspaces are diagonal in the existing checker and
source-digit basis, and impose no new matrix factor. Every declared commutation is exact.

After powering, residual norms are at most max(3 ·4−Nc , s(τ))q. The compiler gives loss at
most C0 times its square and local dimension at most c 22Nc+mNs . Write x = (n+log2C0)/(2q)
and choose

Nc =
⌈
x+ log2 3

2

⌉
, Ns =

⌈
k(⌈x⌉ − 2) + 3

2

⌉
.

Finite initial indices can be absorbed by increasing these sizes. Indeed ⌊log2(1/τ)⌋ = 2Ns − 2,
and for integers y ≥ 1,

κ(l) ≥ y ⇐⇒ l ≥ k(y − 1) + 1.

This identity includes all plateaux of k. The choices give loss at most 2−n and, since k has unit
increments, 2Nc +mNs = Λ + (m/2)k(Λ) +O(1). The upper states are maximally entangled,
giving the same usable upper bound and quantum value one.
One joint measurement family. On an arbitrary original loss-ε strategy in local dimension d,
the compiler transfer and residual powering give an unpowered weighted model in dimension
at most cd, at precision

δ = (C
√
ε)1/q, λ = log2(1/δ) = n/(2q) −O(1).

Enlarge the fixed compiler constant so that λ ≤ Λ. Take an admissible J in (Q2.2) with

J ≥ λ− a1 log2(T (λ) + 2) −O(1).

Monotonicity of T makes this choice admissible, after a fixed shift. The calibrated source
clocks have a safe precision δs ≥ δ, chosen as the maximum of δ and their explicit calibration
bound. Since k has unit increments,

log2(1/δs) ≥ k(Λ) −O
(
log T (Λ) + logn

)
. (Q3.4)

Positive lower density and subexponential delay imply ts = log4(1/δs) ≥ cλ eventually. Use
checker depth

M = ⌊λ/2 − 30 log4(2 + λ/2)⌋

and source depth Ms = ⌊ts − 30 log4(2 + ts)⌋. The within-clock errors are

C(M + 1)34Mδ = O(λ−27), C(Ms + 1)34Msδs = O(λ−27).

Every cross-clock commutator and flip-preservation error is a fixed polynomial in the depths
times the original δ, because the complete clock-generator sets commute at that precision.
These errors are exponentially small in λ. Thus a single η = O(λ−26) controls the joint
family of b = 2M +mMs = O(λ) binary measurements. Order the families fuel, time, then
sources, each with increasing digits. Each flip preserves later measurements. By Theorem 8.1,
log2(cd) ≥ b− o(1): its terms Cb3η + b[h2(e) + e] tend to zero for e = Cb4η2. Combining this
with (Q3.4) proves the dimension lower bound.
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Extraction from the original mixed state. Use the proof of Proposition 12.2, rather than
restricting its literal statement to the earlier source family. Every raw digit here is a projection
conjugated by a unitary word; Alice’s opposite word is again an exact projection, and her
opposite flip is a unitary. On a purification of the actual mixed input, including its inaccessible
environment, their mirror errors obey

Cℓ
√
ε ≤ Cℓδq ≤ Cℓδ, ℓ = O(max(M,Ms)) = O(λ). (Q3.5)

Alice’s square-root-state commutators have the same polynomial word-length overhead. All
these quantities are exponentially small and hence bounded by the common η above, also
when q = 1. Bob’s swap, triangular and preservation estimates are exactly those already
proved for the joint count. Reverse its measurement order to put the preserved measurements
before the current stage, as required by Lemma 12.1. All b stages are compulsory binary
stages, with no inactive outcomes or inclusion operation. That lemma gives

EA→BD (ρAB) ≥ b− o(1) ≥ Λ + m
2 k(Λ) −O(log T (Λ) + logn).

Pure local dilation ancillas do not change the rate. This argument neither selects a pure
component nor normalizes a favored clock branch. Taking the infimum over every original
strategy proves (Q3.2). The compulsory contribution diverges, excluding a finite-dimensional
perfect strategy.

Q4 Exponent pairs and the witness-free classification proof
Use the real-number hierarchy convention of Zheng and Weihrauch [73]: finite liminfs of
computable rational sequences form Σ0

2, finite limsups form Π0
2, and their common limit class

is ∆0
2. The following elementary naming fact will be useful.

Lemma Q4.1 (Simultaneous endpoint names). If 0 < L ≤ U < ∞, L ∈ Σ0
2 and U ∈ Π0

2,
there is a total computable bounded rational sequence with lower limit L and upper limit U .
If both endpoints lie in (0, 1], the sequence may be chosen in [c0, 1] for any fixed rational
0 < c0 < L.

Proof. For L < U , choose a rational separator r strictly between them, a computable liminf
name (us) for L, and a computable limsup name (vs) for U . Fix rational bounds a < L < U < b.
Interleave

min(r,max(a, us)), max(r,min(b, vs)).

The first subsequence has liminf L and is at most r; the second has limsup U and is at
least r. Their interleaving has the required endpoints. If L = U , membership in both classes
gives a convergent computable name. For endpoints in (0, 1], apply x 7→ min(1,max(c0, x)).
Continuity and monotonicity preserve both endpoints. Upper clipping may change infinitely
many terms when U = 1, which does not affect this conclusion.

Theorem Q4.2 (The logarithmic exponent pairs). The positive finite lower/upper logarithmic
dimension-exponent pairs of finite rational value-one BCS games are exactly

{(L,U) : 0 < L ≤ U < ∞, L ∈ Σ0
2, U ∈ Π0

2}. (Q4.1)

Every such pair is realized by one fixed game with no finite-dimensional perfect strategy and
with the same pair for d→G (2−n)/n. Separately, the positive finite lower dimension exponents
are exactly the positive Σ0

2 reals, and the positive finite upper ones exactly the positive Π0
2

reals.
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Proof. By Lemma 2.4, DG(2−n) is a total computable integer sequence under the value-one
promise. Approximate its logarithm by rationals to error at most 1/n. The normalized
sequence has the same finite lower and upper limits, giving the two necessary hierarchy classes.
This necessity concerns dimension, not an algorithm for distillable entanglement.

For sufficiency choose integers

q = ⌊1/(2L)⌋ + 1, m = ⌈4qU − 2⌉, L′ = 4qL− 2
m

, U ′ = 4qU − 2
m

.

Then m ≥ 1 and 0 < L′ ≤ U ′ ≤ 1. Positive rational affine maps preserve the respective
arithmetic classes. Use Lemma Q4.1 and Lemma Q2.1 for a rational c0 < L′. By Theorem Q3.1,

log2DG(2−n)
n

= 1
2q + m

4q
k(Λ)

Λ +O(logn/n),

and the same formula holds for usable demand. Every integer Λ occurs at 2q consecutive
precision indices, giving lower limit L and upper limit U . These parameter and separator
choices are existential; no uniform procedure extracting them from arbitrary endpoint names
is asserted. To realize an arbitrary positive Σ0

2 lower endpoint alone, pair it with a larger
rational upper endpoint. For a positive Π0

2 upper endpoint choose a smaller positive rational
lower endpoint. The separate necessity arguments also apply when the other endpoint is
infinite.

Corollary Q4.3 (Local-heat pairs for the constructed games). In the reset model of Section 13,
the polynomial-delay games above satisfy

wlocal,G(2−n) = 2Λ +mk(Λ) +O(logn).

Their local-heat coefficient pairs are (2L, 2U), and joint-reset heat is bounded. This is an
inclusion in the full heat-pair spectrum.

Proof. Apply the cited thermodynamic sandwich (13.1), namely 2d→G ≤ wlocal,G ≤ 2 log2DG+
2 log2Kans, to the matched profiles. The answer alphabet is fixed. The joint-reset bound is
the same input from [24, Theorem 2.1]; no new thermodynamic inequality is used.

Corollary Q4.4 (Classification without a game witness). Every positive ∆0
2 logarithmic

dimension coefficient has a matched original-state usable realization using no MIP∗ = RE
witness. Together with Lemma 2.4, this proves Theorem 1.1. For each polynomial-delay profile
construction, the explicit function Λ + (m/2)k(Λ) is computable in polynomial time in n and
approximates both demands to additive error O(logn).

Proof. Take L = U = α in Theorem Q4.2; a convergent pulse name suffices. Its presentation
uses only the polynomial compiler, Cantor clocks, carry, finite counter simulation, count
and extraction already specified, with no call to the witness construction of Section 16. The
converse is the computable-dimension limit argument. Dyadic losses imply the full ε ↓ 0 law:
monotonicity sandwiches a loss between adjacent dyadic losses, whose linear targets differ
by O(1). For the algorithmic assertion, run the fixed counter program through Λ pulses and
evaluate its one-count. Polynomial delay makes this polynomial time. The error statement
follows from Theorem Q3.1; it is an approximation to optimized demands, not an exact
polynomial-time evaluation of either one.

The exact-trace obstruction of Section 14 is compatible with these results. It concerns
a fixed rational polynomial whose exact-trace minimum is the target coefficient. Here the
initialized cylinder, history columns, multipliers and counted measurement family change
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with precision. In an exact trace (Q2.2) forces every calibrated input to vanish, since positive
lower density dominates the subexponential horizon; that zero is independent of the target
endpoints. No stationary expectation of the output control is identified with k(J)/J . The
witness-based proof in Section 16 retains its separate projection-minimum and exact-trace
conclusions.

Q5 Profiles computable in small space
Corollary Q5.1 (Space-bounded target profiles). Let A : N → N be computable on input n
in work space O(logn), respectively o(n). Suppose fixed rationals 0 < α ≤ β and c ≥ 0 satisfy,
for every n′ ≥ n,

α(n′ − n) − c ≤ A(n′) −A(n) ≤ β(n′ − n) + c. (Q5.1)
Some fixed finite rational value-one BCS game has both log2DG(2−n) and d→G (2−n) equal to
A(n) +O(logn), respectively A(n) + o(n).
Proof. Choose integer q ≥ 1/α and integer m ≥ max(1, 2(2qβ − 1)), and put τ(J) =
(2/m)(A(2qJ) − J). For J ′ ≥ J its increments lie between (2/m)(J ′ − J) − 2c/m and
(J ′ − J) + 2c/m. Set k(0) = 0 and

k(J + 1) = k(J) + 1k(J)<τ(J+1).

The discrepancy is bounded by 1 + 2c/m+ |τ(0)|. For its upper side, take the last increment
before J and use the lower interval-slope bound after that point. For its lower side, take the
last non-increment and use the upper interval-slope bound; if either point is absent, the initial
value gives the same bound. Thus the word of unit increments has positive lower one-density
and Λ + (m/2)k(Λ) = A(2qΛ) +O(1).

Let s(n) be the target computation’s space use and set

S(n) = max
j≤n

s(j) +O(log(n+ 2)). (Q5.2)

This includes input-head positions, loop bookkeeping and the O(logn) output bits, since
the slope bound gives A(n) = O(n). A halting deterministic computation cannot revisit
a complete configuration. Its configuration count, including these data, is 2O(S(n)). Store
tapes as counter stacks and simulate each elementary step by bounded copying and counter
operations; stack sizes and the total sequential time through all inputs j ≤ n remain 2O(S(n)).
Computing the greedy word sequentially is therefore a finite counter program with that delay
bound.

If s(n) = O(logn) the delay is polynomial. If s(n) = o(n), its prefix maximum is also
o(n) and the delay is subexponential. Apply Theorem Q3.1, with fixed rescaling n = 2qJ , to
obtain respectively O(logn) and o(n) error. Finally (Q5.1) makes A(n) −A(2qΛ) = O(1).

Conversely a fixed counter program run for T (J) steps has all counters at most T (J) and
its pulse word is computable in space O(log T (J)). This describes small-space representatives
produced by this architecture. It does not characterize the exact optimized finite-scale values
of every game.

Q6 Power-scale exponent pairs
Theorem Q6.1 (Power pairs in the unit interval). For every 0 < L ≤ U ≤ 1 with L ∈ Σ0

2
and U ∈ Π0

2, one fixed finite rational value-one BCS game has lower/upper pair (L,U) for
both

log2 log2DG(2−n)
n

,
log2 d

→
G (2−n)
n

.
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The same pair is realized for pure entropy and formation demands. More precisely, the
constructed game’s two logarithmic profiles equal

2k(⌊n/2⌋) +O(
√
n logn). (Q6.1)

Conversely finite lower and upper power exponents of logDG belong respectively to Σ0
2 and Π0

2.
Thus dimension pairs in (0, 1] are classified by these endpoint conditions. No upper ceiling of
one for arbitrary games, or arithmetic ceiling for arbitrary usable pairs, is asserted.
Proof. Use the finite-moment source and full programmed source construction of Sections P2
and P5. Replace its convergent stream by the hold stream from Lemmas Q2.1 and Q4.1,
with endpoints L,U and a fixed rational c0 < L. This retains the original unguarded checker
interface: at this scale its O(n) logarithmic dimension is negligible compared with the source
cost. No source-moment or extraction input is replaced by a logarithmic clock count.

The complete-column calibration proof gives
e ≤ poly(n)2−k(⌊n/2⌋−O(logn)) +O(2−n/2).

The source mirrors have error O(2−n/2), which fits this envelope because k(J) ≤ J . The
original-state source extraction in Theorem P1.1 then yields

log2 d
→
G (2−n) ≥ 2k(⌊n/2⌋) −O(log2 n).

This is the source-level operational estimate already proved in the power part, on every
original mixed state.

For the upper model fix one integer moment order v > 1/c0 + 1. The source model of
size N has τ(|Ri|2v) ≤ CvN

−v. Put l0 = ⌊1
2 log2N⌋ − 1. For the spectral measure of |Ri|,

the dyadic band (2−l−1, 2−l] has mass at most min(1, Cv2−2v(l0−l)). Its calibrated penalty
is s = 2−κ(l)−1; zero eigenvalues contribute zero. Apply the window lower-density bound
between the l-th and l0-th ones to obtain

κ(l0) − κ(l) ≤ l0 − l

c0
+O

(√
κ(l0) log(κ(l0) + 2)

)
.

The fixed factor 1/c0 multiplying the window error is absorbed in the constant. For l < l0,
multiply the band mass by its squared penalty and sum the convergent geometric series with
ratio 22/c0−2v < 1. For l ≥ l0, monotonicity of κ and the total mass bound suffice. Thus

∥Si∥2
2 ≤ C2−2κ(l0)+O(

√
κ(l0) log(κ(l0)+2)). (Q6.2)

Choose a sufficiently large fixed B and set explicitly

J∗ =
⌈
n/2 +B

√
n+ 2 log2(n+ 2)

⌉
, log2N = 2k(J∗) + 4.

Then l0 = k(J∗) + 1 and κ(l0) > J∗ exactly, including plateaux. Positive lower density gives
κ(l0) = O(n). Increasing B or the fixed additive constant absorbs compiler constants in
(Q6.2), so all penalties reach the required loss. Size the unguarded checker registers at n+O(1)
bits to control their overflow defects. The simultaneous source upper bound is

log2DG(2−n) ≤ 3N +O(
√
N) +O(n),

hence log2 log2DG(2−n) ≤ 2k(⌊n/2⌋) + O(
√
n logn). Unit increments of k control the shift

from J∗, and the maximally entangled upper states match the usable lower bound. Pure
entropy and formation are squeezed by the same two bounds. Dividing by n proves the
endpoint realization. Finally DG(2−n) is computable, so rational approximations to its double
logarithm give the stated necessary liminf/limsup classes.

The window condition is needed in the power upper bound because the source spectrum is
controlled by moments. The logarithmic construction has only one nonzero calibrated source
eigenvalue and needs no such spectral summation.
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Q7 A time bound for whole profiles
Write AG(n) = log2DG(2−n). Finite-dimensional feasibility imposes a restriction on the entire
function, stronger than the endpoint hierarchy alone.

Proposition Q7.1 (Doubly exponential computation). For every fixed finite rational value-
one game with finite upper logarithmic dimension exponent, there is a constant cG such that
DG(2−n) is computable exactly in time 22cGn . A rational approximation to AG(n) with error
at most 2−n is computable within the same form of time bound. More generally a requested
logarithm precision has the additional standard numerical overhead; no uniform procedure
finding cG from a game description is asserted.

Proof. For fixed local dimension d, pure states suffice for feasibility: with measurements fixed,
a mixed state’s winning score is an average of pure-state scores in the same spaces. This
reduction concerns dimension feasibility only. Represent a pure state by a complex vector in
Cd2 and each POVM effect by Y Y ∗. Separate real and imaginary coordinates. Normalization,
positivity-by-factorization, completeness and the winning inequality give an existential real
sentence with OG(d2) variables and constraints, degree at most six, and coefficient bit lengths
OG(n). Its dense description has polynomial size in d, n.

Singly exponential existential-real algorithms, rather than unrestricted iterated quantifier
elimination, give bit complexity 2OG(d2 log(d+2)) polyG(n); see [5, Sections 2.2 and 2.5]. Search
d = 1, 2, . . . for the first feasible dimension. The value-one promise ensures termination.
A finite upper exponent gives DG(2−n) ≤ 2CGn eventually, so the total search cost is at
most 22cGn after enlarging the constant. Finitely many early indices are absorbed by a finite
table. The integer answer is exact. Its logarithm is computed to the stated rational accuracy
by standard arithmetic with OG(n) integer/output bits and precision n, negligible in this
bound. A bounded-error logarithm, or its integer part, is enough for the diagonal arguments
below.

Theorem Q7.2 (Computable profiles outside every game). There is a total computable
A : N → N, with A(0) = 0 and A(n+ 1) −A(n) ∈ {0, 1}, such that

1
4 ≤ lim inf A(n)/n ≤ lim supA(n)/n ≤ 3

4 ,

and no finite rational value-one game satisfies AG(n) = A(n) + o(n). More generally, for
every 0 < L < U < ∞ with L ∈ Σ0

2, U ∈ Π0
2, there is such an unrealizable computable profile

with these exact endpoints, A(0) = 0, and integer increments between zero and a fixed integer
C. The unit-increment condition in the first example is not asserted for arbitrary endpoints
above one.

Proof. A direct repeated-index diagonal. Let e(i) be a computable enumeration in which
every machine index occurs infinitely often, and set T (i) = 228i

. Simulate machine e(i)
on input i for T (i) of its own steps. If it halts with a bit, define bi to be the opposite
bit; otherwise define bi = 1. This is a total computable sequence. Any machine eventually
computing it within time T (i) disagrees at arbitrarily large indices assigned to that machine.
The computation defining b itself has no claimed bound T .

Let a continuous piecewise-linear function have slope 1/4 + bi/2 on [4i, 4i+1), and take its
integer part, with a harmless nondecreasing finite prefix from A(0) = 0. Its integer increments
are zero or one and its normalized asymptotic values lie in [1/4, 3/4]. Across block i,

A(4i+1) −A(4i) = 3
4 4i + 3

2bi4
i +O(1).

An o(n) approximation at both endpoints recovers bi eventually by comparing this difference
with (3/2)4i. If that approximation were AG, Proposition Q7.1 would compute it in time
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22OG(4i)
< T (i) eventually. Bounded numerical error in the two logarithms is harmless. This

contradicts the repeated-index diagonal without requiring an effective modulus of the assumed
o(n) error.
Every prescribed off-diagonal pair. Fix rationals

0 < a < L < c1 < c2 < U < b < C,

with C an integer. By Lemma Q4.1, take a total computable rational sequence qr ∈ [a, b] with
endpoints L,U . Put ir = 22r and Nr = 4ir . Define hard bits br by the same repeated-index
diagonal, now using time T (r) = 228ir

on input r. On the bit interval [Nr, 2Nr] set

A(n) = A(Nr) + ⌊c1+br (n−Nr)⌋. (Q7.1)

On the gap from 2Nr to Nr+1 use the fixed next target qr+1 and the greedy update

A(n+ 1) = min
(
A(n) + C, max(A(n), ⌊qr+1(n+ 1)⌋)

)
. (Q7.2)

Before N0 choose any nonnegative prefix starting at zero with increments at most C. This
defines a total computable integer function. Computing a target or a hard bit may take
arbitrarily long; no target-runtime bound is imposed in this theorem. Both rules have
increments in [0, C], and 0 ≤ A(n) ≤ Cn.

To prove that a gap catches its target, suppose it starts at m. If above the line, the
constant value is caught by time at most (C/a)m+O(1). If below, increasing by C catches a
line of slope at most b < C by time at most (C/(C− b))m+O(1). Once caught, (Q7.2) tracks
its integer part. There is therefore one fixed R such that every gap tracks by Rm + O(1),
independently of r and qr. Since Nr+1/(2Nr) → ∞, every sufficiently late gap ends on its
target:

A(Nr)/Nr = qr +O(1/Nr).

During a gap the normalized ratio remains in the hull of its starting ratio and the target, up
to O(1/n): above it waits, below it increases until caught, then tracks. During a bit interval
the ratio is in the hull of A(Nr)/Nr and c1 or c2, with the same floor error. As both slopes
are strictly inside (L,U), all late ratios lie in [L − o(1), U + o(1)]; the values at Nr attain
both endpoint limits. Thus the exact endpoints are L,U .

If AG = A+ o(n), compare its values at 2Nr and Nr with threshold ((c1 + c2)/2)Nr. The
two possible increments in (Q7.1) differ by (c2 − c1)Nr +O(1), so this decodes br eventually.
By Proposition Q7.1, the decoder costs 22OG(4ir )

< T (r) for all sufficiently large r, again
contradicting the diagonal. This proves the complete prescribed-endpoint assertion.

When L = U = α, every profile with those endpoints is αn + o(n) and Corollary Q4.4
realizes that class. The whole-profile obstruction is therefore off the diagonal, even though
every admissible endpoint pair is realized by some other profile.

Q7.1 The remaining frontiers

Problem Q7.3 (The space/time profile gap). Which classes of logarithmic dimension profiles
modulo o(n) are realized by finite rational value-one games? Under (Q5.1), Corollary Q5.1
realizes small-space representatives, while Proposition Q7.1 and Theorem Q7.2 impose a
doubly exponential time restriction and exclude some computable bounded-increment targets.

The counter architecture has counters bounded by elapsed physical time, and polynomial-
horizon stability permits only subexponential physical delay at logarithmic precision. It
therefore supplies space-o(n) representatives. Extending the realized range would require a
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different effective precision-to-computation charge, or a stronger general feasibility algorithm
narrowing the excluded range. The witness forcing of Section 16, which uses compactness,
does not supply such a scale-pinned modulus.

Conjecture Q7.4 (The full usable endpoint ceiling). For a finite rational value-one game,
positive finite lower and upper logarithmic usable exponents belong respectively to Σ0

2 and
Π0

2. The analogous endpoint ceiling holds at the power scale.

The matched games prove the realization inclusion, not this ceiling. Finite-dimensional
feasibility computes dimension but does not compute the regularized directional rate. A
counterexample may have operational endpoints outside these classes without contradicting
the dimension results.

Sapir–Birget–Rips [62] provide the resource-function template for the time restriction: their
stated Dehn-law digit conditions have double-exponential sufficiency and triple-exponential
necessity, and their broader time-function characterization has additional hypotheses. No
Dehn-to-game reduction is used here. Meyerovitch [49, Theorem 5.1] classifies lower, upper
and existing entropy dimensions with classes Σ2,Π3,∆2; the upper class differs because
global pattern extension is not the computable finite-dimensional feasibility problem here.
Hochman–Meyerovitch [36] give the finite-local-rule arithmetic-spectrum precedent, Zheng–
Weihrauch [73] the liminf/limsup normal forms, and Brady–Bridson [10] the dense algebraic-
scaling predecessor. These are comparisons of constructions and invariants, not priority or
reduction claims.

Q8 Group profiles and the trace obstruction
There is an effective upper classification for group profiles, but transferring the realizations
requires additional structure. A trace obstruction explains why the particular counter pre-
sentations here cannot be transferred by fixed polynomial decoders into algebraic group
rings.

Q8.1 Effective bounds for group profiles

Fix a finite presentation Γ = ⟨S | R⟩ with distinguished central involution J . Let WΓ(e) be
the minimum d admitting unitaries Us on Cd and a positive ξ with Tr ξ2 = 1 such that

∥(Ur − I)ξ∥2 ≤ e, ∥[Us, ξ]∥2 ≤ e, ∥(UJ + I)ξ∥2 ≤ e.

Let hΓ(e) instead require UJ = −I and normalized Frobenius relator errors at most e. These
definitions use words in the free group, not a word-problem oracle. Clearly WΓ(e) ≤ hΓ(e).

Theorem Q8.1 (Group arithmetic and time ceilings). Under finiteness at every positive
precision, WΓ, hΓ are computable on positive rationals. Their finite lower logarithmic exponents
belong to Σ0

2, their finite upper exponents to Π0
2, and existing finite exponents to ∆0

2. If either
profile has finite upper exponent, both integer dimensions at precision 2−n are computable in
time 22OΓ(n), and their logarithms to additive error one in the same time.

For every admissible distinct pair 0 < L < U < ∞, L ∈ Σ0
2, U ∈ Π0

2, there is a total
computable bounded-increment profile A with these endpoints such that neither log2WΓ(2−n)
nor log2 hΓ(2−n) can equal A(n) + o(n) for any finitely presented group.

Proof. In dimension d, use real and imaginary matrix coordinates for the unitaries and write
ξ = BB∗, Tr ξ2 = 1. Squared defects and unitarity give rational polynomial equalities and
inequalities of fixed degree in OΓ(d2) variables. In the flat case impose ∥Ur − I∥2

F ≤ de2
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and UJ = −I, avoiding an irrational scalar 1/
√
d. Existential real decision and increasing

search in d compute the minima under the finiteness promise. Rational approximations to
log2W (2−n)/n, or to the flat analogue, form a computable sequence with vanishing error.
The normal forms used in Lemma Q4.1 and Theorem Q4.2 give the arithmetic inclusions.
Monotonicity between adjacent dyadics gives the same finite endpoints over all real precisions.

We justify the dimension cap needed for the time assertion even when only the weighted
upper exponent is known. For a weighted η-model put Pt = 1[

√
t,∞)(ξ). Spectral integration

gives ∫ ∞
0

TrPt dt = 1,
∫ ∞

0
∥(Ur − I)Pt∥2

Fdt ≤ η2.

The same identity holds for the negative-J defect. Spectral coarea [68, Lemma 5.5] gives∫ ∞
0

∥[Us, Pt]∥2
Fdt ≤ 2∥[Us, ξ]∥F ≤ 2η.

Sum the finitely many errors. Some nonzero Pt has total squared error at most Cη rankPt. For
completeness, the coarea inequality follows by diagonalizing two positive matrices: the spectral
overlap weights give a measure on pairs (x, y), and the integral of the squared difference of
their threshold indicators is |x2 − y2|. Cauchy–Schwarz bounds its integral by the product of
the Frobenius norms of the difference and sum. Apply this to ξ and UsξU∗s , whose sum norm
is at most two.

Compress each generator to PtH and round its singular values to one. If si ≤ 1 are those
values, ∑(1 − si)2 ≤

∑(1 − s2
i ), the latter being the off-block squared mass. Thus normalized

rounding costs OΓ(√η). Telescoping every fixed relator, using the off-block bounds at its
intermediate factors, has the same order. The negative defect permits replacing the rounded
J by −I. Consequently

hΓ(K√
η) ≤ WΓ(η)

for a fixed K. A finite upper exponent for either profile therefore bounds both dimensions at
2−n by 2Cn, after changing C. For the fixed-degree real system, singly exponential existential
decision costs at most 2OΓ(d2 log(d+1)) poly(n) [5]. Sum this over d ≤ 2Cn to obtain the doubly
exponential bound. The constants depend on the presentation and promise; no uniform test
of that promise is claimed.

Here is the whole-profile diagonal explicitly. Choose rationals 0 < a < L < c1 < c2 <
U < b < C, with integer C, and a computable rational sequence qr ∈ [a, b] with endpoints
L,U . Put ir = 22r , Nr = 4ir and T (r) = 228ir

. Enumerate machine indices with every index
repeated infinitely often. On input r simulate the assigned machine for T (r) steps and choose
the opposite bit if it returns a bit, and one otherwise. This total computable bit sequence br
has no eventual T (r)-time algorithm, by its repeated-index diagonal.

On [Nr, 2Nr] define A(n) = A(Nr) + ⌊c1+br (n−Nr)⌋. In each following gap use

A(n+ 1) = min{A(n) + C, max{A(n), ⌊qr+1(n+ 1)⌋}}.

Start from a bounded-increment nonnegative prefix. From above a target line of slope at least
a catches a constant value after a fixed multiple of the gap’s initial index; from below speed
C > b catches it in a fixed multiple as well. Since Nr+1/Nr → ∞, every late gap reaches and
then tracks its target. Thus A(Nr)/Nr = qr +O(1/Nr). Within a gap the normalized ratio
stays in the hull of its initial ratio and its target, and within a bit block in the hull of its
initial ratio and c1 or c2, up to vanishing floor error. The endpoints are exactly L,U , and
increments lie in [0, C].

An o(n) approximation by either group profile would recover br eventually by comparing
its increment from Nr to 2Nr with ((c1 + c2)/2)Nr. The time bound already proved makes
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this a decoder of time 22OΓ(4ir )
< T (r) eventually, a contradiction. This treats both profiles

separately without a convergence modulus.

These are necessary group classes, not group realizations. Constant precision rescaling
shifts a dyadic index by O(1); a square-root game interface divides the corresponding exponent
by two. The linear-system comparison [50, Corollary 5.5] respects these conventions but does
not supply the missing realization inclusion.

Q8.2 Traces forced by the counter presentation

Let A(Pπ) be the algebraic unitary-domain presentation of the counter construction for a
program π. Encode a projection as (1 − s)/2 for a self-adjoint involution s, and a positive
contraction as (2+u+u∗)/4 for a unitary u. We use the carry-clock presentation of Section Q1;
the unguarded presentation has the same exact digit action. Powered residuals are understood
in positive representations. In particular, (p∗p)q = 0 implies p = 0 in the positive GNS
representation, not as an abstract rule about nilpotents in an arbitrary algebra.

Lemma Q8.2 (Trace rigidity of initialized controls). Every tracial state of this bounded
presentation assigns to the control projection Qσ the value

cσ =
∑
r≥0

2−2r−1Nσ(2r),

where Nσ(M) counts the visits to σ at physical times 0 ≤ h < M of the initialized classical
program. A single visit at time h contributes (2/3)4−bitlength(h), with bitlength(0) = 0.

Proof. Pass to the finite von Neumann GNS algebra, with faithful normal trace. The positive
clock relation separates the low and high intervals, so its digit projection is the high spectral
digit of its Cantor coordinate. Iteration gives all later digits as spectral functions. The flip
fixes the tail and interchanges the first digit; trace invariance therefore makes that digit fair
independently of the tail. Iterating the shift proves the fair Bernoulli law. Commutation of
the two clock copies, together with their separate flips and shifts, proves joint independence
of all fuel and time digits.

Let Γr be the fuel cylinder with exactly r initial ones. Its trace is 2−r−1. The carry
recursion has remainder norm at most 4−n and implements addition by one on time digits. On
Γr, reset is the indicator of time residue zero modulo 2r. The commuting cylinder projections

Ch = Γr1{time≡h mod 2r}, 0 ≤ h < 2r,

have traces 2−2r−1 and are cyclically permuted by U . Every instantaneous variable commutes
with them. Initialization fixes age one, zero counters and initial control on C0.

Induct on h. The age and counter equations force the scalar values ACh = (h+ 1)−1Ch,
YiCh = ni(h)(h + 1)−1Ch. If ni(h) > 0, YiEi = 0 forces EiCh = 0. If ni(h) = 0, put
R = (I −Ei)Ch. The positive witness equation gives RWiR = −(h+ 1)−1R; positivity forces
R = 0. Thus the zero test, the next control and the next counter are exactly the deterministic
ones, including cyclic reset. In particular QσCh = 1σ(h)=σCh; multiplicity spaces carry no
alternative history.

The fuel-all-ones projection has trace at most 2−R for every R, hence zero. Normality now
sums the cylinder identities and gives the formula. Its total over all controls is ∑r 2−r−1 = 1.
A visit at h occurs in precisely the terms 2r > h, whose geometric sum is (2/3)4−bitlength(h),
including h = 0 and powers of two.
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Lemma Q8.3 (An elementary irrational marker). Any of the polynomial-delay pulse programs
can be combined with an elementary counter program so that a finite sum of its orthogonal
control projections has irrational trace in every tracial state. The pulse word and all profile
and exponent conclusions are preserved.

Proof. Use counters L,O, T, I, A, initially zero, and four increments to initialize L = 4. The
following loop uses seventeen controls. Write +X; v for increment and jump, −X; v0, v1 for
decrement-or-zero-test, and 0; v for a NOP.

Control Instruction Control Instruction
MARK 0; CO CO −L; RO,CO1
CO1 +O; CO2 CO2 +T ; CO
RO −T ; OUTER,RL RL +L; RO
OUTER −O; CLEAR,CI CI −L; RI,CI1
CI1 +I; CI2 CI2 +T ; CI
RI −T ; INNER,RL2 RL2 +L; RI
INNER −I; OUTER,AI AI +A; INNER
CLEAR −L; MOV,CLEAR MOV −A; MARK,ML
ML +L; MOV

The copy through T preserves L while putting it in O. Each of the L outer iterations copies
L into I and transfers I into A. Clearing L and moving A back squares L and leaves all
scratch counters zero. Initial copy and restoration cost 5L + 2. Each outer iteration costs
7L+ 3 internally, and the outer tests cost L+ 1, giving 7L2 + 4L+ 1. Clearing costs L+ 1,
moving costs 2L2 +1, and MARK costs one. Thus there are exactly 9L2 +10L+6 instructions
between MARK visits. All counters are at most elapsed elementary time.

The first visit times are vi = 4, 194, 2664, 595054, with Li = 4, 16, 256, 65536. In general
Li = 42i and vi = 9Li +O(Li−1). Alternate one main instruction with one marker instruction,
using finite product controls. Marker visits then occur at ti = 2vi + 1; their bit lengths satisfy
ki = 2i+1 +O(1), initially 4, 9, 13, 21. They are eventually distinct with unbounded gaps. By
Lemma Q8.2, the projection for marker visits, a finite orthogonal sum of product controls,
has trace (2/3)∑i 4−ki . A finite prefix only changes a rational number. After multiplication
by 3/2, its base-four digits have infinitely many isolated ones with unbounded zero gaps,
and are not eventually periodic. Its trace is irrational. At least one constituent control has
irrational trace; no effective identification of that constituent is required.

Allowing finite sets of output controls gives exactly doubled main delays. To retain the
literal convention of two output NOP controls, store the finite return tag in extra counters,
pass through the unique appropriate output control and dispatch through a finite decision
tree. This takes a bounded number of primitive instructions; pad to a fixed constant slowdown.
The marker gap argument survives this change. Pulse labels and their order are unchanged,
polynomial pulse delay is preserved, and constant physical slowdown changes the logarithmic
profile accounting by only O(logn). Thus every admissible matched pair still has a realizing
presentation with this obstruction.

Q8.3 Canonical group-ring traces

Lemma Q8.4 (Rational matrix idempotent traces). For every group Γ and idempotent
E ∈ MN (C[Γ]), (Tr ⊗τ0)(E) is rational, where τ0 is coefficient at the identity. Every nonzero
projection has strictly positive canonical matrix trace.

Proof. Corollary 1.2 of Burger–Valette already gives rationality on K0, hence for matrix
idempotents. The following optional normalization also derives it directly from Zalesskii’s
scalar theorem for arbitrary idempotents in C[Γ]; see Burger–Valette [13, Theorem 1.3 and
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Corollary 1.2]. To see the matrix normalization directly, take the order-N3 finite Heisenberg
group. Its primitive central-character corner is MN (C): the shift and clock matrices give
its irreducible N -dimensional representation, and their N2 products span the corner. The
central-character idempotent has identity coefficient 1/N . On this simple block the canonical
trace is therefore N−2 Tr. Embed E as an idempotent in C[HN × Γ]. Scalar rationality there
gives N−2(Tr ⊗τ0)(E) ∈ Q, proving the claim. For projections, positivity and faithfulness
follow in the regular representation; equivalently the canonical trace of X∗X is the sum of
squared coefficients, also for matrices. Kaplansky’s positivity and endpoint result is a separate
classical input [13, Theorem 2.1].

Theorem Q8.5 (The counter presentation has no algebraic group-ring decoder). For the
marker-augmented counter presentation above, there is no nonzero ∗-homomorphism into
MN (C[Γ]), for any N and any group Γ, including nonunital homomorphisms. The same holds
for its compiled Boolean algebra and for targets that are negative-J corners of solution-group
rings, or finite central-character corners with rational trace normalization.

Proof. Suppose α is such a map, and put p = α(1). This is a nonzero projection. With
t = Tr ⊗τ0, Lemma Q8.4 gives rational t(p) > 0. Hence tα/t(p) is a tracial state of the source
presentation. Domain encodings are positive in this representation, so Lemmas Q8.2 and Q8.3
apply. The marker projection and its image are projections; the latter has rational trace,
contradicting its forced irrational normalized trace.

The compiler proof gives a unital map ι : A(P) → A(B), not merely a statement about
approximate models: each reconstructed source generator is a fixed polynomial in Boolean
generators, and every source equation is a finite ideal consequence of Boolean relations. The
explicit reconstruction identities in Section 3, including its orthogonality identity and gadget
converses, give precisely these consequences. Thus a hypothetical nonzero map β from the
Boolean algebra composes with ι to a nonzero map, since βι(1) = β(1) ̸= 0. Injectivity of ι is
unnecessary.

The negative-J quotient of a solution-group ring is the corner by (1−J)/2, with normalized
canonical trace 2τ0. Finite central-character corners likewise have rational normalization,
so the same argument applies. This does not conflict with Slofstra’s group embedding
theorem [67], which is a theorem about groups and does not embed every Boolean algebra
into a solution-group ring.

Corollary Q8.6 (An approximate version with a canonical limit). Suppose a group with
central J has a hyperlinear trace τ with τ(J) = −1. Put H = {g : |τ(g)| = 1} and χ = τ |H ,
and assume χ has finite image. There cannot be fixed unital polynomial decoders for the
preceding counter presentation that are O(e)-sound in every flat e-model of that group.

Proof. Equality in GNS Cauchy–Schwarz makes every h ∈ H act on the cyclic vector by χ(h);
the trace property gives a normal subgroup and conjugation-invariant character. The tensor
traces τ |τ |2m are hyperlinear and negative on J , and converge to the trace τ∞ equal to χ
on H and zero elsewhere. A diagonal choice of their microstates proves hyperlinearity of the
limit. Their negative-J defect tends to zero, so replacing J by −I gives flat negative models
with vanishing fixed-relator defects. Universal soundness forces each decoded relation-square
trace to vanish in this limit.

The quotient is the twisted group ring of Γ/H. Its different coset basis vectors are
orthogonal in the canonical GNS trace, which is faithful on finite sums. Consequently the
decoded relations hold as algebraic identities there. Let K = kerχ. Then K is normal
and H/K is finite central in Γ/K. The twisted ring is the corresponding character corner
of C[Γ/K], with rationally normalized canonical trace. This supplies the forbidden unital
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homomorphism in Theorem Q8.5. Soundness on a selected microstate sequence would not
justify this argument, and finite image is essential to the stated reduction.

The obstruction uses rationality of idempotent traces in algebraic group rings. Projections
in group von Neumann algebras behave differently: Grabowski embeds Turing machines into
integral group rings and obtains kernel projections of irrational and transcendental trace [33],
following Austin’s irrational example [3]; see also Pichot–Schick–Żuk [61]. These kernel
projections are analytic spectral functions of group-ring elements, rather than polynomial
functions, which is why Theorem Q8.5 excludes only fixed polynomial decoders.

This obstruction concerns these presentations and algebraic polynomial decoders. Precision-
dependent analytic truncations are one possible route around it. A fixed infinite analytic
decoder lies outside the algebraic group ring, and another presentation realizing the same
profile can have different control traces. No conclusion that all group realizations require
precision dependence follows from this theorem; the group realization problem remains open.

Q9 Weak pure rounding of original strategies
The remaining usable-spectrum question is an optimized fixed-game problem. All distillation
below is Alice-to-Bob on the original mixed state, whose purifying environment is inaccessible.
Pure comparison strategies may use different measurements and dimensions.

Paddock [59, Corollary 1.3] rounds near-perfect BCS and synchronous strategies to near-
perfect strategies with maximally entangled states. Weak pure rounding asks instead for pure
strategies whose entropy is bounded by the original state’s one-way distillable rate.

Proposition Q9.1 (A sufficient one-way purification criterion). Let a finite one-way local
instrument on an original strategy state ρ produce Bob-flagged actual game-strategy branches τj,
with probabilities pj, losses ℓj, mean loss b = ∑

j pjℓj and mean joint entropy s = ∑
j pjS(τj).

Arbitrary local garbage erasure and nonflat branches are allowed. Then

pG(b) ≤ EA→BD (ρ) + s+ 1.

Consequently, for every fixed 0 < a < 1, selecting at each small ε an o(L)-near-minimizer
for d→G (ε) and such an instrument with b ≤ εa, s = o(L), L = log2(1/ε), implies weak pure
rounding

pG(εa) ≤ d→G (ε) + o(L).

This criterion is sufficient; its necessity is not asserted.

Proof. The output state is ω = ∑
j pjτj ⊗ |j⟩⟨j|B. One-way monotonicity and hashing [23]

give
EA→BD (ρ) ≥ S(ωB) − S(ω) =

∑
j

pj
(
S(τj,B) − S(τj)

)
.

The Shannon flag entropies cancel. Bob’s flag may include his private outcome; Alice need
not learn it.

For each branch fix its game measurements and losing effect Λj . Put ℓj = Tr τjΛj and
restrict to its support. The Hermitian matrix T = √

τj(Λj − ℓjI)
√
τj is traceless. Fourier-

transform an eigenbasis of T to obtain an orthonormal basis ui with ⟨ui, Tui⟩ = 0. The vectors√
τjui decompose τj ; every nonzero normalized vector has loss exactly ℓj . Entropy concavity

on Bob’s marginal selects one of entropy at most S(τj,B). Denote this pure strategy’s entropy
by ej . The preceding inequality gives ∑j pjej ≤ EA→BD (ρ) + s.

Minimize the mean of the fixed numbers ej over weights qj ≥ 0 with ∑
qj = 1 and∑

qjℓj ≤ b. The weights pj are feasible. A vertex optimum has at most two positive entries,
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since there are just normalization and at most one active loss constraint. Coherently superpose
those at most two pure strategies with orthogonal local flags and block-diagonal measurements.
The resulting pure strategy has loss at most b and entropy H(q) +∑ qjej ≤ 1 +EA→BD (ρ) + s.
This proves the bound. These branchwise pure witnesses are an existence argument; they
need not form a protocol implemented by Alice while ignorant of Bob’s private flag. Finally
apply the bound to the selected near-minimizer and use monotonicity of pG.

After refining all local discarded registers into fine Kraus outcomes, let JA be Alice’s
communicated outcome and JB Bob’s private outcome. Each conditional retained-AB plus
environment-E state is pure. The exact identity

s =
∑
jA,jB

pjS(E|j) = S(E) − χ(JA, JB : E)

expresses the residual joint entropy. All erased registers must be included in this refinement.
The instrument criterion concerns a selected near-minimizing family, not all states or all
inefficient strategies.

Corollary Q9.2 (What weak rounding would classify). For a fixed game satisfying weak
rounding for every a ∈ (0, 1), if either d→G (ε)/L or pG(ε)/L has a finite limit, both do and their
limits agree. A positive common coefficient belongs to ∆0

2. In the reset model the corresponding
local-heat coefficient is twice it.

Proof. Always d→G ≤ pG. If d→G /L → α, substitute δ = εa into weak rounding to bound the
upper pure coefficient by α/a; its lower coefficient is at least α. Let a increase to one. If
instead pG/L → α, weak rounding gives lower usable coefficient at least aα, while d→G ≤ pG
gives upper coefficient at most α. Again let a increase to one. For the arithmetic claim apply
the effective truncation argument of Proposition P6.1: its computable rank-restricted entropy
minima qn satisfy pG(2−n) ≤ qn ≤ pG(2−n−1)/(1 − tn), with tn → 0. Thus qn/n → α, so the
coefficient is limit-computable. The heat sandwich in Section 13 gives twice this coefficient in
the reset model.

Q9.1 One obstruction to effect-only purification

The next example fixes an effect and the underlying space. It explains why a general proof
must use structure specific to games; it is not a separation for optimized strategies of one
fixed game.

Proposition Q9.3 (A high-entanglement subspace obstruction). For arbitrarily large d there
are a projection P on Cd ⊗ Cd, effect Λ = I − P and zero-loss state ρ = P/r, r = rankP ,
such that

EA→BD (ρ) ≤ kd = log2(d2/r) = O(log log d),

while every pure vector of effect loss ℓ has entropy at least

(1 −
√
ℓ) log2 d− c0 − 1, c0 = 1 + 1/ ln 2.

For any one-way channel on ρ and comparison pure vectors in this same space with this same
effect, let their mean loss be b, the mean joint branch entropy s, and their mean entropy
allowance above branch Bob entropy c. Then

s+ c ≥ (1 −
√
b) log2 d− c0 − 1 − kd.
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Proof. Hayden–Leung–Winter [35, Theorem IV.1], with dA = dB = d, α = 1 and Γ = 1/1753,
provide a subspace S of dimension

r ≥ Γd2

2(log2 d)5/2

for sufficiently large d, in which every pure vector has entropy at least log2 d− c0. The factor
two absorbs the floor in their formula. Take P to be its projection. The separable state I/d2

and the relative-entropy bound on distillation [71] give

EA→BD (ρ) ≤ ER(ρ) ≤ D(ρ∥I/d2) = kd ≤ 5
2 log2 log2 d+ log2(2/Γ).

If a pure vector has loss ℓ < 1, its normalized projection into S is at half trace distance
√
ℓ.

Partial trace contracts that distance, and entropy continuity loses at most
√
ℓ log2 d+ 1. This

proves the pure lower bound. For ℓ = 1 the displayed lower bound is negative and automatic.
For channel branches τj and same-effect pure comparison vectors of loss ℓj and entropy

at most S(τj,B) + cj , flagged hashing as in Proposition Q9.1 gives

EA→BD (ρ) + s+ c ≥
∑
j

pjE(ψj) ≥ (1 −
∑
j

pj
√
ℓj) log2 d− c0 − 1.

Use concavity of the square root and EA→BD (ρ) ≤ kd. No enlargement by coherent flags is
used in this fixed-effect comparison.

Thus b = o(1) forces residual entropy plus allowance (1 − o(1)) log d − O(log log d). A
universal effect-only purification theorem cannot supply the required small residual. Actual
game effects have finitely many positive product summands tied to common POVM constraints,
and the game optimization permits changing those measurements. The dimension-dependent
generic subspace supplies neither a fixed game nor a universal lower bound under that
optimization. It therefore does not refute weak pure rounding.
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17 Open spectra and sharper resource laws
The dimension classification concerns a positive finite limit and a fixed rational finite game.
It leaves the following questions, including the distinction between dimension and operational
entanglement.

Problem 17.1 (Zero without perfection). Can a finite rational value-one BCS game with no
finite-dimensional perfect strategy have dimension exponent zero? Can its logarithmic usable
coefficient be zero with diverging sublogarithmic usable demand?

Finite-dimensional perfection forces a zero dimension exponent, but this does not settle
the converse. The positive lower bounds in our constructions exclude that case without
addressing subpolynomial dimension growth in other games. The witness-based architecture
forces coefficient at least 3/(4q) for every fixed residual power q, from its three compulsory
clocks alone. The carry-checker architecture of Section Q1 forces at least 1/(2q) from its two
compulsory checker clocks. A zero example needs a verifier cheaper than its compulsory clocks
or a different mechanism; changing flags or taking one larger fixed power cannot produce
zero.

Problem 17.2 (Weak pure rounding and the usable spectrum). Weak pure rounding
conjecture. For every fixed finite rational value-one game and every fixed 0 < a < 1, does

pG(εa) ≤ d→G (ε) + o(log2(1/ε))

hold for the original mixed-state demand, with the purifying environment inaccessible? The
finite-logarithmic regime d→G (ε) = O(log(1/ε)) is the remaining case relevant to positive
usable coefficients.

Paddock’s maximally entangled rounding [59, Corollary 1.3] is a close precedent, but does
not bound the rounded entropy by the original state’s distillable rate. Every positive ∆0

2
coefficient is already realized by Theorem 1.1; the opposite inclusion remains open because
finite-dimensional feasibility does not compute a regularized distillation rate. A sufficient
theorem is the one-way instrument criterion of Proposition Q9.1: on a selected o(L)-near-
minimizer, Bob-flagged actual game-strategy branches should have mean loss at most εa
and mean joint entropy o(L), allowing arbitrary garbage erasure and nonflat states. After
fine Kraus refinement the latter is exactly S(E) − χ(JA, JB : E) = o(L), including Bob’s
private outcomes and all discarded registers. This operational condition is sufficient, not
claimed necessary. By Corollary Q9.2, weak rounding would identify the usable and pure
coefficients and conditionally the doubled heat coefficient. The single effect-only obstruction
in Proposition Q9.3 shows why arbitrary bipartite effects cannot establish it.

A refutation must give one fixed G, fixed a ∈ (0, 1), γ > 0 and εi → 0 with pG(εai ) ≥
d→G (εi)+γ log2(1/εi), using actual original-state rate upper bounds and universal pure-strategy
lower bounds. Failure of a restricted instrument or a varying-effect example does not meet
these quantifiers.

Problem 17.3 (Linear systems and groups). Does the positive ∆0
2 realization theorem

hold for linear-system games, with matched original-state usable laws? Which admissible
group-profile endpoint pairs and whole profiles are realizable by finitely presented groups?

Theorem Q8.1 gives the necessary arithmetic classes, the doubly exponential time re-
striction and whole-profile exclusions, not group realizations. Theorem Q8.5 forbids fixed
polynomial matrix group-ring decoders for the specified irrational-control-trace counter
presentations. Precision-dependent analytic truncations are one possible way around that

100



obstruction. Fixed infinite analytic decoders and different realizing presentations remain
outside its scope; a blanket necessity of precision dependence is not established. Grabowski’s
Turing-machine encodings in group rings [33], following Austin [3] and with related con-
structions of Pichot–Schick–Żuk [61], are natural starting points for analytic decoders. Any
proposed transfer must preserve simultaneous finite upper models and the original-state lower
bound.

Problem 17.4 (Power-law usable demand). Every ∆0
2 exponent in (0, 1] has matched original-

state usable, log-dimension, pure and formation realizations. Is every existing positive usable
exponent in this interval ∆0

2? Which existing finite power limits above one occur for a fixed
finite rational game?

The local lamp class has ceiling one and positive existing log-dimension, pure and formation
spectra exactly ∆0

2 ∩(0, 1] by Corollary P6.10. Its usable spectrum has the realization inclusion
and the same upper bound; the arithmetic reverse inclusion remains open. The stopped
checker with multipliers a > b ≥ 2 saturates one. Beyond this class, Theorem P6.11 gives
fixed rational BCS games with infinite upper exponents for log dimension, pure entropy
and formation. These are upper exponents, not existing limits. Existing finite limits above
one remain open. Theorem P6.16 and Proposition P6.17 state a conditional stronger-source
route and necessary costs; Proposition P6.14 restricts universal global pairwise certificates.
Theorem Q6.1 realizes admissible endpoint pairs within (0, 1], while Conjecture Q7.4 states
the remaining general usable-pair ceiling.

The endpoint classes are settled for dimension: by Theorem Q4.2 the positive finite
lower/upper logarithmic dimension pairs are exactly 0 < L ≤ U with L ∈ Σ0

2 and U ∈ Π0
2,

each with a matched original-state usable realization. Computability of finite-precision
dimension separates the upper class from Meyerovitch’s upper entropy-dimension class Π3 [49,
Theorem 5.1].

Problem 17.6 (The full local-heat spectrum). Which positive finite local-reset heat coeffi-
cients occur in the block thermodynamic model of Section 13?

Equation (13.7) places this spectrum between the positive ∆0
2 reals and the positive reals

left-c.e. in 0′. Neither the dimension classification nor the arithmetic upper bound proves
equality for heat.

Corollary Q4.3 realizes every doubled admissible logarithmic endpoint pair in the local-
reset model. It supplies the pair inclusion, while the full heat spectrum and a general heat-pair
ceiling remain open. Problem Q7.3 concerns whole profiles rather than their two endpoints.

How this work was done
The authors selected the questions and proof standards, directed the research, and take
responsibility for every claim. AI systems from more than one developer assisted with
exploration, derivation, programming and drafting.

The mathematical evidence consists of the proofs in this paper and the explicitly cited
external theorems. The ancillary programs provide reproducible finite checks. They test the
compiler gadgets, finite clock and reader models, extraction protocols, gate and stop-or-
continue histories, finite-moment lamps, the affine clock lift, stopped calibrators and scaled
counters. The independent engine in verify/ checks the finite models at N = 4, 6, 8. The
ancillary README gives the commands, outputs, dependencies and limitations of each suite.

The power checks include finite CAR and affine calculations, exact scalar histories,
ordered noncommutative identities and small weighted perturbations. They do not implement
a complete universal counter compiler, instantiate the full compiled game, establish a uniform
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stability theorem by sampling, or certify a noncomputable density. The asymptotic conclusions
rest on the written proofs.

The profile suites check exact carry-clock and reset equations, initialized cylinders, the
hold scheduler, finite calibration histories and profile accounting. An independent suite tests
overflow-state deletion, noncommuting shared calibration inputs, greedy tracking, endpoint
rescaling, hold accounting and the diagonal decoder. These finite tests do not establish the
operator estimates, asymptotic endpoints or non-realizability theorem. The proofs in the
profile part give those conclusions.

The ceiling and group suites additionally check simultaneous bad-block bounds, exact scalar
calibrator histories, stopped-column saturation, affine hash collisions, weighted sequential
POVMs, finite exact counter histories and the literal elementary irrational-marker program.
They test the matrix normalization of the canonical group trace. The hierarchy argument,
universal pairwise restriction, positive-GNS trace rigidity and optimized weak-rounding
criterion are written proofs, not consequences of numerical sampling. The effect-only example
is a cited subspace theorem with its explicit entropy comparison; it is not presented as a
fixed-game counterexample.

A Lean formalization of Sections 2–10 is in progress and incomplete. Sections 11–17, the
power-scale part and the profile part are not yet formalized. This preprint has not been peer
reviewed.

A Why exact periodic verification is insufficient
This appendix records two obstructions that explain the use of approximate clocks and
vanishing guard amplitudes. Neither is a general impossibility theorem for finite presentations.
For the distinction between locally invariant finite marginals and globally extendible measures,
see Chazottes, Gambaudo, Hochman and Ugalde [16]; the compactness argument below uses
all box sizes, not extension of one finite marginal.

Proposition A.1 (Periodic extrema). Let X be a nonempty shift of finite type on Zr and f
a rational local observable. Put α = minµ

∫
f dµ, where µ ranges over invariant probability

measures. If averages of periodic configurations approach α, then α is computable.

Proof. On each finite box, consider probability distributions on locally admissible patterns
and impose every translation-invariance equation whose two supports stay in the box. This is a
finite rational polytope. Minimize the expected value of f at the origin, obtaining a computable
rational lower bound ℓN . Restriction from larger boxes makes these bounds monotone. A
convergent subsequence of minimizers has consistent marginals on every finite support, gives
an invariant measure on X, and has expectation lim ℓN . Thus ℓN ↑ α. Periodic configurations
and their finite fundamental domains are enumerable; local validity and their rational averages
are decidable. Their successive minimum averages give upper bounds converging to their
infimum. By hypothesis that infimum is α. Search until the upper and lower bounds differ by
the desired error.

Hochman–Meyerovitch’s noncomputable extremal frequencies [36] therefore cannot be
combined with arbitrarily good exact periodic models of those minima. In the present
upper construction the workspace histories close as labels, but the complete clocks remain
approximate. Proposition A.1 does not apply to those clocks.

Theorem A.2 (Extraction under a fixed rejection gap). Suppose Cd = ⊕
v∈V Hv, with

M = |V| nonzero sector projections Pv. Unitaries U1, . . . , Us permute the sectors exactly and
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satisfy ∥[Ui, ξ]∥2 ≤ δ. For forbidden sets Bj ⊆ V, 1 ≤ j ≤ r, suppose

D∗jDj ≥ κPBj , |Dj |ρ ≤ δ, PBj =
∑
v∈Bj

Pv,

where κ > 0. Let F = ∑
v cvPv, 0 ≤ cv ≤ 1, and a = Mδ. If 2(s+ r/κ)a2 < 1, a transition

orbit avoiding all forbidden sets has average cost at most

Tr(ρF ) +
√

2s a+ 2(s+ r/κ)a2. (A.1)

Proof. Let pv = Tr(ρPv) and qv = √
pv. If πi is the sector permutation of Ui, the reverse

triangle inequality applied to the row blocks Pvξ and PvUiξU
∗
i gives∑

v

(qv − qπi(v))2 ≤ δ2.

The union B of forbidden sets has p(B) ≤ (r/κ)δ2. For an orbit O, let EO = ∑
i

∑
v∈O(qv −

qπi(v))2, so ∑O EO ≤ sδ2. A simple path in the connected orbit graph has at most |O| − 1
edges; Cauchy–Schwarz gives

(qv − qw)2 ≤ (|O| − 1)EO.

Choose a bad vertex wO in each invalid orbit. Then∑
v∈O

q2
v ≤ 2Mq2

wO
+ 2M2EO.

Summing shows that the mass b of invalid orbits is at most 2(s+ r/κ)a2.
Average p uniformly within each orbit, obtaining p̄, and put uv =

√
p̄v. The variance

identity and the path bound give ∑
v∈O

(qv − q̄O)2 ≤ M2EO,

where q̄O is the ordinary average of q on O. If the orbit has mass pO > 0, set tO =
(∑v∈O qv)/

√
|O|pO. Then∑
v∈O

(qv − uv)2 = 2pO(1 − tO) ≤ 2pO(1 − t2O) = 2
∑
v∈O

(qv − q̄O)2.

Consequently ∥q − u∥2 ≤
√

2sMδ. Since TV(p, p̄) ≤ 1
2∥q − u∥2∥q + u∥2 ≤ ∥q − u∥2, orbit

averaging changes expected cost by at most this amount. Conditioning p̄ on valid orbits
changes total variation by b < 1. The result is a mixture of uniform valid-orbit laws, one of
which has cost at most (A.1).

Corollary A.3. Assume valid finite orbits are effectively enumerable, have computable
rational costs, and every such cost is at least a left-c.e. real θ. If near-minimizing models
have flag cost tending to θ and Mδ → 0, then θ is computable. If θ is uncomputable and flat
models have flag cost tending to θ, their dimensions eventually satisfy d ≥ κδ−2.

Proof. Theorem A.2 makes the infimum of valid finite-orbit costs equal to θ under the
first hypothesis. Enumerating those costs gives computable upper bounds tending to θ; left
semicomputability gives lower bounds. This computes θ.

More generally, for uncomputable θ the infimum θfin of valid finite-orbit costs must be
strictly greater than θ, or there are no valid finite orbits: equality would already make θ
computable by the same enumeration. If a flat model had no nonzero forbidden projection,
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every orbit would be valid. Exact sector permutation makes ranks constant on an orbit, so
its flat cost would be a mixture of uniform orbit costs, at least θfin. Thus near-minimizing
flat models eventually have a nonzero PBj . The rejection gap gives

δ2 ≥ d−1 Tr(D∗jDj) ≥ κ/d.

This proves the claimed dimension bound.

The semantic assumption about all valid finite-orbit costs is essential. A program orbit
may fail to extend to the full clock system, or may have a cheap flag cost that the extra clock
relations exclude. The corollary does not apply automatically to every operator presentation.
Its flat bound explains the amplitude issue: the target dimensions here are below order δ−2, so
a construction satisfying these hypotheses could not use fixed-gap bad sectors. Our increment
defect instead has amplitude 4−N at overflow, as Proposition 4.5 proves. The initialization
proof uses exact tracial cancellation and compactness, not a fixed-gap finite-sector extraction.

B Finite computations and reproducibility
The code in anc/audit/check_models.py represents an operator as a finite sum of weighted
basis permutations. For each defining relation it enumerates all basis columns of the tensor
factors that occur in that relation. The absent factors are identities, so averaging squared
column norms computes exactly the full-space normalized Hilbert–Schmidt expression, before
floating-point rounding. Equal output rows are combined before squaring, avoiding cancellation
of large squared terms. The periodic coordinates in (7.6) are summed with integer numerators
and denominator 4ℓ − 1 for the permutation period ℓ, then rounded once to floating point.

The test program has one counter and five controls. From the starting control, zero halts,
while nonzero decrements and moves to an odd-parity control. There zero enters an absorbing
nonhalting control, while nonzero decrements and returns to start. Idle and halt are absorbing.
Hence input e halts exactly when it is even, at step e+ 1. This is a test of the finite-model
mechanism, not a computation of the universal halting set.

Table 1: Finite-model checks for the disclosed test program. Each ratio is a flat Hilbert–
Schmidt defect divided by 4−N . The first two rows apply separately to all three compulsory
clocks.

Quantity N = 4 N = 6 N = 8

Clock affine ratio 3/
√

2 3/
√

2 3/
√

2
Clock tail-flip ratio 3 3 3
Guarded increment ratio 0.353553 0.176777 0.088388
Carry-step ratio 0.25 0.125 0.0625
Conditional tail ratio 0.00585946 0.000160228 0.00256366
KN {0} {0, 2} {0, 2}
kN 2 4 4
Dimension 16 384 4 194 304 268 435 456
Recorded checks 390 394 398

The remaining defining defects are zero to within 10−14 in these tests. Complete per-
relation values and their reference scales are archived, not just the maxima in Table 1. The
two guarded increments have identical ratios in this example. The theorem’s operator-norm
bounds are proved in Section 7; a script’s maximum column norm is not generally an operator
norm. The displayed dimensions are represented without dense matrices. The original N = 8
run had an observed peak working set about 1.16 GB.
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The gadget script anc/gadgets/gadget_check.py tests self-adjointness, squares, all
pairwise commutations within each context, context products, and the auxiliary conjugacies
on random finite instances. It is a numerical check of the explicit extension, not a proof of
the converse; that converse is proved in Section 3.

The ancillary README gives commands, dependencies, recorded outputs and limitations.
All computations are run with one numerical-library thread. The finite-model script caps its
exhaustive workspace implementation at N = 8 to stay within the stated memory budget.
The independent engine described in the methods section is in the repository directory
verify/, with its recorded output, and the two scripts of the independent proof check are in
anc/crosscheck/.

Reader and extraction sections. The spectrum program in anc/spectrum/ builds 24
finite reader models at N = 2, 4, 6 and eight rational thresholds, including both endpoints. It
tests reset boundaries, reads beyond N , halt inclusion, slot collisions, dressing and defining
operator residuals on the nontrivial kernels. Its other tests cover radical-inverse windows,
compression with domain repairs, finite word moments and noncommuting-state Jensen. The
protocol programs in anc/extraction/ evaluate the stage inequality, full exact and perturbed
protocols with mixed inputs and noncommuting controls, small perturbations with positive
lower bounds, bounded adversarial searches, and one-sided inclusion repair. Their recorded
outputs are preserved in the respective recorded/ directories. The ancillary README states
each file’s scope and distinguishes the original allowances from the constants of Lemma 12.1.

Complementary-construction checks. The script anc/gate/toy_gate.py retains its
original recorded results in gate/recorded/ and writes a new result beside the script. It
executes the signed packed polynomial instructions for three-colouring of K3, a pair of
noncommuting binary bases, and a flagged bad three-colouring of K4. It checks contraction-
register decompositions, initialized finite histories through every distinct reset period, cyclic
boundaries, simultaneous data factors, decoder and reset recursions, complementary window
counts and address dressing. This script uses a single projection family for both players;
its history, reset and window tests are independent of that choice and cover 16,893 history
transitions, 35 cyclic reset boundaries and 2,396,744 mask/start cases across 254 masks. The
separate two-family suite in anc/gate/crosscheck/ tests the presentation of Section 15.1,
with separate families for the two players: K3 colouring has 18 generators, and the magic-
square witness has 42 generators and packed dimension 168. It also checks the reduced-state
eigenspaces, an anti-synchronous PCC control, 53,248 history points, sparse address models
and windows through depth 22. Recorded logs and rerun commands are specified in the
ancillary README. These are tests of the new matrix algebra and finite histories on known-
answer toy games, not the MIP∗ games themselves. They do not certify the halting reduction,
arbitrary-state lower bound or compiled game.

Stop-or-continue classification. The four scripts in anc/classification/ test the new
stop-or-continue algebra on finite known-answer instances. They cover oscillating rational
approximations, finite stopping parameters, tail rejection, per-gate LOAD boundaries, matrix-
valued registers, noncommuting witness tuples, reset periods, flagged default data and finite
threshold/window budgets. The operator-level check evaluates the new equations as sparse
operators built from a toy history, with negative controls for an omitted LOAD factor and
imposed time invariance. The matrix-interface check displays the shifted-corner and stop-sector
identities on a hand-built instance, in which the stop-sector identity holds by construction, with
a negative control for dropped coordinate commutation. The toy scripts add negative controls
that change data between the checks of a false gate (toy_classification.py) or one step
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before a LOAD (toy_attack.py). The two register checks initialize M = I and Σ = 0 on the
outgoing LOAD edge. The operator-level script also checks a synthetic LOAD with incoming
M = 0, Σ = I, testing both the instruction history and the polynomial selectors against that
transition; holding the incoming registers gives nonzero negative controls. Their recorded
outputs are archived and hashed. They do not instantiate the MIP∗ reduction, synthesize a
universal counter compiler, certify a noncomputable limit, or test the full compiled game. The
lower bound and the nonuniform slow-diagonal upper bound are written proofs in Section 16,
not conclusions of these finite tests.

Power-scale sections. The seven programs in anc/power/ are run, with fixed seeds, one
process at a time and one numerical-library thread. The two moment scripts enumerate
finite-field code moments, check full-Fock CAR and small affine actions, and rebuild the
collective clock in natural and sparse coordinate representations, including M = 48. They
verify finite examples of the 27-row certificate’s geometric ingredients; they do not allocate
the full large affine representation. The stopped and rotation scripts test finite cyclic histories,
zero and dyadic inputs, reset interruptions and the inherited unguarded increment defect.
The independent stack tests use small noncommuting matrices and diagonal histories to stress
ordered updates, column completeness, polynomial carry/clock charges and scalar product
envelopes. The scaled-machine script checks all new counter, control, witness and calibrator
equations on finite clock blocks, literal noncommutative polynomial identities, weighted bad-
zero-test perturbations and a finite scheduler arithmetic simulation. Its scheduler test is not
a compiled universal register program; compilation and elementary-step bounds are proved in
Lemma P4.3. The independently written counter tests use exact rational scalar histories, small
weighted noncommuting finite-window perturbations and arbitrary ordered measurement
columns; they do not include a complete vanishing-defect clock/compiler strategy. Their scope
and every output are retained under the corresponding recorded/ directories, with SHA-256
hashes. These checks support, and do not replace, Theorem P2.1 and Propositions P3.1, P4.2
and P5.1.

Precision-profile checks. The profile checks in anc/profiles/ and their individual scopes
are described here. The runner anc/profiles/run_checks.py executes three suites. The
carry suite uses exact rational diagonal/permutation calculations for the carry and unguarded
overflow, reset and initialized/no-reset cylinders, Cantor Lipschitz constants and the checker-
cost comparison. The hold suite simulates twelve million pulses, checks denominator padding
and holds, exact calibrator histories for thirteen inputs, logarithmic profile accounting and
power moment bands. Its scheduler is an abstract instruction-cost simulation, not a complete
emitted universal machine table. The independent suite imports neither supplied engine; it
tests overflow-state deletion through twelve bits, noncommuting shared inputs, exact greedy
tracking, affine endpoint parameters, separate hold accounting and the diagonal bit decoder.
Recorded JSON/logs are archived with SHA-256 hashes. Finite outcomes support these
interfaces; no numerical run certifies a noncomputable endpoint, a uniform operator theorem
or exclusion by every game.

Ceiling, pairwise and group checks. Four suites in anc/frontiers/ test the additional
finite interfaces. The supplied ceiling program checks finite clock defects, exact scalar calibra-
tor domains and residuals, sharp-versus-smooth penalties and stopped multiplier saturation.
The supplied hash program exhaustively checks affine collisions and the pairwise dimension
bound. Independently specified tests cover weighted sequential POVM positivity, telescoping
and effect-approximation ratios, noncommuting complete columns, actual-failure neighbor-
hoods, mixed classical hash flags and exact rational stopped histories. The group suite checks
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sixteen finite counter programs on joint fuel/time grids, the single-visit trace kernel including
zero and powers of two, the seventeen-state squaring loop through four marker visits, and
finite-Heisenberg matrix trace normalization. Its elementary marker executes 595,050 instruc-
tions after initialization. These finite checks do not prove the arithmetic-hierarchy theorem,
asymptotic irrationality, arbitrary-state trace rigidity, or an algebraic group-transfer theorem.
The written arguments give those conclusions. JSON and console outputs are archived and
hashed; the runner uses one numerical-library thread.

C The finite reader construction
This appendix supplies the reader used in Section 11. Its lemmas and equations use the prefix
11, consistently with their applications in that section.

C.1 A finite reader

Fix a computable increasing sequence of rationals 0 ≤ qs ≤ 1 tending to θ ∈ [0, 1]. For a
binary address x = (b0, b1, . . .) put

v(x) =
∑
j≥0

bj2−j−1, ps =
∑
j<s

bj2s−1−j .

At stage s ≥ 1, a fixed program computes qs, reads the next bit, updates ps, and halts if

(ps + 1)/2s < qs. (11.1)

Counter instructions implement the integer arithmetic and strict rational comparison. Each
stage takes at least one instruction. Acceptance implies v(x) ≤ (ps + 1)/2s < θ; conversely, if
v(x) < θ, the two sequences (ps+1)/2s → v(x) and qs → θ eventually satisfy (11.1). Thus the
program halts exactly on {v < θ}. Only the finite program for (qs) occurs in the presentation;
θ is not an operator coefficient.

Here is the full change to Section 5. Delete L,R, equations (5.3)–(5.4), and their oc-
currences in initialization and commutation lists. Retain all other clock, reset, carry and
conditional relations. Add positive contractions Ar, Cr and a projection Pr to the instantaneous
commuting workspace, with

4Ar = 3Pr + Cr, [Pr, Cr] = 0. (11.2)

The workspace commutes with Z,Aa, Af , At, F as before. The flag still commutes with Aa
and the complete fuel and time sets, including U ; all the conditional-clock commutations are
retained. Initialize every ordinary counter to I, the start control to I, the other controls to
zero, and Ar to Aa. A READ control qσ has selectors qσPr and qσ(I − Pr). If Qr is the sum
of READ controls, set

Step(Ar) = QrCr + (I −Qr)Ar. (11.3)
Include Ar, together with every ordinary counter and control, in (5.9)–(5.10). In particular,

ZAr = ZAa, U∗ArU = Z+Aa + (I − Z+) Step(Ar).

The bit and tail are witnesses, like the zero-test witnesses; they need no separate update
equations. Call this finite rational presentation Pθ.

Lemma 11.1 (Reader forcing). Every exact tracial model of Pθ has τ(F ) ≥ θ. Uniformly
over its weighted precision-δ models,

Tr(ρF ) ≥ θ − ωθ(δ), ωθ(δ) −→ 0. (11.4)
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Proof. On the kernel and range of Pr, equation (11.2) places the spectrum of Ar in [0, 1/4]
and [3/4, 1], respectively. Therefore

Pr = p(Ar), Cr = s(Ar).

This conclusion does not require Cantor spectrum in advance.
Let Bw specify an s-bit address word w satisfying (11.1). Every extension follows the

same computation to a halt, at some time h. It may halt at an earlier stage; in either case it
halts by stage s after at most s reads. Choose 2k > h and put Q0 = BwCkDk(I − F ). These
factors commute. The reset part of Lemma 6.1 is independent of the deleted decoder and
initializes this subspace.

The reader requires an operator induction in addition to the scalar counter induction of
Theorem 6.2. After j reads, track

(Ar)ℓQ0 = sj(Aa)Q0. (11.5)

The right side commutes with Q0. Taking adjoints shows that Q0 reduces the self-adjoint left
side. Functional calculus on that reducing subspace gives

(Pr)ℓQ0 = bjQ0, (Cr)ℓQ0 = sj+1(Aa)Q0

whenever the next bit is read. All bits read before the halt belong to w. On other instructions
the reader remains fixed. The ordinary counters and controls have their prescribed scalar
right actions, with zero tests forced by Lemma 6.1. There is no reset before h. Thus (5.10)
proves the initialized history through its halt. As in Theorem 6.2, qhalt ≤ F and [F,U ] = 0
force Q0 = 0. Conjugating by successive fuel and time flips and adding removes Ck, Dk, giving
Bw ≤ F .

The length-s address cylinders have trace 2−s. The number accepted at stage s is

as = max{0, ⌈2sqs⌉ − 1}, 2−sas ≥ qs − 2−s.

Summing accepted cylinders gives τ(F ) ≥ qs − 2−s, hence τ(F ) ≥ θ. This includes θ = 0
and θ = 1: the possibly unaccepted all-ones address has trace zero. Finally the bounded
moment-limit and tracial GNS argument in Theorem 6.2 applies to all the added bounded
variables and proves (11.4).

Lemma 11.2 (Finite reader models). For even N ≥ 2, Pθ has flat models of dimension

dN = 23N+kN , kN = θN + o(N), (11.6)

with every defining residual at most 3 · 4−N in operator norm. Every new program and reader
equation is exact.

Proof. Use the three N -bit registers of Theorem 7.1, with bit zero least significant for
increment. Write

vN (x) =
∑
j<N

bj(x)2−j−1, ϑN = q2N , fN (x) = 1{vN (x)<ϑN}.

Read the N bits followed by zeros. The Cantor reader and its witnesses remain exact after
any number of reads. Assign all workspace entries the history (7.9), with this initialization.
The next history point is reset precisely when its time residue is zero, including the cyclic
boundary and all-ones fuel. Thus all transitions are exact. A displayed halt has accepting stage
s ≤ 2N , so vN (x) < qs ≤ q2N ; hence qhalt ≤ F is exact. Specifying q2N may take arbitrarily
long classical computation. It does not lengthen a displayed history or add a tensor factor.
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The moving-window estimate holds for this new mask. On an aligned block of 2r consecutive
address integers, the radical-inverse values vN are (j+u)/2r, 0 ≤ j < 2r, for a fixed u ∈ [0, 1).
Their count below ϑN differs from 2rϑN by at most one. Decompose an ordinary interval of
length L into at most two aligned dyadic blocks of each size, and a cyclic interval into at
most two ordinary intervals. Uniformly in the starting point,

N∑
j=1

fN (x− j) = NϑN +O(log(N + 2)). (11.7)

This is the elementary radical-inverse discrepancy argument associated with van der Cor-
put [70]. It is proved here for the moving windows used by the construction.

Use this fN and kN = 1 + maxx
∑N
j=1 fN (x − j) in (7.5)–(7.8). The slot noncollision,

geometric series and dressing arguments in Theorem 7.1 use only a Boolean mask and this
slot bound. Their residual estimates therefore still hold. Since ϑN → θ, equation (11.7)
gives (11.6). The full address mean differs from ϑN by at most 2−N , so these flat models also
have Tr(ρF ) → θ.

D Complementary flag estimates and resource laws
The presentation and testing program are defined in Section 15. Here we prove their approx-
imable flag minimum, finite models, resource laws and trace gap. Results and equations use
the prefix 15, consistently with their applications in that section.

D.1 The approximable flag minimum

Proposition 15.4. Every τ ∈ Tmat(P̂A) satisfies τ(F ) ≥ λA.

Proof. Let Qe = Be(I−F ). It commutes with the data and, by Lemma 15.3, its corner satisfies
Re. Tracing the first packed equation gives τ(QeE) = τ(Qe)/me. If τ(Qe) > 0, the QeE
corner carries AA,e, with generators given by fixed bounded polynomials QeEW−jDW jE.

This positive-trace corner inherits flat approximation. In the flat approximants, self-
adjointize the polynomial for QeE and round at 1/2. Its projection defect tends to zero, and
for every real t,

|1[1/2,∞)(t) − t| ≤ 2|t2 − t|.
The correction tends to zero in normalized Hilbert–Schmidt norm, and the rounded projection’s
rank fraction tends to τ(QeE) > 0. Compress and self-adjointize the finitely many corner
generators, and round them by the same estimate. Fixed polynomial relations survive by
bounded-product telescoping. Normalizing the corner trace multiplies norms by a bounded
factor tending to τ(QeE)−1/2. These are flat approximate models of AA,e. Lemma 15.1
therefore gives τ(Be(I − F )) = 0 for e /∈ A.

The decoder exhausts L in trace. Iterating (5.3) yields

L =
∑
e<s

Be +Rs, 0 ≤ Rs ≤
∏
j<s

T 2j
a E00T

−2j
a , τ(Rs) ≤ 4−s.

Indeed L −
∑
e<sBe is a projection whose range lies in the all-00 prefix; no commutation

between rotated L and all earlier digits is assumed. Since I − F ≤ L, the disjoint cylinders of
trace 4−(e+1) give

τ(I − F ) =
∑
e

τ(Be(I − F )) ≤
∑
e∈A

4−(e+1) = θA.

Only the passage excluding nonmember corners uses matrix approximability. The testing
identity holds for every exact trace.
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D.2 Slow admission and simultaneous finite models

Lemma 15.5 (Elementary witness scheduling). Suppose finite witnesses with positive integer
costs aj arrive in a computable stream without repeated indices. At even depth N admit its
longest prefix arrived by stage N , with every index ej < N/2 and total cost at most ⌊

√
N⌋.

These prefixes are nested and eventually contain every fixed witness. Their total cost is o(N).

Proof. For a fixed prefix its arrival time, largest index and total cost are finite constants.
All three cutoffs eventually exceed them, and none decreases with N . The cost bound is√
N = o(N). An enormous early witness may cause an enormous finite delay; no convergence

rate is claimed. More generally any nondecreasing computable unbounded budget o(N) has
the same property.

Apply this lemma to the certificates (ej , dj ,modelj) of Lemma 15.1, with aj =
⌈log2 max(2,mejdj)⌉. Use a dovetailing with finitely many outputs per stage. Let SN be the
admitted indices. Then SN ↑ A, and the common data factor

Hdata,N =
⊗
ej∈SN

(Cmej ⊗ Cdj ), ℓN = dim Hdata,N

has log ℓN ≤
√
N ; the empty product has dimension one.

Lemma 15.6 (Complementary finite models). For even N ≥ 2, P̂A has flat models with all
defining residuals at most 3 · 4−N in operator norm and

dN = 23N+kN ℓN , kN = λNN +O(log(N + 2)), λN = 1 −
∑
e∈SN

4−(e+1) ↓ λA. (15.7)

Every new defining equation is exact, and trdN
(F ) = λN .

Proof. On the N -bit address cycle set

fN (x) = 1 −
∑
e∈SN

1{x≡4e (mod 4e+1)}, kN = 1 + max
x

N∑
j=1

fN (x− j). (15.8)

The classes are disjoint, and their periods divide 2N . Bit zero is least significant for increment,
so these are precisely the cylinders Be. The mask is Boolean, has mean λN , and satisfies (15.2).
For s = ⌊log4N⌋, each selected class with e ≤ s has interval-count error at most one. The
disjoint union of the remaining classes lies in the multiples of 4s+1 and has at most one point
in an interval of length N < 4s+1; its expected count is at most N/(3 · 4s+1). Hence, uniformly
in the subset and starting point,∣∣∣∣∣∣

N∑
j=1

fN (x− j) −NλN

∣∣∣∣∣∣ ≤ s+ 2 + N

3 · 4s+1 . (15.9)

Cyclic intervals lift to integer intervals because all periods divide the cycle.
Use the three compulsory N -qubit registers, the kN optional qubits, and the common data

factor. Theorem 7.1’s conditional permutation, series and dressing require only a Boolean
mask and that kN exceed every N -window count. They therefore apply to (15.8). On address
x ∈ Bej for an admitted index, assign the packed witness to factor j and tensor identities
on the others. On other addresses take (D,E,W ) = (0, I, I). These address-block data are
independent of fuel, time and optional slots. They commute with Aa, L,R, F, Z and all scalar
workspace, and with the complete fuel/time sets. Address dressing acts on address and
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optional slots and leaves these commutations intact. The data need not commute with the
dressed address shift or flip.

For fuel with k initial ones, use the actual initialized scalar and operator history at
time t mod 2k; all-ones fuel uses k = N . On each (x, q, t) block the scalar workspace is a
scalar multiple of the data identity. Every M,Σ is a contraction by the signed-term bound.
Choose their two representing unitaries within each block and take direct sums. All required
representing-unitary commutators hold; naming these matrices adds no tensor factor.

When the next time residue is zero, the transition prescribes initialization; otherwise it
prescribes the next instruction. Since 2k | 2N , the cyclic transition from 2N −1 to zero is also a
reset. Thus (15.4) holds exactly at every ordinary and reset boundary. On an unflagged block
every completed CHECK tests the packed witness belonging to that address, so it is zero. An
unfinished CHECK imposes no test there; on flagged blocks I − F = 0. Therefore (15.5) is
exact regardless of program speed.

The address wraparound is handled as in Theorem 7.1. In the gauge of the dressing (7.8),
V is ordinary increment except at the all-ones address, where it also applies the fixed optional
permutation R

∑
x
fN (x)

0 . There its output address differs from that of the recursive increment,
so the guarded defect is

√
2 4−N in operator norm, as before.

All new equations are exact simultaneously. The remaining clock, guarded-increment,
carry and conditional-tail residuals have their old bounds, at most 3 · 4−N . Counting the
registers gives (15.7), and

log dN = (3 + λN )N +O(log(N + 2)) +O(
√
N) = (3 + λA)N + o(N).

A fixed increase of even depth absorbs the constant three. Bounded gaps between even depths
suffice for every small precision. Computing a certificate or its admission stage is classical
model-description work; it consumes neither simulated fuel nor an extra quantum register.

D.3 Dimension, usable entanglement and heat

Theorem 15.7. For every c.e. set A, integer r ≥ 0 and integer q ≥ 1, there is a fixed
finite rational BCS game ĜA,r,q of quantum value one and with no finite-dimensional perfect
strategy. With

βA,r,q = 4 + r − θA
4q , Lε = log2(1/ε),

its resource laws are

log2DĜA,r,q
(ε) = βA,r,qLε + o(Lε), (15.10)

d→
ĜA,r,q

(ε) = βA,r,qLε + o(Lε), (15.11)

wlocal,ĜA,r,q
(ε) = 2βA,r,qLε + o(Lε), 0 ≤ wjoint,ĜA,r,q

(ε) ≤ 2 log2Kans. (15.12)

The heat statement uses exactly the model and units of Section 13.

Proof. The actual-state flag bound. Moment compactness of Lemma 15.6’s flat models supplies
a matrix-approximable trace of flag expectation λA. Proposition 15.4 gives the reverse
inequality, so

min
Tmat(P̂A)

τ(F ) = λA. (15.13)

Corollary 14.3 now proves, uniformly on every original weighted precision-δ model,

Tr(ρF ) ≥ λA − ωA(δ), ωA(δ) −→ 0. (15.14)
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Indeed a fixed positive shortfall along δ → 0 would have a weighted moment limit in Tmat
below (15.13). The bound holds on the original state ρ; compression only identifies the limit
class.

Dimension. Every relation used by Lemma 9.3 remains in the presentation. For t =
log4(1/δ) and M = ⌊t−30 log4(2+t)⌋, its joint errors are at most C(M+1)64Mδ. Theorem 8.1
and state transport give

log d ≥ 3M +
∑
i<M

Tr(ρFi) − o(M) ≥ (3 + λA − ωA(δ))M −O(M2δ) − o(M),

since | Tr(ρFi) − Tr(ρF )| ≤ 2iδ. This is (3 + λA) log4(1/δ) − o(log(1/δ)). The compiler sends
game loss ε to source precision C

√
ε, with constant dimension overhead. Lemma 15.6 gives the

converse upper loss C ′16−N . Choose an even depth N ≥ log16(C ′/ε) within a fixed additive
constant to match the bound through all small losses. This proves (15.10) for r = 0, q = 1.

Append r compulsory clocks with the cross-commutations of Proposition 11.3. Their upper
cost is exactly rN , and their digit families add rM to the lower count. Power every defining
residual, including the new tests and cross-commutators, by (11.10); keep domains and
state-commutator requirements. Equation (11.11) turns powered precision η into unpowered
precision η1/q, whereas the explicit operator-norm residuals become at most 3q4−qN . Thus
the game lower precision is δ = (C

√
ε)1/q, upper loss is C ′16−qN , and the coefficient is

(3 + r + λA)/(4q). The upper losses tend to zero and this positive lower bound diverges,
excluding a finite-dimensional perfect strategy.

Usable entanglement on the original mixed state. Proposition 12.2 applies. On a purifi-
cation of an arbitrary mixed loss-ε strategy, keep the original environment, relabel illegal
answers, and dilate locally with pure ancillas. The finite Boolean certificates reconstruct this
presentation on the actual Bob marginal with powered precision C

√
ε; their constants depend

on the fixed transducer but not on M or ε. Jensen then gives the same unpowered δ. New
data/register variables enlarge a fixed certificate list only. None occurs in the raw translated
clock measurements or their controls.

Consequently the same opposite-word construction on Alice, independent local inclusion
repairs on both sides, and reverse count order supply the hypotheses of Lemma 12.1, with

m = (4 + r)M, η = CA,r,q(M + 1)64Mδ.

As in Proposition 12.2, only Qi is repaired, so the activation flags are the raw Fi on the
actual marginal.

At the chosen depth η = O(t−24), and the vector, activation and entropy-continuity errors
of Lemma 12.1 tend to zero. Its one-way protocol and hashing therefore give on every original
strategy state

EA→BD (ρAB) ≥ (3 + r)M +
∑
i<M

Tr(ρBFi) − o(1)

≥ (3 + r + λA − ωA(δ))M −O(M2δ) − o(1).

Here (15.14), rather than an all-exact-trace bound, supplies the activation estimate. Since
M = Lε/(4q) −O(logLε), the infimum gives the lower side of (15.11). The general inequality
d→G (ε) ≤ logDG(ε) and the proved dimension upper bound give the other side.

Heat. Substitute the two matching laws into (13.1). Its fixed answer term is O(1), so
both endpoints have coefficient 2βA,r,q. The joint bound is the same cited heat theorem. This
proves (15.12).

Corollary 15.8 (Beyond the left-c.e. reals). The game ĜK := ĜK,0,1 has dimension and
usable-entanglement coefficient (4 − θK)/4, and local-heat coefficient (4 − θK)/2. These are
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noncomputable right-c.e. reals, not left-c.e., and have the Turing degree of K. Recall the
positive dimension spectrum BBCS from Section 1. This escape establishes

{positive left-c.e. reals} ⊊ BBCS ⊆ {positive ∆0
2 reals}. (15.15)

Both Alog and Adim also strictly contain the positive left-c.e. reals. The new non-left-c.e.
examples accumulate at zero by taking q → ∞.

Proof. The weights we = 4−(e+1) have tail at most we/3 after position e. Given earlier
membership bits, absence leaves residual at most we/3, whereas presence leaves at least
we. Approximating θK within we/6 distinguishes them at threshold 2we/3. Thus K ≤T θK .
Conversely K computes the summable series, so θK ≡T K. Its complement and the displayed
positive rational affine images are noncomputable right-c.e.; if also left-c.e., the two rational
approximations would compute them. Theorem 15.7 supplies these coefficients, giving an
intermediate case of Theorem 1.1. The left-c.e. reader gives the first inclusion, and Lemma 2.4,
with the limit argument of Corollary 16.7, the dimension outer class. No ∆0

2 upper bound for
the entire usable-entanglement class is inferred here.

D.4 Why the trace gap is consistent

Proposition 15.9. For P̂K the exact and approximable minima differ strictly:

min
T

τ(F ) < min
Tmat

τ(F ) = 1 − θK .

An exact minimizing trace has a positive-trace nonhalting unflagged corner carrying AK,e.
Such a trace is not matrix approximable.

Proof. The bounded exact-trace hierarchy of Proposition 14.1 makes the exact minimum
left-c.e.; compactness supplies a minimizer. It is at most the approximable minimum and
cannot equal its non-left-c.e. value. At the minimizer, τ(I − F ) > θK . Decoder exhaustion
and the total capacity of halting cylinders force τ(Be(I − F )) > 0 for some e /∈ K. Testing
and packing give its unital tracial model. Left and right multiplication in the tracial GNS
representation yield a perfect commuting-operator strategy for HK,e, using its two projection
families; this is the usual tracial representation construction [60, 41]. Soundness concerns
finite-dimensional value, so there is no contradiction.

This is the matrix-versus-commuting distinction behind the negative solution of Connes’
embedding problem in [39], made quantitative in the resource coefficient. Slofstra’s nonclosure
and undecidability results [66] are essential context for distinguishing finite exact perfection
from limiting perfection; the finite exact witnesses used above are the stronger specified input,
not a consequence of nonclosure.

There is also an independent consistency argument. The index set Ctr = {e :
AK,e has a unital tracial model} is Π0

1. Each bounded tracial moment level, including domain
localizers and all visible relation insertions, is a rational semialgebraic feasibility problem
decidable by real quantifier elimination. Infeasibility of some level enumerates the complement;
feasibility at every level gives a tracial state by bounded-moment compactness and GNS. Since
K ⊆ Ctr, equality would make K co-c.e. Hence some nonhalting indices, in fact infinitely
many, already admit perfect tracial strategies independently of the clock construction. This
argument uses the tracial presentation, rather than assuming arbitrary perfect commuting
strategies are tracial. Lin’s MIPco = coRE [45] supplies the commuting-complexity context;
no equality of commuting and finite-dimensional values is used.
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